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The paper deals with the existence of positive solutions with prescribed L2 norm for
the Schrodinger equation

—Au+ M+ V(z)u = [ulP"2u, we H(Q), / w?dz =p?, NER,
Q

where Q = RN or RN \ Q is a compact set, p >0, V >0 (also V = 0 is allowed),

pE(2,2+ %) The existence of a positive solution « is proved when V' verifies a
suitable decay assumption (D), or if ||V a is small, for some ¢ > & (¢ > 1 if

N = 2). No smallness assumption on V is required if the decay assumption (D,) is
fulfilled. There are no assumptions on the size of RV \ Q. The solution % is a bound

state and no ground state solution exists, up to the autonomous case V"= 0 and
Q=RN.

Keywords: Nonlinear Schrodinger equations; normalized solutions; exterior domains;
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1. Introduction and main results

In this paper, we study a class of problems of the form

—Au+ M+ V(z)u = |[uP~2u in Q

P
AER, wue HHQ), /quac:/)Q7 P)
Q

where Q = RY or  is an exterior domain, that is RY \ 2 is a compact set, N > 1,
V is a given potential and 2 < p < 2 + 4/N, namely the nonlinearity is superlinear
and mass-subcritical. Here A will arise as a Lagrange multiplier related to the mass
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Normalized positive solutions for Schrédinger equations with potentials 1519

constraint ||u|lpz = p > 0. We will focus on potentials that verify
Ve LYRY), ¢ € [max(N/2,1),00], withq#1 if N =2

(1.1)
V(z) =0 ae. in RY.

Problems of the form (P) arise from the nonlinear Schrédinger and Klein-Gordon
equations

i®y + AD + f(®) =0 (S)

where @ : RY x (0, 4+00) — C. If f(re?) = f(r)e?, r,6 € R, then one can look for
standing wave solutions of (S) and (KG), namely solutions of the form

®(z,t) = eMu(z), xRN, t>0, (1.2)

where v is a real function. In the model case f(®) = |®[P~2® we consider, u has to
solve the equation in (P). We refer the reader to [8-10] for more detailed physical
motivations.

If the frequency A in ansatz (1.2) is fixed, and we consider the pure power model
case with p € (2,2%), where 2* = %, then looking for solutions of (S) and (KG)
corresponds to looking for critical points of the action functional

Ex\(u) = 1/ (|IVul? + [N+ V(2)]u?)dx — 1/ |ulPd z, u e HY(RY).
2 Jpn p Jrn
A very large number of works are devoted to this unconstrained problem, we only
refer the reader to [2, 11, 39] for a survey on almost classical results, and to the
recent papers [16, 33] and references therein for new contributions.

Another point of view is to fix a priori the L2 norm of the solution. This point
of view is particularly relevant because this quantity (the mass or the charge of
the particle) is preserved along the time evolution. In this case, the solutions u
correspond to the critical points of the energy functional

1 1

E(u) = §/RN [[Vul* + V(z)u’] do — ];/RN |ulP dz ue HY(Q),

constrained on
S, ={ue H'RY): |ulz=p},

and the frequency A arises as a Lagrange multiplier. Even if this fixed mass problem
is classic (see for example [10]), only in the last decade it has been studied exten-
sively and, in particular, very little has been done in the non-autonomous case (see
[1, 5, 6, 24-26, 34, 41] and references therein).

We refer the reader to [17] for a recent analysis on the connections between
the fixed mass and the fixed frequency points of view (see also [35] and references
therein).

If2+ % < p < 2%, the so called mass-supercritical regime, then E' is not bounded
from below on S,, as follows by evaluating the functional over the fibres on S, of
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the type uy = tN/%u, (t-), for fixed u; € S, and ¢t > 0. So the problem cannot be
addressed by minimization. Jeanjean in the pioneering paper [25] analysed the
autonomous problem, for more general mass-supercritical nonlinearities, and he
recognized a mountain pass structure, related to the above-introduced fibres. The
method developed in [25] does not work in the non-autonomous case, even if the
potential is radially symmetric. The non-autonomous case in the mass-supercritical
regime has been studied in [6, 34], for not necessarily symmetrical potentials. In
[6], the authors found a mountain-pass solution if V' > 0 is suitably small, while
[34] concerns the case V' < 0 and the existence of two solutions is proved when V
is suitably small and the operator —A 4 V' is not positive-definite.

In the mass-subcritical regime 2 < p < 2 + %, the functional E is bounded from
below on S, by the Gagliardo-Nirenberg inequality (see (3.4), (3.5)). Ikoma e
Miyamoto in [24] considered more general non-autonomous problems of the type

{—Au + A+ V(z)u= f(z,u) (eq) (1.3)
uwe HY (), ue S, NeR, :

where Q = RY and the nonlinearity f(x,u) = f(u) has sub-linear growth in 0 and
mass-subcritical growth at infinity, that is

f(s)

. o f(s)
ll—r% S n |91\1inoo |S|1+4/N

=0.

If the shape of the potential is V' < 0 and V(z) — 0 as |z| — oo, and both f and
V' satisfy various technical assumptions, then the authors prove, by concentration-
compactness arguments, that there exists pg > 0 such that the energy functional
related to (1.3) has a global minimum in S, for p > pg, and the global minimum
is not attained if 0 < p < pg. Moreover, some sufficient conditions on f and V are
provided to get pg = 0.

In the more recent paper [1], Alves and Ji considered in problem (P) some classes
of potentials V' where a global minimum for F on S, exists, for suitable p. Namely,
in [1] the authors work on potentials V', not required vanishing at infinity, that
verify one of these assumptions: (V1) infgpy V' < liminf|,_o V(2), (V2) there exists
o > 0 such that meas{V > g} < oo and int(V=1(0)) # 0, (V3) V is 1-periodic in
each variable, (V) V is asymptotically 1-periodic, that is there exists a 1-periodic
function V, : RN — R such that

V(z) <Vp(z), VxRN and lim |V,(z)—V(x)]=0.

|#]—00

After submitting this paper, the interesting works [37, 40] have been brought
to our attention. In those papers, non homogeneous nonlinearities as in (1.3) are
studied.

Yang, Qi and Zou in [40] improve the result of [24]. They consider problem (1.3)
with @ = RN, V() < limj;—oo V(2) =: Vo € (—00,400] and f € C(Q x R, R) sat-
isfies Berestycki-Lions type conditions with mass-subcritical growth. Moreover,
some technical assumptions used in [24] are removed. In the coercive case Voo =
400, the existence of a ground state solution is proved for every p > 0, while for
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Vs < 400 the authors show that still py > 0 exists such that there is a ground
state solution for p > py and it does not exist for 0 < p < py.

Some results in [37] concern symmetric exterior domains in some mass-
supercritical regimes. Therein, Song studies (1.3) when Q is a bounded starshaped
domain or the complementary of a ball in RY with N>2, V=0 and f €
CH(Q x R,R) is a superlinear and mass-supercritical nonlinearity. When € is the
complementary of a ball and f(-,u) is radially symmetric, the author proves that
there exists a sequence ((Ag,ur))x in Hg(£2) x R of solutions of (1.3)(eq) such that
Ae — 0 and |ug|2 — oo, while there exists no sequence ((Ag,ux))x in H(2) x R of
solutions of (1.3)(eq) such that A\, — 0 and |ug|2 — 0. Moreover, if (1.3)(eq) has at
most one positive radial solution in H}(Q) for every A > 0, then (1.3) has a positive
radial solution for large p.

Here, we are concerned with the mass-subcritical case when V' > 0 so no minimum
solution exists, up to the autonomous case V = 0 and = R" (see proposition 1.4).
Moreover, we focus on domains that can be not only R but also general exterior
domains, answering the question raised in [34] for mass-supercritical problems,
whether the existence of bound state solutions can be treated in exterior domains
as in the whole space. To the best of our knowledge, these issues are only partially
addressed in previous papers. About exterior domains in the mass-subcritical case,
it is worth mentioning [41], where the authors consider the autonomous problem
V =0 in dimension N > 3 and they found the existence of a bound state solution
if the size of ‘hole’ RV \  is small.

