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ON DIVISORS OF SUMS OF INTEGERS 1V
A. SARKOZY AND C. L. STEWART

1. Introduction. Throughout this article ¢y, ¢, ¢, ... will denote
effectively computable positive absolute constants. Denote the cardinality
of a set X by | X|. Let N be a positive integer and let 4 and B be non-empty
subsets of {1,..., N}. Put

Ay = {a € A|(N/2) < a = N} and

B, = {b € B|(N/2) < b = N}.
In [3], Balog and Sarkozy proved that if N > ¢, and
) (J4lIB)"? > ¢,N'¥B(1og N1,

then there exist a, and b, with a; € 4, and b, € B, and a prime number p
such that

P2|(ao + bo)
and
D P> (14l 1Bol )/ (W*(log NY)).
If follows from this result that if |[4| > N and |B| > N then there exist a in
A and b in B and a prime p such that p%|(a + b) with
p> > N/(log N)'.

Let k be an integer with k = 2. We shall prove that if [4| > N and
|B| > N then there exist >, N8 /1og N pairs (a, b) with @ in A and b
in B for which a + b is divisible by pk with p a prime and

P>, N

This result is best possible, up to determination of constants, both with
respect to the number of pairs (e, b) and also with respect to the lower
bound for pk. It follows from Theorem 1 below.

The case k = 1 was considered by Balog and Sarkézy in (2]
They proved, by means of the large sieve inequality, that if |[4]| > N and
|B| > N then there exist a in 4 and b in B and a prime p with p|(a + b)
and
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p > N/log N.

In part II of this series [9] we showed, by means of the Hardy-Littlewood
method, that if |[4]| > N and |B| > N then there exist >>N2/log N pairs
(a, b) with a in 4 and b in B for which a + b is divisible by a prime p
with

p > N.
Put
R = 3N/(|4]|B)"?,

and
3) 6, =1 + 2k4"H7 1
for k = 2.

THEOREM 1. Let N and k be positive integers with k = 2, let A and B be
subsets of {1,...,N} and let € be a positive real number. There exist
effectively computable positive absolute constants ¢y and ¢4 and positive
numbers C,, C, and Ny which are effectively computable in terms of € and k
such that if N > N, and

@) (1411B])"? > N!0t
then there exist at least
(5)  Co(((14]1B)Y?!* 1B 10g N) exp(cy(log k log R)/log log R)

pairs (a, b) with a in A and b in B, (respectively pairs (a,, b)) with a, in A
and b, in B), such that for each pair there exists a prime p for which
pK\(a +b), (respectively p*|(a, — b)), with

2¢,(14] 1B1)"?
exp(cy(log k log R)/log log R)
Cy(141181)'"
exp(cy(log k log R)/log log R)

P>

I

In particular if (4) holds then for N sufficiently large there exist a in 4
and b in B and a prime p such that pkl(a + b) with

(N pr> C,(l4]1B| )1/2/exp(c4(log k log R)/log log R).

Note that if £k = 2, (4) is a more stringent requirement that (1), however
the lower bound for p“ given by (7) is better than the one given by (2). In
fact the lower bound for p* given by (7) is best possible apart from
the factor

exp(cy(log k log R)/log log R)
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as the following example shows. Let 4 and B consist of all multiples of a
positive integer ¢ with t = N'/* D Then

l4| = |B| = [N/t].

If p*|(a + b) with ain 4 and b in B, (or indeed if p*|(a — b) with a in A,
b in B and a # b), then either p|t in which case

Pt = NYED = N/t = 2(14] 1B
or plt in which case
P = 2AN/1] = 2(14]1B])"2.

We shall derive Theorem 1 from the following result of independent
interest. For any real number x let [x] denote the greatest integer less than
or equal to x, let {x} = x — [x] denote the fractional part of x and let

lix|l = min( {x}, 1 — {x}).

THEOREM 2. Let k be an integer greater than one and let € be a positive
real number. Let N be a positive integer and let y be a real number with

B 3=y<NWe
where v, = (2k4k_ N~1. For any real number a with
VN =sas1 - (N,

we have

> min(y, [[p*all ")
pkéN

< CZ(N”k/log N) exp(cs(log k log y)/log log y),

for N > N,, where cs is an effectively computable positive absolute constant
and C, and N, are real numbers which are effectively computable in terms of
eand k.

In [10] we established the analogue of Theorem 2 for the case k = 1.

2. Preliminary lemmas. For any real number x denote e by e(x).

LEMMA 1. Let X and Y be positive integers with X << Y. Then for any real
number a we have

2 e(na)

X<n=Y

= min(Y — X, 2|lal| 7).

Proof. See [8], p. 189.
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LEMMA 2. Let V be a positive integer. Then for any real number a
we have
V-1
> e(na) — V} = 417 al.
n=0

Proof. See [1], Lemma 2.

For any positive integer n let w(n) denote the number of distinct prime
factors of n.

LEMMA 3. There exists an effectively computable positive real number cg
such that

(9)  w(n) < cg¢(log n)/log log n,
forn = 3.

Proof. This estimate is well known. It can be derived easily from the
prime number theorem. In fact for any positive real number ¢, (9) holds
with ¢ = 1 + € provided that » is sufficiently large in terms of e.

We shall next record four additional well known elementary results. For
any positive integer n, denote the number of integers less than or equal to
n and coprime with n by ¢(n). ¢ is Euler’s phi function.

