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Limit Theorems for Additive Conditionally
Free Convolution

Jiun-Chau Wang

Abstract. In this paper we determine the limiting distributional behavior for sums of infinitesimal
conditionally free random variables. We show that the weak convergence of classical convolution and
that of conditionally free convolution are equivalent for measures in an infinitesimal triangular array,
where the measures may have unbounded support. Moreover, we use these limit theorems to study the
conditionally free infinite divisibility. These results are obtained by complex analytic methods without
reference to the combinatorics of c-free convolution.

1 Introduction

The theory of the conditionally free (c-free) random variables was introduced by
Bozejko, Leinert, and Speicher in [9], as a generalization of Voiculescu’s freeness to
the algebras with two states. The concept of c-freeness leads to a binary operation,
called additive c-free convolution, on pairs of compactly supported probability mea-
sures on the real line. The c-free analogues of central and Poisson limit theorems for
identically distributed summands were also proved in [9]. The development of the
c-free probability theory relies heavily on the combinatorics of non-crossing parti-
tions. The nature of the combinatorial tools makes it difficult to discuss limit theo-
rems when the measures do not have finite moments. Even for finite moments the
limit theorems proved in [9] and [10] require subtle combinatorial arguments.

In this paper we use complex analysis to study the limit theorems of additive c-free
convolution. This has the advantage that an analytic machinery is usually more pow-
erful than a mere combinatorial description. As shown in [18], the same approach
also works in the multiplicative context. We would like to mention that the extension
of (additive) c-free convolution to measures with unbounded support was done by
Belinschi [2]. His work provided useful inspirations for some of the analytic ques-
tions in our approach, as will be seen below.

The remainder of this paper is organized as follows. In Section 2 we deal with
the analytic problems involved in using an analogue of Voiculescu’s R-transform for
measures without bounded support, and we extend the definition of c-free convolu-
tion to pairs of arbitrary measures using this transform. Section 3 contains the main
result of this paper (Theorem [3.5)), which provides necessary and sufficient condi-
tions for the weak convergence of c-free convolution of measures in an infinitesimal
array. In Section 4 we present various characterizations of c-free infinite divisibility,
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which extend the results in [16] for pairs of compactly supported measures. Section
5 contains a brief discussion of c-free stability.

2 Setting and Basic Properties

In this section we focus on the analytic apparatus needed for the calculation of c-free
convolution. Most of the results we quote from the literature were developed for
studying the free and boolean convolutions. We refer the reader to the book [21] for
a comprehensive introduction to free probability theory, and to the papers [4,19] for
a detailed treatment of boolean probability theory.

2.1 Cauchy Transforms and C-Free Convolution

Denote by M the family of all Borel probability measures on the real line R and set
Ct={ze€ C:3z >0}, C = —C*. We associate with each measure u € M its
Cauchy transform

* 1
Gy(2) = / —Ldu), zeC,

— 00

and its reciprocal F, = 1/G,: C* — C*. The measure y can be recovered from G,
as the weak™-limit of the measures

dv,(x) = f%SGH(x +iy)dx

as y — 0%. For o, 3 > 0, we define the cone I'y, = {x+iy € C" : |x| < ay}
and the truncated cone ', 3 = {x+iy € T, : y > S}. As shown in [7], we have
Sz < SF,(z) forz € C* and

(2.1) F,(2) = z(1 + 0(1)), ze(C',

as z — oo nontangentially (i.e., |z| — oo, but z stays within a cone I',, for some o >
0.) The measure y is uniquely determined by the function F,, and conversely, any
analytic function F: C* — C* so that F(z) = z(1 + o(1)) as z — 0o nontangentially
is of the form F,, for a unique probability measure ; on RR.

Property (2.I)) also implies that, for every o > 0, there exists = S(u,a) > 0
such that the function F, has a left inverse F,<f1> (relative to composition) defined in

I’y 3. Moreover, we see that F,§_1>(z) = z(1 4+ 0(1)) as z — oo nontangentially. For
i, v € M, the free convolution v € M is characterized [7] by the identity

Fla () +2=FV (@) + F 0 (2),
where z is in a truncated cone I, 3 contained in the domain of all involved functions.

For a measure ;1 € M, observe that the function E,(z) = z — F,,(z) takes values
in C~ UR and E,(z) = o(|z|) as z — oo nontangentially. Conversely, any analytic
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function E: C* — C~ U R with these properties is of the form E, for a unique
probability measure p. The boolean convolution pWv € M of two measures p, v € M
is characterized [4, 19] by

E/1Lﬂu(z) = E/I,(Z) + EI/(Z)7 ze(C.

The theory of c-free convolution for pairs of compactly supported probability
measures was first studied in [9], which we briefly review as follows. Recall that a
C*-probability space with two states is a triple (A, ¢, 1) of a unital C*-algebra A and
positive linear functionals ¢,1: A — C such that (1) = 1 = ¥(1). Two unital
C*-subalgebras A,, A, C A are said to be c-free if

@) Plaay---a,) =0

(i) @lmaz---a,) = pla)p(az) - - - p(an)

whenever a; € A;, i; € {1,2},i; # iy, and ¢(a;) = O0forall j = 1,2,...,n.
In other words, Ay, A, are c-free if they are free with respect to ¢/ [21] and ker ¢y N
Ay, ker ¢ N A, are boolean independent with respect to ¢ [19].

