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This paper concerns the monostable cooperative system with nonlocal diffusion and
free boundaries, which has recently been discussed by Du and Ni [J. Differential
equations 308(2021) 369-420 and arXiv:2010.01244]. We here aim at four aspects:
the first is to give more accurate estimates for the longtime behaviours of the
solution; the second is to discuss the limits of solution pair of a semi-wave problem;
the third is to investigate the asymptotic behaviours of the corresponding Cauchy
problem; the last is to study the limiting profiles of the solution as one of the
expanding rates of free boundaries converges to co. Moreover, some epidemic models
are given to illustrate their own rich longtime behaviours, which are quite different
from those of the relevant existing works.
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1. Introduction and main results

Recently, Du and Ni [10, 11] considered the following monostable cooperative
system with nonlocal diffusion and free boundaries
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wip = diLi[w;](t, ) + fi(u), t>0, x € (g(t),h(t)),1 < i< my,
Uit:fi(uv t>0> :L'E(g(t),h(t)), m0+]—<i<ma
wi(t,g(t)) =ui(t,h(t)) =0, t>0, 1<i<m,

mo h(t) g(t)
g =-> / / i — yyus(t,e)dyde, >0, (L1)

i=1 g(t) —0
Mo h(t) poo
W) =3 / / Ji( — yus(t,2)dyda, ¢ >0,
i=1 g(t) Jh(t)

h(0) = —g(0) = ho > 0, u;(0,2) = ujo(x), |2] <hg, 1<i<m,

where u = (u1, -+, Up), 1 <mo <m, d; >0, u; =0, 37 p; >0, and

h(t)

Lilu;](t,x) == /(t) Ji(x — y)ui(t, y)dy — u;(t, ). (1.2)

For 1 < i < my, kernel functions J; satisfy

(3) Ji € C(R) N L=(R), J; > 0, J(0) > 0, / Ji(x)de = 1, J; is even,
R

and the initial function ug(x) = (u1o(z), - -+, umo(x)) satisfies
U0 € C([—ho,ho]), uio(iho) =0< ’uio(ﬂ?), Voe (—h07h0>, 7 = 1, cee M.

This model can be used to describe the spreading of some epidemics and the inter-
actions of various species, for example, see [38] and [12], where similarly to (1.1)
the spatial movements of agents are approximated by the nonlocal diffusion oper-
ator (1.2) instead of random diffusion (also known as local diffusion). Such kind
of free boundary problem was firstly proposed in [4] and [7]. Especially, it can be
seen from [4] that the introduction of nonlocal diffusion brings about some dif-
ferent dynamical behaviours from the local version in [9], and also gives arise to
some technical difficulties. Since these two works [4] and [7] appeared, some related
research has emerged. For example, one can refer to [8] for the first attempt to the
spreading speed of the model in [4], [5, 15, 22] for the Lotka—Volterra competition
and prey—predator models, [21, 28, 29] for the systems where one species adopts
the nonlocal diffusion strategy while the other takes the local diffusion, [13, 14|
for high dimensional and radial symmetric version of the model in [4], [20] for the
model with a fixed boundary and a moving boundary, [19] for unbounded initial
range, [23] for the mutualist model, [34, 35] for SIR epidemic model, and [27] for
the model with seasonal succession.

Before introducing our results for (1.1), let us briefly review some conclusions
obtained by Du and Ni [10, 11]. The following notations and assumptions are
necessary.

e Notations:

(i) R :={z= (21, -, Tm) ER™ 12, 20, 1<i<m}.
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(ii) For € R™, we simply write = (x;) sometimes, and denote the transpose
of # by 7. For x, y € R™, x < (=)y means x; < (=)y; for all 1 <i<my
x < (=)y means x; < (>)y; for all 1 <i < m.

(iil) If x <y, we set [z, y] = {z € R™ : & < z <Xy}, the order interval.
(iv) Hadamard product: z oy = (z;y;) € R™ for all z, y € R™.

(v) For any given functions s(t) and ~(t), we say s(t) ~ () if there exist two
positive constants ¢1, Cy such that ¢;v(t) < s(t) < Ciy(¢) for t > 1; we say

s(t) = o(y(t)) if hm b((t; =0.

e Assumptions on reaction term f;:

(f1) (i) Let f = (f1, -+, fm) € [C*(RT)]™. System f(u) = 0 has only two roots
in R7: 0 = (0, -+, 0) and @ = (fiy, -+~ , Gip) = O.
(i) 0;fi(u) := ag’u(f) > 0 for ¢ # j and u € [0, 4], where either 4 = oo mean-
ing [0, 4] = R, or @ < @ € R!. This implies that system (1.1) is cooperative
in [0, 4.
(iii) The matrix V f(0) = (0;fi(0))mxm is irreducible with positive principal
eigenvalue.
(iv) If mg < m, then 9;fi(u) >0 for 1 < j<mg<i<mandue |0, ul

(f2) f(ku) = kf(u) for any 0 < k < 1 and u € [0, 4].

(£3) The matrix V f(@) is invertible, V f(@)a’ < 0 and for every 1 < i < m, either
Yoy 9 filw)uy < 0,0r Y00, 9 fi(@)ay; = 0 and f(u) is linear in [@ — o1, ]
for some small €9 > 0, where 1 = (1, ---, 1) € R™.

(f4) Define d; =0 and J; =0 for i € {mg+1, ---, m}. Denote D = (d;) and
J = (J;). Problem

Ut:DO/J(:r—y)OU(t,y)dy—DOU+f(U) for t>0, xR (1.3)
R

has an invariant set [0, 4] and its every nontrivial solution is attracted by

the equilibrium @. That is, if the initial value U (0, ) € [0, 4], then U(t, x) €

[0, @] for all t >0 and z € R; if further U(0, z) # 0, then tlim Ut, ) =1
—00

locally uniformly in R.

In this paper we always assume that the conditions (J) and (f1)—(f4) hold, and
the initial function ug € [0, ).

Under the above assumptions, one easily proves that (1.1) has a unique global
solution (u, g, h) by using similar methods in [12, 38]. Here, we suppose that its
longtime behaviours are governed by a spreading—vanishing dichotomy, namely, one
of the following alternatives must happen for (1.1)

(i) Spreading: tlirglo h(t) = — tlirgo g(t) = oo and tlirgo u(t, x) = @ locally uniformly
in R.
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(ii) Vanishing: tlig)lo[h(t) —g(t)] < o0 and tli)r& llu(t, e,y = 0-
As in [9] and [8], the understanding of spreading speed for free boundary prob-

lem highly relies on the associated semi-wave problem. The semi-wave problem
corresponding to (1.1) is made up of the following two equations:

0
DO/ J(x—y)o®(y)dy — Do ®+cd'(z) + f(®) =0, —oco<x <0,

®(—00) = @, ®(0) = 0, ®(x) = (¢i(x)),
(1.4)
and

o 0 o
€= ;ﬂi/m /0 Ji(z — y)di(z)dyda. (1.5)

In order not to cause confusion, as in [10] we say that (¢, ®) is a semi-wave solution
of (1.1) if (e, ®@) satisfies (1.4)—(1.5). And if (¢, ®) solves (1.4), we say that @ is a
semi-wave solution for (1.3) with speed c¢. Moreover, we also call the solution of the
problem

DO/J(ﬂc—y)o\If(y)dy—Do\Il—i-c\Il’(JL‘)—|—f(\IJ):07 —00 < x < 00,
R

¥(<o0) = i, ¥(o0) = 0, (@) = (i(a)).
(1.6)

the travelling wave solution of (1.3) with speed ¢. Du and Ni [10] obtained a com-
plete understanding for the semi-wave solutions of (1.1), (1.3) and the travelling
wave solution of (1.3). To state their conclusion, two following threshold conditions
on J; are important and necessary, namely,

(J1) / xJi(z)dr < oo if u; >0,i€ {1, -+, mo},
0

(J2) / e Ji(z)daz < oo for some A > 0 and any i € {1, ---, mg}.
0

Clearly, the condition (J2) implies (J1) but not the other way around.

THEOREM A. [10, Theorems 1.1 and 1.2] The following conclusions hold:

(i) There exists a C € (0, 00| such that the semi-wave problem (1.4) has a unique
monotone solution if and only if ¢ € (0, Cy), and the travelling wave problem
(1.6) has a monotone solution if and only if ¢ > C..

