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Abstract

Given a semigroup S, we define {N(S), +,•} to be the 'free' distributively generated near-ring. Since all
words in A'(S)can be expressed as the sum and difference of elements of S, we are able to define a length
function on the words of N{S). The following theorems then follow :

THEOREM 1. N{S) contains a multiplicative identity e if and only if a-S.

THEOREM 2. If S is the free semigroup in the variety of all semi-yruups then \{S) is left cancellative.

1980 Mathematics subject classification (Amer. Math. Soc.): 16 A 76-

1. Introduction

We want to prove several results about distributively generated near-rings 'freely'
generated by semigroups. We will show for an arbitrary semigroup S that the 'freely'
generated near-ring contains a multiplicative identity if and only if the original
semigroup contains a multiplicative identity. Secondly, we will show that if S is the
free semigroup, then the resulting near-ring is left cancellative.

Let us say more carefully what we mean by the distributively generated near-ring
'freely' generated by a semigroup S. Our near-rings will be left near-rings; that is, a set
with two binary operations + and •, so that the system is a group with respect to +,
a semigroup with respect to •, and • is left distributive over +. One is distributively
generated if it is additively generated by a set of elements that distribute from the
right as well as from the left.

2. Preliminaries

We are interested here in a special class of distributively generated near-rings.
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Given any semigroup S, we define the distributively generated near-ring {N(S), +,•}
as follows: ifs,teS and u. v,weN(S), then s-1 = st(the product ofs and t in S), and
(-«)• t = —(u- f), and (u +u)-s = vvs + u-s, and w(u+ v) = wu + w v, and
u • ( -«) = — (H'-M), and u 0 = 0. It has been shown in Evans and Neff (1964) and
Frohlich (1960) that N{S) is a distributively generated near-ring.

All words in N(S) can be expressed as the sum and difference of elements of S; that

is, u- = Xi + st- IfM' = Zi ± s'i ar>d (• = Zj + f j ' t n e n t n e Product VVT = Zj ± (Zi ± s> f>)
which we call the linear form of the product. A word is reduced if the word is reduced
as a word in the free group on S.

We define length of a word in N(S) as follows :
1. length ofO is 0;
2. length of ±s, where seS, is 1;
3. length of ±u± v is the sum of the length of u and the length of r;
4. length of u • v is the product of the length of u and the length of v.
On a free semigroup S (possibly with identity added), we define the standard

length, written as | s ,
1. if g is a generator of S, g = 1;
2. if f is the identity, [ £• i = 0 ;
3. j st | = | s | 11 .
Let u and v be reduced words of N(S), u = Zi + Si an<3 v = Zj + O- ^n t n e word

uv = Zj±(Zi±s i f j ) w e c a " the subword Z i± s ; J j the tj segment. The segment is
called positive or negative depending on the sign of tj. Each tj segment is reduced,
and if the signs of t} and f,.. , are different then ±(Zi + 5it;) + (Zi + sifj+i) is reduced.
We will refer to the 'place' where two adjacent segments adjoin as a 'joint'.

3. Identities

If a generating set contains an identity, then so must the distributively generated
near-ring; however, the converse does not always hold. For example {Z6, +,•} is a
distributively generated near-ring where a generating set is {0,2,3,4}. We will show
that the converse does hold in N(S).

LEMMA 1. If N{S) has an identity e and e = Zi"=i±ai (reduced form), then
(a) /) is odd;
(b) e is symmetric; that is, +at = ±an, ±a2 = ±an_l ;
(c) When n = 2m + 1 and geS, there exists j ^ m + 1 so that ±Ujg = g,

Y<:I ±a,g = 0, and Y.1=U\ ±atg = 0.

PROOF. Since e is an identity, eg — g for generator g, and so Y2= I + ai 0 = 9- Since
summands reduce in pairs, n must be odd.
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Consider eT, that is, e written in reverse order : eT = ± a,, ...±av For any generator
g, any reduction in eg corresponds in a one-to-one fashion to a reduction in eT g, so
we have eT g = g. So er is a left identity, and therefore e = cT, and we have proved (b).

Let n = 2m + 1. For a generator g, g = eg = Z?= T' ± <'; it- There must be some
integer j such that a ^ = g, X;=i ± ^ 0 = 0, and £?=jVi ±a,-<:/ = 0. If; ^ m+\ we
are done; if y ' < m + l , then using symmetry we have Qim + i-jti = #<

=Q and £ ^ 3 - ^ 3 = 0.

The next lemma will establish a general reduction pattern in N(S).

LEMMA 2. Let w be a symmetric word of odd length (no summand is 0, but not

necessarily reduced), say vv = x ± c + xT, that reduces to an element of S. If

w = x + c + xT then x = 0, and if w = x-c + xT then x - c = 0.