FElements in A are called random variables. Two random variables x; and x, are
said to be c-free if the unital C*-subalgebras generated by x; and x;, respectively,
are c-free. The distribution of a self-adjoint random variable x € A is the unique
pair (u,v) of compactly supported probability measures on R such that, for every
continuous function f on the spectrum of x, we have

P(f() = / fOdu)  and  H(f) = / £ dvlt),

where f(x) € A is obtained by the functional calculus.

As shown by Bozejko, Leinert, and Speicher [9], given two pairs of compactly
supported probability measures (11,71) and (u,, 1), one can find two c-free, self-
adjoint random variables x; and x, in a C*-probability space (A, ¢, ¥) such that the
distribution of x; is (p,v;) for j = 1,2. Then the c-free convolution (y, ;) B
(2, 12) of such pairs is defined to be the distribution of the random variable x; + x;,
in (A, ¢, ). It is again a pair of compactly supported probability measures (g, V),
where the measure v = v; B v;.

In order to describe the measure 1, these authors further introduced, for a pair of
compactly supported measures (u, /), the analytic function

Clum (@) = 2[ EL(GS1(2))]

where the inversion of G, is carried out in a neighborhood of oo, and they proved
that

C(ﬁjfv) (Z) = C(#lal’l)(z) + C(llz,Vz)(Z)‘

The starting point for the treatment of measures with unbounded support is ob-
serving that, for arbitrary measures p, v € M, the function C, ;) is actually defined
in an appropriate domain. For measures y, v € M, we introduce a new function

(2.2) B, (2) = E,(F 7V (2))
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in a truncated cone I',, 3 where the function F{™" is defined. The function D, is
obtained from the function C(,, ,(z)/z by a change of variable z — 1/z, and is more
suitable for our purposes. It is easy to verify that we have

P (2) = Py ) (2) + Ppiy ) (2)

in the case of compactly supported measures.
We will require the following result from [5], whose proof is based on the Cauchy
integral formula.

Lemma 2.1 Let o, [3,€ be positive numbers, and let ¢: 'y 3 — C be an analytic
function such that |¢p(z)| < el|z| for every z € Ty 3. Then, for every o’ < « and
B' > B, there exists K > 0 such that the derivative ¢'(z) is estimated as follows

|¢'(2)] <Ke,  z€Tu .

The following result was first noted in [2].

Proposition 2.2 Let jy, i, v1,v, € M, and let v = v, B v,. Suppose that both

Fﬁl_ Y and F,Sz_ Y are defined in a cone I, 3. Then there exist another truncated cone
Ly 0 C Ty g and a unique probability measure 1 such that

D(u)(2) = Py 1) (2) + Py ) (2)
forz € Ty go.

Proof Let® be the function ®(,, ,,) + P(4,.,) in 'y 5. Note that (ZI) shows that
F,(z) € T'y3 as z — oo nontangentially. To prove the proposition it suffices to
show that the function E(z) = ®(F,(z)) is of the form E,(z) for a unique probability
measure ;4 € M, that is, to show that the function E(z) extends analytically to C* and
E(z)/z — 0 as z — oo nontangentially.

To this purpose, we appeal to a subordination result in [3] (see also [11]) for free
convolution v B 1v,, namely, there exist unique analytic functions wy,w,: Ct — C*
such that w;(z) = z(1 + o(1)), j = 1,2, as z — oo nontangentially and F,(z) =
F, (w1(2)) = F,,(wy(2)) for all z € C*. Then, by (2.2), we have

E(z) = E,, (w1(2)) + E,,, (w2(2))

in an open subset of C*, and hence the function E(z) extends analytically to the entire
upper half-pane C".

On the other hand, Lemma[2Z.Tshows that the derivatives E //Lj (z2) =0(1),j=1,2,
as z — oo nontangentially. It follows that there exists M > (3 such that

|E(2) — Ey, (2) — Ej, (2)] < |wi(2) — 2] + [wa(2) — 2],

for z € T, u, and hence E(z) /z — 0 as z — oo nontangentially. [ |

Proposition Z.2]allows us to make the following definition that will be used in the
rest of this paper.
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Definition 2.3 Let uy, up, 1,2 € M, and let v = vy B v,. The additive c-free
convolution (i1, v,) B, (2, v2) is the pair (i, v), where i is the unique probability
measure provided by Proposition2.2]

We will also use the somewhat abused notation u = p; B, p,. Indeed, p; B, 1
depends on v, and v, as well. We choose this shorter notation because the asymptotic
behavior of free convolution H is well understood (see [13], and [8] for a different
approach), and we would like to address convergence issues on the first component
of c-free convolution. Our second remark is that the operation H,. is commutative
and associative by Proposition and it reduces to the original c-free convolution
introduced in [9] in the case of compactly supported measures.