(ii) Cx < oo if and only if (J2) holds.

(iii) System (1.4)—(1.5) has a unique solution pair (co, Po) with co >0 and Py
non-increasing in (—oo, 0] if and only if (J1) holds.

With the help of Theorem A and some comparison principles, Du and Ni [10]
discussed the spreading speeds of ¢(t) and h(t) when spreading happens for (1.1),
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and proved that there is a finite spreading speed for (1.1) if and only if (J1) holds.
Exactly, they obtained the following conclusion.

THEOREM B ([10, Theorem 1.3]). Let (u, g, h) be a solution of (1.1) and spreading
happens. Then

t—o00 t—oo

. —g(t) . h(t) ¢ if (J1) holds,
lim —— = lim —= =
oo if (J1) does mnot hold,

where ¢g is uniquely determined by the semi-wave problem (1.4)—(1.5).

When (J1) does not hold, we usually call the phenomenon the accelerated spread-
ing. Additionally, some more accurate estimates on free boundaries were also derived
in [11] if J; satisfy

(J7) Ji(z) = |z|7 forall i € {1, --- , mp} and mg = m.

THEOREM C ([11, Theorem 1.5]). Suppose that (JV) holds with v € (1, 2]. Let
(u, g, h) be a solution of (1.1) and spreading happens. Then

—g(t), h(t) ~ "0 ify € (1,2), —g(t), h(t) ~tint if y=2.

Inspired by the above interesting results, attention is paid to the following four
aspects:

(i) When spreading happens for (1.1), we give more accurate longtime behaviours
of solution component v rather than that of spreading case mentioned above.
Particularly, if (J7) holds with 4 € (1, 2], then some sharp estimates on
solution component u, which are closely related to the behaviours of kernel
function near infinity, are obtained.

(ii) Assume that (J1) holds. Choose a p; > 0 as the parameter and fix other p;.
The limiting profile of solution pair (co, ®o) of system (1.4)—(1.5) as p; — o0
is derived.

(iii) We obtain the dynamical properties of (1.3) with initial data U (0, x), namely,
if (J2) holds, then C. is the asymptotic spreading speed of (1.3); if (J2) does
not hold, then accelerated spreading happens for (1.3). Moreover, if (J7)
holds with v € (1, 2], which implies that the accelerated spreading occurs,
then more accurate longtime behaviours are obtained.

(iv) Choose a p; > 0 as the parameter and fix other p;. It is proved that the
limiting problem of (1.1) is problem (1.3) as p; — oc.

Now let’s introduce our first main result.
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THEOREM 1.1. Let (u, g, h) be the unique solution of (1.1) and spreading happens.
Then
lim max |u(t,z) —a| =0 for any c € (0,c0) if (J1) holds,

t—o0 |z|<Lct

lim max |u(t,z) —a| =0 for anyc>0 if(J1) does not hold,

t—00 z|<ct
where cq s uniquely determined by system (1.4)—(1.5).

REMARK 1.2. From Theorems B and 1.1, one easily obtains that for any A € (0, 1)
andi=1,2,---,m,

tlim min{x > 0 : ii(tmc) = \i; } _ tlim max{x < 0: Zi(t,x) = A\, }
= ¢ if (J1) holds,
lim min{x > 0: u;(t,2) = A\, } — lim max{x < 0:u;(t,x) = A\, }

t— 00 t t—00 t

= oo if (J1) does not hold,

where ¢ is the same as in Theorem 1.1.

REMARK 1.3. By Theorems B and 1.1 we know that if one of .J; with p; > 0 violates

/ xJi(x)dx < oo,
0

then the accelerated spreading happens, which means that the species u; will accel-
erate the propagation of other species. This phenomenon is also captured by Xu
et al. [33] for the Cauchy problem, and is called the transferability of acceleration
propagation.

Before giving our next main result, we need an additional assumption on f, i.e.,
(f5) For each 1 < i <m, > 7L, 0;f(0)a; >0, 3770, 9; fi(w)u; < 0 and fi(na) >
0 for n € (0, 1).

THEOREM 1.4. Assume that (£5) holds and (J7) holds with v € (1, 2]. Let (u, g, h)
be a solution of (1.1) and spreading happens. Then

75lim | r‘réa}(c) |u(t,z) —a| =0 for any s(t) = o(tﬁ) if v € (1,2),
—00 |z|<s(t

lim max |u(t,z) —a| =0 for any s(t) = o(tInt) if v = 2.

t—oo z|<s(t)

REMARK 1.5. We mention that in contrast to Theorem C that deals with the esti-
mates of free boundaries g(¢) and h(t), Theorem 1.4 focuses on the estimates of
solution component u(t, x). Therefore, the lower solutions in the proof of Theorem
1.4 are different from those in the proof of Theorem C, which leads to that (f5)
is crucial to estimate (2.7) and necessary for our arguments, while not needed for
Theorem C.
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REMARK 1.6. By Theorem C and the construction of lower solutions in the proof
of Theorem 1.4, we know that the level set of the solution component u of (1.1) has
a similar longtime behaviour with the free boundaries ¢(¢) and h(t). More precisely,
for every A€ (0, 1) and ¢ =1, 2, --- , m, we have

—max{z < 0:u;(t,z) = \i;}, min{z > 0:u;(t,z) = \i;}
1

~t7 1 if (J7) holds with ~ e (1,2),
—max{z < 0:u;(t,z) = A\@;}, min{x > 0:u;(t,x) = A\, }
~tlnt if (J7) holds with v =2.

REMARK 1.7. Tt can be seen from Theorems B, 1.1 and 1.4, [31, Theorem 3.15]
and [36, Theorem 1.2] that free boundary problem with nonlocal diffusion has
richer dynamics than its counterpart with random diffusion. This phenomenon also
appears for the corresponding Cauchy problem. The reason is that the kernel func-
tion plays an important role in studying the dynamics of nonlocal diffusion problem,
and the accelerated spreading may happen if kernel function violates the so-called
‘thin-tailed’ condition, please see [3, 16, 33] and the references therein.

Now we assume that (J1) holds, and choose a p; > 0 as the parameter and
fix other p;. Denote the unique solution pair of (1.4)-(1.5) by (c,,, ®*i) with
Qi = (qb?”j ). By the monotonicity of ®i, there is a unique [, > 0 such that

Cyy . A
¢,"" (—l,;) = 31;. Define &5 (x) = &3 (x —1,;). Our next result concerns the
limit of (cy,, I, @9, (i)c!‘j) as pj — 0o.

THEOREM 1.8. If (J2) holds, then c,, — Ci, l,, — 0o, ®% (x) — 0 and i () —
U(z) as pj — oo, where (Cy, W) is the minimal speed solution pair of travelling wave
problem (1.6) with 1;(0) = ;. If (J2) does not hold, then c,; — 0o as ju; — oo.

For convenience, we define a new function ug(z) by

Go(x) = uo(x) for || < ho, wo(x) = 0 for |z| > ho.

THEOREM 1.9. Let & = oo in (ii) of (f1) and U be a solution of (1.3) with U(0, z) =
Gig(z). For X € (0, 1), denote the level set of the component U; by Ei = {z € R:
Ui(t, ) = A\i;}, and define x, = sup ES and Ty = infE{,i=1,---,m.

(i) If the condition (J2) holds,

+
x>
flim |;—/\| =C,, | l‘im U(t,z) =0 foranyt >0, (1.7)

lim max |U(t,z) —a| =0 for any c € (0,C,),

t—o0 \x\gct

lim max |U(t,z)] =0 for any ¢ > Ci.

t=00 [z| >ct
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(ii) If the condition (J2) does not hold,

+
T
lim |l—)‘ =00, lim max |U(t,z) —a|=0 for any c> 0. (1.9)

t—oo t—o0 |z|<Lct
(iil) If the conditions (£5) and (J7) hold with v € (1, 2],

lim max |U(t,x) —a| =0 for any s(t) = o(tﬁ) if ve(1,2),

t—00 |z[<s(t)
lim max |U(t,z) —a| =0 for any s(t) = o(tlnt) if ~=2.

t—oo |z|<s(t)

As before, choose a 1; > 0 as the parameter and fix other p;. Our last main result
concerns the limiting problem of (1.1) as p; — oo.