The main results are the following:

THEOREM 1.1. Let N > 2, Q=RY or RN\ Q compact, p > 0. If V satisfies (1.1)
and

/ V(z)|z|VN el d x < oo, (D,)
RN
where

d, = [2(1*%)\5\1} pTRG (1.4)

(see (2.5) for the constant A1), then there ezists a solution (X, u) of (P) such that
A>0 andu > 0.

THEOREM 1.2. Let N > 2, Q =RN or RV \ Q compact, p > 0. There exists L =
L(q, 9, p) > 0 such that if V satisfies (1.1), with

V(z)—0 as|z| =00 if Ve L>®(Q), (1.5)
and ||V < L, then problem (P) has a solution (A, @), verifying A > 0 and @ > 0.

The case N =1 has its own specificity and will be dealt with in § 6.

A priori, a nonnegative solution @ of (P) belongs to H'(Q2), so we cannot say
that @ > 0, Va € Q. Anyway, under mild assumptions, @ turns out to be sufficiently
regular to apply the Harnack inequality and therefore to be pointwise positive. In
the following proposition, we collect some regularity properties. Its proof is almost
standard, so we only outline it in the appendix.
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PROPOSITION 1.3. Let @ be a solution of (P). If N > 2, then

(a) if V€ LL.(Q) for some q > &, then u € CY(Q), and if @ is nonnegative

loc loc

then (x) > 0 Vz € Q;
(b) if Ve LL (Q) for some q > N, then @ € CL*(Q);

loc loc

(¢) if Ve Cl*(Q), then w € C2(Q) and it is a classical solution.

loc
If N =1, then

(d) if Ve LL (Q), then i is continuously differentiable and if i is nonnegative

loc

then u(x) > 0 Vo €

(e) if V€ LL (Q) for some g > 1, then @ € CL.%(Q).

By proposition 1.3, the solutions given by theorems 1.1 and 1.2 are positive if
assumption (1.1) holds with ¢ > &

The solution we find is a bound state solution. Indeed, in § 2 we verify that no
ground state solution can exist:

PROPOSITION 1.4. Assume that V satisfies the assumptions of theorem 1.1 or of
theorem 1.2. If V. # 0 or Q # RY | then problem (P) has no ground state solution.

Actually, if V' satisfies both the assumptions of theorems 1.1 and 1.2, then the
solutions provided by the theorems are found exploiting the same topological con-
figuration so it is reasonable to expect that they are the same solution. Moreover,
the topological characterization suggests that they have Morse index V.

In (1.1), the assumption that V vanishes at infinity is necessary to get the com-
pactness condition and cannot be dropped, by the following nonexistence result (see
[19], [34, Proposition 1.10], [12, Theorem 1.1]).

PROPOSITION 1.5. Letp € (2,2%), V € L®(RY) and assume that there exists %—‘lf €
LYRN) for some v € RN\ {0} and £ € [max(1,5),+00], £ #1if N =2. If 2L >0
and ?9% # 0, then problem

— Au+ M —V(z)u = |[ulf2u ueS, AeR (1.6)
has no solutions in C*(RN) N W22(RY).

See remark 6.2 and proposition 6.3 for nonexistence results in the 1-dimensional
case.

Some remarks are in order, concerning the decay assumption (D) in theorem 1.1.
It does not require any smallness assumption on V' and moreover does not depend
on the domain, hence if it is verified then problem (P) has a solution for every
exterior domain 2.

On the other hand, (D) depends on p by (1.4), where d, — oo as p — oo because
p<24 %. As a consequence, a potential that verifies (D) for every p > 0 has to
decay faster than any exponential.
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REMARK 1.6. By the proof of theorem 1.2 we verify the existence of a constant
L = L(N) > 0 such that

L(N/2,RN, p)=L  Vp>0. (1.7)
Instead, for ¢ > %,
lim L(¢,R™, p) = 0, lim L(g,RY, p) = oo. (1.8)
p— p—0

As a consequence, if ||V||y/2 is suitably small, then problem (P) in RY has a
solution for every p > 0, while if V € LY(RY), for ¢ > N/2, then there exists p =
p([IV]lq) = 0 such that problem (P) has a solution for every p > p (see (5.14)).

In Theorems 1.1 and 1.2 of [34] a mountain pass solution is found in the mass-
supercritical case with negative potential, under smallness assumptions on V' similar
to the ones considered here. In that case, if ¢ = N/2 there is a uniform bound as
in (1.7) while for ¢ > N/2 the limits in (1.8) are reversed.

If p is fixed, we will observe that

lim L(g,Q,p) =0,
m (2, p)

where
7(Q) =sup{r € R" : B,(y) C RV \ Q for some y € RV} (1.9)

(see remark 5.1). Hence, there is no potential V' # 0 such that theorem 1.2 applies
for every exterior domain 2, for p > 0 fixed.

If we consider V =0, then both theorems 1.1 and 1.2 apply and provide the
following result.

COROLLARY 1.7. Let N > 2, RN \ Q compact and p > 0, then there exist A > 0 and
u € C3(Q), u(z) > 0, Vo € Q, such that

—AU+ i = P! in €,

ANER, ue€ HHQ), /ﬂde:pQ.
Q

Corollary 1.7 extends the result of [41] to the dimension 2 and to every exterior
domains. The proof in [41] cannot be extended to this more general framework
because it does not work in dimension 2 and when the size of RY \  is large.

We prove theorems 1.1 and 1.2 by variational methods, looking for bound state
solutions. The analysis of the compactness presents a lot of difficulties related to
the unboundedness of the domain, that is not assumed to be symmetric. In order
to recover a local compactness condition, we first see that the Lagrange multiplier
A related to a Palais-Smale sequence in a negative range is positive, and then we
employ a splitting Lemma from [7] for PS-sequences of Ey. With this decompo-
sition in hands, we perform in proposition 3.1 a sharp fine estimate of the first
energy interval I above the infimum where the compactness condition holds (see
remark 3.4).

https://doi.org/10.1017/prm.2023.78 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.78

1524 S. Lancelotti and R. Molle

The topological argument relies on min-max techniques that make use of a
barycentric map and the Brouwer degree. Since we have no smallness assumption
on RV \ Q, and in theorem 1.1 we have no bound on any Lebesgue norm of the
potential, a major difficulty is to work in the compactness interval I, in the min-
max procedure. To overcome this problem, we will proceed by analysing the energy
interaction of positive solutions w; and wy of some suitable ‘problems at infinity’,
such that [lwi %2 4 |Jws||3. = p*. This idea is inspired by the unconstrained case
(see [14, 28]), where the problem at infinity is univocally determined by the choice
of A. Here, the need to choose different functions wq,ws prevents the use of the
arguments developed in [14, 28]) and requires the introduction of different and
more refined estimates.

To verify that the solutions we find do not change sign, we prove in proposition 2.2
that the energy of every solution that changes sign is not in the energy interval we
are working in. In particular, proposition 2.2 and corollary 2.3 give information also
on changing sign solutions of the autonomous problem in RY. We point out that
to get nonnegative solutions here we could exploit the symmetry of the functional
and work near the cone of the positive functions, by using [21, Theorem 4.5] and
proceeding as in [6]. The advantage of this other approach is a simplification of the
proof of the compactness condition, because the lack of compactness in such a case
comes only from the positive solution of the problem at infinity. On the other hand,
the approach we employ here allows us both to bound from below the energy of
the changing sign solutions and to gain a more general analysis of the Palais-Smale
sequences.

The paper is organized as follows: in § 2 we introduce some preliminary results, in
§ 3 we prove the local compactness condition and § 4 is devoted to the sharp energy
estimates that are necessary in § 5 to prove theorems 1.1 and 1.2, § 6 concerns
the case N =1 and in the appendix we give a sketch of the proof of the regularity
proposition, with some references for detailed proofs.