LEMMA 4. There exists an effectively computable positive real number c,
such that

¢(n) > cyn/log log n,
forn = 3.
Proof. See [8], p. 24.

For any positive integer n, denote the number of positive integers which
divide n by 7(n).

LEMMA 5. Let q be a positive integer and let u and v be real numbers with
v > 0. Then

21— ve(g)q| = 21(g).
u<a=u-+v
(a,q)=1

Proof. This is Lemma 4 of [9].

LEMMA 6. There exists an effectively computable positive real number cg
such that for any integer b with b = 2,

> 1/n < cg(d(b)/b) log b.
1=n=b

(mb)=1
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Proof. This is Lemma 5 of [9].

Let a, k and g be integers with k and g positive. We define the function

fla, k, q) by

(10) fla, k,q) = X 1.
Oéxf?
)/‘gbq(il;dq)

LEMMA 7. Let a, k and q be integers with k and q positive.
(1) If (a, q9) = 1 and f(a, k, q) # O then

(11 f(a’ k, q) = f(19 k, q)-

(ii) If p is a prime number, r and k are positive integers and (a, p) = 1
then

2k forp =2
(12) fla, k, p") =
k forp > 2.
(iii) There exists an effectively computable positive real number cy such
that fork = 2, q = 3 and (a, q) = 1,
f(a, k, q) < exp(cy(log k log q)/log log q).

Proof. Let x,, ..., x, denote a complete set of incongruent solutions
modulo ¢ of

=1 (mod g¢),
and let x, be a solution of
(13) x* = a (mod q).

Then x¢x,, . . ., xpx, is a complete set of incongruent solutions of (13) and
this implies (11).

(i1) follows easily from the theory of binomial congruences.

Let

q=p'...p

with r, ..., r, positive integers and p,, ..., p, distinct primes. By the
Chinese Remainder Theorem

fla, k, q) = fla, k, p{") ... fla, k, p).
Thus by (i1) and Lemma 3
fla, k, q) = 2k
= 2 exp( (log k)w(q) ) < exp(cy(log k log ¢)/log log q)

as required.
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Let i, n and g be integers with ¢ = 2. Put
1 ifi = n(mod q)

(14) &G, n, q) = o
0 ifi = n(mod q).

LEMMA 8. Let a, b, k and q be integers withk = 2,q = 3 and (a, q) = 1

and let u and v be real numbers with v > 0. Then

> X G anlf + b, q) — ve(q)/gq

u<iSutv 0=n<gq
(ng)=1

< q'""% exp(cy (log k log g)/log log g),
where ¢\ is an effectively computable positive real number.

Proof. We have, for (n, q) = 1,
&, n, ) = (1/¢(q)) 2 X()x(n),
X

where the summation is taken over all characters x modulo ¢g. We shall
denote the principal character modulo ¢ by x,. Thus

2 2 &, an" + b q)
u<iSu+v 0=n<gq
(ng)=1

= X X - bat g

u<iSutv 0=n<gq
(ng)=1

— > > &, an*, q)

u—b<j=utv—>b 0=n<gq

(n,q)=1
= > > (1/6(g)) 2 x()x(an®)
u—b<j=ut+v—>b ?ér;<¢11 X
n,q =

qg—1
=(1/¢<q))2(x(a) > >‘<(j)2x"<n))
X

u—b<j=Sut+v—>b n=0

qg—1
= (1/¢(9) )xo(@) > Xo(J) %x'é(n)

u—b<j=Sutv—>b

q—1
+ (U(g)) 2 (x(a) > X(/) 20 x"(n))

X#*Xo u—b<j=Sutv—b

= > 1+ 2(x<a) > i(j))-

u—b<j=utv—>b X#*Xo u—b<j=utv—>b
(Ug)=1 xk=x0
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Therefore

2 2 &G,an* + b q) — vég)/q

u<iZ=u+tv 0=n<q

(ng)=1
= > 1= ve(g)/q| + = 2 X0
u—b<j=utv—>b X#Xo |(u—b<jSutv—b
ag)=1 X =xo

which, by Lemma 5, the Polya-Vinogradov inequality [7], [11] and the
trivial inequality 7(q) = 242, is

<2(q) + 2 9" logq
x:‘Xo
X =Xo

= 4q”2 + c”q”2 log ¢ kz 1
X =Xo

qg—1
= 49" + ¢;,¢"* log ¢ 2 (1/9(g)) 2 x*(n)
X n=0

q—1
= 49" + ¢, log ¢ 2 (1/(q)) 2 x(n*)
n=0 X

= 4q”2 + c“q”2 log g 2 1
0=n<gq
nksl(modq)

= 44" + ¢4 log q (1, k, 9).
The result now follows from Lemma 7.

LEMMA 9. Let h, a and q be integers witha > 0,q > 1 and (a, q) = 1. Let
p(n) be a real valued function defined for those integers n with h = n =
h + qand (n, q) = 1. Put

A= max pn)— min p(n)
h=n<h+gq h=n<h+gq
(ng)=1 (ng)=1

and
n(n) = (an + p(n))/q.

There is an effectively computable positive absolute constant ¢, such that if
A = 1 and if E is a real number satisfying 2 = E = q then

> min(E, llnn) [I7") < ¢1p9(¢) log E.

h=n<h+gq
(ng)=1
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Proof. This is Lemma 6 of [9].