THEOREM 1.10. Problem (1.3), with U(0, ) = ao(z), is the limiting problem
of (1.1) as pj — oo. More precisely, denoting the unique solution of (1.1) by
(Upys Gy Pyy) and letting pj — oo, we have uy, (t, x) — U(t, x) locally uniformly
in [0, 00) x R and —g,,,(t), hy,(t) — oo locally uniformly in (0, co).

This paper is as follows. In § 2, we prove Theorems 1.1 and 1.4. Section 3 is
devoted to the proofs of Theorems 1.8, 1.9 and 1.10. In § 4, two epidemic models
are taken as examples to illustrate our previous results.

2. Proofs of theorems 1.1 and 1.4

In this section, we will prove Theorems 1.1 and 1.4 by constructing some properly
upper and lower solutions.

Proof of Theorem 1.1. Firstly, consider the following ODE system

u = f(@),  @(0) = ([uwio(@)llc(-no.no)) € [0,a]-
It follows from condition (f4) and a comparison argument that
lim sup u(t, z) < @ uniformly in R. (2.1)

t—o0

(i) Assume that (J1) holds. Let (cop, ®9) be the unique solution pair of
(1.4)—(1.5). For small € > 0 and o > 0, we define

h(t) =co(l1 —2e)t + o, u(t,z)=(1—c¢)[Po(xz —h(t)) + Po(—z — h(t)) — 4]

for t >0 and |z| < A(t). By [10, Lemma 3.4], for small € > 0 there exist
suitable T, ¢ > 0 such that

gt +T) < —=h(t), h(t+T) > h(t), uwt+T,x) = u(t,z) for t >0, |z| < h(t).
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On the other hand, direct calculations show that, with ¢§ = ¢o(1 — 3¢),
nax |u(t @) — (1=e)i] = (1= ¢) max [®o(w — h(t)) + Po(~2 — h(t))~ 24|

< (1-¢) max (o~ A(t) ~ 4

+ |®o(—2 — h(t)) — @)

=2(1 —¢)|Po(—coet — o) —u| — 0 ast — oc.

Therefore, hm mf u(t, ) = (1 — )@ uniformly in |z| < ¢o(1 — 3¢)t. Then for

any ¢ € (0, co) by letting e > 0 sufficiently small such that ¢ < ¢o(1 — 3¢), w
have hm 1nf u(t, z) = (1 — €)u uniformly in |z| < ¢t. In view of the arbltrarl—

ness of € > 0, htm inf u(t, ) = @ uniformly in |z| < ct. This, combined with
—00
(2.1), gives our desired result.

(ii) Assume that (J1) does not hold. As in the proof of [10, Theorem 1.3], for
any integer n > 1 and 1 < i < myg, we define

7

1@ =31 r@) it |z = T T lew = (JI"), and J" = (J7)

with J7*(z) = J" =0 for mg + 1 <4 < m. Clearly, the following results about .J
and J* hold:

(1) JM(z) < Ji(x), |z|J(x) < nJ;(z), and for any a > 0, there is ¢ > 0 depending
only on n, «, J; such that el () > ce31®l Jy(x) for x € R, which directly
implies that J" satisfies (J) and (J1), but not (J2).

(2) J™ is non-decreasing in n, hm J" = lim J" =J in [L'(R)]™ and locally

n—oo

uniformly in R.

Let (u™, gn, hy) be the unique solution of the following problem

o)
=P O/ J"(x—y)ou"(t,y)dy—Dou"+f(u"), t>0, € (gn(t), hn(t)),
gn(t)

u"(t, x):O t>0, x & (gn(t), hn(t)),

t) gn(t
an(t) = / / JMNx = y)ul (t, x)dydz, t >0,
t)

n(
zm/ '

(t)
/ JMx — y)ul(t, x)dydx, t >0,
gn (t) hn(t)

u(0,2) = w(T,z), gn(T) = g(T),  hn(0) = h(T), =z € [g(T), K(T)],
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where T > 0. For any integer n > 1, it follows from [10, Lemma 3.5] that there is
a proper 1" > 0 such that
gn(t) = gt +T), hu(t) <h({t+T),u"(t,x)
Su(t+T,z) for t =0, gn(t) < x < hy(t).
Since f satisfies (£1)—(£3), the function f(w) + (D™ — D) o w still satisfies (f1)—(f3)

with D" = (d;||J}*|| 1)) and n > 1. Denote the unique positive root of f(w) +
(D™ — D) ow =0 by @". Clearly, lim @" = @. By [10, Lemmas 3.6 and 3.8], the

following problem

0
DO/ J"(x—y)o®(y)dy — Do ®+c®'(z) + f(®) =0, —oo<z<0,

— 00

mo 0 o0
Pooo) =i, 2(0)=0, e=3 g / ) / Tz — y)di(x)dydz

has a unique solution pair (¢, ®”) and lim ¢" = oo.
n—oo

As before, for small € > 0 and ¢ > 0, define
h,(t)=c"(1=2e)t + 0, u'(t,z)=(1-¢)[@"(z—h,(t)) + " (=2 — h,(t)) — a"],

with ¢ > 0 and |z| < h,,(t). By [10, Lemma 3.7], for small £ > 0 and large n, there
exist ¢ > 0 and T" > 0 such that

G+T) <—h, (), h(t+T) > h,(t), ult+T,x) = u"(t,) for t >0, [z] < b, ().

Similarly, litm infu(t, x) = litm infu™(t, z) = (1 —e)a”™ uniformly in |z| <c”
(1 —3e)t. Since lim " =o0, for any fixed ¢>0 there are large N > 1

n—oo

and small €9 >0 such that ¢<c®(1—3e) for n > N and ¢ € (0, g9). Thus
litminfu(t, x) = (1 —¢g)u" uniformly in |z| < ct. Letting n — oo and € — 0, we

derive litm inf u(t, ) = @ uniformly in |z| < ct. Together with (2.1), the desired

result is immediately obtained. The proof is ended. O

To prove Theorem 1.4, the following two technical lemmas are crucial, and their
proofs can be found in [11] and [12].

LEMMA 2.1 [12, (2.11)]. Let P(x) satisfy (J) and ¢i(x) =1 — |x| with I > 0. Then
for any e > 0, there exists L. > 0 such that for any l > L.,

l
[ Pa=natay>0-2a@ i L
LEMMA 2.2 [11, Lemma 6.5]. Let P(z) satisfy (J) and p(z) = min {1, lz%llxl} with
lo > 13 > 0. Then for any € > 0, there is Le > 0 such that for any lo > 13 > L. and

lo =1y > L,

l2
/ P(z — y)p(u)dy > (1 — e)p(@) i [~ls,1s).

—1y
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Proof of Theorem 1.4. Clearly, (2.1) still holds. Thus it remains to show the lower
limits of u. The discussion will be divided into two steps.

Step 1: In this step, we deal with the case 1 < v < 2, and prove

liminf u(¢, ) > @ uniformly in [—s(t), s(t)] for any s(t) = o(tﬁ). (2.2)

t—o0
For small £ > 0, we define

|z]

h(t) = (ot + 0)77, u(t,z) = i (1 ~ 30

) for t >0, |x| < h(t),

where 4. = (1 — €)t and o0, 6 > 0 are to be determined later. Then we are going to
verify that there exist proper o, T" and 6 > 0 such that

h(t)
Uy = DO/ J(@—y)ou(t,y)dy —Dou+ f(u), t>0, |z| < h(t),
—h(t)

ult, £h(1)) < 0, L0,
mo h(t) poo

W< m / / Ji( — y)us(t, 2)dyda, 1> 0, (2.3)
i—1 —h(t)/ h(t)

mo h(t)  p—h(t)
WO=-Y [ [ putadds >0
i=1 -

—h(t)
h(0) < W(T), w(0,z) < u(T,x), |z| < Rh(0).