2. Notations, variational framework and preliminary results
Throughout the paper we make use of the following notation:

- 4 _ 2 p—2
© 2.:=2+ 5, s= No.p

e [9(0), 1< q< 00,0 CRY ameasurable set, denotes the Lebesgue space, the
norm in L7(0O) is denoted by |- |, if there is no ambiguity.

e For u € H(Q) we denote by u also the function in H!(RY) obtained setting
u=0in RV \ Q.

e For any R > 0 and for any z € R, Bp(z) denotes the closed ball of radius R
centred at z, and for any measurable set O C RY, |O| denotes its Lebesgue
measure.

e H'(RY) is the usual Sobolev space endowed with the standard norm

1

l|lu| := {/ (IVul* + u?) dz B
RN
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e ¢,c,C,C, C;, ... denote various positive constants that can also vary from one
line to another.

e o(f) and O(f) denote the usual Landau notations: on) — 0 as f— 0 and
|O(f)| < C|f| for some positive constant C.

We will find solutions @ of problem (P) as critical points of the functional F
constrained on S,. If A is the Lagrange multiplier related to , then w is also a free
critical point of the related free functional E.

Let us assume A > 0 and recall some well-known properties of the limit problem,
for V=0and Q =RY,

—Au+ Aoou = [ulP72u  in RV,
(Poo)

Ao €ER, uweS,.

(Ps) has a unique positive solution w € H*(RY), up to translations, which is
radial, radially decreasing, and belongs to C?(R”"). The function w verifies the
minimality property

m = FEy(w) = Ifrensri E(u), (2.1)

where

1 1
Ey(u) = 5-/RN |Vu|*da — ];/RN |ulP dx.

Correspondingly, the solutions of (P.,) are also free critical points of the limit
functional

E,\m(u):Eoo(u)—&—i/ u*dz ue HY(RYN).
2 Jan

Moreover,
m<0 and A >0 (2.2)

and there exists ¢; > 0 such that

w(|z]) eV <l 2|77 = ¢y as |z — oo, (2.3)
W' (|z]) eV 2|7 = —c1 /Ao as |z] — oo. (2.4)

Inequality m < 0 in (2.2) follows choosing u; € S, and testing (2.1) on u; :=
tN/Qul(t-) € S,, t > 0, taking into account p < 2.. The positivity of Ao comes from
Pohozaev and Nehari identities (see also proposition 2.1). For the properties of w
we refer the reader to [4, 8, 22, 27, 38].
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For any k > 0, let us denote by wy,2 the positive solution of

{—Au + Appz u = ulP~2u  in RV, (2.5)
Mip2 €ER, uw e S\/Ep,
where wy,,2 verifies

Mpp2 1= B (wpp2) = inf  E(u). (2.6)

uGSﬁp
It turns out that
Wiz (7) = k72w (k32),  mpe =k m <0, Ao =k Ao >0 (2.7)

where
2 p—2
§ 1= —
N2c7p

(see notations). From p < 2. it follows s > 0. By (2.7), in particular we have:
Ap2 = Aoo = p A1 (2.8)

For k = 0 we set wy = 0 and for k = 1 we simply write w2 = w.
Moreover, for any k > 0, by (2.3), (2.4) and (2.7) we have

wp2 () eVFA< 2|55 S as 2] — oo, (2.9)
wy, 2 (|z]) eV kAo ] |x|¥ — —cVEkS Moo as |x] — 400 (2.10)

where

L =01 (=),

From p < 2, there follows Tig - % > 0, so that

c. —0 ask—0, c—c ask—1.
Proof of proposition 1.4. Let us prove that

iélf E=m (2.11)
and the infimum is not achieved.

Obviously we have that infg, E' > m. To show that the equality holds, let us
consider the sequence (u, ), defined by u,, = w(x — y,), where (y,), is a sequence
in RY such that |y,| — +o0. By (1.1) and (2.3), and taking into account (D,) or
(1.5), we have that

lim V(x)u?(r)dz =0,

n—-+o0o RN n

which implies lim FE(u,) = m.

n—-+o0o
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Now, assume by contradiction that the infimum infg, F is achieved by a function
@. Then, by

m < Bo(@) < E(@) =m, G€S,, (2.12)

and by the uniqueness of the minimizers of (2.1), we should have & = fw(z — )
for a suitable § € RY. Since w(z — ) > 0 for all x € RV, we can deduce that
must be the entire space R and by (2.12) we get:

/ V(z)a?(z)dz =0,
]RN

that implies V' =0 because V > 0. So we are in contradiction with Q # RY or
V Z£0. O

Next proposition states the positivity of the Lagrange multipliers in (P).

PROPOSITION 2.1. Assume that u € S, and A € R solve (P). If E(u) <0, then
A>0.

Proof. We have

/Vu~Vvdx+)\/uvdx—i—/V(w)uvdx—/|u|p_2uvdx:0 Yo € H} (D).
Q Q Q Q

Then,
M\p? = |ulp — |Vul3 7/ V(x)ulda
Q
p—2 o, P—2 2
= —pE(u) + T|Vu|2 + 5, V(z)u“dz > 0. (2.13)

O

Before concluding this section, let us find out some features of the changing sign
solutions.

PROPOSITION 2.2. Let u € S, be a solution of (P) ((Px)). If u changes sign, then
E(u) >27m (Ex(u) > 275m).

Proof. Since m < 0, we can assume F(u) < 0. According to proposition 2.1, let A >
0 be the Lagrange multiplier corresponding to the solution u and let wo, € H'(RY)
be the positive solution of —Av + \v = vP~1. By (2.7),

2 1+s
Ex(we) = min Ey = (|w0;|2> m. (2.14)
p

Slweols

Let us write v = ut —u~, where u® = max{+u,0}, p?> = [uT|2 + |u~|3. Since
ut and u~ are on the Nehari manifold A corresponding to Ey, then (Ey)|, (u*) >
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E) oo(wso) (see [7] and [31, Proposition 2.1]). Namely, by (2.14),

Weo |2 s A
|wso3 2 g2
2 m+ 5(‘woo|2 — [u[3).

E(u*) > (
Hence, the claim read as

‘woog
2

1+s
E(u) = B + E(u™) > 2 ( ) m ot 3 2lwsl3 %) > 27m,

and, equivalently, as

20wao|3) 2|weo |3
p p

Since (A, wy) solves (2.5) for k = Wg%@, the following system is fulfilled

1 1
§|Vw00|% - 7|w00|£ = m|woc|g Energy O.f Woo
[Vweo|3 + Awes |3 — [weolh =0 Nehari (2.16)

T_|Vwoo|§ + E)x|woo|§ - ;|woo|g =0 Pohozaev.

Solving (2.16) and taking into account (2.7) we get

Ay 2-Np-2) (|lwxl3’
5P = I Np—2) 2 m. (2.17)

Putting (2.17) in (2.15), we have to verify

(- (st [ )

Then the assertion is proved because %(pp__;)) =1+ s and

s 1] — (1 +s)t°t—1]<0  Vt=>0.

COROLLARY 2.3. If u is a changing sign solution of
—Av+ v =|v|P~ % ve HY(RY), (2.18)
then |u|3 > 2|ws |3, where wo, denotes the positive solution of (2.18).

Clearly, here A > 0 by Pohozaev identity.
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Proof. Let us call E(u) = M. From system (2.16) applied to u and w, it follows

1+s 1+s
2 _ 2 _
lul; =2 3 (—M), [weol5 =2 3 (—m|wx %) . (2.19)

By proposition 2.2, M > 27%my,z, then, by (2.7) and (2.19),
1+s__, 1+s__ . |ul3 I
ufy <2227 (—myp) =222 ( 2 (= m1umiz)

|w00‘§
B 7_[,2 1+s
=2 S|woog(|i) |22) )
|2

that completes the proof. O

3. The compactness condition

PROPOSITION 3.1. Let (un)n be a Palais-Smale sequence at the level ¢ for E con-
strained on S,. If ¢ € (m,27°m) then there exists a critical point ug € S, such that
Up — Ug, AS N — OO.

To prove proposition 3.1, we will use the well known splitting lemma of Benci
and Cerami for the unconstrained problem ([7, Lemma 3.1]).