LemMA 10. Let k, h, a and q be integers withk = 2, a = 1, q = 3 and
(a, q) = 1. Let p(n) be a real valued function defined for those integers n with
h=n<h+gq,(nq) = 1andf(n k, q) > 0. Put

A= max pn)— min ph)
h=n<h+gq h=n<h+gq
(n,g)=1 (n,g)=1
S(nkq)>0 S(nk,g)=>0

and

n(n) = (an + p(n))/q.
There exists an effectively computable positive absolute constant c,3 and a

positive real number Cy which is effectively computable in terms of k such
that if X\ = 1 and if E is a real number satisfying 3 = E = ¢, then

(15) 2 fln, k, q) min(E, In(n) 7Y
h=n<h+gq
(ng)=1
< C39(q) exp(c 5(log k log E)/log log E).

Proof. 1f ¢!’ = E = 4 then, by Lemmas 7 and 9,
16 2 fln k ) min(E, |In(n) |71

h=n<h+gq
(n,g)=1

= ( max_f(n, k, q)) S min(E, Inee) )
h=n<h+gq
(n,g)=1
< exp(cy(log k log g)/log log g)c;r4(q) log E
< ¢(g) exp(c4(log k log E)/log log E).
Thus we may assume that
(17) 3 = E < 43
Put
"= hégg2+q pn) |
fonkay=o
and py(n) = p(n) — r. Note that
0=pn)y<A+1=2
We have
nn) = ((an + r) + p(n))/q

and so
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(an + r)/qg = n(n) < (an + r + 2)/q,
hence
lIn() 117" = max(l @n + r)/qll™", I (an + r + 1y/gll™
I @n + r + 2)/qll™ ",
subject to the convention that
a = max(1/0, b) and 1/0 = max(1/0, a)

for all real numbers a and b. Thus, on recalling (14), we find that

2 f(n, k, q) min(E, |ln(n) || 7"
h=n<h+gq
(n,g)=1

2
= X fink q) 2 min(E || (an + r + i)/qll”h
h=n<h+gq i=0
(n,q)=1

1A

3max X f(n, k, ¢) min(E, || (an + j)/qll”")
JEZ h§n<)th
(n,q)=

q—1
=3max 2 f(n k,q) 2 &G, an + j, q) min(E, [li/qll”")
JEL h(§n<)hJ]rq i=0
n,g)=

q—1
=3max X X & an* + j, q) min(E, [li/qll”")
JEZ 0=n<q i=0
(ng)=1

[q/2]

=S3max X X (G an* +j,q) + &q — i,ank +j, q))
JEZ 0=n<q i=0
(n,g)=1

X min(E, /i) = 3max [E >, >

JEL 0=i=q/E 0=n<gq
(ng)=1

&G, an* + j, @) + &q — i, an* + j, q))

[E]
+ X (E/u) > > &G, an* +, q)
u=1 uqg/ E<i=(u+1)g/E 0=n<gq

(n,g)=1

+ &g — i,an* +j,9))

https://doi.org/10.4153/CJM-1988-035-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-035-3

DIVISORS OF SUMS OF INTEGERS 797

which, by Lemma 8, is
= 6E((1 + (9/E) )(¢(q)/9)

+ ¢""* exp(cy(log k log ¢)/log log ) )
[E]
+6 2 (E/u)((1 + (¢/E) X9(q)/q)

u=1
+ ¢"% exp(c;o(log k log q)/log log q))
and, by (17), is
= 12¢(9) + 64"’ exp(cq(log k log g)/log log q)
+12(1 + log E)#(9) + ¢”'® exp(c;o(log k log g)/log log q) ),
whence, by Lemma 4, is
(18) < Cyo(q) log E,

where C, is a positive number which is effectively computable in terms of
k. Lemma 10 now follows from (16) and (18).

LEMMA 11. Let 0 be a positive real number and let k be an integer larger
than one. If « is a real number and a, q and N are positive integers with
(a,q) = 1and|la — (a/q)| < q 2 then

2 e(apk)l < C5N1+0(q—l + N2 4 qN—k)4"k’
p=N

where Cs is a real number which is effectively computable in terms of k and 0,
the summation above is over primes p with p = N.

Proof. This follows from Theorem 1 of [4] by partial summation.
LEMMA 12. Let 8 be a real number satisfying
0<éd=1/2

Then there exists a periodic function y(x, 8), with period 1, such that
(1) Y(x, 8) = 1 in the interval —6 = x = §,
(i) ¥(x, 8) = 0 for all x,

(iii) Y(x, 8) has a Fourier series expansion of the form

Y(x, 8) = a, + > a; cos 2mjx,
0<j=(1/28)—1

where
|ao‘ é 7728,

and
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Iajl < 2428,
for 0 < j = (1/28) — 1.

Proof. This is Lemma 4 of [10]. In fact in [10] it is shown that one may
take

Wx, 8) = (7% /(AN?)| (1 — e(Nx))/(1 — e(x)) >

where N = [1/(28) ]. Of course results of this character are well known.
They were introduced in this setting by Weyl and have often been used by
Vinogradov and others.

Let x be a real number and let / and k be positive integers. As usual we
denote the number of primes less than or equal to x by #(x) and the
number of primes less than or equal to x and congruent to / modulo k by
a(x, k, I).