PROOF. We will use induction on the length of u.

If the length of w is 3, then vv = x — c + x, and so c = x, and so x —c = 0.

Suppose vv = ±s1±...±sn — c±sn + ...±s1, each s,-, c e S , and w reduces to some

element of S. There is an in teger ; ^ n so that ŝ  — c = 0 and Zr=j±- S i i~ t ' = 0.(If

j = 0 we are done.) Then by the symmetry of \v, we get that

W = +Sl +. . . ± 5 j _ ! + 0 + SJ- + ... + .S'! = V.

The induction hypothesis applies to v, so + 5 , ±...±Sj._ { = 0. Then in u we have

that X-L = 0 .

In the case where \v = ± s , ± . . . ± s n + c-±sn + . . . ± s 1 the proof is similar and

omitted.

Now we will show e fits the hypothesis of the previous lemmas and prove

THEOREM 3. If N(S) has two-sided identity e, then eeS.

PROOF. According to Lemma 1 we write e = x±c + xT (reduced form).
Let seS. Then s = es = xs±cs + xTs = (xs±cs + xTs)T, where the summands

belong to S and are hence not zero.
Applying Lemma 2, if the term ±c is positive, then vs = 0 for all seS, or if the

term ±c is negative (x — c)s = 0 for all seS. Suppose vs = 0 for all seS, then it
follows that xe = 0 and so x = 0, contrary to x being red uced. Similarly (x - c) s = 0
for all seS gives a contradiction.

The length of e must be 1. Hence eeS.

The following example shows that we cannot weaken the result to left identities.
Suppose we begin with the semigroup S given by S = \a,b,c}, and x2 = x, for all
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x e S, and xy = b, for x, y e S and x # y. S has no left identity, but in N(S) the
expression a — b + c is a left identity. Incidentally, a — b + c is a right identity for
generators but not for NiS).

4. Left cancellation

We will now show that V(S) is left cancellative when S is the free semigroup. This
will be done by showing that no element of N(S) is a divisor of zero, and then using
the result that no divisors of zero implies left cancellation.

We embed S, the free semigroup, in a semigroup with identity Sp = S u {e}. Note
that N(S) is naturally embedded in N(Se).

LEMMA 4. No word of length 2 in N(Se) is a left divisor of zero.

PRCXJF. Suppose wv = 0. where w is reduced and of length 2, w = +si ±s2- We
proceed by induction on the length of v.

If v has length 1, it can be easily seen this leads to contradiction.
Assume that if v is a reduced word in N{Se) of length less than n then \vv = 0

implies r = 0.
Let v = +f 1 + . . . + fn and suppose wv = 0 .

wv = ~(±sl±s2)t1±...±(±sl±s2)tn = 0.

Since reduction can occur only between segments r,- and tJ+l of the same sign,

we deduce that .v, and s2 have opposite signs.

Let A: be a positive integer such that reduction occurs between the tk and fk+1

segments, and furthermore let us assume both are positive. We have s2 ft = $! fk+ ,.
tk\ = \tk+\\ leads to a contradiction. Assume |fk| > l ^+ i |. It follows that

| s2 \ < | S[ |: so s, = s2 s for some seS. Now wv = s2(s — e) v = 0 and it follows that

(s — e)u = 0 and so ±(st, —tl)±...±[stn — tn) = 0. Assuming all segments are

positive leads to a contradiction.

Consider the first joint from the left which occurs between two segments of

different signs (assume tj is positive and tJ+1 is negative),

uv =

T h e r e m u s t exist k>j+l such t h a t (s — e)( — tJ+1±...±tk) = 0, t hen by t h e
i n d u c t i o n h y p o t h e s i s it follows t h a t —tJ+ t±...±tk = 0, c o n t r a r y t o v b e i n g r e d u c e d .

LEMMA 5. Ifw belongs to N(Se) and has odd length, then w is not a left divisor of zero.

PRCX)F. We write >v = x + c + y (reduced) where the lengths x and y are the same,
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and we write v = ±tl±...±tm. If wi; = 0 then there exists;, 1 ^j<m, such that
±(c + y)tj + (x + c)tJ+l = 0 contrary to v being reduced.

The next lemma covers all remaining w, of even length. We omit the proof.

LEMMA 6. lfw (different from 0) belongs to N{Se) and has even length, then w is not a
left divisor of zero.

THEOREM 7. N{Se) contains no divisors of zero and is therefore left cancellative.

COROLLARY 8. (a). IfTis a subsemigroup ofSe, then N(T) has no divisors of zero.
(b) If N is a subnear-ring of N(Se) then N has no divisors of zero.
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