2.2 Weak Convergence of Probability Measures

If 11, and p are elements of M, or more generally, finite Borel measures on R, we say
that p,, converges weakly to p if

lim [ " ) = lim / ) duto)

for every bounded continuous function f on R. The weak convergence of measures
requires tightness. Recall that a family J of finite Borel measures on R is tight if

lim sup p({t: |t] > y}) =0.
y—=too ey

Any tight sequence of probability measures has a subsequence that converges weakly
to a probability measure.

We note for further reference that weak convergence of probability measures can
be translated in terms of convergence properties of the corresponding functions E
and ®.

Proposition 2.4 Let {,}52, and {v,}22, be two sequences in M.

(i)  The sequence p,, converges weakly to a measure p € M if and only if there exists
a truncated cone I such that the sequence E,,, converges uniformly on the compact
subsets of ' to a function E, and E,, (z) = o(|z|) uniformly in n as |z| — oo,
z € I'. Moreover, we have E = E,, in this situation.

(ii) Assume that the sequence v, converges weakly to a measure v € M. Then the
sequence (i, converges weakly to a measure n € M if and only if there exist
a, 8 > 0 such that the functions ®(,, ,,) are defined in the cone I, g for every
1, limy o0 (i, 0, (1y) exists for every y > 3 and @, ., (iy) = o(y) uniformly
innasy — oo. Moreover, in this case we have lim,,_,oc @, 1) (iy) = @) (iy)
for every y > 3.

Proof We refer to [5] for the proof of (i). To prove (ii), note first that the existence of

the truncated cone I',, 3 is provided by the weak convergence of the sequence {v, }2°

n=1
(see [5, Proposition 2.3]). Moreover, the sequence F;S,,_U

converges uniformly on the
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compact subsets of I', 3 to the function F571>, and F,S; b (z) = z(1 + 0(1)) uniformly
innasz — 0o,z € 'y g.

Assume that the measures p, converge weakly to a measure p. Then (i) and
Lemma 2.T] imply that the derivatives E,(z) = o(1) and E,, (z) = o(1) uniformly
in n as z — oo nontangentially. It follows that there exists M > 3 such that

| P (2) = P2 = | B, (B @) = Bu(FSV @) |
< |Bu (FV @) = B (F0 @) |
+| B (F70@) = BV @)
< |ESV (@) - Fi7(2)]

+[ B (V@) — B (F0 @) |

for every n € Nand z € T', . Hence (i) implies that ®(,,, ,,)(z) = o(|z|) uniformly
innasz — oo,z € T'yp. The family {®(,, ,,)}52, is normal, and hence it has
subsequences that converge uniformly on the compact subsets of I', 3. Moreover,
the above estimate and (i) actually imply that the limit of such a subsequence must
be the function ®(,, ). Therefore we conclude that the entire sequence {®(,,, 1,) }72,
converges uniformly on the compact subsets of I',, g to the function ®,, ;. In partic-
ular, these results hold for z = iy, y > .

Conversely, let us assume that lim,_ o, ®(,, ,,)(iy) exists for every y > (3 and
@, 0 (iy) = o(y) uniformly in n as y — oo. We first show that the sequence
{pn}22, is tight. Let us write

uy = uy(y) = FS7V (iy) = iy + ¢y, (i)

for y > (3, and also observe that ¢,, (iy) = o(y) uniformly in n as y — oo by the
assumption on the weak convergence of {1, }52,. Then we have

Uy — F/ln(uﬂ) = E/Ln(”n) = ‘p(y,,,u,,)(i)/) = 0()/)
uniformly in # as y — co. Moreover, note that

1 1
|Guy,(un(y))| S ?un - }’+0(}’)

uniformly in nas y — oo. Hence, we conclude that u? Gy, (uy) —u, = o(y) uniformly
in nas y — oo. On the other hand, since 1, = iy + o(y) uniformly in n as y — oo,
there exists M > (3 such that

t2
Ruy(y) — 1)+ (Suu(y))?

1
25 teRftlzy>M,
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for every n. Finally, putting everything together, we have

Lyoe Su, /°° v
__ GL n) — Up) = 4 "
y”(un 10 (Un) — tn) 7 ) Ruy— 2+ Sz (t)

%un/ 1 Suy
> < dpa () = — pa({t 2 [t| = y}),
v Sy 8" 8y "

for every n and y > M, which implies that {p,}52, is tight. If x4 € M is a weak
cluster point of {1, }52,, then the first part of the proof shows that the function
®(,,.1) is uniquely determined and hence, so is the measure p. Therefore the sequence
Ly converges weakly to the measure p. [ |

Note that, in case v,, = Jy, Proposition 2. 4] gives the equivalence between the weak
convergence of {11, }72, and convergence properties of {E,, (iy)}52;.

2.3 Infinite Divisibility

A pair of probability measures (u, ) is said to be H.-infinitely divisible if, for every
n € N, there exist measures u,,, v, € M such that

(/1/7 V) = (Mm Vﬂ) BE‘c (Mm Vn) BE‘c te B;]c (Mna Vn)a

n times

in other words, we have

w= p, Be p, Be - Be g and v=v,By,B---By,.

n times n times

The notion of infinite divisibility related to other convolutions is defined analogously.

