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Abstract We consider faithful finitary linear representations of (generalized) wreath products Awrp H
of groups A by H over (potentially) infinite-dimensional vector spaces, having previously considered
completely reducible such representations in an earlier paper. The simpler the structure of A the more
complex, it seems, these representations can become. If A has no non-trivial abelian normal subgroups,
the conditions we present are both necessary and sufficient. They imply, for example, that for such an A,
if there exists such a representation of the standard wreath product A wr H of infinite dimension, then
there already exists one of finite dimension.
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If V is a vector space over some field F, then FGL(V), the finitary general linear group
over V, consists of all F-automorphisms g of V for which dimg V(g — 1) is finite. Over
the past decade much has been learnt about such groups FGL(V') and particularly about
their subgroups (usually called finitary linear groups). For a summary of and introduction
to work up to about 1994, see [1].

Linear groups of finite degree are very ‘narrow’ groups; direct products and wreath
products are rarely embeddable in them. Finitary linear groups do not superficially seem
to be so narrow in that there are no comparable restrictions on their direct-product sub-
groups. Specifically, every direct product of finitary linear groups of the same ground-field
characteristic is isomorphic to a finitary linear group (of that characteristic). However,
the results of this present paper and of our earlier paper [7] on wreath products indi-
cate clearly that there is some sort of, as yet ill-defined, narrowness about finitary linear
groups.

In [7] we made a start on the classification of wreath products with faithful finitary
representations. Primarily we were concerned there with wreath products having com-
pletely reducible such representations. Here we embark on the general case. Our results
are reasonably complete if, for example, the base group is not soluble. The next step,
it seems, will need to be the study of such representations where the image of the base
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group is unipotent and then, in the general case, the determination of the structure of
the unipotent radical of the base group in such a representation. To do this it seems likely
that some substantial new idea is required; I feel the techniques of the present paper and
of [7] have been pushed about as far as they will go.

Finitary linear, standard wreath products seem relatively rare. For example, it follows
at once from the corollary below and the finite-dimensional case, that if A and H are non-
trivial groups such that A has no non-trivial abelian normal subgroups, then the standard
wreath product G = Awr H is isomorphic to a finitary linear group of characteristic
p 2 0 if and only if G is actually isomorphic to some linear group of finite degree and
characteristic p. Thus the switch from finite-dimensional to infinite-dimensional spaces
has not in this instance increased the range of examples. It pays, therefore, to be a little
more general. First we explain our notation.

Let A and H be two groups, let {2 be a set and let ¢ be a homomorphism of H into
the symmetric group Sym(¢2). For each w in §2 let a — a,, be an isomorphism of A onto
the group A, and let B be the direct product over w in §2 of the copies A, of A, Then
H acts on B by permuting the copies of A via its action on 2. Specifically, for a in A,
w in 2 and h in H, let (a,)" = aur. We consider here the generalized wreath product
G = Awrg H of A by H over 12, that is, the split extension G = H[B = HB of B by
H. Throughout this paper F' denotes a field of characteristic p > 0 and V' a vector space
over F. If K is some subgroup of FGL(V), then u(K) denotes the unipotent radical of
K. The following summarizes our main conclusions here.

Theorem. Consider the group G = HB = Awrg H above.

(a) Suppose Ho # (1) and assume G is a subgroup of FGL(V'). Then A has a nilpotent
normal subgroup Q such that A/Q is isomorphic to a completely reducible linear
group of finite degree and characteristic p. Further, if p = 0, then Q) is torsion-free
and ifp > 0, then Q has finite exponent a power of p. If A is not nilpotent-by-abelian
(e.g. if A is not soluble), then Ho < F Sym({2).

(b) If A is isomorphic to a linear group of finite degree and characteristic p, if H is
isomorphic to a finitary linear group of characteristic p and if Ho < F Sym(f2),
then G is isomorphic to some finitary linear group of characteristic p.

(c) Suppose Ho = (1). Then G is isomorphic to a finitary linear group of characteristic
p if and only if A and H are so isomorphic.