Once it is done, by the comparison method we have

gt +T) < —=h(t), h(t+T)=h(t), ult+T,z)>=ut,x) for t >0, x| <h(t).
(2.4)

Moreover, for any s(t) = o(tﬁ)7 direct computations show

t
S gy, ) 0091 = 19 55 =0

which, together with (2.4) and the arbitrariness of ¢, yields (2.2).
Now let’s verify (2.3). To prove the first inequality in (2.3), we firstly show that
there is a constant ¢ > 0 depending only on J such that

A(t)
/ J(x —y)ou(t,y)dy = éach' (1) for t>0, [¢| <h(t).  (2.5)
—~h(t)

https://doi.org/10.1017/prm.2023.26 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.26

640 L. Li, X. Li and M. Wang
In fact, for x € [0, h(t)/4], we have

h(t) h(t)—x
/ @ eut )y = / T ou(ta )y
—h(t

t)/4
tﬂ/ ( )
h(t)/8 h(t)
t)/4
= e / 7dy
ﬂ

t)/4
/ =dy = e b (1),

Similarly, for « € [h(t)/4, h(t)], we have

() 1)/ sy
[ de—outtpiy=ae [ (1 - ) dy
—h(t)/4 h(t)

~h(t)/8 )=

=1 o/ J(y)—=dy
T Jenwya T R()

= e h (1),

Since J; and u are both even in z, estimate (2.5) is obtained.
On the other hand, by lemma 2.1, one can let 6 sufficiently large such that

h(t)
/ J(x—y)oult,y)dy = (1 —e*u(t,z) for t >0, |z| <h(t). (2.6)
—h(t)

By the assumptions on f, one easily shows that there is a C > 0 such that f(na) >

min{n, 1 — n}C for any 7 € [0, 1]. Hence there is a positive constant ¢ depending
only on f such that

Ha-a(i Ye) s (1 ) o aw (1 1) o e

Applying (2.5)—(2.7) we arrive at

h(t)
DO/ J(x —y)ou(t,y)dy —Dou+ f(u)

L Ao
:30/ J(z —y) ou(t,y)dy
2 Jonw

w(0-5)ef @~y outt.y)dy - Dout fw)

—h(t)
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o1 h(t) 1
» %o/ (@ —y)oult,y)dy + (1 -« )(D‘CZ) cultz) ~Dou+ ey
—h(t)

el h(t)
/ J(x —y)oul(t,y)dy
—h(t)

1Y
o

ce

(¢
- Eusclhl_“’(t) - 0-77()~

~ 1 Ueg — Uy

provided that € and o are suitably small. So the first inequality in (2.3) holds.
The second inequality in (2.3) is obvious. Now we show the third one in (2.3).
Simple calculations yield, with @, = (1 — ¢)uy,

h(t)
/ / ;(t,x)dydx = uw/ J (x—y) ( - ||> dydz
ONT0) wt)he) h(t)
U /h(t)/oo Ji(x —y) (1 - x) dydz
“ w) h(t)
—z)dydx
—h(t)

_ ;‘t / o / Ji(y)zdyda
— “ze </ t)/ / /h(t)> y)zdady
22?)/0 Twy*dy

_ e /h(” 2 dy
Qh( ) Jn(e)/2

> & (ot + 9)(27v)/(vf1)’

WV

which indicates the third inequality in (2.3). Since J; and u are both symmetric
about z, the fourth inequality of (2.3) also holds.

For o, 6 and ¢ chosen as above, since spreading happens, there exists 7' > 0 such
that

—h(0) = g(T), h(0)<h(T), u(0,z) =t 2u(T,z) for|z| < h(0).
Therefore, (2.3) holds. Step 1 is finished.
Step 2: We now deal with the case v = 2 and prove
litrgirolf u(t,x) > u uniformly in [—s(t), s(t)] for any s(t) = o(t1nt). (2.8)

For small £ > 0, define

h(t)=o(t+0)In(t+0), u(t,x)= 0. min {1, M} fort >0, |z|

)
(10} < h(t),
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where @, = (1 — €)@ := (@) and o, 0 > 0 to be determined later. Now we are ready

to show
~h(t) 1
u, < Do/ J(e—y)oult,y)dy — Dout f(u), >0, |z| <h(t), = #£h(t) — (t +6)F,
—h(t)
u(t, £b(1) 30, t>0,
h(t)
) < u; (t, x)dydx, t>0,
Z / s i@ = st )y
h(t) h(t)
(1) > Z wf / Jil@ — y)u;(t,)dyda, >0,
h(0) < A(T), uw(0,2) < u(T,x), |z] < h(0).

(2.9)
Once this is done, the comparison argument yields

gt +T) < =h(t), h(t+T)=h(t), uvit+T,z)=ultx) for t=0, |z <h(t),

which, similarly to Step 1, implies that (2.8) holds.
Now we verify the first inequality of (2.9). As in Step 1, we first show that there
is a positive constant ¢;, relying only on J, such that

b(t) E 1H(t+9) 1
J(x —y) ou(t, dtlilﬂ fort>0, h t+0)2 < < h(t).
[, 7w ety = S (0) - (t+ )% <Jo] <h(0)
(2.10)
In fact, it is clear that
/h(t) ( ) (t9) h(t) ( )h(t) _
J(x—y)ou(t,y)dy = @ o/ LS —y)— d
(1) " Jh-rt (t+0)>

o B 2 - ga
= -0 L y)(h(t) — x — y)dy.
t+0)z Jnw)-+6)7 -

And, when z € [h(t) — (t +0)2, h(t) — 3(t+ 0)z], we have

h(t)— (t+0)2
ao | | WA o - ydy=ao [ I - - )y
h(t)—(t+0)2 —a $(t+0)1

16+0)% i In(t + 6
- 61116/4 . —dy= afieIn(t )
lro)s Y 4

(2.11)

When € [h(t) — 3(t + 0)%, h(t)],

h(t)—= 1(t+0)1
R B 17 (U = A O
h(t)—(t+0)2 —x —1(t+0)2
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and thus (2.11) holds. By the symmetry of J; and w, (2.11) also holds for = €
[—h(t), —h(t) + (t +0)=]. So (2.10) is derived.
Making use of lemma 2.2 with I, = A(t) and l; = (£ + 6)2 one has

h(t)
/ J(x —y)ou(t,y)dy = (1 —e*)u(t,z) for t >0, |z| < h(t). (2.12)
—h(t)

Similarly to Step 1, there exists a positive constant ¢ such that

flw) = ceu for t > 0, || < h(t). (2.13)

From (2.10), (2.12) and (2.13), it follows that, when h(t) — (£ +6)7 < |z| < h(t),

h(t) =1 h(t)
DO/ J(z—y)ou(t,y)dy —Dou+ f(u) = — 0/ J(x —y) o u(t,y)dy
~h() 2 Jone
Creen(t +0)
= Teirol e
8(t+6)z2
. 201n(t+ 9) o = 1,
(t+6)2
provided that ¢ and o are small, and 6 is large. Moreover, when |z| < h(t) —
(t+0)7,
() 1 (Ao
DO/ J(x —y)ou(t,y)dy —Dou+ f(u) = — / J(x —y)ou(t,y)dy
~h(1) 2 Jone
=0= Uy

The first inequality of (2.9) is proved. The second inequality of (2.9) is obvious.
Now we deal with the third inequality in (2.9). Careful computations show

A(t) (1) —(t+0)F oo
/ / ;(t,x)dyde > uw/ / Ji(z — y)dydz
h(t)J h(t) h(t)
h(t)
/ / y)dydzx
(t+0)% J:
h(t)
/ / y)dady
(t+6)2 t+9)2

A(®) t+0)3
D ﬂiscl/ (72+)dy
(t+9)§ Y

Z C1Uie (lnh(t) — ln(t;— 0) 4 (t;—(f))z B 1)

In(t + 6)
2

> 1l (lno + + In(In(t + 0)) — 1) ,
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which implies the third inequality in (2.9) provided that 6 is large and o is small.
From the symmetry of J; and u on z, it follows that the fourth one in (2.9) also
holds.
Since spreading happens for (1.1), for €, § and o chosen as above, we can choose
T >0 properly such that —h(0) > g(T'), h(0) < h(T) and u(0, x) <a(l—e¢) =<
u(T, z) for |z| < h(0). So (2.9) is proved and Step 2 is complete. Theorem 1.4
directly follows from (2. 1) (2.2) and (2.8). O

3. Proofs of theorems 1.8, 1.9 and 1.10

In this section, we first show the limits of solution of semi-wave problem (1.4)—(1.5),
namely, to prove Theorem 1.8.