The Lévy-Hin¢in formula (see [12]) characterizes the infinite divisibility relative
to classical convolution * of a probability measure in terms of its Fourier transform.
Namely, a measure v € M is x-infinitely divisible if and only if there exist v € R
and a finite positive Borel measure o on R such that the Fourier transform 7 of the
measure v is given by

o0

: 2
(2.3) D) =-exp [ifyt +/ (eit" -1 i ) L+x da(x)] , teR.

o 2 2
oo 1+x x

The free analogue of the Lévy-Hin¢in formula for a H-infinitely divisible proba-
bility measure was proved in [7,20]. A measure v € M is H-infinitely divisible if and
only if there exist v € R and a finite positive Borel measure o on R such that

o0

1+1tz

do(t), z€C".
z—t

(2.4) Fﬁfl) (2)=7v+z+ /

In other words, the function F{ ") can be extended analytically to C* if the measure
v is B-infinitely divisible.
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Every measure v € M is W-infinitely divisible [19]. The reason for this is that
every analytic self-mapping of C* has a Nevanlinna integral representation [1]. In
particular, the function E, can be written as

(2.5) E,(2) :'y-f—/ L2 o), zecr,

— 00

where v € R and o is a finite positive Borel measure on R.
In the sequel, we will use the notations v"?, vg”, and ;7 to denote respectively

the *-, H-, and W-infinitely divisible measures that are uniquely determined by v and

o via the formulas (2.3), (2.4), and (2.3).

3 Limit Theorems

Let {k,}>2, be a sequence of positive integers, and let {c,}52, and {c,}32, be two

sequences in R. Consider two triangular arrays {p : n € N,;1 < k < k,} and
{Vnk : n € N;1 < k < k,} in M. The goal of this section is to study the asymptotic
behavior of the sequence {(uy, v,)}52,, where

(,Una v,) = (51:,,, 6c,§) H. (Unla V) B (MnZa vm) B -+ - He (,Unk,,v Vnk,,)a

and J, denotes the Dirac point mass at ¢ € R.
Recall that the classical limit distribution theory for sums of independent random
variables is concerned with the study of the asymptotic behavior of the measures

pn:(scn*,unl*/lnz“'*,unknv neN.

For example, in case k, = n, ¢, = 0, fty1 = fhy = =+ = fuy = Wy, Where the
measure fi, has mean zero and variance 1/n, the weak convergence of the sequence
Py to the standard normal distribution belongs to the subject of central limit theorem.

In the absence of additional restrictions, any probability measure y can serve as a
limit of this sort. Indeed, if ¢, = 0, p,,; = pand py = § foralln > 1,and k > 2,
then the sequence {p, }52, certainly converges to p.

To exclude the possibility that in each row one single measure i, plays the dom-
inating role, one introduces the following condition:

lim max p({t €R: |t] >e})=0

n—o0 1<k<k,

for every & > 0. Such a triangular array { i, }»  is said to be infinitesimal.

Under this infinitesimality assumption, Hin¢in [15] proved that any weak limit of
the sequence {p,}52, is *-infinitely divisible. Later, Gnedenko [14] found that the
weak convergence of {p, }22; to a given *-infinitely divisible law 1]’ is equivalent to
the weak convergence of the measures

ki 42
do,(t) = >, —

dus, (t
Z1+12 Hk(®)
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to the measure ¢ and the convergence of the numbers

kn oo
t
Vo = Cy + ; |:ank + [m m dp’gk(t)i|

to the number v as n — oo, where the measures y;, are obtained through a centering
technique (see below). We will extend these results to the case of c-free convolution.

To this purpose, we assume that the arrays { jt,x } .k and {vyx }, x are both infinites-
imal. We introduce the measures p°, by setting

dl"’zk(t) = d,unk(t + ank);

where the numbers a,; € [—1, 1] are given by
G3.) o= [ tduato)
|t]<1

Note that the array {1, }, x is infinitesimal and lim,,_, oo max;<i<x, |@mx| = 0.
We also associate with each measure 10, an analytic function

M@=/‘ wd%N% zeC".

o Z—t

Note that S fux(z) < 0 with equality if and only if 11, = Jo, and that f,(z) = o(|z|)
as z — oo nontangentially.
We will require the following result.

Proposition 3.1 Let T, 3 be a truncated cone, and let {c,}°, be a sequence in R.
Suppose that the array { i }nx in M is infinitesimal, and that the centered measures
iy and the corresponding functions f,x are defined as above.

(i) Eye (z) = fu(z + aw)(1 + vi(2)) for sufficiently large n, where the sequence
va(2) = maxi<k<i, |Vuk(2)| has the properties that lim,_,o v,(z) = 0 for all
z €Ty pandv,(z) = o(1) uniformly inn as |z| — 00,z € T'y 3.

(ii) Foreveryn, kandz, w € I'y, 3, we have

|z = wl
z

| W) — Fu(@)] < | fu(2)] (1+vivar 2 -1)).

S

(i) Foreveryy > (3, the sequence {c, + Z],z”:l E,,(iy)}52, converges if and only if the
sequence {c, + Z:Ll [ank + fur(iy)]1}22, converges. Moreover, the two sequences
have the same limit.