The main part of the theorem is (a). It strongly suggests that if A is not soluble, then G
is isomorphic to a finitary linear group of characteristic p if and only if H is so isomorphic
and if either A is isomorphic to a linear group of finite degree and characteristic p and
Ho < FSym($2), or A is isomorphic to a finitary linear group of characteristic p and
Ho = (1). (If A = (1), these conditions are trivially inadequate. They are also inadequate
if A is abelian and non-trivial, as is shown by the theorem of [6], Point 4(d) of [7] and
also the result 2 below.) In particular, the following is immediate from the theorem.
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Corollary. With the notation as above, suppose A has no non-trivial abelian normal
subgroups. Then G = Awrg, H is isomorphic to a finitary linear group of characteristic p
if and only if H is isomorphic to a finitary linear group of characteristic p and if either A
is isomorphic to a linear group of finite degree and characteristic p and Ho < F Sym({2),
or A is isomorphic to a finitary linear group of characteristic p and Ho = (1), or A = (1).

It is clear from [7], and also from the present paper, that the case where the group A (in
G = Awrg H) is torsion-free abelian, is critical and potentially complex. If the conditions
on {2, o and H required for faithfully representing G depended upon the isomorphism
type of A, then the situation could become very involved indeed. Fortunately, this is not
the case.

Proposition. Suppose, for some torsion-free abelian group Ao # (1), that the group
Go = Agwrp H is isomorphic to a finitary linear group of characteristic p > 0. Then
for any torsion-free abelian group A, the group G = Awrp H is isomorphic to a finitary
linear group of characteristic p.

We prove the proposition in three steps. First we consider the case where the image
of the base group By of Gy is completely reducible. This effectively settles the positive-
characteristic case. Then we assume the image of By is unipotent (so necessarily here
char F' = 0). Finally, we reduce the general characteristic-zero case to the previous situ-
ation.

§1. Consider G = Awrg H. Suppose §2 has a system of imprimitivity 2 = (J;c; % for
H such that for each ¢ in I the wreath product of A by Ny (£2;)/Cr(§2;) over (2; is
isomorphic to a linear group of finite degree and characteristic p > 0 and such that for
every h in H there is a cofinite subset I(h) of I with h centralizing (J;c;(s) $%:- Assume
further that H is isomorphic to some finitary linear group of characteristic p. Then G
too is isomorphic to some finitary linear group of characteristic p.

Proof. Suppose first that H is transitive on I. Pick ¢ in 1. Set X = §2;,set N = Ny (X)
and set C = Cy(X). Let T be a transversal of N to H; whence 2 = |, X't is the given
system of imprimitivity. Let By = (A, : w € ), so B is the direct product of the (By)!
over tin T.

By hypothesis there is a field F' of characteristic p, a vector space U over F of finite
dimension and an embedding of (N/C)Bx 2 Awrg(N/C) into GL(U). Now C((Bg)! :
t ¢ N) is a normal subgroup of NB. Regard U as a Bs-faithful FNB-module via the
obvious map of NB onto (N/C)Byg. Then V = U ®png FG = &7rU ® t is a B-faithful
FG-module.

Clearly, By < FGL(V), so B < FGL(V). If h € H, there is, by hypothesis, a cofinite
subset S of T such that h centralizes ( J,c 5 's. If s € S, then sh = ns for some n € N and
for any o in X we have gs = (0s)h = (on)s, so n € C. Thus h centralizes ;csU & s.
The latter has cofinite dimension in V. Thus G acts finitarily on V. (In particular, if
H < FGL(W) for some vector space W over F, then G embeds into FGL(V & W).)
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Suppose now that H is intransitive on I. For a large enough field F of characteristic p,
for each orbit J of H in I we can construct as above a finitary FH(A, : w € J;¢; 12)-
module V; that is faithful for (A, : w € [ J;c; £2) and trivial for Cy(U;c; %) Set V =
@®;V;. Then V is an FG-module that is clearly B-faithful and Cpy(§2)-trivial. Moreover
B embeds into FGL(V). Let h € H. By construction h acts trivially on V; for all but a
finite number of J. Consequently, G acts finitarily on V. Finally, we may also choose F
sufficiently large so that, for some vector space W, the group H embeds into FGL(W).
Consequently, G will then embed into FGL(V & W). O

§2. Again consider G = Awrg H and suppose H is isomorphic to a finitary linear group
of characteristic p 2 0. Then under any one of the following four conditions, G is also
isomorphic to some finitary linear group of characteristic p.

(a) A is isomorphic to a linear group of finite degree and characteristic p and Ho <
FSym(£2).

(b) A is isomorphic to a finitary linear group of characteristic p and Ho = (1).

(c) A=(1).