Proof of Theorem 1.8. We first prove the result when (J2) holds. By some compar-
ison considerations, ¢, is non-decreasing in jp; > 0. Thanks to ¢,, < C\, we have

Csx = lim Cu; < C.. We shall show that lim Iy, = oo. Clearly,
pj—oo Hj—00

0 o) . Cp; C*
0< Jj(z —y)¢; 7 (z)dydr < — < —. (3.1)
—00J0

Hj Hj

Case 1: J; does not have compact support. Then for every n > 0, by (1.5) one sees

C* 0 o cu, -n . o]
o 2/ / Ji(x —y)¢; 7 (z)dydx > ¢;7 (x)/ J;(y)dydx
J —o00J0 n

—n—1 +1
> ¢ (—n) / T}y >0,
n—+

which implies lim ¢;“j (—n) = 0. Noting that ¢;”j (z) is decreasing in x <0,
15— 00

we have that lim gb;“j (z) = 0 locally uniformly in (—oo, 0], which yields lim
5 —00 Hj—00

ly; = oo.

Case 2: J; is compactly supported. Let [—L, L] be the smallest set which contains the

support of J;. Combining (3.1) with the uniform boundedness of ¢;”j /(x), one easily

has that lim ¢;Mj (z) = 0 locally uniformly in [—L, 0]. Since ®*’ is uniformly

Hej—00

bounded about y; > 1, it follows from a compact argument that there are a sequence

{u7} with p? — co and a non-increasing function ®o, = (¢5°) € [C((—o0, 0])]™

such that @7 — @, locally uniformly in (—oo, 0] as n — co. Clearly, o, € [0, ).

By the dominated convergence theorem,

0
Do/ J(x — 1) 0 Do (t, y)dy — D 0 B + e () + f(Bo) =0, —00 < < 0.

— 00

Thus,

0
dj/ ']J(x_y)¢_?o(y)dy_d]¢_§>o+cu]¢?O/+fj(¢io7¢go7 7¢m) a —oco<z<0.

https://doi.org/10.1017/prm.2023.26 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.26

The monostable cooperative system with nonlocal diffusion and free boundaries 645

Moreover, ¢3°(x) = 0 in [ L, 0]. If $3°(x) # 0 for z < 0, there exists L, < —L such
that $3°(L1) = 0 < ¢3°(w) in (—o0, L1). By (3.2), (J) and the assumptions on f,
we have

0
0= dj/ Ji(L1 = )97 (y)dy + f(¢7° (L1), -+, 0, -+, dp (L1)) > 0,

— 00

J
which implies that ¢3°(x) = 0 for z < 0. Hence, lim [, = oo.
1 =00

Notice that i and ()" are uniformly bounded for p; > 1 and x < ;- By
a compact consideration again, for any sequence {u;l} with uj — oo, there exists
a subsequence, denoted by itself, such that nlgrolo P = <i>°°(: (qgfo )) locally uni-
formly in R for some non-increasing and continuous function ®> € [0, u]. Moreover,
$°°(0) = (¢°(0), - - - , Wj/2, -, $22(0)). Again using the dominated convergence
theorem yields

Do [ o= ) By = Do B + CoE=) + FE%) =0, <1<
R

Together with the properties of > and the assumptions on f, we easily derive
that ®>°(—00) = @ and ®>°(c0) = 0. Thus, (Cs, ) is a solution pair of (1.6). By
Theorem A, C. is the minimal speed of (1.6). Noticing that Cn, < C., we derive that
Cs = C, and > = ¥. Due to the arbitrariness of sequence {7}, i () — ()
locally uniformly in R as pu; — oo.

We now show that if (J2) does not hold, then ¢,, — oo as u; — oo. Since ¢,
is non-decreasing in p; > 0, ul_iinoo ¢y, = Cos € (0, 00]. Arguing indirectly, assume

J

Cs € (0, 00). Then following the similar lines in previous arguments, one can prove
that (1.6) has a solution pair (Cs, @ o) With @, non-increasing, P, (—o0) = @ and
¥ (0c0) = 0. This is a contradiction to Theorem A. So C, = co and the proof is
complete. O

Then we give the proof of Theorem 1.9.

Proof of Theorem 1.9. (i) Since (J2) holds, problem (1.6) has a solution pair
(Cy, ¥¢,) with Cy >0 and ¥e, non-increasing in R. We first claim that
Ve, = (¢;) = 0 and e, is monotonically decreasing in R. For 1 < i < myg
and [ > 0, define 1/57(:1:) = ;(x —1). Applying [10, Lemma 2.2] to ¥ yields
¥;(x) > 0 for < I. By the arbitrariness of [ > 0, we have ¥; > 0 in R. For
mo + 1 <@ < m, it follows from the assumptions on f that ¢, < 0 in R, which
implies ; > 0 in R.
To show the monotonicity of W, , it remains to verify that ¢; is decreasing
in R for every 1 < i< mg. For § >0, we define w(z) = ¢;(x — ) — ().
Clearly, w(z) > 0 in R and w(z) # 0 for < 0. By (1.6), w(z) satisfies

di/OO Ji(z — y)w(y)dy — dyw(z) + Cyw'(z) + q(x)w(z) <0, z €R.

— 00
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By [8, Lemma 2.5], w(z) > 0 in 2 < 0, and so ¢;(x) is decreasing in < 0.
As before, for any | > 0, define 9;(x) = ¢;(x — 1). Similarly, we can show that
Y;(x) is decreasing in z < . Thus, our claim is verified. B
Define U = 0¥ ¢, (x — Ct) with o > 1. We then show that U is an upper
solution of (1.3). In view of the assumptions on U(0, z) and our above anal-
ysis, there is ¢ > 1 such that U(0, x) = o¥¢, (x) = U(0, z) in R. Moreover,
by (£2), we have o f (V¢e, (x — Cit)) = f(0Pq, (x — Cit)), and thus
oo
U= —Cio¥y (z— Cit) = DO/ J(x —y)oU(t,y)dy — Do U + f(U).
— 00
It follows from a comparison argument that U(t, x) < U(t, x) for ¢t > 0 and

x € R. Noticing the properties of 1;, for any A € (0, 1) there is a unique
Y« € R such that o1);(y.) = A;. Therefore,

2\ (8) < 2f5 (1) <y + Gt (3.3)

Similarly, we can prove that for suitable o7 > 1, the function o1¥¢ (—2 —
C\.t) is also an upper solution of (1.3), and there is a unique . € R such that
011;(Jx) = AG;. Then one easily derives —§. — Cit <z, (t) <z, (t). This,
together with (3.3), leads to 7 ,

. QI |25 ()]
lim sup < lim sup

t—o0 t—o0

< C..

To prove the first limit of (1.7), it remains to show

+ —_
x; L\ (t x; (T
lim inf lzia @l > lim inf [zia®l >C,. (3.4)

t—00 t—o0 t

Assume p; > 0, and fix other p;. Denote the unique solution of (1.1) by
(Wir> Gur> hyy) With wy, = (ul, ). By a comparison consideration, U(t, x) =
wy, in [0, 00) X [gp, (t), hy, ()] for any pq > 0. Moreover, we can choose
w1 sufficiently large, say p; > >0, so that spreading happens for
(Upr» Guas hpy) (Similarly to the criteria for spreading and vanishing in [4,
12, 38], we here assume that spreading happens for (1.1) if i, is large enough).
Moreover, from Theorem B, it follows that

To stress the dependence of ¢y on ui, we rewrite ¢y as c,,. By Theorem
1.8, lim ¢,, =C,. As XA € (0, 1), we can choose ¢ small enough such that

1 —00
Ai; < u; — 0. By virtue of Theorem 1.1, for any 0 < ¢ < 1, there is T'> 0
such that

Nig <@ —6 <uly, <ti+0fort>T, |z < (cu —e)t,

1

which obviously implies z,(t) < —(c,, —e)t and z,(t) > (cu, — €)t. The
arbitrariness of ¢ and p; implies (3.4).
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Additionally, since both oW¢, (x — Cit) and 01Vq, (—z — C,t) are the
upper solutions of (1.3), it is easy to prove the second limit of (1.7).
Now we prove (1.8). Let @ be the solution of

uy = f(a), a(0) = ([[uio(2)llc—hno,na))-
By (f4) and comparison principle, we derive

limsup U(t, ) < @ uniformly in R. (3.5)

t—oo

As before, for the fixed ¢ € (0, C.), let py > fi large enough such that ¢ <
Cu, - Using Theorem 1.1 and comparison principle, we see litm infU(t, x) = a

uniformly in [—ct, ct] which, combined with (3.5), yields the desired result.
Moreover, since cWU¢, (v — Cyt) = U(t, x) and 01V ¢, (—x — Cit) = U(t, x)
for t > 0 and x € R, we have that, for any fixed ¢ > C,,

0 < sup Ui(t,x) < sup U;(t,z) + sup U;(t,z)

|z|>ct r>ct r<—ct
< sup oz — Cut) + sup o1 (—x — Cit)
x>ct z<—ct

= (04 o1)i(ct — Cit) = 0 as t — oo.

