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ON A RESONANCE PROBLEM WITH NONLINEARITIES
OF ARBITRARY POLYNOMIAL GROWTH

CHUNG-WEI HA AND WEN-BING SONG

We prove some existence theorems for solutions of a semilinear two point bound-
ary value problem at resonance in which the nonlinear terms can have arbitrary
polynomial growth in one of the directions co or —oo, and are bounded in the
other. The results are based on degree theoretic arguments and the Borsuk odd
mapping theorem.

We consider the boundary value problem
(1) v +u+g(z,u)=h(z) in (0,n), u(0) = u(w) =0,

where h € L!(0, 7) is given and g: (0, m) x R — R is a Caratheodory function, that is,
g(z, v) is measurable in z € (0, ) for all v € R and continuous in u € R for almost
all z € (0, 7). The solvability of the problem (1) has been extensively studied if the
nonlinear term g is assumed to grow at most linearly in u. Let
I4(z) = limsupg(z, u)/u, I'_(z) = limsupg(z, u)/u
U—+00 uU——00

be nonnegative functions in L*°(0, n), I'(z) = max{T'4(z), [_(z)}. Existence theo-
rems for a solution to (1) are proved if I'(z) < 3 for almost all z € (0, w), with the strict
inequality holding on a subset of (0, 7) of positive measure (see Ahmad [1], Jannacci-
Nkashama [4]). A further result along these lines is obtained in Drabek [3] in which the
bound in L*°(0, 7) of one of T'y and I'_ can be arbitrary, provided that of the other
is sufficiently small. The purpose of this paper is to give solvability conditions for (1)
when g is allowed to have arbitrary polynomial growth in u in one of the directions oo
or —oo, and is bounded in L!(0, 7) in the other. Our results complement those cited
above. For definiteness we assume that

(H) There exist constants a,p > 0 and b € L*(0, 7) such that 4> 0 in (0, 7) and
for almost all z € (0, 7), u € R

—-b(z) < 9(z, u) < alul|’ + b(z).
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Our main result is Theorem 1 below which is an existence theorem for a solution
to (1) by assuming a Landesman-Lazer condition (see (3) below) originally obtained
in Landesman and Lazer [5]. In Theorem 2 we give solvability conditions for (1) in
the absence of a Landesman-Lazer condition. For their proofs, we use degree theoretic
arguments (see, for example Deimling [2], Chapter 2) and the Borsuk odd mapping
theorem.

In what follows, we shall make use of the real Banach spaces L?(0, ), C[0, 7] and
C'[0, =] with the standard norms denoted by ||u||,,, [lu]lc and |lu]lc1 , respectively. By
a solution of (1) we mean a function which has an absolutely continuous derivative and
satisfies the boundary condition and the differential equation in (1) almost everywhere
in (0, 7).

THEOREM 1. Let g: (0, 7) x R = R be a Caratheodory function satisfying the
condition (H). If there exists ¢ € L*(0, ) such that for almost all z € (0, 7), u <0
(2) 9(z, v) < c(z),

then for any h € L'(0, w) the problem (1) is solvable provided that

(3) /0* g—(z)sin zdz < /w h(z)sin zdz < /0" g9+(z)sin 2 dz,
0
where g4 (z) = li’fr_l‘igf g9(z, u), g_(z) = l,if.s'if g9(z, u).
PROOF: We can sssume without loss of generality that p > 1. Let f: R - R be
the continuous function defined by
v if|ulg 1
flu)=< 1 ifu> 1
-1 fu<-1.
We consider the boundary value problems
v +u+ (1 —2)f(u) +tg(z, uv) = th(z) in (0, )
u(0) =u(x)=0
for 0 < t < 1, which becomes the original problem (1) when ¢t =1.