(d) 2 has a system of imprimitivity 2 = |J,c; £ for H such that every h in H
there is a cofinite subset I(h) of I with h centralizing |J;c (s % For each i in I,
either p > 0, the group A is abelian with its periodic subgroup a p-group of finite
exponent and Ny {(2;)/Cy(£2;) is finite; or p = 0, the group A is torsion-free abelian
and Ny (£2;)/Cr(§2;) contains an abelian normal subgroup L of finite index such
that f2; contains only a finite number of isomorphism types of L-orbit and each
L/Cp(w) for w in §2; is torsion-free; or p > 0, the group A is an abelian p-group
of finite exponent and Ng(£2;)/Cy(2;) contains a subgroup L as in the previous
case.

I do not know of an example where the group G above is isomorphic to a finitary linear
group, that is not covered by one of the four cases in 2. Thus the converse to 2 is open.
If this converse holds, it is not difficult to deduce the converse to 4 of [7] (settling the
finitary linearity of G with B completely reducible) and to confirm the speculation in the
introduction to [7] concerning the finitary representability of G as a completely reducible
group. Note that parts (b) and (c) of the theorem are easy consequences of (a) and (b)
of 2.

Proof. (a) By the enlargement of fields we may assume here that A € GL(U) and H £
FGL(W), where U and W are vector spaces over the same field F of characteristic p with
dimpg U finite. Let V = @,e0U,,, where each U, is a copy of U. Then Awrgnp Ho embeds
into GL(V) in the obvious way. Moreover, Awrg, Ho embeds, in fact, into FGL(V'), since
Ho < FSym(£2). Finally, G = Awrg H embeds into FGL(V & W).
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(b) Here we may assume that A < FGL(U) and H < FGL(W), where U and W are
vector spaces over the field F' of characteristic p. Since Ho = (1), we have G = A() x H
and hence V = U(?) @ W can be made into a G-faithful finitary FG-module.

(c) Here G = H, so the claim is obvious.

(d) The theorem of [6] shows that the hypotheses of 1 are satisfied. O

§3. Suppose G = HB = Awrp H is a subgroup of FGL(V) with B unipotent and
Ho # (1).

(a) If p =0, then A is torsion-free nilpotent.
(b) If p > 0, then A is a niipotent p-group of finite exponent.

Proof. By hypothesis there exists A in H and w in 2 with wh # w. Let C = A4, x
Aun € B and let N he the kernel of the product map of C onto A/A’ (that is of the map
aya,, — aa’A’). Now there is a G-invariant series {(A,,V,) : 0 € £} of subspaces of V
stabilized by B (see, for example, (2, 2.2a]). Let r = dimg[V, h] < co. Then there are r
factors

Ao’(i)/Vo(i)a with o(1) < 0(2) € - -- € o(7),

of this series, not necessarily all distinct, such that h centralizes the r + 1 factors
Va(l); Va(i+1)/Aa(i) for 1 €4 < and V/Aa(,.).

If a € A, then a,, and a.; induce the same map on these latter r + 1 factors and hence
N centralizes these r + 1 factors. Also B > N centralizes the former r factors. Thus N
stabilizes a series of subspaces in V' (running from {0} to V) of length 2r + 1. Therefore,
N is a nilpotent group of class at most 2r. Further N is torsion-free if p = 0 and of
exponent dividing p*" if p > 0. If & € A, then awa;,t € N, so N projects onto A via
its first component. Thus A is nilpotent of class at most 2r and, if p > 0, of exponent
dividing p?". Moreover, if a has finite order g, then so does awa;; € N. Therefore, A is
torsion-free if p = 0. The proof is complete. O

§4. Let G = HB = Awrg H be a subgroup of FGL(V) and suppose wh # w for some
weand he H.

(a) If p =0, then the unipotent radical u(A,,) is torsion-free nilpotent.

(b) If p > 0, then u{A,) is a nilpotent p-group of finite exponent.

If p > 0, then u(A,) is canonical in that u(A,) = Op(As) = Op(A)w- If p=0and A
and p lie in different H-orbits of {2, then u(A,) and u(A,) need not even be isomorphic, as
simple examples show. This is a substantial extra complication in the characteristic-zero
case.

Proof. Apply 3 with A and {2 replaced by u(A,) and wH. Note that u(A,)* = u(Auk)
for every k in H and that u(A,) wr,y H = (u(AL), H) £ G. O
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§5. Suppose G = HB = Awrgp H is a subgroup of FGL(V), where p > 0. If A is not
an extension of a nilpotent p-group of finite exponent by a torsion-free abelian group,
then Ho < F Sym(f2). Moreover, unless Ho = (1), the subgroup O,(A) of A is nilpotent
of finite exponent and A/O,(A) is isomorphic to a completely reducible linear group of
finite degree over the algebraic closure of F.