() If

Ky

[e%e} t2
L =sup / ——dug(t) < +oo,
nazg—m1+ﬂ nk

then ¢, + Zi"zl E, (iy) = o(y) uniformly in n as y — oo if and only if ¢, +
Zl,z”:l [amk + fuk(iy)] = o(y) uniformly innas y — oo.
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Proof (i), (iii), and (iv) are proved in [22]. To prove (ii), let us consider the analytic
function

o= [ Ea,  zec

—00

for a measure u € M. For z, w € C*, we have

oo t2
5 = fiw < le=wl | e dute)

and - 5
%/ B ! 7 ) = 3£, < £,

In addition, we have

—t —w|+|w—t
|2 ]g'z Wit |f1+] |2 1] s 1evive] 2

w—t |w — ¢

for everyt € Rand z, w € I',. Therefore (ii) follows from these considerations. M

It was first observed in [6] that for any given truncated cone I'y, g, the function
F,§ Y s defined in Iy 5 as long as the measure p concentrates near the origin. More
precisely, for given «, 3 > 0, there exists ¢ > 0 with the property that if 4 € M is

(=1)

such that p({t € R: |t| > ¢}) < ¢, then the function F,; / is defined in I',, 3.

Lemma 3.2 Let T, 3 be a truncated cone, and let { i }nr and {vu}ni be two in-
finitesimal arrays in M. Then, for sufficiently large n, we have

(I)(u,,k,ll,,k)(z) — Quk = fnk(z)(l + unk(z))7 FAS Faﬁa 1< k < kna

where the sequence
u,(z) = max |ug(z)|
1<k<k

>Kn

has the properties that lim,_, u,(z) = 0 forall z € T'y g, and that u,(z) = o(1)
uniformly in n as |z| — 00,z € T p.

Proof Introduce measures dunk(t) = dl/nk(t + a,), where the real numbers a,; are
defined as in (3.1)). Notice that F (z) ,,”k —1) (z) — ayk. The infinitesimality of the
array {vux } x and the remark we make prior to the current lemma imply, as # tends
to infinity, that the functions F,S: b and F,Sim are defined in the cone I', 3. We also
have, for any z € I',, g, that

u,lk z)

Na(z) = max
z

1<k<ky

1‘ — 0
as n — oo and 1,(z) = o(1) uniformly in nas |z| — 0o,z € T'y 4.

The desired result now follows from Proposition 3.1(i) and (ii), and from the fol-
lowing observation:

q)(unk-,vnk)(z) — duk = u Vo y(2) = ( ok (Z) — ank) [}
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As shown in [8], the real and the imaginary parts of the function f,;; become
comparable when # is large. More precisely, we have

| Rfu(iy)] < B+6))|[Sfuliy)|,  1<k<kyy>1,

and

|Rfuliy)| <2|Sfuliy)| + |bu(n)|, 1<k<ksy y>1,

where 1 is sufficiently large and the real-valued function b,x(y) is defined by

(t — am)y?
b, :/ {an + —— | duu(t).
k() o = ar| k(1)

We will need an auxiliary result from [22], where it was written in a slightly dif-
ferent form.

Lemma 3.3 Consider triangular arrays {su }nx in [0, +00) and {zu tng > {Wak n in
C. Let {c,}22, be a sequence in R. Assume that

(1) Swu < 0and Sz, < 0 forallnand k;

(i) zp = wak(1 + ) and lim,_. o €, = 0, where €, = max;<x<x, |Enk|5

(iii) there exists a constant M > 0 such that [Rw,i| < M|Sw| + suk for all n and k.

Then, for sufficiently large n, we have

Ky

lew — wl| < (14 )<,
=1

k

+ En Z Snka
k=1

Ky
E C\}Wnk
k=1

and

<

k?l
(1 —&n — 5nM) Z %Wnk %an
k=1

»
™M)
L

k”
+En Y Suk-
k=1

In particular, if sup,~, 22":1 Sak < +00, then the sequence {c, + Zl,i”zl Zuk } 22, con-

verges if and only the sequence {c, + Z’,ﬁ;l Wik } o2, does. Moreover, the two sequences
have the same limit.

Proposition 3.4 Let { i }nx and {Vu}nx be two infinitesimal arrays in M, and let
{ca}2, be a sequence of real numbers. Suppose the functions ®(,,, ..., are defined in a
cone T, .

(i) Foreveryy > (3, the sequence {c, + Z’,ﬁ”:l D () (19) } 52, converges if and only
if the sequence {c, + Zi;l E,.(iy)}o2, does. Moreover, the two sequences have
the same limit.

(ii) IfL < +o00 as in Proposition BIiv), then c, + Z],z”:l D (1) (1Y) = o(y) uni-
formly inn as y — oo if and only if ¢, + Z’;’;l E,, (iy) = o(y) uniformly in n as
y — 0.
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Proof Note first that

k, k,

,, o
Solba 40> [ S duato
k=1 k=1 711121

kn

(t_ank)z
<5 ————— dun(t) < 5yL,
y;/m»lw—anwz it =7

for sufficiently large nand y > 1. Applying Lemmas[B.2landB.3Jto arrays { fux(iy) }n x
and {®,,, 1,0 (1Y) — duk }n k> we conclude that the two sequences

k

kn n
Cn + Z [a”k + f”k(iy)] and Cn + Z D (g1, (1Y)

k=1 k=1

have the same asymptotic behavior. Then the proof is completed by Proposition

[31Xiii) and (iv). [ |

We are now ready for the main result of this section. Fix real numbers ~, 7' and
finite positive Borel measures o, o’ on R. Recall that 1;” and v ” are the W- and
H-infinitely divisible measures from Section 2.3. The equivalence of (ii) and (iii)
in the following theorem was mentioned in [22] without the proof. For the sake of
completeness and a further reference in the next section, we will prove it here.

