7
Self-force

The inhomogeneous Maxwell equations have been solved in (2.16), (2.17). Thus
it is natural to insert them into the Lorentz force in order to obtain a closed, albeit
memory equation for the position of the particle.

According to (2.16), (2.17) the Maxwell fields are a sum of initial and retarded
terms. We discuss first the contribution from the initial fields. By our specific
choice of initial conditions they have the representation, for ¢ > 0,

0
Eini(x, 1) = — f ds fd3y (VGi—s x —y) ep(y — q° — °s)
+0,Gr—s (x = )1 ep(y —¢° =), (7.1)

0
Buni(x, 1) = f ds f ByV x Gy (= y) Pep(y —q° —os); (1.2)
— 00

compare with (4.31), (4.32). Since G, is concentrated on the light cone, one con-
cludes from (7.1), (7.2) that Ejni(x, t) = 0, Bini(x, t) = O for |q0 —x| <t —Ry.
If we had allowed for more general initial data, such a property would hold only
asymptotically for large 7.

Next we note that constrained by energy conservation the particle cannot travel
too far. Using the bound on the potential, one can find a v < 1 such that

sup |[v(t)| <v <1, (7.3)
teR

cf. Eq. (7.26). The charge distribution vanishes for [x —¢q(z)| > R,. Therefore,
once

t >0, =2R,/(1 - ), (7.4)
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7.1 Memory equation 81

the initial fields and the charge distribution have no overlap. We conclude that for
t > t_(/J the initial fields make no contribution to the self-force and it remains to
discuss the effect of the retarded fields.

We insert (2.12), (2.13) into the Lorentz force for which purpose it is convenient
to use the scaled version (6.11). The external potentials are set equal to zero for a
while. Then on the macroscopic scale, for r > e1,,

—d (m 'vg(t)) =F¢ (1) (7.5)
dr bY self :
with the self-force

1
Fiy () = ¢ f dse / &k [@ek)[? e F @ OO (he| = sin (k| (c — 5))ik
0

— (cos k| (t — )0 (s) — (k| ™" sin [k|(t — 5)) v (1) x (ik x v (5))),
(7.6)

which in position space for ¢ = 1 was already written down in Eq. (2.57).

Equation (7.5) is exact under the stated conditions on the initial fields. No in-
formation has been discarded. The interaction with the field has been merely tran-
scribed into a memory term. To make further progress we have to use a suitable
approximation which exploits the assumption that the external forces are slowly
varying. Since this corresponds to small ¢, we just have to Taylor-expand F? (1),
which is carried out in section 7.2 with the proper justification left for section 7.3.
But before that, and to make contact with previous work, we take a closer look at
the memory term.

7.1 Memory equation

Equation (7.6) can be simplified, for which it is convenient to set ¢ = 1. By partial
integration

t

‘ d

fds/d3k |$(k)|2e—""(‘l(“—q(-‘))v(s)d— k|~ sin [k|(r — s)
S

0

=— f Bk [Pk)|> e K @D=aOD 4 0) k|~ sin |kt

t
~ [[as [ SuioP e OO o skl - 5600
0

+ ik - v(s)v(s)) . (7.7)
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Since 1 > t_(,,, the boundary term vanishes. Inserting (7.7) into (7.6), returning to
physical space, and setting  — s = 7, one has for 7 > 1,

Fgs (1) = —eZ/dt ['i)(t -1+ 1 —v() vt —1))Vy
0
+ vt — D) — vt — 1)) - Vi Wi () [x=q)—g—1)»  (7.8)

where
W, (x) = / &Sk [Pk) > e ** k|~ sin |k|z . (7.9)

In (7.8) we have extended the integration to oo, since the integrand vanishes any-
way for 7 > 1,. Carrying out the integrations on the angles in (7.9) one obtains

W, (x) = x| (h(x| + 1) — h(jx| = 1)), (7.10)
h(w) = 27 fdkg(k) cos kw (7.11)
0

with g(|k|) = |@(k)|>. Since ¢ vanishes for |x| > Ry, h(w) =0 for [w| > 2R,.
Note that |g(t) —q(t — )| < vt. Thus for r > t_g,) we indeed have W;(q(t) —
q(t — 1)) =0, as claimed before. Fg¢(f) has a finite memory extending back-
wards in time up to t — 1.

To go beyond (7.10) one has to use a specific form factor ¢. Two choices, popu-
lar at the time, are pg(x) = (47 R2) ™' 8(|x| — R,) and gp(x) = e (47 R} /3) ! for
|x| < Ry, ¢p(x) = 0for |x| > R,. For the uniformly charged sphere one finds

_ [ GrRy)TIA —|wl/2) for |w| <2,
h(Ryw) = { 0 for |w| > 2. (7.12)
and for the uniformly charged ball
| SR Thxh(w) for |w| <2,
h(Ryw) = { 0 for |w| = 2. (7.13)

with Z(w) =1 - wz) for jw| < 1 and E(w) = 0 otherwise.