LEMMA 13. There exist effectively computable positive real numbers ¢
and c¢ such that if X and Y are real numbers with X > c¢;5 and Y =
X23/42 then

(X + Y) — n(X) > ¢,s¥/log X.
Proof. This is the main theorem of [5].

In fact we only require Lemma 13 for the range ¥ = XC®/¥%¢ for ¢ an
arbitrary positive real number and so Ingham’s Theorem would suffice
here.

LEMMA 14. (Brun-Titchmarsh Theorem). Let x and y be positive real
numbers and let k and | be relatively prime positive integers with y > k.
Then

m(x + y, k, 1) — @w(x, k, 1) < 2y/(¢(k) log(y/k)).
Proof. This is Theorem 2 of [6].
3. The proof of theorem 2. As before, Cy, Cy, ... and Ny, Ny, . .. denote
positive real numbers which are effectively computable in terms of € and k

and ¢, ¢, . . . denote effectively computable positive absolute constants.
We shall assume, without loss of generality, that

0 <e< (2k4FH~ L
Put
P =N and Q= N/P.
Let T, denote the set of those « in the interval

VTN T = (YFTUNY)
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for which for all integers n with 1 = n = y there exist positive integers r,
and s, with (r,, 5,) = 1,

(19) |na — (r,/s,) | < 1/5>
and
(200 P=s,= Q.
Put
T =N 1= (YN - T,

so that 7’ consists of the real numbers « in (yk_l/N, 1 — (yk-l/N))
which are not in 7}. If « € T’ then for some integer n* with 1 = n* = y
there exist no coprime positive integers 7, s,,» satisfying (19) and (20) with
n* in place of n. By Dirichlet’s Theorem there exist integers u and v
with

Q21 |n*a — (u/v)| < 1/(vQ),

0=u0<v = Qand (4, v) = 1. Note that
[n*a — (u/v)| < 1/v?,

and therefore that v < P. It follows directly from (21) that
la — (u/n*v)| < 1/(n*vQ),

hence, on writing u/(n*v) in the form a/b with a and b coprime a = 0 and
b > 0 we see that

(22) |a — (a/b) | < 1/(bQ),
with
(23) b = n*v = yP.

To each a in T” we shall associate a pair of coprime integers a and b with
a = 0 and b > O satisfying (22) and (23) and we shall put

B = a — (a/b).

Let us define subsets T, and T; of 7" by
T, ={a €T =y}
T, = {a € T'y < b}.

Put

So(a) = X min(y, [[phall ).
pkéN

Since

https://doi.org/10.4153/CJM-1988-035-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-035-3

800 A. SARKOZY AND C. L. STEWART

OGFUNT - O UNY)Y =T, UL U T,

it suffices to show that for N > N,

(24) max Sy(a) < Co(N'*/log N) exp(cs(log k log y)/log log y),
aeTi

for i = 1, 2, 3. We shall establish (24) for i = 1, the case of the “minor
“arcs” in Section 4 and for i = 2, 3, the “major arcs” in Section 5.

4. Minor arcs. Assume that « € T;. For 8 > 0, put

ZN,a, ) = > L
pkéN
llprall<p

Then

So(@) = X min(y, |lp¥all™")
pkéN

. k_ 11—1
> min(y, lIp%all ")
P*EN
Il all<1/y

[y/2)+1

+ X > min(y, ||[p*all ™"
Jj=2 pkéN
G—D/y=Elprall<jry
[y/2}+1
= X y+ 2 > y/(j— 1)
=N j=2 PN
llp*all <17y U= D/ySlipall<jzy
= yZ(N, a, 1/y)
[y/2]+1
+ 2 (/G = DXZWN,a, jly) — Z(N,a, (j — 1)/y))
j=2
[y/2]
=y 2 Z(N, a jiy)1/(j — 1) — 1/))
j=2
+ (p/[p/2)Z(N, a, ([y/2] + 1)/y)
[y/2]
Sy 2 ZWN. e jiy)GG - D)+ 3 X1
j=2 P=EN

Thus, by the prime number theorem,
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[y/2]
(25) Sol@) <y X Z(N, a, j/y)/(j(j — 1)) + 4kN"*/log N,
j=2

for N > N,.
On applying Lemma 12 with § = j/yand 1 = j = y/2 we find that

Z(N, &, j/y)
= X 1= 2 W jiy)
k< p

pkéN p=
llprall<jry

- > ay + > a,, cos(27rmpka))
pF=N 0<m=(y/2)—1

= aOW(N]/k) + > amRe( > e(mpka))

0<m=(y/2j)—1 PN
= laglm(N'*) + 2 gl 2 e(mpra)
0<m=(y/2)—1 PF=N
= @yaNYH + 2 i) | 2 etmpta) |,
0<m=(y/2j)—1 PF=N

Thus, by the prime number theorem, for N > N,
(26) Z(N, a, jly)
= (20kj/y)N"*/1og N

+( max E e(mpka) ) > 20j/y

0<m=(y/2)=1 |pk=nN 0<m=(y/2j)—1

= (20kj/y)N"*/log N + 10  max > e(pima) |.
0<m=(y/2j)—1 |pk=nN

If 0 <m = (y/2j) — 1 then, since (y/2j) — 1 = y, for a € T there exist,
by (19), positive integers r,, and s, with (r,,, s,,) = 1,

lma — (r,/s,)| < 1/52,

and P = 5,, = N/P. Thus, on applying Lemma 11 with § = /2, we find
that

E e(pk(ma))’ < C6N(H(‘/2))/k( (2/P) + N—(l/2k))4""
p=N

which, for N > N,, is, by (8),

https://doi.org/10.4153/CJM-1988-035-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-035-3

302 A. SARKOZY AND C.L. STEWART

< C,N"*/(y log N).