Theorem 3.5 Let {c,}o2, and {c,}22, be two sequences in IR, and let { iy} and
{Vuk Y nx be two infinitesimal arrays in M. Suppose that the sequence 5., B v, B vy, B
- B v, converges weakly to v asn — oo. Then the following assertions are
equivalent:

(1)  The sequence 0., B,y Be pn Be - - - B pk, converges weakly to p € M.

(i) The sequence 6., W pin W piy & -+ - W pr, converges weakly to v)°.

(iii) The sequence of measures

2

kn t
d n = E _ d °

converges weakly on R to the measure o, and the sequence of numbers

kn o0
t
Vo = Cp + ; {ank + [m Tin dﬂik(t)}

converges toyasn — oQ.

Moreover, if (i)—(iii) are satisfied, then we have ® e’y = Erina truncated cone.
s

)
Proof We first assume that (i) holds. Define

,un:65,,EBc,unlBHc,UfnZEElc"'Bﬂc,unk,,; Vn:(;c,:EEanEBVMEEl"'EVnk

n?
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and
pnzdcnwﬂnlwﬂnzw"'wﬂnkw neN.

The infinitesimality of the array {v,x},x implies that there exists a truncated cone
I', g such that the functions @, ,,,) are all defined in I, 3 and

k,
D) (2) = e+ Y0 Py (2), z€lap.
k=1

For n > 1, we define the function
ku
Fu(2) = co+ Y lam + fu(2)],  zeC.
k=1

Notice that

© 1+1tz
(3.2) R@ =t [ o0
and 0,(R) = —SF,(i).
By Propositions 2.4} 311 and[3.4] we have
(3.3) lim E,,(iy) =@ .0 (iy) = lim F,(iy),  y>f.
n—oo " vy ) n— 00

Since {F, }32, is a normal family, an application of Montel’s theorem shows that the
sequence {F,(i)}52, converges to ® » y»,/.n/)(i). Hence we obtain
Ve

lim —QF,() = —-S®, .0 (7).
n—00 (g )

In particular, we deduce that L = sup, -, 0,(R) < +00, and therefore (ii) holds by
PropositionsZ.4land[3.4l Moreover, in this case we have ® (o) = E,;- in the cone
I, 5 by the uniqueness principle in complex analysis. T

Assume now that (ii) holds. Thus we have lim,_. E,, (z) = E o (2) forz € C,
and E,, (iy) = o(y) uniformly in # as y — oo. Hence Proposition [3.1]implies that
lim, o F.(z) = E;e (z) for z € C" and F,(iy) = o(y) uniformly in nas y — oo.

Then we have L < —ZSE,,;-U(I') < +00. Also, note that

1 1 +¢t? 1 .
Loudlil = y) < /_oo S d(6) = S SE (i),

for y > 1 and n € N. This implies that {0, }>, is actually a tight family. Since
—SE,o(x + iy)/m and —SF,(x + iy)/m are the Poisson integral of the measures
(1+¢*)do(t) and (1 + t?) do, () respectively, the equation lim, . F,(z) = E,;-(2)
uniquely determines the weak cluster point o of {0, }32,. Hence the full sequence o,

must converge to o; moreover, the convergence of the numbers 7, follows from (B2))
and (3.3). Therefore (iii) holds.
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Finally, we prove that (iii) implies (i). Suppose (iii) holds. Then we have L <
20(R) < +oo and lim, . Fu(2) = E,;7(2) for z € C* by (3.2)). Proposition[3.1]
then shows that lim,, .« E,, (2) = E,y(2) forz € C*. Observe that for any M > 0,
n > 1,and y > 1, we have

|F (iy)] < |% / Ay do,(t) + o ({]t] > M})
|t|<M

1 LO+M
< m+(72y)+an({\t\ > M}).
y y

Then the tightness of {¢,,}>2, and the convergence of {v,}>2, imply that F,(iy) =
o(y) uniformly in n as y — oo. By Proposition B.1} this amounts to saying that
E, (iy) = o(y) uniformly in # as y — oo. Therefore, by Propositions2.4and[3.4] (i)
holds. .

Notice that Theorem [B.5(iii) is precisely the classical condition for the weak con-
vergence to a *-infinitely divisible law 2. Also, Theorem B.5]shows that the recip-
rocal of the Cauchy transform of the limit law y is given by

(3.4) Fu(z) =z —E,;~(F 1. (2)), ze (Ch.
Vi

Therefore, in order to determine the limit law i, one first finds the parameters v, 7/,
0, and o’ by Theorem[3.5](iii), then uses the formulas (2.4), (Z.5)), and (3.4) to obtain
the function F),. Finally, the measure . is recovered from the function G, as we have
seen in Subsection 2.1}

In this spirit, we see that the results in [9] concerning the c-free analogues of the
central and Poisson limit theorems are direct consequences of Theorem[3.5] Indeed,
given o, 3 > 0, incase vy = v/ = 0, 0 = a*§y and ¢’ = (%4, the limit law
1 is a c-free version of the centered Gaussian distribution on R that appeared in
[9, Theorem 4.3]. A c-free analogue of the Poisson law as in [9, Theorem 4.4] is
obtained when v = «/2,v" = /2,0 = (a/2)d, and o’ = (3/2)0;.