For the charged sphere W;(x) is piecewise linear and, by first taking the gradi-
ent of W, the time integrations simplify. In the approximation of small velocities
the motion of the charged particle is then governed by the differential-difference
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equation
2

m0le) = e(Eex(@(0) +00) X Be@(®) + 15

('v(t —2Ry) — v(t)) ,
(7.14)

where we have reintroduced the external fields.

The memory equation (7.14) is of suggestive simplicity. To have a well-defined
dynamics one has to prescribe ¢(0) and v(r) for —2R, <t < 0 as initial data.
Of course, the coupled system determines these data completely. However, the
supporters of differential-difference equations regard (7.14) as the starting point
with no instruction for the choice of initial data. Their claim is that solutions to
(7.14) are not very sensitive to this choice. While there is some evidence on the
linearized level, the dependence on the initial data for the full nonlinear problem
remains to be studied.

7.2 Taylor expansion

We return to Eq. (7.5). As will be explained in section 7.3, one knows that there
exists a constant C, independent of ¢ for ¢ < &g, such that

@EO1<CL G 01 < C(1+ee+1iD72).
[l < C(1+ e+ 1) 2 +ee+1)7?) (7.15)

for all 7, provided the total charge e is sufficiently small. This smallness condition
merely reflects the fact that at present we do not know how to do better mathemat-
ically. Physically we expect (7.15) to hold no matter how large e.

Note that in higher time derivatives the mismatch of the initial conditions be-
comes visible. Only if the charge is allowed to move for a time span of order &!/3,
which is short on the macroscopic scale but long as ©(¢~2/3) on the microscopic
scale, do the derivatives become uniformly bounded.

Because of (7.15) we are allowed to Taylor-expand in (7.6). To simplify notation
we set v¥(f) = vandt —s = 7. Then

1
’UE(S)='UE(t—7:)=v—'i)f+§'i}T2+O(t3), (7.16)
e k(@ (1)=4"(s)) _ o—ik-(g"(1)—q"(1—7)) _ e—i(k~v)r(1 + %rzi(k D) — é ik - v)

1

1, 1 5 \2 2,3
=3 (37D — =Pl ») +OWKIDD) . (717)
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Inserting in (7.6) and substituting s’ = ¢~ s, k' = ek yields

et

Fi(t) = & f dre™! f d3k|a<k>|2e—i<"'”>’{<|k|—‘ sin [k|7)ik
0

— (cos |k|t)('v — et + %821'2'[)) — (k| sin [k|7) (v x (ik x v)
—vx (ik X eTv) + %v x (ik x 82T2;l})) + %STZi(k <)

x (k| ™" sin |k|7)ik— (cos [k|t)(v—etv)— (k| ™" sin [k|7)(vx (ik x v)
—v x (ik x eTv))) + ( = %82‘[3i(k D) — %82‘[4(k . i})z)

x ((lke| " sin |k|7)ik — (cos |k|t)v — (k| ™" sin |k|7) (v x (ik x v)))}

+ 0. (7.18)

The terms proportional to e ~! cancel by symmetry. We sort all other terms,

et
FE () = e2/d3k Ia(k)lz{( — (- D)Vy+ D(w- Vv))f dre 1 ®O7 (k1= sin |k|7)
0
| et
+ (v + 3 V(- Vy)) / dr e 1 *VT (cos |k|T) + 8(% [- (W —1)
0
X (0 Vo) Vo + 0(v - Vi) (0 V) + (v- ) Vy — 0(v- V)]
+ é [— (=)@ Vo)V — 00 Vo) (- Vo) + 30 9) (b Vo) Vo

3w Vo) (o V)] + % [0 — 1)(b- Vo)V

et

— (V- Vi) (b - v,,)z]) f dt re 1 * VT 1k~ sin k|7)
0
et
+8(—'v——[U(U-Vv)+3'v('v-Vv)]) dr t7e cos |k|‘L’}
6
0
+0(e?). (7.19)
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To take the limit ¢ — O we go back to position space and use the fundamental
solution of the wave equation. Then