We assume for the moment that solutions u to (4) for some 0 ¢ <1 haveana

(4)

priori bound in C![0, 7] and use this to finish proving the theorem. Then there exists
a constant R > 0 such that |ju|lo < R for any possible solution u to (4) for some
0 <t <1. We define a map H: [0, 1] x C[0, r] —» C|[0, 7], (t,u) —» Hyu, where
w = Hyu is the unique solution to the problem

w" +u+ (1 - t)f(u) +tg(z, u) = th(z) in (0, 7)
w(0) = w(r) =0.
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Then a function u € C[0, =] is a solution to (4) for some 0 < ¢ < 1 if and only if Hyu =
u. It follows from a standard argument that H is a compact map. Moreover, the Leray-
Schauder degree deg (I — Hy, B, 0) is defined and does not depend on 0 <t < 1, where
I denotes the identity map on C[0, 7], B = {u € C[0, 7] : |luf|o < R}. Obviously the
map Hg is odd on C[0, 7] and so by the Borsuk odd mapping theorem (see, for example
Deimling (2], Theorem 8.3) deg (I — Ho, B, 0) is odd. Hence deg (I — H,, B, 0) is odd,
which implies that the original problem (1) has at least a solution in B.

In order to prove the assumption, we need some preliminary results. First we note
that there exist Caratheodory functions g1, g2: (0, #) x R — R such that g =g, + g2
and |g:(z, u)|] < b(z), 0 < g2(z, u) < a|u® for almost all z € (0, 7), u € R. This may
be done by defining

ga(2, v) = min{g(z, v) + ¥(z), alul’}

and g; = g — g2. We note also the inequality
(5) lw(z)/ sinz| < (r/2) max |w'(s)|
0gsg™

for z € [0, n] valid for all w € C*[0, m] with w(0) = w(7r) = 0. Now we suppose that
u is a solution to (4) for some 0 <t < 1. Taking the inner product in L?(0, 7) of (4)
with sinz, we have

(6) (1-1¢) /0* f(u)sin zdz +t/o'[g(z, u) — h(z)]sin zdz =0

and so

t/ |g2(z, v)|sin zdz < / (1 + b(z) + |h(z)|] sin zdz = ¢,.
o 0

It follows from (5) that

(7 / ltg2(z, w)| V7 dz < tall? / lg2(z, w)) jul dz
0 1]

x
<t/ [ullor [ loa(e, w)sin 2z
0
< aa'P(x/2) uller -
Hence there exists a constant ¢y > 0 such that

* = p/(1+p)
(8) t / |92 (=, u)ldxsvr’/““)( / ltga(z, u)|<1+r>/vdz)
0 0

< co [ullgn**?
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for any possible solution u to (4) for some 0 < ¢t < 1.

It remains to show that solutions u to (4) for some 0 < ¢ < 1 have an a priori
bound in C'[0, n]. If this is false, then there exist a sequence {t,} in [0,1) and a
corresponding sequence {u,} of functions such that u, is a solution to (4) when ¢t = ¢,
and [lun|lcn 2 n for all n. Let v, = ua/||unllgi. Then |jva)lca =1 and

(9) v +vn+ma=0 in(0,7), v,(0)=v,(mw)=0,
where
(10) ma(2) = [(1 — ta) f(un) + ta(91(2, un) — A(2))]/ [lunlicr

+t,.g2(z, u,,)/ ""’ﬂ"C’l .
Clearly by (8) ”linéo m, =0 in L!(0, 7). Moreover, the right hand side of (10) is the
sum of two terms: the first term is dominated by a function in L!(0, w) and by (7)
the second term has norm in L(+PY?(0, x) bounded by a constant independent of
n. Since each v], vanishes somewhere in (0, ), it follows from (9) that the sequence
{v.} is equicontinuous and uniformly bounded on {0, =]. Thus the sequence {v,} is
also equicontinuous and uniformly bounded on [0, #]. By the Ascoli theorem we may

assume without loss of generality that ¢, — #; and there exists v € C*[0, 7] such that
vy, — v in C![0, =]. It follows from (9) that for z € [0, 7]

v1(2) = %5(0) = [ [on(s) = ma(e)ld
and so by letting n approach oo
v'(z) = v'(0) - /o= v(8)ds.

Hence v has an absolutely continuous derivative and satisfies

v +v=0 in(0,n), v(0)=v(w)=0.

Consequently v = asinz for some a # 0. We deduce using (5) that the sequence
{vn/sinz} converges to a uniformly on [0, n].