Therefore, conclusion (i) is proved.

(ii) We now assume that (J2) does not hold, but (J1) is true. By Theorem 1.8,

lim ¢,, =oo. Thanks to the above arguments, x;,(t) < —(c,, —¢)t and
H1—00 ’

xz'.f/\(t) > (¢, —e)t. Letting 1 — oo and € — 0, we have tlggo |:17f/\\/t = 00,

and thus the first limit of (1.9) holds. We then prove the second limit of
(1.9). For any ¢ > 0, let yu; be large enough such that ¢,, > ¢ and spreading
happens for (u,,, gu,, hyu, ). By a comparison argument and Theorem 1.1, we
see litrggf U(t, x) = @ uniformly in || < c¢t. Together with (3.5), the second

limit of (1.9) is obtained.
We now suppose that (J1) does not hold. It then follows from Theorem 1.1
that for any ¢ > 0, there is 7" > 0 such that

w SU+6 for t>2T, [z] <,

which clearly indicates the first limit of (1.9). As for the second limit of (1.9),
by use of Theorem 1.1 and (3.5), we immediately obtain it.

(iii) Asabove, U(t, x) = u,, (t, x) for t > 0 and € R. By Theorem 1.4 and (3.5),
we immediately derive the desired result. Thus, the proof is complete.
O

Finally, we show the proof of Theorem 1.10.
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Proof of Theorem 1.10. Recall that p; is the parameter and the other 11; are fixed.
By the comparison principle, (u,;, g, hy,) is non-decreasing in p; > 0. Hence,

lim g, (t) = G(t) € [~00,—ho), lim h, () = H(t) € [ho, 00,

Jj—>00 Hj—00
and

Ult,z) = lim uy, (t,x) 2U(t,x) for t >0, G(t) <z < H(t),

Hj—00

where wu,, = (u! U = (U;), and U is the unique solution of (1.3) satisfying

1 )7
U(0, z) = tp(x).
We now claim that G(t) = —oo and H(t) = oo for all ¢ > 0. We only prove the
former since the latter can be handled by similar arguments. Arguing indirectly,
assume that there is to > 0 such that G(tg) > —oo. Then —hg = g,,(t) = G(t) =
G(tg) > —oo for t € (0, to]. By the condition (J), there are small e1, § > 0 such that

Jj(Jz|) > &1 for x| < 24. Therefore, for ¢ € (0, to],

wj (t) Iuj (t) .
gy, (t / / Ji(x — y)uy, (¢, x)dydz
Iuj (t) —o0

w; (0 1 Guy (t) )
/ / Ji(x —y)uy,, (t, 2)dydz
Iuj (t) J—oo

Guj (t)+9 9#1 .
< [ / — ), (¢, x)dyda
g g

ey (1) wy ()=

Guj (t)+o i
— €10 uf, (1, x)dz.
guj (t)

Moreover, for any (¢, z) € (0, to] x (G(t), G(t) + ), we let p; large enough such

that = € (g,,(t), 0), and thus Uj;(t, ) > u,,(t, ) > 0. Then by the dominated
convergence theorem, we see

gy (B)+6 (t)+5
lim uf, (1, x)dx :/ Uj(t,z)dx > 0 for t € (0,to].
M09 g, (1) ' G(t)
Then, as pu; — o0,
(to)+h to rgu; (H)+6 to rG(t)+5
—M > 816/ / ufi_(t,x)da:dt—wl(;/ / U,(t,z)dzdt >0,
Hj 0 g, (1) ! 0o Ja

which clearly implies G(tp) = —oo. We get a contradiction. So our claim is true.
Combining with the monotonicity of g, (¢) and h,,(t) in ¢, one easily shows that
— lim g, (t)= lim h,;(t) = oo locally uniformly in (0, o).

pj—00 pj—00

Now we prove that U satisfies (1.3). For any (¢, z) € (0, 0o) x R, there are large
fij >0 and t; <t such that = € (g,,(s), hy,(s)) for all p; > f; and s € [ty, t].
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Notice d; =0 and J;(x) =0 in R for i =mg + 1, --- , m. Integrating the first m
equations in (1.1) over t; to s € (t1, t] yields

uf” (s,x) — uij (t1,x) :/S (djﬁ[uftj]('r x) + fz( ST, (T,Z'))) dr

t1

for 1<i1<m.

Letting p; — oo and using the dominated convergence theorem, we have

0is,2) — Uit1,0) = [ (40017, 9) + i@+ Ol ) dr

ty

for 1<i<m.

Then differentiating the above equations by s, one knows that U solves (1.3) for any
(t, z) € (0, 00) x R. Moreover, since 0 X U(t, ) X U(t, x) in (0, 00) x R, it is easy
to see that }in(l) U(t, ) = 0. By the uniqueness of solution to (1.3), U(t, x) = U(t, x)

in [0, c0) x R. Using Dini’s theorem, our desired results directly follow. O

4. Examples

In this section, we introduce two epidemic models to explain our previous
conclusions.

ExampPLE 4.1. To investigate the spreading of some infectious diseases, such as
cholera, Capasso and Maddalena [6] studied the following model:

{ult — d1Auy = —aug + cug =: f1(u), t>0, ze€Q,

ugt — doAug = —bug + G(uy) =: fa(u), t>0, x €Q (4.1)

with u = (u1, us). Moreover, u; and uy represent the concentration of the infective
agents, such as bacteria, and the infective human population, respectively. Both
of them adopt the random diffusion (or called local diffusion) strategy. Positive
constants d; and dy are their respective diffusion rates, —awu; is the death rate
of the infection agents, cus is the growth rate of the agents contributed by the
infective humans, and —bus is the death rate of the infective human population.
The function G(uq) describes the infective rate of humans, and its assumptions will
be given later.

Recently, much research for model (4.1) and its variations has been conducted.
For example, one can refer to [2, 24| for the free boundary problem with local
diffusion, and [36] for the spreading speed. Particularly, Zhao et al. [38] recently
replaced the local diffusion term of u; with the nonlocal diffusion operator like
(1.2), and assumed dy = 0. They found that the dynamics of their model is little
different from that of [2], especially for the criteria of spreading and vanishing. Later

on, Zhao et al. [37] further replaced the term cus with ¢ [ ((t)) K(z — y)us(t, y)dy,

which results in some new difficulties. Very recently, Wang and Du [30] assumed
that the infective agents and the infective human population both adopt nonlocal
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diffusion strategy and the term cus is also replaced by cf (( )K(Jc — y)ua(t, y)dy.
Some new techniques were introduced in [30] when they dealt with the related
eigenvalue problem.