Therefore, by (26), for 1 = j = y/2 and N > N;,
Z(N, a, j/y) < Co(ji/y)N"*/10g N.

Thus, from (25), for a« € T,

[y/2]
(27) Sy@) < Ce(N"*/log NY X 1/(j — 1) + 4kN'*/log N
j=2

< C9(N]/k/log N) log y,
provided that N > N;.

5. Major arcs. For any real number « in 7’ and associated positive
integer b = N we put

S, by = 2 min(y, [|phell 7).
PEN
(p.b)=1

Then, by Lemma 3,

Sya) = Xy + Syla, b) = ¢;7y log b + Sy(a, b)
plb

= ¢y log N + Sy(e, b).
Thus, by (8), for N > N,
(28) Sya) < N'*/log N + Sy(a, b).

In this section we shall establish (24) for « € T, and a € T;. Assume
first that « € T,. Put

L = min(N, 1/(2b|B81) ),
where min(N, 1/0) = N by definition. Then we have
29) N=L = Q/2 = N/(2P).

Put
St b) = 2 min(y. [[p‘all”") and
=L
(hb)=1
Sye. by = 2 min(y, [[pfall 7,
L<p‘=N
(pb)=
so that
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(30) Sy(a, b) = Si(a, b) + Sy(a, b).
Notice that the sum Sy(a, b) is empty for N = 1/(2b|8| ) hence for
(31) |B] = 1/(2bN).

We shall now estimate S,(a, b). Suppose that b = 1. Then |B] = |lal|
and since « € T, |B| > y* '/N. Thus L < N/y* ' and so L|B] = 1/2.
We have, just as in our estimation (25) for S(a),

[y/2]
S, ) =y X Z(L, a, j/y)/(j(j — 1)) + 4kN'*/log N.
j=2

Now, since L|B| = 1/2, we have, by Lemma 14,

Z(L, a, j/y) = n((2jL/y)""*) = 8k(jiN)"*/(y log N).
Therefore,
(32) Sy(a, 1) = C,o(N"*/10g N).

Next suppose that b > 1. In this case we may assume, since a and b are
coprime, that a > 0. If (p, b) = 1 and pk = L then

lip*all = llp*((arb) + BYII = llap*/bll — p*1B]
= |lap*/bll — 1/2b) = (172)llap* /b,
since b > 1 and (apk, b) = 1. Thus

Sl(a’ B)
= 2 min(y, 2llap*/b] 7
Pr=L
(p,b)=1
= X > > 2llah/b] !
0<h<b 0<x<b p=Lk
(hb)=1 k(x,b)=l p=x(modb)
x“=h(modb)

-2 X > w(L"* b, x)llah/b]| !
0<h<b o<x<b
(hby=1 (x,b)=1
x*=h(modb)

< 2( max m(L", b,x)) > > llah/b|l”!

0<x<b 0<h<b 0O<x<b
(x,b)=1 (hb)y=1 (x,h)=1
x¥=h(modb)

=2 max w(L"% b, x)\ X fh k, b)llah/b| "
§)<b,\)c<[l) 0O<h<b
x,b)=

(hb)=1
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= 2| max w(Ll/k, b, x) \| max f(h, k, b)) > lak/bl !
0<x<b 0<h<b 0<h<b
(x,b)=1 (hb)=1 (hb)=1

lIA

4 max w(L"* b, x)\[ max f(h, k, b) > b/l
0<x<b 0<h<b 0<I=[b/2)
(x,b)=1 (h,b)=1 Lb)y=1

Employing Lemmas 6 and 7 and recalling that since a« € T,, b = y,
we find

(33) Sy(a, b)
= C”( max w(L”", b, x)) exp(c,g(log k log y)/log log y)¢(b).

0<x<b
(x,b)=1

Now, by (29),
LV b = Nk P!/
hence by (8),
LVk/p > N2
for N > N,. Thus we may apply Lemma 14 to conclude that
(34) max m(LY%, b, x) < C,LV*/(¢(b) log N).
(x,b)=1
Thus, since L = N, it follows from (33) and (34) that
(35) S\(a, b) < C\3(N*/1og N) exp(c,4(log k log y)/log log y),

for N > Ng.
We shall now estimate S,(«, b). We may assume that

(36) 1/(2bN) < |B| < 1/(bQ),
since otherwise, recall (31), the sum is empty. Thus also
(37) L = 1/2b|Bl).
We have
Sya, b)

= X min(y, llpfall™h
L<p*=N
(p,b)=l

[N/L]
2 X min(y [lpfall ™
j=1 jL<p*=(j+1L

(p.b)=1

lIA
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. k=1
= > min(y, |[p*all ).
j=1 h=1 JL<p*=(i+ DL
b)=1

(=121 + D2 Py <hr(1251+ 1)
Note that
(h — /(2] + 1) = {pha} < h/([] + 1)
implies that
Pl ™ = 11 = /(2] + DT+ /(0] + DI

where we write x = (1/0) + z and (1/0) = (1/0) + z for all real numbers
x and z. Thus

[N/L] [2y]+1
(38) Sya, b)= X X (min(y, [ (h — /([2v] + DI
1

j=1 h=

+ min(y, [|//([2v] + DII7Y) > 1.