It is also interesting to note that (3.4) shows that the limit law ¢4 = ¢y if and only
if v = 0 and the measure o = dy. Thus, by Theorem [3.5] one obtains necessary and
sufficient conditions for the weak convergence to Dirac measure at the origin, which
can be viewed as the c-free analogue of the weak law of large numbers.

4 Application to the H-infinite Divisibility

In this section we give various characterizations of the H.-infinite divisibility with the
help of Theorem 3.5l The analogue of Theorem [4.1] for compactly supported mea-
sures was obtained earlier in [16] by analyzing the solutions of a complex Burger’s
equation. The approach we have presented here deals with general probability mea-
sures, and does not involve such a differential equation.

Before outlining the main result, we need a definition. A family of pairs
{(te, 1) >0 of probability measures on R is said to be a weakly continuous semi-
group relative to the convolution B if (g, v¢) Be (s, vs) = (fhess, Vess) for t,s > 0,
and the maps t — p, and t — v, are continuous.
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Theorem 4.1 Given a B-infinitely divisible measure v € M and a measure p € M,
the following statements are equivalent:

(i)  The pair (u, v) is B -infinitely divisible.

(ii)  There exists a real number v and a finite positive Borel measure o on R such that

o0

1+t
2dot), zeC'.

q)(,u,l/)(z) =7+ /

— 00

(iii) The function ®(,,,) can be analytically continued to C*.
(iv) There exists a weakly continuous semigroup {(f;, v;) }r>0 relative to B, such that

(o, o) = (80, 00) and (pu1, v1) = (@, v).
Moreover, if statements (1)—(iv) are all satisfied, then the limit

) 1 [ «x
Fytlglol{t/m 1 +x? du,(x)}

exists and the measure o is the weak limit of measures

1 %2
- ———du(x
t1+x2 Mt()
ast — 0%,

Proof We first prove that (i) implies (ii). Assume that (i) holds. For every n € N, we
have

p= i Be pn Be -+ - Be py and v=v, By, 8- By,

7 times n times

where p,,v, € M. Then we have Flgn_l)(z) —z = [F,S_w(z) — z]/n, and hence
the measures v, converge weakly to dy as n — oo by [5, Proposition 2.3]. On the
other hand, the identity ®(,, ,,)(z) = ®(,,,)(z)/n and Proposition 2.4 imply that the
measures /i, converge weakly to dy as well. Let us introduce two infinitesimal arrays
{ Ltk tnk and {vui}nx by setting e = pn and v = vy, where 1 < k < n. Then
the measure p (resp., v) can be viewed as the weak limit of the c-free (resp., free)
convolutions fu,,1 B pp B - - - B poy (resp., v, B, B- - -Bw,,). Hence (ii) follows
from Theorem[3.5

The equivalence of (ii) and (iii) is based on the Nevanlinna integral representation
of analytic self-mappings in C*(see [1]).

We next show that (ii) implies (iv). Suppose that (ii) holds. It was proved in [7]
that there exists a weakly continuous semigroup {v; },>¢ relative to B so that vy = d
and v; = v. Then, for every t > 0, there exists a unique probability measure p; on
R such that E,,, (z) = t(®(,,.)(F,,(2))) for all z € C*, where 119 = Jy. It is easy to see
that the c-free convolution semigroup {(p, ;) };>0 has the desired properties.

The implication from (iv) to (i) is obvious. To finish the proof, we only need to
prove the assertions about the measure o and the number . Assume that the pair

https://doi.org/10.4153/CJM-2010-075-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-075-4

Limit Theorems for Additive Conditionally Free Convolution 237

(p, v) is Bc-infinitely divisible, and let {(s, 24) }:>0 be the corresponding convolu-
tion semigroup as in (iv). Let {#,}52; be a sequence of positive real numbers such
that lim,,_, t, = 0. Let k, = [1/t,] for every n € N, where [x] denotes the largest
integer that is no greater than the real number x. Observe that

1—t, <tk, <1, neN.

Hence we have lim,_, t,k, = 1, and further, the properties of the semigroup
{(tr, 1) }>0 show that the c-free convolutions

M, . e, H. - B M, = Mk,

k, times

converge weakly to the measure y; = p as n — o0o. Theorem [3.5] then implies that

the measures , ,
1 x 1 X
— ——dp’ (x) = — k,——

t, 1+ x2 i, (%)

d o
fkn 1+ a2 CH ()

converge weakly to the measure o and

. 1 [ x q°
Vnggo[tn/oonz /’Lt(x):| )
where the centered measures dyu; (x) = du, (x + a,) and the numbers a,, are defined
asin (B.I). The desired result follows from the facts that lim,,_, o a, = 0, and that the
topology on the set M determined by the weak convergence of measures is actually
metrizable [12, Problem 14.5]. [ |

We conclude this section by showing a result, which is a c-free analogue of Hin¢in’s
classical theorem on the *-infinite divisibility [15].