LEMMA 3.2. Let A > 0 and let (uy,), in H'(RN) be a Palais-Smale sequence for E.
Then there exist a critical point ug of Ey, an integer h > 0, h non-trivial solutions
wh, ..., wh € HYRYN) to the limit equation

—Av+ v = [v|P

and h sequences (yl), C RN, 1< j < h, such that |y)| — oo as n — oo, and
h . .
Up, = Ug + Z w’ (- —yl) 4+ o(1) strongly in H*(RY), (3.1)
j=1

up to a subsequence. Moreover, we have:

h
E\(upn) — Ex(up) + Z B oo (w?) as n — oo, (3.2)
j=1
and
h .
Junly = luol3 + ) [w?[3 + o(1). (3.3)
j=1
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Proof of proposition 3.1. We claim that (uy,), is bounded in Hg (). Indeed, u, €
Sy, Vn € N, and by the Gagliardo-Nirenberg inequality

p— N(p—2) N(p—2
uly < Canluly = [Vuly * (3.4)
(see |29, Theorem 12.83]) we have:
1 9 N(p—2)
c+o(l) = E(u,) > §|Vun|2—C|Vun|2 o (3.5)

with w < 2 because p < 2..

Since (uy, )y is a constrained PS-sequence, there exists a sequence (A, )y, in R such
that

/Vun'Vvdz+)\n/unvdx+/V(x)unvdx
Q Q Q
—/ unlP2upvdz = oo Vo€ HYQ).  (3.6)
Q

Setting v = u,, in (3.6), and taking into account that (uy,), is bounded in H', we
can argue as in (2.13) obtaining

) -2
Anp? = —pE(uy) + pTIVunlé + pT/ V(z)updz +o(1) > —pc+o(1) > 0,
Q

(3.7)
for large n. Since (uy,),, is bounded in H{(£2), the first relation in (3.7) implies that
the sequence (Ay,),, is bounded. Moreover, from (3.7) we infer also that A, > ¢ > 0,
for a suitable constant ¢. Then we can assume that A,, — A > 0. Hence, by (3.6) we
are in position to apply lemma 3.2 and we can decompose u,, according to (3.1).

(I) If h = 0, we are done.
So, we assume by contradiction h > 1 and we are going to show that then

h
E(ug) + Y Eo(w?) >2"°m, (3.8)

j=1
up to the case ug = 0, h = 1 and w' > 0, that arises for

nh_)n;o E(un) =m. (3.9)
Once (3.8) is proved, the contradiction comes out, because (3.2) and (3.3) provide
¢ = E(up) + Z?Zl E(w?), and ¢ € (m,27*m) by assumption.

(IT) If ug = 0 and h = 1 occurs, then |w!|y = p, by (3.3). Hence, if w! > 0 then
c=m by (3.2) and (2.1), so (3.9) is proved. We observe that this is the only case
in which (3.9) holds, up to the autonomous case = RY and V = 0, when also the
case up > 0 and h = 1 verifies (3.9). On the other hand, if w! is a changing sign
solution, then ¢ > 27*m by proposition 2.2.

(IIT) If up =0 and h > 2, we proceed by induction. For h =2, we get (3.8)
arguing exactly as in the proof of proposition 2.2, with w' in place of v and w? in
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1

place of u~. Observe that the case w' = w? > 0 is the only case when the equality

holds in (3.8).
Suppose now h > 3 and (3.8) holds for h — 1, namely for every p; > 0

h—1
> Beo(w!) =2 m,p, (3.10)

=1

whenever w’ # 0, forallj € {1,...,h — 1}, and Z?;ll |w?|3 = p?. Then, let us prove
(3.8) for h. We can assume that |w"|2 < p?/3. Taking into account (3.10) and (2.7),
we have:

h

ZEOO(’LUJ) 2 Zism(pzi‘wh‘%) + Eoo(wh)
j=1

> —S
2 27 Mg jun ) T M3

2 |, h|2\ LTS hi2\ 118
—9—s (P |2w |2> m+<|w22> m
p p

Hence, it is sufficient to verify that

2 |, h2\ 1t h|2\ 1t
9—s <p|2U}|2) m + (|w2|2) m 2 2—sm. (311)
P p

Inequality (3.11) is equivalent to
2541 4 (1 — )M <1, (3.12)

where ¢ := ‘“jaﬁ € (0,1/3]. Since inequality (3.12) holds for every t € [0,1/3],
estimate (3.8) is proved for ug = 0.

(IV) If ug # 0, we can proceed as in the previous steps: first by considering the
case h =1 and arguing as in the proof of proposition 2.2, and then finishing the

proof by induction. O
COROLLARY 3.3. If (un), in S, satisfies lim E(uy,)=m, then there exists a
sequence (Yn)n 0 RN such that

Un () = w(x — yn) + o(1) in H*. (3.13)

IfQ#RYN or V#£0, then |y,| — o0, as n — oc.

Proof. By the Ekeland variational principle, there exists a PS-sequence (v,), for E
constrained on S, such that lim E(v,) =m and u, = v, +o(1) in H' (see ([18,

n—oo

Proposition 5.1]), then we can assume that (u,,), is PS-sequence. Then (3.13) is a
direct consequence of (3.9) and part (1) in the proof of proposition 3.1.
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If y,, — 5 € RV, up to a subsequence, then u,, — w(-—7) in H' and a.e., so that
Q = RY because w(r) > 0, Vo € RY. Moreover

m= lim E(u,)= %/RN |Vw(z — g)|*dx + %/ V(z)w(z —g)*dx

n— o0 RN

1
—7/ wP(x —g)dx
P Jry

1
=m+ = V(z)w(x —g)’dx
2 Jan

implies V' = 0, again because w(z) > 0, Vo € RV,
So the proof is completed. O

REMARK 3.4. By (III) in the proof of proposition 3.1 we see that, for every
sequence (Y, ), in RY such that lim, . |yn| = oo,

E (wpz/2(~—yn) + wpz/Q(-—i—yn)) =2"%m.

Then the sequence (w2 /2(- — yn) + Wy2 /2(- + Yn))n turns out to be a not relatively
compact PS-sequence at the level 27%m, showing that the compactness interval
(m,27%m) cannot be extended.

4. Energy estimates

4.1. An upper bound

If RV \ Q is a non empty compact set contained in Br_1(0), let us introduce the
cut-off function 9, verifying

I(z) if || > R

_1
9(x) =0 ifzeRV\Q. (4.1)

¥ € C(RM,[0,1]), {

If Q =RY, we agree that ¥ =1 on RY. Let us set ¥ = 9Bs(e;), where e is the
first element of the canonical basis of RV, and for any r > 0 define the map ), :
0,1 x £ — HY(Q) by

(@) [wipe (@ — rz) + wa g2 (z — rer)]

brlt, 2] () = p [90) [wipe(—r2) + @iy —re]], (4.2)
PROPOSITION 4.1. Suppose that V' verifies (1.1) and (D,), then
(a) there exist T > 0 such that for any r > T
A, =max {E (¢Y[t,z]): t€]0,1], z€ X} <27 m; (4.3)
(b) for every e > 0 there exists r- > 0 such that for any r > r.
L, =max{E (¢,[1,z]) : ze X} <m+te. (4.4)

REMARK 4.2. In proposition 4.1, V = 0 is allowed.
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Before proving proposition 4.1, let us recall two technical lemmas. For the proof
of Lemma 4.3 we refer to [14] while the proof of Lemma 4.4 is in [3] (see also
Lemma 2.9 in [13]).
LEMMA 4.3. For all a,b > 0, for all p > 2, the following relation holds true
(a4+b)P >a? +0° + (p—1)(a? b+ abP™1).