JL<p*=(+DL
(h—])/([2_v]+l()psb{)p:ka}<h/([2_v]+])
If py and p, are primes with
JL<pf=( + 1L and
(h = D/([] + 1) = {pla) < h/([20] + 1)
for i = 0, 1 then, by (37),
1/2y) > 1/([2y] + 1)
= 11 (pf = po)ell = Il (pf = p6)(arb) + Bl
= |1 (p — poasbll = Ip¢ = pol 1B > Il (P — pp)asbll — LIB|
= 1 (pf = pO)asbll — 1/(2b).
Thus
Il (pF = pRyasbll < 1/2y) + 1/(2b) = 1/b,
whence

p{‘ = p’é (mod b).

Therefore

(39) 1/2y) > llpka — pkall = || (pF — pkyasb + (pF — pb)BI|
= [l (pf — POBI.

Since
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|(pf — POl < LIBl = 1/(2b) = 172
it follows from (39) that
1/2) > Ipf = pol 18I,
hence
k=1 1
I — ol < (2|B|y(§0 p{pé“")) = QBlyps~ H™!
< QIBIyGLY* L
Thus, by (37),
I = pol < LY b/(yj* V).
Therefore, either there are no primes p with
JL<p*=( + DL, (p,b) =1 and
(h = D/(12y] + 1) = {pha} < h/([20] + 1),
or for some p, with (p,, b) = 1 we have

(40) > 1
JL<p*=(+ 1)L
(pb)=
(h—1)/([20]+ D={pra}<h/([29]+ 1)

= > 1

p*=p(modb)
|p—p0|<L”kb/(_vj(k_ |)/k)

- 2 > 1
0=1<b p=t(modb)
t*=pmodb) |p—pol<L"*b/ ("""

lIA

2 (@(py + (LR VY, by 1)
0=1<b
t"zp’g(modb)

— m(py — (L /(3 V%), b, 1)).
Now, since 1 = j = N/Land L > Q/2,
QLY by * V)b = 2L/(yN* D
> Q/(yN* =Ky = NVE/(yP),
and, by (8),
Nl/k/(yp) > N3/(8K)
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Thus, the right hand side of (40) is, by Lemma 14,

< 2 LBy % Y R(b) log N)
0=1<b
*=pk(modb)
and, by Lemma 4,

< CIS(LW‘ log log b/(yj(k*’)/k log N)) > 1
0=1<b
z"zp’é(modb)

= Cy5(L""* log log b/(yj“~ """ log N))f(pp, k. b)
and, by Lemma 7 and the fact that b = y,

< Cis(L/(3j "V  log N)) exp(e;g(log k log y)/log log ).
Therefore, by (38),
(41)  Sy(a, b)

[N/L] [2y]+1
= X X (min(y, [l (h — D/([20]+ DIITH
j=1 h=1
+ min(y, [|A/([2v] + D7)
X Cs(LY*/(3j* =¥ log N)) exp(cig(log k log y)/log log y)

A

CIG(LW‘/(y log N)) exp(cq(log k log y)/log log y)

IN/L 2]+1

] [
X3 TS mingy, /(0] + DY
= h=0

IA

C#(L"*/(y log N) ) exp(eg(log k log y)/log log y)(N/L)"¥

[y]+1
Xy + X @+ D/h
h=1

A

Clg(Nl/k/log N) exp(cy(log k log y)/log log y).
Appealing to (28), (30), (32), (35) and (41) we find that for a € T,,
(42)  Se(a) < C1o(N""*/1og N) exp(c,y(log k log y)/log log y),

provided that N > N,
Finally, we assume that « is in T3. Put

M = min(N, (|8ly)" .
Then
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[N/M]
43) Sya, b) = X > min(y, ||p¥all7Y).

j=0 jM<p=(j+hHM
(pb)=1

Now if [|[pFall ™" < y with jM < p* = (j + 1)M, and n is defined by
pX = n(mod b) with (j + DM — b < n = (j + 1)M, then

el = 11p*((asb) + B) Il = Il (an/b) + np + (p* — m)BIl
= || (an +nbP)/bll — 1p* — n|IBI.
Note that N > b and
(1Bly) ' >b0/y =2 Q>b
by (8) and (23). Thus |[p¥ — n| < M and so
Ip* — nl 1Bl < MIB| = 1/y < ||p*all.
Therefore
2lp*all Z |l (an + nbB)/bl],
whence
min(y, llp*al|™") = 2 min(y, |[ (an + nbB)/b||™").
Consequently, by (43),

[N/M]
44) Sy b) = 2 >
Jj=0 (j+l)M—b<n§(j+1)M
(nb)=1
X 2 min(y, || (an + nbB)/b|| ) > 1.
JM<pF=(j+1)M
pksn(modb)

By (22), (1Bly) ' > Qb/y and by (23), N = Qb/y hence M = Qb/y. Thus,
since b > y,

((G + DaVE = (' ™hyrp
= MYk /(k(j + Db) = M*/(2bk(N/M))
_ Ml+(1/k)/(2ka) = Ql+(]/k)bl/k/(2kNyl+(l/k))
= Nl/k/(zkypl+(l/k))
which is, by (8),
45 = NGO,
for N > Ny,. Therefore, by (45) and Lemma 14,
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(46) > 1
JM<pF=(+ M
p'< =n(modb)

= X > 1

0=si<b (GM\k<p=((j+ M)k
t*=n(modb) p=t(modb)

< X (6k((( + DME = (iM)*)/(¢(b) log N))
0=r<b
tkzn(modb)

< (CpM"M( G+ D= ey log N)) XL
0=<bh
K= n(modb)
But the sum in the expression on the right hand side of inequality (46) is
f(n, k, b) and so on combining (44) and (46) we obtain

So(a, b)
[N/M]
= X (CuM"K G+ DY = jVRy(¢(b) log N))
j=0
X > f(n, k, b) min(y, || (an + nbB)/b|| ).