Corollary 4.2 Let {c,}32, and {c,}22, be two sequences in IR, and let { fiui }n i and
{Vuk }n.k be two infinitesimal arrays in M. Suppose that the sequence 0, B, pt,1 Be p B,
<+ B pnk, converges weakly to ji, and that the sequence 6.1 B vy B vy B -+ B vy,
converges weakly to v. Then the pair (u, v) is B -infinitely divisible.

Proof It was proved in [6] that the measure v must be B-infinitely divisible. There-
fore the result follows immediately from Theorems[3.5land [4.1} ]

5 Stable Laws

In this section we determine all B -stable pairs of measures, which are defined as
follows. Denote by M x M the set of all pairs of measures (u, v), where u, v € M.
Two pairs of measures (1, v1) and (uz, v,) in M x M are said to be equivalent if there
exist real numbers a, b, with a > 0, such that du,(t) = du,(at + b) and dv,(t) =
dvy (at + b); we indicate this by writing (11, v1) ~ (2, 12). By analogy with classical
probability theory, we say a pair of measures (y, v) € MxMis B,-stable if (u1, v1)H.
(f2,12) ~ (u,v) whenever (uy,v1) ~ (@, v) ~ (p2,2).
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Remark 5.1 Note that if du,(t) = dpy(at + b) and dv,(t) = duvy(at + b), where
a > 0, then (2.2) shows that

(51) (P(#z,l/z)(z) = %[é(ﬂh”l)(az) - b}

in a truncated cone. Conversely, if pairs (11, 71) and (i, ;) are such that duv,(t) =
dv,(at + b), where a > 0, and (5.1)) holds in a truncated cone, then

dpy(t) = dps(at +b).

Proposition 5.2 If (u,v) is B -stable, then (u, v) is B -infinitely divisible.
Proof The H.-stability of (i, ) implies that (u B p,v Bv) = (u,v) Be (p,v) ~
(i, v), that is, there exist a, > 0 and b, € R such that

du(t) = d(p B p)(axt + by) and dv(t) = d(v B rv)(at + by).

The analytic description of free convolution implies that

) = & [Flg) @)~ ] = Z[F V(@) %] ~2

@ a
=2FV(2) — 2= Fg) (2),
where duv,(t) = dv(ayt + by /2). This shows that v = v, B v,. Moreover, Remark[5.1]
and Proposition 22l show that
D,0)(2) = u% [ @ (. p080) (a22) — by
= u% [q)(u,V)(“ZZ) - %]
= 29 (1,.1,)(2) = P11, 8,11y 0, B) (2)

in a truncated cone, where dy; () = du(ayt+b,/2). Therefore, we have 1 = iy B pis.

Next, we consider (p, v2) ~ (1, v) = (uaHBc 2, v, Br;). By a slight modification
of the above argument, it is easy to verify that there exist a3 > 0 and b3 € R such
that v = vs By B s and p = ps B ps B p3, where dvs(¢) = dvy(ast + bs/3) and
dus(t) = duy(ast + bs/3). Continuing in this fashion, we see that the pair (u, ) is
H.-infinitely divisible. u

Recall from [7] that an analytic function ¢: C* — C~ U R is said to be stable if
for every a > 0, there exist b > 0 and ¢ € R such that

$(2) + - glaz) = %qﬁ(bz) te  zech

The next result follows immediately from Remark[5.11

Proposition 5.3 A EEIC—inﬁnitegy divisible pair of measures (u, v) is H,-stable if and
only if the functions ®(,, ) and FSV(z2) — z are stable.
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A complete characterization of stable analytic functions was proved in [7]. We
will write out this result below for the sake of completeness. The complex functions
in the following list are given by their principal value in the upper half plane.

Theorem 5.4 The following is a complete list of the stable analytic functions ¢: C* —
CTUR

(i) ¢(z) =a+ib,acRandb <0.

(i) @z2) =a+bz "L acR ae(1,2],b#0,andargh € [(a — 2)7,0].

(ili) ¢p(z) =a+bz ", aeR a€(0,1),b+#0, andargh € [, (o — 1)7].

(iv) ¢(z) =a+blogzor ¢(z) = a+ b(im — logz), wherea € C- URand b < 0.

Finally, we briefly outline the role of H.-stable pairs of measures in relation to the
limit theorems. Following the ideas in [17], one can show that a pair of measures
(w, v) is B -stable if and only if there exist A, > 0, B, € R and measures ', v’ € M
so that the measure p (resp., v) is the weak limit of c-free (resp., free) convolutions

o Be g B - - - By (resp.,unBﬂl/nBH~~~EEV,,),

n times n times

where the measure (1, and v, are given by
du,(t) = du' (At + By), and dv,(t) = dv’ (At + B,).

We will not provide the details of the proof of the above assertion because it is quite
similar to those in the free case [17]. The reader will have no difficulty in providing
his/her own proof.
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