As in [30], we here assume that the dispersal of the infective human population
is approximated by the nonlocal diffusion, and thus propose the following model,
with u = (u1, ug),

1= dlfgh((tt)) Ji(z — y)ui(t,y)dy — diur + fi(u), t>0, z € (g(t), (1)),
Uy = dgfgh((tt)) Jo(x — y)ua(t,y)dy — douz + fa(u), t>0, z € (g(t),ht)),
ui(t, g(t)) = ui(t, h(t)) = 0, t>0,i=1,2,

2 h(t) rg(t)
gt==> Mi/ / Ji(z = y)u;(t, r)dydz, t>0,
i—1 Ja(t) J—
2 (t)
=> ,Uz/ Ji(z — y)u;(t, x)dydz, t>0,
i1 Jgt) Jh(b)
—g(0) = h(0) = hg > 0; u(0,z) = up(x) = (uro(z),u20(x)), |z| < ho,

(4.2)
where J; satisfy (J), d;, a, b, ¢ are positive constants, u; > 0 and pq + pg > 0.
Function G(z) satisfies

(i) G € CY([0, 0)), G(0) =0, G'(2) > 0 for z > 0 and G'(0) > 2;

(ii) (G(Z)) < 0 for z > 0 and hm G(z) <@
Assumptions (i) and (ii) clearly 1mp1y that there is a unique positive constant
4, such that @ ab . Define @y = G(ul)

(iii) (@uy < —ab,

ﬂ] c

An example for G is G(z) = $5; witha > ¢ b and 8 > 2. By the similar meth-
ods in [12], we easily get the following spreadlng vamshmg dichotomy for (4.2):
Either

(i) Spreading: tlim h(t) = —tlim g(t) = oo (necessarily Rg = ¢ (O)C >1) and

tlim u(t, ©) = (a1, 42) =: @ locally uniformly in R, or

(ii) Vanishing: lim (h(t) — g(t)) < oo and lim ||u(t, -)|lc(jge),ne))) = O-
—— t— t—oo

It is easy to show that conditions (f1)—(f4) hold for f. For model (4.2), the
corresponding mo = m = 2. Hence, Theorem 1.1 is valid for (4.2).
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THEOREM 4.2. Let (u, g, h) be a solution of (4.2) and spreading happens. Then

lim max |u(t,z) —a| =0 for any ¢ € (0, o) if (J1) holds,

t—00 [z|<et

lim max |u(t,x) —a| =0 for any ¢ > 0 if (J1) does not hold,

t—o0 |z|<ct

where cq is uniquely determined by the corresponding semi-wave problem (1.4)—(1.5).

However, one easily checks that f does not satisfy (£5). Thus, Theorem 1.4 cannot
be directly applied to (4.2). But by using some new lower solution we still can prove
that similar results in Theorem 1.4 hold for problem (4.2).

THEOREM 4.3. Assume that J; satisfy (J7) with v € (1, 2]. Let spreading happens
for (4.2). Then

tlim | I‘n<a)(() |u(t,z) — a| =0 for any s(t) = o(tﬁ) if v € (1,2),
—00 |z|<s(t

lim max |u(t,x) —a| =0 for any s(t) = o(tlnt) if v = 2.

t—00 || <s(t)

Proof. Step 1: Consider problem

{1 = —aiiy + iy, Ty = —biiy + G(11),

t
u1(0) = [luro(z)lo((=ho.ho)ys 82(0) = lluzo () llc((—ho,ho))-

It follows from simple phase-plane analysis that tlim u1(t) = a1 and tlim us(t) =
—00 —00

2. By a comparison argument, u(t, ) < @(t) = (u1(t), @2(t)) for t > 0 and = € R.
Thus,

limsup u(t,z) < 4 uniformly in R. (4.3)

t—oo

It remains to show the lower limits of u. We will carry it out in two steps.

Step 2: This step concerns the case v € (1, 2). We will construct a suitably lower
solution, which is different from that of Step 2 in proof of Theorem 1.4, to show

liminf u(t,2) = @ uniformly in |z| < s(t) for any s(t) = o(tﬁ). (4.4)

t—oo

For small € > 0 and 0 < % < a1 < ap < 1, define

h(t)=(ot+0)7T, u(t,z)= (G (1—), da(1—2))I(t, ) with l(t,x):l—hft')
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for t > 0 and |z| < h(t), where o and 6 > 0 are to be determined later. We shall

prove that for small £ > 0, there exist proper T, ¢ and 6 > 0 such that

h(t)  p—h(t)
- / / Ji(x — y)u, (¢, x)dydx, t>0,

h(t) —

2 h(t)
Bt)y<> n / / w, (t, z)dydz, t>0,
=1

h(t)

—h(0) = g(T), h(0) < A(T); w(0,2) = u(T,x), |z| < R(0).

uy <y f° ;t) Ji(z —yuy(t,y)dy — diug + fi(w),  t>0, |z <h(?),
sy < da f50) Jo(w = Yy (ty)dy — dowy + fo(w), >0, o] < h(t),
(tj:h()) 0, >0, i=1,2,

As before, once (4.5) is proved, then by the comparison principle and our definition

of the lower solution (u, —h, h), we easily derive

litminfu(t,x) = (a1(1 — &), a2(1 — £*?)) uniformly in |z| <
—00

which, combined with the arbitrariness of £, yields (4.4).

s(t),

Now we verify (4.5). To prove the first two inequalities in (4.5), similarly to Step 2
in the proof of Theorem 1.4, one can show that there exists C' > 0 such that

h(t)
/ Ji(x — y)ug(t,y)dy > Ctia(1 — @B (t) for >0, |z
—h(t)

The direct computation shows that, when ¢ is small,

<h(t).  (4.6)

clia(1— &%) — (a+e)ir (1 — ™) = ™ [afy — clige® ™ — '~ @y (1 — )] > 0,

which implies

cus(t,x) = (a+e)uy(t,x) fort >0, |z|<Ah(t).
Furthermore, we claim that, for small ¢ > 0,

G(uy(t,x)) = (b+e)uy(t,z) fort >0, |z| < h(t).
To this end, we first prove that if € is suitably small,

G(ai (1 — Eal)l(t,ac)) ab
U1 (1 —e™)i(t, x))

By the assumptions on G, one sees

Gy (1 — )it z)) - Gy (1 — &™)
ﬂ1(1—50‘1)l(t,x) - Uy (]__Ecu) :

https://doi.org/10.1017/prm.2023.26 Published online by Cambridge University Press

—(14e%) fort>0, |z|<h(t).
c


https://doi.org/10.1017/prm.2023.26

The monostable cooperative system with nonlocal diffusion and free boundaries 653
Thus it is sufficient to prove that, for ¢t > 0 and |z| < h(t),

Glan (1 —e™))

i ab
> —(1 o).
Uy (1 —eo1) c( +e)

Define

_ G(uy(1—¢e*))  ab o
F(g)_W ?(14-6 ) for0<e<x 1.

Obviously, T'(0) = 0. From our assumptions on G, it follows that for 0 < ¢ < 1,

~ o /
1ﬂ,(g):_<G(u1(1—<€ ))) a1€a1—1_a7ba18a1—1
C

”(21(1 — Eal)
B a1 G(u1(1 —e*)) " ab
=€ —<M) —C] > 0.

So (4.9) holds.
Now, we continue to prove (4.8). Obviously, it holds when x = +h(t). When
|z| < h(t), we have

G(a1 (1 —e*1)i(t, z))
a1 (1 —e)l(¢t, z)

G(uy) — (b+e)uy = I(t, ) (—bﬂg(l — ") +a1(1 — 1) —etg(l — 5a2)>

b
>t @) (—ba2(1 —e%2) 4 iy (1 — 1) (1 4 e%1) — edip(1 — 50‘2)>
C
bii
_ l(t,m)saz <bﬂ2 -~ aoduy 62(11—&2 _ 61_a2ﬂ2(1 _ Eag)) >0
&

provided that € is properly small. By (4.6), (4.7) and (4.8), we have that, for small
o >0,

h(t) . [h(®)
d1/ Ji(z —y)u, (t,y)dy — diuy — auy + cuy > 5/ Ji(z —y)uy (t,y)dy
—h(t) —h(t)

> Clg (1 — )R ()
(1 —e™)oh'™”

v—1

2 Qltv

h(t) o k@)
do / Jo(x — y)uy(t,y)dy — dauy — buy + Guy) > 3 / Jo(x — y)uy(t,y)dy
—h(#) ~h(t)

> Clig(1 —*2)h' ()

lig(1 — e°2)oh' 7
2 1 > Uy,

Therefore, the first two inequalities in (4.5) hold.
Clearly, u,(t, £h(t)) =0 for t > 0.

—1
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In the following, we prove the fourth and fifth inequalities of (4.5). Similarly to
the proof of Theorem 1.4, for large 6 > 0 and small o > 0, one has

h(t oo
/ Ji(x ;(t, x)dydx
n(t)Jh(t)

2

h(t)
—Z 1—e™ uzul/ Jx— y)l(t, x)dydx

h(t)Jh(t)

2

(1— eo) h(t) 70
=gt ([ )
h(t)

2

1 _ h(t)
> Z ~ u i / Ji(y)y*dy
0
Z ci( )Nzuz /h(t) y27’Ydy
- 2h h

h(t)/2

]

> él(at+9)%
oot + 9)%

O i)

WV

So the fourth inequality in (4.5) holds. The fifth one follows from the symmetry of
J and u on x.