(+DM—b<n=(j+ 1M
(n,b)=1

We may estimate the inner sum above by means of Lemma 10 with
h=({(+ DM — b+ 1, qg = b and p(n) = nbB. Then, by (8), (22)
and (23),

A= max nbB — min nbB
(+DM—b<n=(j+ 1M (j+ DM—b<n=(j+1)M
(nb)=1 (nb)=1

= PIBl < b/Q < 1.

Thus
(47)  Sy(a, b)
[N/M)
= X CuMYAG + DYE = jY5/10g N)
j=0

X exp(c;(log k log y)/log log y)

Cy(M"*/10g N) exp(c,4(log k log y)/log log y)

[N/M]
2 (G + DYk = VR
j=0

X
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= Cy(M"*/10g N exp(c;5(log k log y)/log log y)
X ([N/M] + Dk
< sz(Nl/k/log N) exp(c;s(log k log y)/log log y).
By (28) and (47), for a in Tj,
(48)  Sy(@) < Cy3(N"*/log N) exp(c;s(log k log y)/log log y),

provided that N > N,.
Thus (24) follows from (27), (42) and (48) and this completes the proof
of Theorem 2.

6. Further preliminaries to the proof of theorem 1. Let € be a positive
real number less than 6, and let Cy, Cy, . .. denote positive real numbers
which are effectively computable in terms of € and k and ¢, ¢, . . . denote
effectively computable positive absolute constants. Let C and ¢ be real
numbers, with C = 20 and ¢ = 1, to be specified later and let Ny, Nyy, . . .
denote numbers which are effectively computable in terms of C, ¢, € and k.
We shall choose C and c later so that C is effectively computable in terms
of € and k and so that ¢ is an effectively computable positive absolute
constant. Put

y = CR exp(c(log k log R)/log log R).
Since R = 3 we have y = 3 and if (4) holds and N > N;; then
(49) y < Ny"_((/2).

We shall first establish Theorem 1 for the case of sums a + b; the case
a — b is treated in a similar way. To do so it suffices to show that there
exist at least

Coal4 | [BI(N/y)"O " /log N

pairs (a, b) with a in 4 and b in B for which there exists a prime p with
pXl(a + b) and

(50) 4N/y = p* > 2N/y.

We now introduce the following notation. Put
A= YN and U =[Ny

and, for each positive integer n,

1 ifn =mpkwith1 = m = y, p a prime and
d = 2N/y < pk = 4N/y

0 otherwise.
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Next put

4N
S(a) = X de(na),
n=1

AN
$=50= 2 d,
n=1
U—1
U) = X e(na),

n=0

and, since d, = 0 if n < 1 or n > 4N, write

4N+U—1 n
S(@)U(a) = 2 v,e(na) wherev, = 2 a'J
n=1 j=n—U+1

Further, put
F(a) = X e(aa), G(a) = 2 e(ba)

ac€A bEeB
and
2N
H(a) = F(@)G(a) = X e((a + b)a) = X h,e(na)
a€AbEB n=1
where
h,= X 1
at+b=n
a€AbEB

Finally, define J by

1
J = / o F(0G(0)S(—a)da.
Observe that
ON 4N
J = /(l) H(a)S(—a)da = f] > > h,d,e((n — m)a)da

0

n=1 m=1

2N

Note that d, > 0 implies that pKln with 2N/y < p* = 4N/y, while h,>0
implies that n = a + b, fora € A, b € B. Thus to establish our result it
suffices to show that
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(51) J > CyylA| |BI(N/y) O~ 1/10g N.

In order to prove (51) we first require some estimates for S, S(«) and v,,.
We remark that by (49), y < (2N/y)"¥, provided that N > Ny, and
therefore that

(52) S@ = X > e(mp*a).

m=y 2N/y<pk=4Nv/y
LEMMA 15. For N > N,
(53) S < Cysy(N/y)"*/10g N.
Proof. By (52),
4N
s=2d, = ( > 1)( > 1) = ym( (4N/»)''),
n=1 1=m=y IN/y<pk=an/y
which, by (49) and Lemma 14, is
< C25y(N/y)l/k/log N.
LEMMA 16. If N > N,,, then for A = a = 1 — A,
(54) 1S(@) | < Cye( (N/y)""*/1og N) exp(cs(log k log y)/log log ).
Proof. By (52), for N > N,

1S(a) | < >

IN/y<pX=4N/y

> e(mpra)

m=y

)

which, by Lemma 1, is

: k 1—1
> min( y, 2/[p*all ")
2N/y<p*=4N7/y

1A

=2 X min(y, llpfell ™).
pk§4N/y

The lemma now follows from Theorem 2.