LEMMA 4.4. If g € L>®(RY) and h € L*(RYN) are such that, for some a >0, b > 0,

vyeR
T gfa) el = (15)
and
/ Ih(z)] e 2P d 2 < oo, (4.6)
RN

then, for every z € RN \ {0},

lim (/ g(xz + rz)h(x)dx) el 2|0 = ’y/ h(z)e”® = da.
RN RN

T—00

LEMMA 4.5. Let z € . For every t € [0,1/2] and r > 0, let us set

_ . -1
be(r) = (TNT eVt A°”) : (4.7)
2
Ti(r) = - / Wyp2 (2 — r2) Wi_p)p2(x —rer)da, (4.8)
P JRN

o(r) = /RN [wfp—zl(x —rz) w2 (T —re1) + w2 (r —rz) w%’l__lt)pQ (x— ’I”€1)1|d[£.
(4.9)

Then the following facts hold:

B (e1—2)
(1) if t€0,3), then m(r) — 1= ct/ we—gp2(y) eV Ao £53 dy,
6¢(r) RN

as r — o0,

y O't(’l") . —1 —\/ 5N oo y-(e1—=2)
(2) Zf te [0? %L then (5t(7"> — Cot = QCt AN w?lft);ﬂ (y) e ¢ 2 dya

as r — oo where ¢; = clts(piQ — M1y (see (2.3)). Moreover,
(3) 14+ (5 —1t) < C for every t € [0, 1).

REMARK 4.6. The definition of 7¢(r),o+(r) is independent of z, by symmetry.

Moreover, ¢;,; — 0o as t — 3 and, clearly, 70(r) = oo(r) = 0.

Proof. Assertions (1), (2) easily follow using (2.9) and by lemma 4.4. Let us prove
assertion 3).
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Without loss of generality we may assume z = —ey, so that *5= = —e;, and to
simplify the notations we consider A\, = 1. Moreover, since ¢ — c; + is a continuous
function on [0, 1/2], it is sufficient to prove

1 s
lim ( — t) / W(1—t)p2 (y) et /2y, dy < o0,
1\ 2 RN

t—5

where y; is the first component of y € RY. Moreover, by (2.9) we are left to prove
that

(1 _ t) / ly|= T e (0Pl gt gy
2 RN\ B, (0)

1 _y o2y .
- ( - t) / |~ e~ (D72l =2l gy < € < 00
RN\ By (0)

2
ast — (1/2)". (4.10)
Ifweset a=1 —¢ thena — 0% ast — (1/2)7, and since [(1 — £)*/2 — t*/2] > ca
as a — 0, with ¢ > 0, (4.10) can be estimated by

)5/2

o [ e (e gy
RN\ B;(0)

¢ / ly| =T e calyl o= (1) (ul-v) gy,
RN\ By (0)

/N

Making use of spherical coordinates in the subspace ei = {v eERN :v.e = 0}7
denoting by b = (1)*/% and R2 = R x [0, +00), we have to analyse

N-2
r
a/ N—1 1/2 5. o\1/2 dr dy,

Ri\Bl(O) (T2 + y%)T eca(r2+yf) eb[(r +y1) —y1]

™ +oo (N-1)/2
P . _
= aA (/1 m dp) (Sln ﬁ)N 2 d'lg.

Setting k = ca + b(1 — cos¥)), we can estimate

too  H(N=1)/2 . 1 +o0 (kp)(Nfl)/Qd
1 elcatb(l—cos¥)]p p= k(N—-1)/2 1 ekp P

_ 1 +oo | (N=1)/2 .
~X k(N+1)/2 0 6/“‘ /«L~

Then,

T +o0 p(Nfl)/Q N2
a/o (/1 et i—cs Ip dp) (sin®)™ = dd

™ (sin9)N—2 w

<C .
“ o [ca+b(1—cos?)](N+1)/2
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Since 1 — cos® > 1 sin® 9 for small ¥, if we set u = sin® and 8 = b/(4c), then it is
sufficient to evaluate

N

ulV =2 1
a/ . du
o a4+ Bu]NFD/2 (1 —y2)1/2

e [ (VA
<Ca”V N+1)/2
<C /o [1+ (\/ﬁ%u)Q]( +1)/

du

1 B

~ [(2Va V=2
:C/O Wdt_)c asa—>0,

and the assertion follows. O

Proof of proposition 4.1. In this proof we shall consider R > 1 fixed such that RY \
QC BR_l(O).

In order to simplify the notations, we often omit ¢,z and write ¥, = ¥.[t, 2],
0(r) = 6¢(r), o(r) = ou(r), 7(r) = 7(r) (see (4.2), (4.7), (4.8), (4.9)).

We have that

1

1
B =5 [ [90 P+ V@itlde = [ pd

So, to get the statement of the proposition, we need to estimate these two integrals.
Let us consider 0 < ¢ < 1/2. In an entirely analogous way we may treat also the
case 1/2 <t < 1.
Let us set:

W1 = Wep2, W2 = Wi—p)p2, A1 =Np2 =1 Aeo, A2 = A1_y)p2 = (1 —1)* A,
and for any 1 = 1,2
Ay = |Vw; |3, B; = |w;?.
Recall that
—Aw; + A\w; = wP ™,

namely

/RN Vwi(x)~Vv(x)dx+/\i/ w;(z) v(z)dz

]RN
= / wl N z)v(x)de, Yoe HYRY), (4.11)
RN
and so
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Evidently for ¢t = % we have wy = wq, A\{ = Ao, A1 = As, By = Bs. Moreover, we
recall that

1 1 1 1 ;
514.1 — ;Bl = mtp2 = t1+sm, §A2 — EBQ = m(l,t)pz = (1 — t)1+ém. (413)

With these notations,

() [wi(x —rz) + wa(z —rey)]
[9(-) [wi(-=rz) +wa(-—re1)]],

Yr(2) =p

Estimate of [9(-)[w1 (- — 72) + wa(- — re1)]],.

From above
[9() [w1 (-—r2) + wa(-—rer)][5 < |wi(-—r2) + wa(-—rer)];

= |wy |3 + |w2|3 +2/ wy(z —rz)ws(x —rey)dx
RN

= p? —|—2/ wi(zr —rz)we(z —re;)dx
RN

— (14 7(r))
(4.14)
From below,

19(-) [wy (-—rz) + wg(._rel)“g = /RN |9(2) [wy(z — 72) + we(x — rer)]]* da
> /RN ‘wl(ac —rz) + we(x — rel)‘2 dx

2
’ dx.

_/ ‘wl(x—rz)—i—wg(x—rel)
Br(0)

(4.15)
By the asymptotic behaviour of w; and ws (see (2.9)), for any g > 2 we have

q

dz

/ ‘wl(a:—rz)—&—wQ(a:—rel)
Br(0)
<207t / [Jwi(z —7r2)|?+ |wa(z — re1|?] do = o(d(r)). (4.16)
Br(0)
Therefore, by (4.14), (4.15) and (4.16) we get
[9) [w1 (-—7z) + wa(-—rer)][5 > p*(1+7(r)) + 0o(8(r)). (4.17)

Estimate of / (Vb |> 4+ V(2)y?] d .
]RN
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Now, let us estimate
2
/ ‘V(ﬁ(m) [wi(x —7r2) + wa(x — req)) )‘ dx
RN
< / (|V [wy (2 — r2) + wa(z — rey)]|
RN
+ 2/ [ﬁ(x)Vi?(m)} : ( [wi(z — rz) + wa(z —rey)] Viwy (x — rz)
RN
+ wa(x — rel)]) dx
+/ VI (2)]? [w(z — rz) + wa(z — rey)]” da. (4.18)
RN
By direct computation, (4.11) and (4.12), we obtain
/ IV [wy (z —72) + wa(z —rel)]|* da
RN
= |V [5 + |Vws 3 + 2/ Vwi(x —rz) - Vwa(r —rer)dx
RN
= |Vur |} + |[Vwa|s — (0 + )\2)/ wi(x —rz)we(x —re;)dx
RN
+ / [w{’fl(z —r2) wa(z —rer) +wi(x — rz) wh (z — rel)] dx
RN
2
= A+ Ay — (M + Az)%T(r) +o(r). (4.19)

Since V¥ = 0 on RN \ Br(0), by using (2.9) (2.10) we get

/ (VI (2)|? [wi(z — rz) + wa(z —re)]” da
RN

N

C/B o [wi(z —r2) + wa(z — rer))* da
=0(d(r)) (4.20)

and

/]RN [ﬁ(x)Vﬁ(x)] . ([wl (x —rz) + wa(x — rep)|Vwy (z — rz) + wa(z — rel)]> dz

< c/ ’ [wy(z —rz) + wa(z —rer)] V[wi(x — rz) + wa(x — rey)] ‘ dx
Br(0)

= o(8(r)). (4.21)

https://doi.org/10.1017/prm.2023.78 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.78

1538 S. Lancelotti and R. Molle

According to the contribution of the potential, by (D), (2.9) and by lemma 4.4
we have

V@) 190 s = r2) + sl = re)] da
< /]RN V(x) [wl(x —rz) + we(xz —rey) ’ da = o(6(r)). (4.22)
By (4.17)-(4.22) we deduce

[ 19+ V@) ao

< 1 |:A1 —+ A2 — ()\1 —+ )\2)&27'(7") =+ CT(T) + O(5(T)):| . (423)
S L 7(r) +o(3(r)) 2

Estimate of [y |¢,[Pd .