e—0

g1t
lim fdrfd3k|a(k)|2e—i<"’”>f(|k|—1sin lk|t) t?
0

:/dt fd3x fd3y<p(x)go(y)i(s(|x+m—y| —1)1P
4t
0

J Bk Pk — (k- v)*]7! for p=0, 20
| S B e [ Pye) (2 /4m) for p=1. (720

By the same method

e—>0

e~y
. d
lim /drfd3k |a(k)|2e—l<k'v>fr1+f’d—(|k|—1sin k|7)
T
0

o0
=—(1+p+ @ V) fdt /d3k [p() > e 1 * V" (1|~ L sin |k|r)e?
0

— [Pk @WK + (k- 0))[k* = (k-v)*]"* for p=0,
- {—fd3x o(x) [ Fyp(y) 2y*/4m) for p=1. 72h
Collecting all terms the final result reads
Fi(t) = —mp()d + e(e? /6m) [y* (v - D)v + 3y °(v - 9)*v
+3y* (- )b + ¥ + O(e?) (7.22)
for r > 0 with
mi(v) = me[(|v|_2y2(3 — %) — |v| (3 + v)arctanh|v])D @ D
+ (=2 + v+ 0P arctanhlvl)]l] ) (7.23)

Note that m¢(v) = d(Pg — mpyv)/dv as a3 x 3 matrix.

Up to order &, F¢:(t) consists of two parts of a rather different character. The
term —my¢(v) is the contribution from the electromagnetic field to the change in
total momentum. We computed this term already in section 4.1 via a completely
different route. As emphasized there, since the Abraham model is semirelativistic,
the velocity dependence of my has no reason to be of relativistic form and indeed
it is not. The term proportional to ¢ in (7.22) is the radiation reaction. Again there
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is no a priori reason to expect it to be relativistic, but in fact it is. Using the four-
vector notation of section 2.5, the radiation reaction can be rewritten as

e(e?/6m) (i — (0 - Wu) = &(e?/6m)(g+u@u) - . (7.24)

The space part is the term proportional to e? of (7.22), i.e. the radiation reaction
force, and the time part is the work done by this force per unit time.

7.3 How can the acceleration be bounded?

We return to the microscopic time scale. From the conservation of energy together
with condition (P), we have

Es(°) + ep(eq°) = E(E®, B, ¢°, ") = E(E(t), B(1), (1), v(1))

> mpy (v(1) + e (7.25)
and therefore
sup l[v(@®)| <v < 1. (7.26)
teR

In (6.4) the external forces are of order ¢. Superficially the self-force is of order
one. However for a Coulombic charge soliton field the self-force vanishes. Thus
if we could show that the deviations from the appropriate local soliton field are of
order ¢, then the acceleration would satisfy

sup [v(t)| < Ce (7.27)
teR
with C a suitable constant. This is what we want to prove. We will not keep track
of the constants, and the value of C changes from equation to equation. We make
sure, however, that the e-dependence is explicit and that C depends only on v,
and thus is determined by the initial conditions. Of course, to justify the Taylor
expansion of section 7.2, we also need analogous estimates of higher derivatives,
which can be obtained with considerably more effort through the same scheme.
Here we want to explain how to get (7.27) and why we need e to be sufficiently
small, at least for the moment.
From the equations of motion one has

b =mo(v)"' [ee(Eex(eq) + v x Bex (6q)) + e(Ey(q) + v x By(q))]. (7.28)

where mal (v) = (mpy)~'(1 — D @) is the matrix inverse of mq(v). Clearly by
(7.26) we have ||mq(v) || < C and, by condition (P), the first term is bounded as

¢ le(Ecx(eq) + v X Bex(£q))| < Clele . (7.29)
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On the other hand, the self-force looks to be of order one. To reduce it in order
we have to exploit the fact that E, B deviate only slightly from E,, B, close to the
charge distribution, i.e. we subtract zero and rewrite the self-force as

e(E(p(q) — Ew(q) +vx (By(g) — B'mp(Q))) . (7.30)

Our goal is to show that this difference is of order ¢.
Let us define then

zu¢)=<E@J>—Eme—qm§'

31
B(x, 1) — Bo (¥ — (1)) (7.31)

Using Maxwell’s equations and the relations (v-V) E, = —V X By, + egv,
(v-V)B, =V x E, one obtains

%Z(t) =AZt)—g(@), (7.32)

where A is defined in (2.18) and

(7.33)

9o 1) = (('v(t) - Vo) Ey(x —q(t))> '

(0(1) - Vo) By(x — g (1))

Therefore (7.32) has again the structure of the inhomogeneous Maxwell equations.
Since Z(0) = 0 by our assumption on the initial data, one has

t

Z(t) = —fds Ui —-sg9(@). (7.34)
0

In terms of Z(¢), using (7.28), (7.30), the acceleration is bounded through

lo(D)| < C(e + Iel)fd3x¢(x)|21(x +q@0), 1) +v@) X Zr(x +q(1),1)].
(7.35)