LEMMA 17. If N > N,; and n is an integer satisfying 30N/y < n = 2N
then

(55) v, > Cyy(N/)H~1U/l0g N.
Proof. If n satisfies 30N/y < n = 2N then, for N > N,|,

v, = 2 d = 2 1

J ’
j=n—U+1 n—U<mp‘=n
m=y
AN/y<pk=anyy
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=2 > 1.

m=y max((n— U)/m,2N/y)<p*=min(n/m4N/y)
Notice that if m = 11ny/(30N) then
(n — U)/m = 30N/(11y) — U/m = 30N/(11y) — N/yk*!
and, since y = 3,
(n — U)/m > 2N/y.
Further, if 9ny/(30N) < m then n/m < 30N/(9y) < 4N/y. Since
11ny/(30N) = 22y/30 < y

we conclude that

(56) v, > > > 1

9ny/(BON)<m=11ny/(30N) (n— U)/m<p*=n/m

= > a((n/m)""*y — a(((n — Uym)"'%)).

Iny/(3ON)<m= 11ny/(30N)
We may now apply Lemma 13 with
X=(0n—-U/m"* and Y =um/m)"* — ((n — Uym)"'*
for
9ny/(30N) < m = 11ny/(30N).
For we have
(57) X = ((n — U)y/m)"* < (n/m)"* < 30N/(9y))""*
while
(58) Y = (/m)*1 — (1 — (U/n))"*) > Cog(N/y) Uy,
since U/n < y K < 1/2 for N > Ny4. By (57) and (58)
(X351 7)K12 < Oyl KU/
which, by (49), is
< Cpo/NVM,
Thus for N > N5, X*/*> < Y whence, by Lemma 13,

v, > > Cio(N/)YOU/(n log N)
9ny/(3ON)<m=11ny/(30N)

> ((2ny/(30N)) — DC3o(N/y)OU/(n log N).
Since n > 30N/y the result follows.
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7. The proof of theorem 1. We shall establish (51) now. We have, for

1
V- u! / o F@G(@)S(—a)U(—a)dal

A

A
/4\ [F(e) [ 1G() | IS(=a) [(U — U(~ @) )/ Uldax

1-A
+ _/)\ IF(e) | 1G() | [S(—=a) [(1 + [U(—e)/ U] )dax
which, by Lemma 2, is

= _/’)\—A |F(a) | |G(a) |S4U|alda
A
+ [ F@ 6@ (e 158 | o
by Lemmas 15 and 16, is
< /: [F() | 1G(e) |C3,(y(N/p)""*/log N)UNdex

[ 1@ 116@ 2Co (V79) 1108 N)
X exp(cs(log k log y)/log log y)de,
= (C3(N/)V*Nlog N + Co( (N/y)"*/10g N)
X exp(cs(log k log y)/log log y))
< 1 1F@ 1166 da,
and, by Cauchy’s inequality, is
= Ca( (N/y)”k/log N) exp(cs(log k log y)/log log y)

( (/:) (@) e (/ , 6@ |2da) )”2.

Thus, by Parseval’s formula,

X

1
(59) ’J - yu! f o F@G(@U(—a)S(—a)da
= Cyu((N/y)VK(141 1B1)!*/1og N)
X exp(cs(log k log y)/log log y).

Furthermore,

1
I = f o F@G@)U(=a)S(~a)da
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1 [ 2N 4N+ U-1
fo ( > h,e(na) )( > v,e(—ma) |da
n=1

m=1

Since 4, and v, are non-negative forn = 1,...,2N,

I= 2 hyv

n'n?
30N/y<n=2N

and, by Lemma 17,

12 Cp(N) O YuriogNy X
30N/y<n=2N

n

Cyr(N/)O Y WUr10g N) > 1.
acAbEB
30N/y<a+b=2N

Il

Observe that since C = 20,
30N/y = (14| |B])"%/2 = (1/2) max(|A|, |B|)

and thus

> 1 = |4]|BI/2.
30N[;))€<Az;l3!-eb§2N
Therefore
(60) I = CylA||BIN/y)O~U/log N.
It follows, from (59) and (60), that
(61) | = |I1/U — Cy3( (N/y)VE(14] 1B])%/10g N)
X exp(cs(log k log y)/loglog y)
Z Cyqld | IBICN/Y) O™ Nog NY1 = (C3sN/((14]1B1)'))
X exp(cs(log k log y)/loglog y)).
Recall that
y = CR exp(c(log k log R)/log log R).
We now choose ¢ = 2c¢s. Put
(62) W = Cys(N/(y(14]1B])"?)) exp(cs(log k log y)/log log y).
Provided that C > C34 we have y < (CR)2 and
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log y/log log y < 2(log CR)/log log CR
< 2( (log C/log log C) + (log R/log log R) )
hence
W < C;5 exp(2cs(log k log C)/log log C)/C

and so we may choose C = Cj; sufficiently large so that W < 1/2. Then,
by (61) and (62),

T = (C34/2)(14] |B|/log NY(N/y)/O~ 1L,

Since J is non-negative (51) holds and this completes the proof of
Theorem 1 for the case of sums a + b. The proof of Theorem 1 for terms
of the form a — b is essentially the same as that given above. We
estimate

I
J = /o F(a)G(—a)S(—a)da
in place of J; see pp. 190-191 of [9] for details.
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