Since 0 < J(z) < 1in RY and ¥ = 1 in RY \ Br(0), by (4.16) and by lemma 4.3,
we get

p

dz

19 [wn (-—r2) + wa(-—ren)][? = /

‘19(3:) [wi(z — rz) + wa(z — rey)]
RN

P P
/ ‘wl(;c—rz)—i—wg(ac—rel)‘ dx—/ ‘wl(x—rz)—i—wg(x—rel)‘ dx
RN Br(0)

WV

> w1 ) + [wsl?

+(p—1) /]RN [wffl(x—rz) wa(z —req) +w1(x—rz)w§71(m—rel)] dz

p

f/ ‘wl(x—rz)erg(x—rel) dz
Br(0)
p
:Bl—i-Bg—i—(p—l)o(r)—/ ‘wl(x—rz)—&—wg(a:—rel)‘ dx
Br(0)
= Bi+ By + (p—1)o(r) + o(3(r)).
(4.24)
Taking into account (4.14) and (4.24) we have that
1 p/2
P> — B+ B -1 . 4.2
6l > (o) Bt Bt 0= Dol o). (429
Estimate of E(1);).
Therefore
1

Blir) =5 [ (196 +Viad] da = iy <

T2
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1 1 2
s 2 (1 +7(r) + 0(5(r))) [Al + Az — (M1 + )\2)?7'(7") +o(r) + 0((5(7‘))]

P/2
_ % (1+17(T)> [Bi + Ba+ (p—1)a(r) + o(6(r))] .

Observe that for every o,7 > 0 and § — 0 we have

L

1/ 1 \*%
- <1+T> [Bi+ B2+ (p — 1)o + 0(0)]

= p(1,0) + 0(d),

where
(o) = M) [y 5 — 0+ 20) B
90770*2 1+r 1 2 1 227 g
! ! %[B + By + (p—1)0]
- = | — —1)o
P 1+T 1 2 p 9

and we have performed a Taylor expansion with respect to o(d). We will write ¢,
in place of ¢ when we want to emphasize the role of ¢.

Now, we are going to consider the Taylor expansion of ¢. Observe that these
expansions are consistent by (1) and (2) in lemma 4.5.

By (4.13), and taking into account (4.12), we have that

#(0,0) = (;A - ;B) + (;A - ;B) = [t =) m, (4.26)
%‘f(o,o) = —% :Al + Az + (A1 + A2>%2 —Bi - 32]
_ _% :Al ~B +A1’ﬂ - % [Az ~ B, +A2p;]
- _% :—Alth + /\1[)22} - % [—Az(l —1)p” + )\2,022]

1 41 1. 4, /(1
= 2/\1p (2 t)+2/\2!) (2 t)

_ % (; _ t) (As — A1) o2 (4.27)
22 0.0 = - (; _ ;) | (4.28)
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Hence, we obtain

or.0) =500+ 5 (5-1) Ca=2sr— (3~ Do vo (VT 7).

2 p
as (1,0) — (0,0).

Now, we want to analyse the asymptotic behaviour of ¢(7(r),o(r)) and, as a
consequence, of E(1,.), as r — oo.
By lemma 4.5, for every ¢ € [0, 2) we have

(), () = 0.0) + |5 (5= ¢) Oe =2 ens = (5= 3 ) a] )
+o(6i(r)), asr — oo.

Taking into account lemma 4.5 and Ay — X9 as t — %, we get
1/1 1 1 1 1
—==t) A=A PP — (= — - —|l==—=]C2<0
[2 (2 >( 2 1)pcre (2 p)CQ,t:|_> (2 p) 2 < U,
(3)
ast— | = .
2
Then, for suitable constants C' > 0 and p € (0, 3)

E([t, 2]) <[t + (1 = )5 m — Ci(r) + 0(6:(r)) YVt € [u,1/2)

(see (4.26). Since d;(r) — 0 as r — oo, uniformly in ¢ (see (4.7)), we can conclude
that there exists ;1 > 0 such that

E(,[t, 2]) < max [t + (1 =)' Im=2"m Vit e [p,1/2), Vr>r.

te0,1]
(4.29)
Ift= %, for suitable a, 3,7 € R we infer
1 1 5 ) ) )
o(1,0) = (0,0) — 27 ) o+ar’+ o’ +yor+ o0 (17 +0%),
as (1,0) — (0,0). (4.30)

Now, consider that by lemma 4.5
a1/2(r) = (02,% +0(1))d1/2(r) (4.31)
and that, fixed n € (0,275 /2], by lemma 4.4
T1/2(r) =0 (6_2( Y 2_5’\“_n)r T Nzl) ,  asr — +o0o,

so that
(7'1/2(7”) )2 =0 (51/2(7")) . (4-32)
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By (4.30), (4.31), (4.32), we can conclude that there exists 7o > 0 such that

1 1
E(¥:[1/2,z2]) = ¢(0,0) = C (2 - p) S12(r) + 0 (81/2(r)) <27°m Vr > ro.
(4.33)
If t € [0, p], then, taking into account that d:(r) < dg(r) for every ¢ € [0,1/2], we
get
E(r[t, 2]) < ¢:(0,0) + O (do(r))
S[ET+ (1= 1))m + 0 (5(r))
<[+ (L= @) m + O (do(r)) Yt € [0, ).
Since [pu!T® + (1 — p)'*5]m < 27%m, there exists r3 > 0 such that
E(.t,z]) < 27°m Vte[0,u], Yr>rs. (4.34)

So, assertion (a) follows from (4.29), (4.33), (4.34), for every r>7:=
max{ry,re,r3}.
The estimates developed above also show that

E(r[0,2]) < ¢0(0,0) +0(bo(r)) = m+0(o(r))
so that E(¢,[0,z]) — m, as r — oo. The same arguments work to evaluate
E(r[L,2]) <m+o0(do(r)),
uniformly in z € ¥. So, also (b) is proved. O

4.2. Other estimates

In this subsection we consider the nonautonomous case € # RY or V # 0.
The following definition of barycentre of a function u € H'(R™)\ {0}, has been
introduced in [15]. We set

1
p(u)(z) = B0 Jo,0) |u(y)|dy (4.35)

and we remark that p(u) is bounded and continuous, so we can introduce the
function

X
i) = n(w)(o) - gmax) (4:36)

that is continuous and has compact support. Thus, we can set 3 : H*(R™) \ {0} —
R as

1 N
Blu) = W/RN a(x) xde.
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The map [ has the following properties:

f3 is continuous in H'(R™)\ {0}; (4.37)
if u is a radial function, then §(u) = 0; (4.38)
B(tu) = B(u) VteR\ {0}, Vuec H'RY)\{0}; (4.39)
Blu(z — z)) = B(u) + z vz e RN vue HY(RM)\ {0}. (4.40)

Let us set
Co=inf{E(u): weH}Q), |u2=p, B(u)=0}
LEMMA 4.7. We have that Cy > m.