Proof. Clearly, we may assume that Ho # (1). Also Op(B) = X Op(A,) is the
unipotent radical of B, we have G; = G/O,(B) isomorphic to (A/O,(A)wrp H and if
W is the direct sum of the F'G-composition factors of V, then W is a finitary B/O,(B)-
faithful completely reducible F'G-module. Moreover O, (A) is nilpotent of finite exponent
a power of p by 4(b), so A/Op(A) is not torsion-free abelian. Therefore, Ho < F Sym(§2)
and A/Op(A) is isomorphic to a completely reducible linear group of finite degree over
the algebraic closure of F' by 2 of [7]. O

To produce a characteristic-zero version of 5, we need some further preparation.

86. For G = HB = Awrg H, suppose W is a finitary FG-module such that the base
group B of G acts completely reducibly on W. With K the kernel of the natural map
of B into FGL(W) and K, the natural projection of K into A, assume that A, /K, is
non-abelian for every w in £2. Then Ho < F Sym(£2).

Proof. We extract what we can from the proof of Lemma 2 in [7]. Clearly, we may
assume that H has no fixed points in 2. We may also assume F is algebraically closed,
for if not let E be the algebraic closure of F and replace F and W by E and the sum of
the EG-composition factors of E @p W.

If U is an irreducible F B-submodule of W with dimp U infinite, then since W is
finitary, U is an FG-submodule of W. By Lemma 6 of [4], at most one A, acts non-
trivially on U. But now H has no fixed points in 2 and if A,. acts non-trivially on
U, so does A,p for every h in H. Thus every A, acts trivially on U and dimp U = 1.
This contradiction shows that W is a direct sum of finite F-dimensional irreducible
FB-modules. Let {W; : i € 1} be the set of non-zero, non-B-trivial, F' B-homogeneous
components of W, so W = Cw (B) @ (&;W;) and set Wy = &;W;. By finitariness, each
dimp W; is finite.

For i € I let §2; = {w € 2 : A, does not act as a group of scalars on W;}. f U is an
irreducible F B-submodule of W;, there is, since dimg U is finite, a finite subset = of
£2; such that U is irreducible as F(A, : w € Z;)-module. By Schur’s Lemma (recall F is
now algebraically closed) A, acts as a group of scalars on U and hence on W; for every
w in 2\ =;. Therefore, £2; = =;, which is finite.

Since B is normal in G, so G permutes the W; and permutes them finitarily. Let
h € H\ (1). For some finite subset J of I, the element h centralizes W; for each i in I'\ J.
Let w € 2\ 2 for £2; = |J;¢; £2;- By hypothesis there is some a € A’ (and probably
depending on the choice of w) such that a,, ¢ K. If j € J, then w & §2; and A,, is scalar
on Wj. Thus for all j € J the element a,, acts as 1 on W and a,n = (a,)" acts as a, on
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W;. Let ¢t € I\ J. Then h centralizes W; and again a, acts as a,, on W;. Consequently,
a, and a,p have the same action on Wy and hence on W. Therefore, a,ra;' € K and
so if wh # w, then a, € K, which is false. Therefore, wh = w. We have now proved
that the cofinite subset (2 \ £2; of 2 consists of fixed points of h. Consequently, h acts
finitarily on {2, which means that H does too. O

If K is a group, then y3K denotes [K, K, K], the third term of the lower central series
of K. We have the following corollary of 6.

§7. For G = HB = Awrgp H, suppose W is a finitary F'G-module such that the base
group B of G acts completely reducibly on W. Suppose v>A,, acts non-trivially on W for
every w in §2 (e.g. if H is transitive on §2 and [W,~v3B] # {0}). Then Ho < F Sym(£2).

Proof. Let K and K, be as in 6. Then [4,, K, ] = [A4,, K] < A, N K £ K|, for any
w in £2. By hypothesis 72 A,, is not in K, so A/ does not lie in K,,. Now 6 applies. 0O

§8. Suppose G = HB = Awrg H is a subgroup of FGL(V) and that there is some w in
£2 and h in H with wh # w and A, locally nilpotent and unipotent-by-abelian. Then A
is nilpotent.