Now there are two alternatives: either @ > 0 or a < 0. If the first alternative
holds, then un(z) > 0 for n large enough and nli_x'xgou,.(z) = oo for z € (0, 7). We

write (6) with u = u, and t =1, as

(11) (1-1.) /0 " f(un)sin zdz +1, /o "6z, un) — h(z)) sin zdz =0

and have the following two cases to consider. In the case ¢y = 0, by (H) and (11)

(1-t,) -/o* f(un)sin zdz < L, /ow[h(z) + b(z)]sin zdz
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and so by the Lebesgue theorem we would have fo’r sin zdz € 0 which is absurd. In
the case ty > 0, applying the Fatou Lemma to the left hand side of (11) we would have

(1- to)/otsin zdz + b ./ow[g.,.(z) — h(z)]sin zdz <0

which contradicts the second inequality in (3). If the second alternative holds, then
un(z) < 0 for n large enough and lim u,(z) = —oco for z € (0, v). Again we have

the following two cases to consider. In the case ty = 0, by (2) and (11)
(1—tn) / f(un)sin zdz > t, / [h(z) - c(z)] sin z dz
0 0

and so by the Lebesgue theorem we would have — jo' sin zdz > 0 which is absurd. In
the case ¢y > 0, applying the Fatou Lemma to the left hand side of (11) we would have

—(1- to)‘/or sin zdz + 1o /:[g_(z) — h(z)]sin zdz >0

which contradicts the first inequality in (3). This completes the proof of the theorem. 0

As pointed out in Landesman and Lazer [5], if we assume in Theorem 1 furthermore
that g_(z) < g(z, u) < g4(z) for almost all z € (0, 7), u € R, then (3) is also necessary
for the solvability of (1). Thus it follows from Theorem 1 that for p > 2

w' +u+ (1+uh)/(1+4?) =h(z) in (0, )
2(0) =u(x) =0

is solvable if and only if _]: h(z)sin ¢dz > 0, where vy = max{u, 0}.

An interesting case in which (3) is not satisfied is when the equality holds in place
of one of the inequalities. By modifying part of the proof of Theorem 1, we obtain
the following Theorem 2 which is an existence theorem for a solution of (1) without
assuming a Landesman-Lazer condition.

THEOREM 2. Let g: (0,7) x R —» R be a Caratheodory function satisfying the
condition (H). If

(12) ug(z,u) 20

for almost all =z € (0, ), u € R, then the problem (1) is solvable for any h € L'(0, =)
such that f h(z)sin zdz = 0.

PROOF: In the proof of Theorem 1, the crucial part is in the second half to obtain
an a priori bound in C!(0, ] for solutions u to (4) for some 0 < ¢ < 1. The condition
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(3) is used only in the final steps of this part to produce contradictions. Thus we can
proceed in exactly the same way as the proof of Theorem 1 up to the point where we
have two alternatives: either a > 0 or a < 0. Now (11) becomes

(13) (1-t) /01' f(un)sin zde + t, /olg(z, un)sin zde = 0.

If the first alternative holds, then u, > 0 in (0, n) for n large enough. Since
Jo f(un)sinzdz > 0, t, # 0. Thus 0 < ¢, < 1 and so by (13) we would have
I3 g(z, un)sin zdz < 0 which contradicts (12). Similarly the second alternative leads

to a contradiction. This completes the proof of the theorem. 0

As an example in which (3) is not satisfied, it follows from Theorem 2 that for

p = 0, the problem
u" +u +uf [sinu| = h(z) in(0,7), u(0)=u(r)=0
is solvable if [ h(z)sin zdz = 0.

From the proofs of Theorems 1 and 2, we see that the condition (3) is formed by
two inequalities which are used in the proof separately. Likewise the condition (12) is
formed by two inequalities, namely g(z,u) > 0 for » > 0 and g(z,u) <0 for u <0
for almost all ¢ € (0, 7), which are used separately. Hence one in (3) may be combined
with the other in (12) to produce new solvability conditions. For example, taking into
consideration the remark following the proof of Theorem 1, it follows that for p > 0,
the problem

' +u+ul =h(z) in(0,7), u(0)=u(r)=0
is solvable if and only if f; h(z)sin zdz > 0.
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