Proof. Of course we have that Cy > m. Assume by contradiction that Cy = m.
Then by corollary 3.3 there exists a sequence (y,,), in RY such that |y, | — oo, as
n — oo, and

un(x) = w(x - yn) + (bn(x)a ¢n — 0 strongly in Hl(RN)'
By (4.37), (4.38) and (4.40) we have
0= B(Un) = ﬁ(w(_yn) + (bn) = 5(’[1) + ¢(+yn)) + Yn = Yn + 0(1)7

contrary to |y,| — oo, as n — oo.
So the proof is completed O

LEMMA 4.8. Let A, and L, be as in proposition 4.1. Then 7 > 0 exists such that
L, <Cy< A, for allr > 7. (4.41)

Proof. Inequality £, < Cy, for large r, follows from (4.4) and lemma 4.7.
To get the second inequality in (4.40), we claim that S(J(-)w(- —rz)) -z > 0 for
all z € 3, for large r. Indeed, by (4.36),(4.37) and (4.39) we have

’ﬂ(ﬂ()w(—rz)) —rz

because 9(- + rz)w — w in H' as r — oo, by (2.3) and (2.4). Hence

= [B(+r2)w)| =20,

B )w(-—rz)) =rz+o(1) as r — oo,
as asserted. So, for r large, the deformation G : [0,1] x ¥ — R™ \ {0} given by

G(s,2z) = sB(w.[1,2]) + (1 —8) 2 (4.42)
is well defined. Then we claim that there exists (¢, z,) € [0, 1] x ¥ such that
B(r[tr, 2]) = 0. (4.43)

Indeed, by the continuity of the maps 8 and .., by G(s,2) # 0, V(s, z) € [0,1] x %,
and by the invariance of the topological degree by homotopy, we have

0% d(Id, ¥ x [0,1),0) = d(8 0 ¥, £ x [0,1),0).
From (4.43) there follows Cy < E(¢r[t,, 2r]) < A,, that completes the proof. |
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5. Proof of the main results

The existence of a positive solution for the autonomous case @ = RN and V =0 is
well known, so we prove our results when Q = R and V = 0 does not occur.

Proof of Theorem 1.1. Let us recall the values

A, =max {E (¢.[t,z]): te€][0,1], z € X}, (5.1)
L. =max{E (¢.[l,y]): 2z€X}, (5.2)
Co=1inf{E(u): wu€ H}(), luls = p, B(u) =0}. (5.3)

By propositions 4.1 and 1.4 (see (2.11)), and by lemma 4.8, we have that for all
r > max{7,7}

m< L, <Cy< A <27 °m. (5.4)

We claim that the functional E has a (PS)-sequence in [Cp,.A,]. This done,
the existence of a critical point @ of E on S, with E(a) < A, follows from
proposition 3.1.

Assume, by contradiction, that no (PS)-sequence exists in [Cp, A,]. Then, usual
deformation arguments imply the existence of > 0 such that the sublevel E€0—" :=
{ue H}(Q):  |ul3 =p? E(u) < Cy—n} is a deformation retract of the sublevel
EA ={ue€ H}Q): |u3 =p? E(u) <A}, namely there exists a continuous
function ¢ : EA» — E€ =7 such that

olu) =u for any u € E€07", (5.5)
Furthermore, by (5.4) we can also assume 7 so small that
Co—n> L. (5.6)
Let us define the map H : [0,1] x ¥ — R¥ by

H(s,y) = B (e(¥e[t,2])) -

By (5.6), (5.5), and by using the map G introduced in (4.42), we deduce that H
maps {1} x ¥ in a set homotopically equivalent to ¥ in R \ {0}. Since H is a
continuous map, and arguing exactly as for (4.43), we get the existence of a point
(t,2) € [0,1] x ¥ such that

0 =H(t,2) = Ble(r[t, 2])).

Then by the definition of Cy we see E(p(1.[t,2])) = Co, contrary to ¢(v.[t, z]) €
EC=" for every (t,2) € [0,1] x X, so the claim must be true.

Finally, since E(@) € (m,2 %m) then 4 has constant sign by proposition 2.2.
Observe that since @ solves (P) if and only if —@ solves (P), then we have a
nonnegative solution. O

Proof of Theorem 1.2. This proof proceed in two different ways, according to 2 #
RY or Q = R™. In both cases, we identify a topological configuration analogous to
the one employed in the proof of theorem 1.1 to get the solution. We only outline
the procedure, because the argument is the same already developed in details.
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Case Q # RV,

Let us apply proposition 4.1, lemma 4.7 and lemma 4.8 with V' = 0. Then for a
fixed r > 0, large enough, we get

m < Eno < Co,o < .Ar’o < 27%m, (5.7)

where £,0,Co,0, Ao are defined as in (5.1), (5.2), (5.3), with the functional F
replaced by

1 1
Eo(u) := 5 /Q |Vu|*dz — 5/Q|u\pdx, u € HY (D).

The configuration in (5.7) depends on  and p.
Now, observe that £, < L, Co,0 < Co, Ao < Ay, by (1.1). Moreover, by the
Holder inequality and (2.9), it follows that

li It 2 de <l It 22 =
o V(z) (Yrlt,2])" do Wlljgolvlqte[orgﬁgezl(zb [t,2])%¢ =0,

uniformly in ¢ € [0,1] and z € ¥, that implies

lim £, =L, lim A = Ay
[V]g—0 [V]g—0

Hence, taking also into account lemma 4.8, we see that there exists L = L(€, p)
such that if [V], < L then the configuration (5.4) is restored. In particular,

1
L < (27 m — A,0). (5.8)
r ta 2|y ’
e |(¥r[t, 2])%[g

As a consequence, if |V, < L we get a critical value for E constrained on S, in
the energy range (m,2~*m).

Again, since the solution @ we have found verifies E(u) € (m,27°m), it is a
constant sign solution by proposition 2.2.

Case Q =RV,

Let » > 0 and let us introduce the values

A, =max {E (w(-—y)): y € B-(0)}, (5.9)
L, =max{E (w(-—y)): y € dB.(0)}. (5.10)

Then it turns out that for every fixed V there exists ry > 0 such that for every
r>ry

m < L, < Cy < A, (5.11)
By Holder inequality, for every y € RY

Blu(=9) =m+3 [ V@) wl—p)Pde <m+ V], o)y,
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Hence, ./TT < 27°m provided
1 9 1
§|V|q lwlg < |1- 9 (=m). (5.12)

After some computation, by (2.7) with 1 in place of p and p? in place of k, we see
that (5.12) is equivalent to

2s

Vigp #lm%) <, (5.13)

for a suitable constant ¢ > 0 depending on N, p and q. Hence, setting for example

cp%s(q*%) (5.14)

)

L =

DN =

if |V, < L then the inequalities (5.11

~—

can be completed as
m< Ly, <Co< A <2%m,  ¥r>ry. (5.15)

Moreover, by (5.13) we obtain (1.7) and (1.8). Finally, by (5.15) we can argue as
in the proof of theorem 1.1 to get the solution we are looking for. O

REMARK 5.1. Let p > 0 be fixed. Arguing as in [32, Theorem 3.1], it is possible to
verify that

(see(1.9)). Then by Cpo < Ao < 27°m and (5.8) we obtain

lim L=0.
r(Q)—o0

6. The case N =1
In this section we consider the 1-dimensional case

—u" + M+ V(z)u = |[uP2u in I,

P
ANER, we H), /qum:pQ, F)
I

where we can consider I =R or I = (0,00), V € L4(I) for some g € [1,00], V =0
and 2 < p < 6.

First, let us consider the entire case. For N = 1, in the asymptotic behaviour of
the limit function w (see (2.3) and (2.4)) we cannot take advantage of the polino-
mial contribution provided by |x\¥ As a consequence, the key estimate (4.3) in
proposition 4.1 does not hold and theorem 1.1 fails.