Proof. We may assume F is algebraically closed. Then, being locally nilpotent, A,
has a Jordan decomposition A, < (Au)u X (Au)d < FGL(V); see § 2 of [3], especially 2.3.
Clearly, ((Au)w)* = (AL)y for every k in H, and similarly with d in place of u. Also the
four subgroups (A, )u, (Aw)ds (Auk)w and (A,r)q centralize each other. By hypothesis
Al < (Ay)u, 50 (A,)4 is abelian.

Consider G = (G, (Aw)u)- There is a G-invariant series {(A,, V,) : 0 € X} of subspaces
of V stabilized by u(G). Let r = dimp[V, k] < co. Then there are r factors

Aa(i)/Va(i)’ with 0(1) < 0(2) << U(T)a
of this series, not necessarily all distinct, such that h centralizes the r + 1 factors
Va(l), Va(i+1)/Aa(i) for1 <i<rand V/Aa(.,).

If z € (Au)w, then z and z" induce the same map on these latter r 4 1 factors and,
since they lie in u(G) centralize the former r factors. Then the subgroup Dy, generated
by the z~1z" for € (A, ), stabilizes a series in V of length 2r and therefore is nilpotent
(of class at most 2r). Hence so too is the subgroup (Do, (Au )4, (Awr)a)- Consequently,
the subgroup D of A, x A,r < B generated by all a;lawh for a € A is nilpotent. But D
projects onto A, say via the first factor. Therefore A is nilpotent. (]

§9. Suppose G = HB = Awrg H is a subgroup of FGL(V), where F is algebraically
closed of characteristic zero.

(a) If Ho £ F Sym({2), then A is nilpotent-by-abelian.
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(b) If Ho # (1) and F has sufficiently large transcendence degree (e.g. trdeg F' > |A|
suffices), then A is an extension of a torsion-free nilpotent group by a completely
reducible linear group over F of finite degree.

Part (a) of the theorem follows at once from 5 and 9.

Proof. (a) Clearly, we may assume that H has no fixed points in 2. Let W be the
sum of the B-non-trivial FG-composition factors of V. Then W is a B/u{B)-faithful,
completely FB-reducible, finitary FG/u(B)-module (but here G/u{B) need not be a
wreath product, unlike the case in 5). Let w € 2 and denote the projection of u(B)
into A, by K,. Certainly K, is locally nilpotent and (K,)" = K, for all h € H.
Also [A,,u(B)] € A, Nu(B) < u(Ky), so K, is unipotent-by-abelian. Apply 8 to
the subgroup (H, K,) & K, wr,ug H of G. This yields that K, is nilpotent. Since by
hypothesis Ho € F Sym(£2). Point 6 implies that A, /K, is abelian for some w in 2.
Therefore A 2 A, is nilpotent-by-abelian.

(b) Suppose wh # w for some w € 2 and h € H. With W as in the proof of (a), we
have W = @,y W;, where the W; are the F'B-homogeneous components of W and each
dim g W; is finite, cf. the proof of 6. Now dimg|{W, h] is finite, so for some finite subset J
of I, we have [W,h] < X = @;e W, and Y = @,;¢;W; < Cw(h). Let ¢ be the induced
map of G into FGL(W). Then B Nker¢ = u(B) and, just as we have seen in the proof
of (a), the projection K, of u(B) into A, is nilpotent.

Let K (respectively L} be the kernel of the action of C = A, x A,p, € B on X
(respectively Y). Then K N L = ker ¢ |c= C Nu(B). Denote by N the normal subgroup
of C generated by all the elements a_'a,, for a € A. Then N < L. Also C/N = A/A’
is abelian, so [K,C] € KN L < ker¢ and K¢ < (1(Co), the centre of Cp. The map
¥ aud — (ataun)d of the centre ¢1(A,¢) of A,¢ into N¢ is a homomorphism, since
G (Aud) € G(C¢), and N¢ acts faithfully on X, since N¢ acts faithfully on W and
trivially on Y. Therefore 1) determines a homomorphism of ¢;(A4,¢) into GL(X) with
kernel

S={a,p€i(Aud):ac A& a;lawh € BNker¢ =u(B)}.

Since wh # w, this yields that S < {3 (AL¢) N K, ¢. Also K¢ < (1(Ce), so (Au,dNK¢) <
¢1(Au@). Thus (Au,¢N K@)/ (SN K@) is isomorphic to an (abelian) subgroup of GL(X).
Consequently, its maximal periodic subgroup Z/(SNK @) has finite rank, r say; necessarily
r <dimg X < o0.