Letus set W(z,s) = U(r — s)g(s). Below we will prove that
[Wi(t,s,q(t) +x)| + [Wat,s,q(0) + )| < |e|]Clos)|(1+ (1 —)P) ™" (7.36)

for |x| < R,. Therefore inserting (7.36) in (7.35) one obtains

1
|MmswwG+Mfma+u—m%ﬂmm) (7.37)
0
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Let « = sup |v(¢)|. Then (7.37) reads

t>0

S1-ec’

o
2-1 lel €
Kk <lelCle+lelk [ ds (1 4+ s) , K< ———¢. (7.38)
0

From the computation below we will see that C depends on v (and on model
parameters like the form factor @), but not on e. Thus taking |e| sufficiently small
one can ensure ¢2 C < 1 and therefore ¥ < Ce as claimed.

We still have to establish (7.36). U(¢) is given in Egs. (2.12), (2.13). Since
V-g1(s) =0=V_-gy(s), the term proportional to k ® k drops out. In real space
|k|~! sin |k|f becomes G, from (2.15) and cos |k|t becomes 9, G,. Therefore

Wilt,s.) = s /d3y6<|x Y= (=)

%[0 =9V X 82055 +810.9) — (5 =) Vg1 0.9)].
1
Walt.s.0) = s [ Eyax =yl ==

X[— =9V xg(y.5)+8 . 5)—(x—y) Veg(y.9].
(7.39)

We insert g from (7.33). E, and B, are first-order derivatives of the function ¢y,
which according to (4.7) is given by

—1/2

Pup(x) = e f FPypex — @) (= vhy* + @-p?)] 7. (7.40)

Using (4.5) one has componentwise

IVoEy(X)| + [VoBy(X)| = C ([Veu(x)| + [V Viu(X)]) ,
IVVyEy(x)| + [VVuBy(x)| = C (|VVuhp(X)| + [VV Vidp(x)])  (7.41)

and taking successive derivatives in (7.40) one obtains the bounds

|Vu(x)| + |V Vphy(x)| < e C (1 + |x]) 72,
IVV(x)| + [VVVyhy(x)| < e C (1 +|x]) 7, (7.42)

which imply

g1 (e, $)| + g2 (x, )| < e Clos)|(1+ x —g()H 7,
Vg, (x, $)| + Vg (x,s)| < eClos)|(1+ |x —g))™.  (7.43)
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We insert the bound (7.43) in (7.39) which results in an upper bound on
WA, s, q(t) + x). Using the condition that x| < R, and |g(t) — g (s)| < v|t — s|
finally yields (7.36).

We summarize our findings as

Theorem 7.1 (Bounds on the velocity and its derivatives). For the Abraham
model satisfying conditions (C), (P), and (1) there exist constants C, depending
through v only on the initial conditions, and e such that

o] <5 <1, o) <Ce, |9@)]<C(e*+e(+t)72),
5] < C(e® + 20+ 1) 2+ e+t 7) (7.44)

for all t on the microscopic time scale, provided the charge is sufficiently small,
ie. le|] <e.

By keeping track of the constant C, one could get a bound on the charge ad-
missible in Theorem 7.1. Since we believe this restriction to be an artifact of the
method anyhow, there is no point in the effort.

Notes and references
Section 7.1

Sommerfeld (1904a, 1905) systematically uses memory equations. In fact he con-
siders the Abraham model with the kinetic energy mpv?/2 for the particle and
wants to understand what happens when v(0) > c. He argues that the particle
rapidly loses its energy to become slower than ¢ by emitting what we now call
Cerenkov radiation. The differential—difference equation (7.14) is derived by Page
(1918) and its relativistic generalization by Caldirola (1956). For reviews we refer
to Erber (1961) and Pearle (1982). Moniz and Sharp (1974, 1977) supply a linear
stability analysis and show that the solutions to (7.14) are stable provided R,, is not
too small. For that reason Rohrlich (1997) regards (7.14) and its relativistic sister
as the fundamental starting point for the classical dynamics of extended charges.
We take the Abraham model as the basic dynamical theory. Memory equations are
a useful tool in analyzing its properties.

Section 7.2

The Taylor expansion is taken from Kunze and Spohn (2000a). Such an expansion
was already used in Sommerfeld (1904a, 1905), to be repeated in various disguises.
The traditional expansion parameter is the size of the charge distribution, which in
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our context is replaced by the scaling parameter ¢ controlling the variation of the
potentials.

Section 7.3

The contraction argument appears in Komech, Kunze and Spohn (1999). The
bound on () is taken from Kunze and Spohn (2000a), where also higher deriva-
tives are discussed. It is claimed that |9(r)| < Ce? and |4 ()| < Cée3. In the ar-
gument some initial terms are overlooked and the correct bounds are as given in
(7.44).
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