On the other hand, theorem 1.2 does not need proposition 4.1 and it can be again
stated:
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THEOREM 6.1. Let [ =R, p >0,V € LYR), forq € [1,400], and V > 0 in R, then
there exists a constant L = L(p) > 0 such that if |V'|, < L then problem (P1) has a
positive solution.

Sketch of the proof. This theorem can be proved exactly as theorem 1.2-case
Q0 = RY: we introduce A,., Cy and L, (see (5.9), (5.3) and (5.10)) and then observe
that for |V, small m < Zr < Cy < ZT < 27°m. So, by proposition 3.1, we can
argue by deformation as in the proof of theorem 1.1, getting the existence of a
nonnegative solution u. By proposition 1.3, the solution @ is positive.

According to the exterior case, that is I = (0,00), first let us state some
nonexistence results.

REMARK 6.2. If T = (0,+00) and V(z) =0, then the autonomous problem (P;)
has no solution.

Indeed, if u is a solution of (P1), then it is a regular free solution of an equation of
the form —u” = f(u), u(0) = 0, where f(u) = —Au+ |u|[P"?u. Then v = 0 by [20,
Remark 1.3], contrary to u € S,.

PROPOSITION 6.3. Let I =R or I = (0,00). If V € L*(I) is a monotone locally
Lipshitz function such that V' # 0 on a set of positive measure, then problem (P;)
has no solution.

Proposition 6.3 is a simplified version of proposition 1.5 in the 1-dimensional
case, adapted also to half lines.

Proof. We are assuming V' non increasing and I = (0, 00).

Suppose by contradiction that there exists a solution u of (Py). Since the solutions
of (Py) are in H?(I), we can consider a sequence (u,), in C5°((1/n,00)) such
that w, — u in H%(I). For every n € N, the map t +— u,(z +t), t € (—1/n, ),
turns out to be a smooth curve in H'(I) and we can consider the regular map
t— fn(t) := E(un(z +t)). Since u is a solution of (P;), we have
0) = E'(un)[u,] = O(1). (6.1)

n n

From the monotonicity of V' and Fatou’s lemma we infer

F4(0) = lim & [B(un(-+0)) — B ()]

t—0

= lim = OOV(ac)[u2 (x+1t) —ui(z)]da
t—0+ 2t 71T " "

= lim 1/ Vie=1) = V(z) u?(z)dx
t—0+ 2 J1 t

https://doi.org/10.1017/prm.2023.78 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.78

Normalized positive solutions for Schrédinger equations with potentials 1547

Letting n — oo in (6.1) and (6.2), we obtain

/OO V'(z)u?(z)dx =0,
0

that is a contradiction. Indeed, by assumption V' < 0 a.e. in I and V' <0 on a
set of positive measure, while [{x € T : u(z) = 0}| = 0 because u(z) = 0 implies
u' () # 0 otherwise v = 0 by the Cauchy-Lipschitz theorem.

If I = R we can proceed in a similar way. O

REMARK 6.4. In the proof of proposition 6.3, we cannot consider directly the curve
in H}(I) defined by v(t) := u(- +t), t > 0. Indeed, u/(0) # 0 prevents u’ € H{(I),
so v would be not a regular curve in H}(I).

Finally, let us state an existence result on half lines, that inherits the topological
structure of the entire case.

THEOREM 6.5. Let I = (0,00), p >0,V € LYR), for some q € [1,+oc] and V = 0.
If V|, < L, with L as in theorem 6.1, then there exists R = R(V, p) > 0 such that

problem (P1) with V(x — R) has a positive solution for every R > R.

Proof. In order to get a solution, we are going to solve (P;) with V fixed, on
Hi (=R, 0)). B ~
Let us consider (P;) on H'(R), with V fixed, and let us define A,., Cy and L, as
in the procif of theorem 6.1. Moreover, let us fix a cut-off function ¥ € C*(R, [0, 1])
such that ¥(z) = 0 Vo € (—00,0), 9(x) =1 Vo € (1,00) and introduce
App=max {E (J(+Rpw(-y)): ye -},
Cop =inf{E(u) : ue€ H' (-R,00), |uls = p, B(u) =0},
Lyn=max {E (J(+Ryuw(—y): ye{-rr}}.
Then,

lim -’ZT,R = ./TT, B}im CO,R = Co, lim ET,R = Er.

R—o0 R—o0
Hence, for large R, we get
m < Lyr<Cor<Arpr<2°m

and we can argue as in the proof of theorem 1.1, by proposition 3.1. O
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Appendix

The following proof could be shortened by taking into account, for example, Lemma
B.3 in [39]. We develop some more details on the bootstrap procedure, for the sake
of completeness.

For classical regularity results, we refer the reader for example to [30, §10], and
in particular Theorem 10.2 therein, or to [23, §8].
Proof of proposition 1.3. (a) Once proved @ € CIOOCO‘(Q) we are done. Indeed, when
q> % we can apply the Harnack inequality and conclude that the nonnegative
solutions are actually strictly positive in §2 (see [36, Theorem 7.2.1]).

To verify that @ € CIOO’?(Q), we begin by observing that the function u verifies

—Au=1(x)u for Y(z)=—-\—V(z)+|aP~2 x € Q. (A1)
Since V € L{

loc

() with ¢ > N/2, we have that ¢ € L]}

loc

qlzmi“{uv;fpwq}'

Notice also that ¢; > % because p < 2*. By Holder inequality, Yu € L1 () with
r1 defined by

(Q) with

1 1 N-=2

o q 2N

By regularity results, we have that:
(1)ifry > &, thenu € C&?(Q) with a < 2 — %;

(2)if 1y = &, then w e L§ (Q) Vs > 1;

loc

(3)if ry < &, then @ € LN/ V=2 (q),

loc

In case (1) the assertion is proved.
In case (2) it is readily seen that v u € L} () for every 1 < 51 < ¢. Hence we

can conclude as in the previous case, choosing N/2 < s1 < q.

https://doi.org/10.1017/prm.2023.78 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.78

Normalized positive solutions for Schrédinger equations with potentials 1549

If (3) holds, then ¢ € L{ (Q), with

loc

qz:min{(N;l];f(Pm,q}.

Since ¢ > %, we get NTiJQ\g‘l > J\?—g and hence ¢2 > ¢q;.
Now, repeating the same argument of the previous step, by Holder inequality

Y € L2 (RY) with ry defined by

loc

1 1 N — 27y

- )
T2 q2 ri N
and again we have

(4)if ro > &, then u € o (Q);

loc

(5)if ro < &, then u € LTQN/(N72T2)(Q).

loc

Observe that 79 > r; because ¢2 > ¢ and Nrig - > =

Iterating this bootstrap argument, we claim that, after k steps, rj, > %, so that
we are done. If, by contradiction, the claim is false, then for every integer k we
define

kalN } i - 1 N — 27“]6,1
k Gk 1N

qr = min{(N e = 2),q =— 4+ —. (A.2)

Inductively, it turns out that gx > qr_1 and rp > ri_1, for any k € N, with ¢ < ¢
and r, < % Let us set

lim 7, = R, lim g = Q.
k—+o00 k—+o00

Getting k — oo in (A.2) we obtain

l_1+N—2R
R RN

Q|

that implies Q = %, contrary to Q > q; > % So, a contradiction arises and (a) is
proved.
(b) The function @ verifies

—Au=¢ for ¢(x)=—\u—V(z)a+ |al"*a, z € Q.
If VelLl (), with ¢ > N, then 4 € L, (), by (a), and so ¢ € L (), that

loc loc loc
allows us to deduce 4 € C1*(Q).

(¢) This point follows by classical regularity results.

(d) By classical regularity results, @ is continuously differentiable. If 4 is nonneg-
ative, then it turns out to be positive, by the Harnack inequality (see [36, Theorem
7.2.1]).

(e) By a direct verification on (P7), we see that there exists @’ in LI(Q), in a
weak sense. Hence, if ¢ < 2 then @' € W’lf)cq(Q) and if ¢ > 2 then @' € HL _(Q2). In

any case, we can conclude that @’ € CIOO’S‘(Q), so the proof is complete. O
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