Choose the normal subgroup M of A,¢ maximal subject to

M N Z(Au$ N Lg) = (SN K¢)(Aut N Lo).

Since Z(A, 9N L) /(SN K@) (AupNLe) =2 Z/(SN K¢) is periodic abelian of finite rank
7, so too is A,¢/M (recall that A,¢/(A.d N L) is abelian). In particular A, /M is
isomorphic to a completely reducible (even diagonal) subgroup of GL(r, F).

Let P be the maximal periodic subgroup of the nilpotent group K,,. Then Pwrp H <
G < FGL{V) and the base group of P wrg; H is periodic and hence unipotent-free (recall
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char F' = 0 here). It follows from 2 of [7] that P is isomorphic to a linear group of finite
degree over F. Hence so too is P¢$ & P and thus the abelian group Pé N K¢ < ((Co)
has finite rank, s say. Choose a normal subgroup M; of A, ¢ maximal subject to

My N (PN K¢)(Aud N Le) = Ay¢N L.

Then A, @/M, is periodic abelian of rank s and therefore is isomorphic to a completely
reducible subgroup of GL(s, F).

Let T be the subgroup of A,¢ such that T/(A,¢ N L¢) is the maximal periodic
subgroup of the abelian group A,¢/(A.,¢ N LP). Then A,¢/T is a torsion-free abelian
group with cardinality at most | A|. Assuming this is at most tr deg F', for example, A,,¢/T
is isomorphic to a (trivially irreducible) subgroup of F*.

Clearly, A,¢/K¢$ embeds into GL(X) and, since X is completely reducible as F B-
module and A, is normal in B, the FA,-module X is also completely reducible. Set
Qo = MinMNTNK¢. Then Qg is a normal subgroup of A,,¢ and A,¢/Qq is isomorphic
to a completely reducible subgroup of GL(r + s + dimp X, F).

Let @ denote the inverse image in A of QJo under the map a — a,¢. Then @ is a
normal subgroup of A and A/Q = A,¢/Qo. Now K¢ N Lo = (1), so TN K¢ is periodic
andso TNK¢ < Z. Also

MNZ<(SNK)(AudNLH)NKd=SNKg.

Therefore Qo < SN K¢ < (1(Awd) N K, ¢. Hence, with @, = {a, : a € Q} < A, we
have Q, < A, NK¢gp~! = A, N K, u(B) = K,,. In particular Q is nilpotent. Finally, the
maximal periodic subgroup of @, is @, N P and

QuNPZ(Qu.NPEMINPINKP < LoN Ko = (1),
so @ is also torsion-free. The proof is now complete O

§10. Consider the following example. Let F' = k(x), where k is the rationals if p = 0 and
the field of p elements otherwise and z is an indeterminate over k. Let V be a vector
space over F' with the countable basis {v; : i = 1,2,...}. We compute matrices only
with respect to this basis. Let h = diag(z,1,1,...) € FGL(V). Let A be the set of all
matrices (a;;) in FGL(V') such that a;; = 1, a5 = 0if ¢ # j # 1 and a;; € k; this for
all 4,5 = 1,2,.... Note that if a = (as;) € A, then ah = (Bij), where B;; =1, B;; =0
ifi#j#1and B = anzifi# 1. Thus G = (h, A) < FGL(V) is isomorphic to the
standard wreath product of A by the infinite cyclic group H = (h).

However, A is uncountable, so A is not isomorphic to any linear group of finite degree
over the countable field F', or even over the algebraic closure of F. However, A is isomor-
phic to a linear group of finite degree (1 if p = 0 and 2 otherwise) over some extension
field of F, since A is torsion-free abelian if p = 0 and is an elementary abelian p-group
if p > 0. Thus when searching for finite-dimensional representations of the group A,
in analogues of the above one must allow the possibility of substantially extending the
ground field.

We now prove the proposition. The following is an easy consequence of 2 and 4 of [7].

https://doi.org/10.1017/50013091500020678 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020678

36 B. A. F. Wehrfritz

§11. With G = Awr H as above, suppose Ho < F Sym(£2). Then G is isomorphic to a
finitary linear group of characteristic p > 0 with the image of its base group (respectively
of G) completely reducible if and only if H is isomorphic to a finitary linear group of
characteristic p (respectively with ker ¢ completely reducible) and either A is isomorphic
to a completely reducible linear group of finite degree and characteristic p (respectively
with H completely reducible if A = (1)), or Ho = (1) and A is isomorphic to a completely
reducible finitary linear group of characteristic p.