Since spreading happens, for such o, 0 and ¢ as chosen above, there is a T' > 0
such that —h(0) > g(T), h(0) < h(T) and w(0, ) < (a1(1 — ™), G2(1 —*2)) <
u(T, x) in [—h(0), h(0)]. Hence (4.5) hold, and this step is complete.

Step 3: We now handle the case v = 2. That is, we will prove that for any
s(t) = o(tlnt),

liminf u(¢, 2) »= @ uniformly in |z| < s(t). (4.10)

t—o0

For fixed 0 < % < a1 < az < 1 and small € > 0, we define

h(t) = o(t+0)In(t +6), ((t,z) = min {17 W} :

u(t,z) = (a1 (1 — &), (1 —e?))((t, x)
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for t > 0 and |z| < h(t), with o, @ > 0 to be determined later. We will prove that
there exist proper T, o and 6 > 0 such that

uy, < dy 850 I — )y (b y)dy — dvwy + fi(w), >0, [a] < A(t), |z
# h(t) = (t+6)2,
gy < da f"50 Jo(w — )yt y)dy — douy + fo(w), >0, o] < h(t), |2
# h(t) — (t+6)3,
u, (¢, £h(t)) <0, t>0,i=1,2,
2 h(t) h(t)
Z/J’l/ / Jl(m - y)@z(t,.ﬁ)dydﬂﬁ, t>0,
i=1 h(t)/ —
2 h(t) 0o
}jm/“ e - putadyde, 10,
i=1 h(t)/ h(t)
~h(0) = ¢(T), h(0) <A(T); u(0,z) = u(T,x), ] < h(0).

(4.11)
Once (4.11) is derived, we similarly can complete this step. It is not hard to ver-
ify that (4.7) and (4.8) are still valid for small € > 0. Then by following similar
lines with the proof of Theorem 1.4, one can obtain (4.11). The details are omit-
ted. Our desired results directly follow from (4.3), (4.4) and (4.10). The proof is
complete. O

On the other hand, noticing that the growth rate of infectious agents may be of
concave nonlinearity, Hsu and Yang [17] recently proposed the following variation
of model (4.1)

upy = diAuy — auy + H(ug), t>0, z € Q,
(4.12)

Ugr = daAug — bug + (;(ul)7 t>0, x € Q,

where H(ug) and G(up) satisfy that H, G € C?([0, >)), H(0) = G(0) =0,
H', G >0 in [0, o0), H' G >0 in (0, 0), and G(H(%)/a) < bz for some Z.
Examples for such H and G are H(z) = az/(1+ z) and G(z) = fln(z + 1) with
a, >0 and af > ab. Based on the above assumptions, it is easy to show that
if 0 < H'(0)G'(0)/(ab) < 1, the unique nonnegative constant equilibrium is (0, 0),
and if H'(0)G’(0)/(ab) > 1, there are only two nonnegative constant equilibria, i.e.,
(0, 0) and (@1, @2) = 0. Some further results about (4.12) can be seen from [17]
and [32].

Motivated by the above works, Nguyen and Vo [26] very recently incorporated
nonlocal diffusion and free boundary into model (4.12), and thus obtained the
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following problem:

U = dlf () J1 (x — y)ui(t,y)dy — dius — auy + H(ug),
Uy = dzfgh(gt)) Jo(x — y)ua(t,y)dy — doua — bug + G(u1),

ui(t, g(t)) = ui(t, h(t)) =0,

(t)
/ / y)u;(t, z)dydz,
g9(t)

h(t)

2
-3 / Jile - y)ui(t,2)dyda,
1 g(t) Jh(t)

—g(0) = h(0) = ho > 0; u1(0,2) = uio(x), u2(0,2) = uze(x),

t>0,

t>0,

t>0, i

t>0,

t>0,

lz| < h

0-
(4.13)

They proved that problem (4.13) has a unique global solution, and its dynam-
ics are also governed by a spreading—vanishing dichotomy. Now, we give more
accurate estimates on longtime behaviours of the solution to (4.13). Assume

H'(0)G’(0)/(ab) > 1. One can easily check that (f1)—(f5

) hold with @ = (i, i)

and @ = co. Thus, Theorems 1.1 and 1.4 are valid for the solution of (4.13). For

convenience of readers, the results are listed as below.

THEOREM 4.4. Let (u, g, h), with u = (uy, ug), be a solution of (4.13) and mgy =
m = 2 in conditions (J1) and (J7). If spreading happens, then

t—o0 |z|<Lct

t—oo |z|<Lct

lim max |u(t,z)—u|=0 for any s(t
Jim masx fult,a) — i =0 for any s()

= o(tﬁ) if (J7) holds for ~ € (1,2),

t—o00 |I‘<S(

lim max |u(t,z) —a| =0 for any c € (0,c0) if (J1) holds,

lim max |u(t,z) —a| =0 for anyc>0 if (J1) does not hold,

lim max |u(t,z) —a| =0 for any s(t) = o(tInt) if (J7) holds for v = 2,

where cg is uniquely determined by the corresponding semi-wave problem (1.4)—(1.5).
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EXAMPLE 4.5. Our second example is the following West Nile virus model with
nonlocal diffusion and free boundaries

h(t)
H, = d1/ Ji(z—y)H(t,y)dy—diH+ai(es — H)YV-b1H, t>0, xze&(g(t),h(t)),
g(t)

h(t)
Vi = d2/ Jo(z—y)V (t,y)dy—daV+az(ea — V)H—bV, t>0, z€(g(t),h(t)),
g(t)

H) = V(t,) =0, 10, @€ (g0, n0),
h(t) rg(t)
g't) = —,u,/ / Ja(x — y)H (¢, x)dydz, t>0,
g(t) J—oo
h(t) foo
B (t) = u/ / Jo(z — y)H (¢, z)dydz, t >0,
g(t) Jh(t)
—9(0) = h(0) = ho > 0; (H, V)|i=0 = (u10(x), uz0(z)), |z < ho,
(4.14)

where J; satisfy (J). Constants d;, a;, b;, e; and p are positive, H (¢, x) and V (¢, z)
are the densities of the infected bird (host) and mosquito (vector) populations,
respectively. The biological interpretation of the West Nile virus model can be
referred to the literatures [1, 18, 25, 31]. Set

fl(H, V) = a1(61 —H)V — blH, fQ(H,V) = 0,2(62 - V)H—bg V.

Then the system fy(H, V) = fo(H, V) = 0 has a unique positive solution (H, V)
with

-~ ajaseies — bib aiagseies — bib
(H,V): 142€1€2 12) 1426162 102
aiase + b1a2 aiazeq + a1b2

if and only if ajaseieq > bibo.

The authors of [12] proved that the dynamics of (4.14) are governed by the
spreading vanishing dichotomy: Either

i) Spreading: lim h(t) = — lim g(t) = oo (necessarily “2221€2 > 1) and lim
—— t—© t—o00 bibz t—o0
(H(t, z), V(t, z)) = (H, V) locally uniformly in R, or

(i) Vanishing: lim (h(t) ~ (1)) < oo and lim [|H(t, oo + V()
gt neml = 0.

If ajaseieq > bibe, then the conditions (f1)—(f5) hold with @ = (ej, e3). The more
accurate longtime behaviours of solution to (4.14) can be summarized as follows.

https://doi.org/10.1017/prm.2023.26 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.26

658

L. Li, X. Li and M. Wang

THEOREM 4.6. Let (H, V, g, h) be a solution of (4.14) and mo =m = 2 in condi-
tions (J1) and (J7). If spreading happens, then

lim max (|H(t,x) — H| + |V(t,z)

t—oo |z|<ct

lim max (|H(t,z) — H| + |V (t,2) ) for any ¢>0 if (J1) does not hold,
1%

for any ¢ € (0,¢9) if (J1) holds,

t—oo |z|<ct

lim max (|H(t,z) — H|+ |V (t,z) —
=00 || <s(t)

|) 0 for any s(t)

1

= otV — 1)if (J7) holds with ~ € (1,2),

1
tlingo \z?%i}((t) (|H(t,z) — H|+|V(t,z) — \7|) =0 for any s(t)

=o(tlnt) if (J7) holds with ~=2,

where cg is uniquely determined by the corresponding semi-wave problem (1.4)—(1.5).
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