§12. Suppose Gg = Agwrpp H < FGL(V), with Ay # (1) and the base group By of Gy
(respectively G itself) completely reducible. If A is any torsion-free abelian group, then
G = Awrg, H is isomorphic to a finitary linear group of characteristic p (p = char F) with
the image of its base group B completely reducible (with G itself completely reducible,
provided A # (1}).

Proof. If Ag is not torsion-free abelian, then Ho < FSym(£2) by 2 of [7]. Now
A, being torsion-free abelian, is certainly isomorphic to a linear group of degree 1 and
characteristic p, and as such is clearly irreducible. Also if Gy is completely reducible,
then so is its normal subgroup ker o (the extended Clifford Theorem). The conclusions
now follow from 11 above.

Assume, therefore, that Ay is torsion-free abelian. We concentrate first on the case
where Gy, is not necessarily completely reducible. For this we may also assume that
Ap = {a} is infinite cyclic.

Suppose Gy = {(a) wrp H < FGL(V} with By completely reducible. We may assume
F is algebraically closed. (Otherwise for F the algebraic closure of F, replace V by
the direct sum of F* @ V, with G acting via G — H, and the direct sum of the FG-
composition factors of FA @ V, with G acting naturally.) Let {V; : i € I} be the set
of non-zero, Bp-non-trivial, F Byp-homogeneous components of V, so V = Cv(By) & Vo
for Vo = @;V;. Then By acts on each V; as a group of scalars (since F is algebraically
closed) and H permutes the V; and hence acts on I via Vi, = V;h for h in H. Further,
by finitariness, each dimg V; is finite.

Assume first that H is transitive on §2; say 2 = 7H = T for T a right transversal of
Ng(m) to H. Now a, acts on V; as a scalar, say as 7;. Choose elements ; for i in I alge-
braically independent over F' subject to §; = &; whenever 7; = 7;, and & = 1 whenever
ni = 1. Set R = F[¢,&" : i € I] < E, where E is some algebraically closed extension
field of F of large transcendence degree over F (trdeg E/F = (dimp V)(|$2|)(rank A) will
suffice). Let U; = E ®p V; and Uy = E ®@f Vy = @,U; after the obvious identifications.
Let z, € GL(Uy) act on U; for each 7 in I as the scalar §;. The F-algebra homomorphism
0 of R to F defined by 6 : &; — n; for each i defines a group homomorphism ¢ of (H, z,)
onto Go = (H,a,). Then z,¢ = a, and (z,)*¢ = (ar)* = arn. Note that (z,)" acts on
Us;p as &; for each ¢ and hence commutes with z,. Thus ¢ restricts to an isomorphism of
((zz)t :t € T) onto By = {ar; : t € T). Suppose mh = 7 for some h € H. Then an = an,
and so 7;, = 7; for each i. Hence &;;, = ¢; for each i and thus (z,)" = z,. Therefore, ¢
is an isomorphism of (H,z.) onto Gyg.
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Let D denote the subgroup of all elements of FGL(Up) that act as scalars on each U;.
For d in D write d = diag(d; : ¢ € I), where d acts on each U; as §;. Note that z, and a,,
both lie in D and that H normalizes D. Now D is divisible since E is algebraically closed.
Thus there is a divisible hull X, of (z.) in D such that if d = diag(é; : ¢ € I) € X, then
d; = 0; whenever & = &; and §; = 1 whenever & = 1. The argument above that Ny (7)
centralizes z clearly yields that Ny (m) centralizes X,. Hence (X) = (XT) and since
(xT) = Xp(z,)t, we have (XFH) = XpXt. Thus (H, X,) = Q* wrp H.

Suppose H is not transitive on (2. Let IT be a set of representatives for the H-orbits of
2. For each 7 in IT repeat the above construction of the representation of Q* wr,yz H in
FGL(Uy). Let =, denote the set of the non-identity elements &; used in this construction.
Choose the sets =, algebraically independent of each other over F'. We obtain a faithful
representation (H, X, : w € II) < FGL(Up) of Qt wrp, H.

The above construction depends upon the set = = | J, . ; = of algebraically indepen-
dent elements of E. Suppose that the = for j € J are algebraically independent subsets
of E over F bijective with = and all algebraically independent of each other over F.
We then obtain a faithful representation of Q) wrp H in FGL(Up) with the image of
the base group diagonal (in the above sense of lying in D). Here Q) denotes a rational
vector space with J as a basis. If A is a torsion-free abelian group, then A embeds into
a group of the form Q) for |J| = rank A. Thus G can be embedded into FGL(Uy) with
the image of its base group diagonal and hence completely reducible.

Suppose now that A # (1) and Gy is completely reducible. Then so too is the normal
subgroup ker o of Gy (by the extended Clifford Theorem). Let W be the sum of the EH-
composition factors of £ ® r V. Then W, is ker o-faithful. Regard W; as an EG-module
via the obvious map of G onto H. Let W, be the sum of the EG-composition factors of
Up and set W = W, @ W,. Then W is a completely reducible finitary EG-nodule.

Now ker o acts faithfully on W; and B acts faithfully on W,. Let K be the kernel of
the action of G on W. Then K B centralizes W; and hence K BNkero = (1). The action
of G on W, yields that K N B = (1), so K € C¢(B) = Bkero, using A # (1). Hence

K=Kn(KBNBkero) = KNB(KBNkero) = KN B = (1).

Therefore W is a G-faithful finitary completely reducible EG-module. The proof is com-
plete. a

§13. Suppose G = Awr H £ FGL(V), where A is abelian, the base group B is unipotent
and the ground field F' has characteristic 0. Let {¢; : j € J} be a family of independent
indeterminates over F, set E = F(§; : j € J) and let AY) denote a direct product of |J|
copies of A indexed by J. Then A) wr; H imbeds into FGL(E ® V) with the image
of its base group unipotent.

Proof. Since B £ FGL(V) is abelian and unipotent, log yields a well-defined isomor-
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phism (multiplication to addition) of B to log B < Endr V. Then

> ¢ilog B = ®jc 5 log B < Endp(E ®F V) (%)
jeJ
is an additive group of commuting nilpotent elements. Hence X = exp(}_; &;log B) is
defined and is an abelian unipotent subgroup of FGL(E ®@F V).

Set B; = exp(§;log B), so X = (B; : j € J). If II;b; = 1, where the b; lie in B; and
almost all are 1, then )" logb; = 0 and each logb; € {;log B. In view of the direct sum
(%), we have that each logb; = 0, that each b; = 1 and that X is the direct product of the
B;.Ifb € B and h € H, asimple calculation yields that (exp(¢; logb))* = exp(¢; log(b")).
Thus B; 2y B and X is H-isomorphic to the base group of A wro H. If h€ HN X,
the entries of logh lie in both F and &,€;log B. Hence logh = 0 and H N X = (1).
Consequently, (H, X) is isomorphic to AY) wro H. Moreover the base group corresponds,
under this isomorphism, to the unipotent group X. O

§14. Suppose Go = (a) wro H < FGL(V), where a has infinite order and the base group
By is unipotent. Then for any torsion-free abelian group A, the group G = Awrg H is
isomorphic to a finitary linear group of characteristic 0 such that the image of its base
group is unipotent.

Proof. Of course here char F' must be zero. Now By, being unipotent, stabilizes a G-
invariant series in V (running from {0} to V). The stability subgroup S of this series in
FGL(V) is torsion-free and locally nilpotent. It is also divisible (since Try(n, F) is divisible
for every finite n). Thus {(a,) has a unique divisible hull A, in S and (A4, : w € 2) is the
direct product of the A,. If h € H, then h normalizes S, so (A4,)" is the divisible hull of
(au)* = (awn) and (A,)" = A, . Moreover, if wh = w then (a,)* = a,, and h centralizes
A,,. Therefore (H, A,, : w € 2) < FGL(V) is isomorphic to QT wr, H. Note further that
its base group is, by construction, unipotent.

By 13 we can now represent faithfully in characteristic zero any group of the form
Q) wrp, H with the image of the base group unipotent. But if 4 is a torsion-free abelian
group, then A can be embedded in some group of the form Q() (with |J| = rank A, for
example). The lemma follows. d

§15. We have now dealt with both the base-group completely reducible and the base-
group unipotent cases. Unfortunately, one cannot directly separate the general case into
these two distinct cases. For example consider the elements

z 0 0 0 01 00
{0 1.0 0 b= 1000
“1o o 1 of’ “lo oz o0
0 011 0 0 01
of GL(4,Q(z)), where z is an indeterminate over Q. Set H = (h) and G = (H,a). Then

GL(4,Q(z)) 2 G = Coo wr Cos.
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If B denotes the base group of G in this representation as a wreath product, then
(1) < uw(B) < B. Moreover neither H.u(B) nor G /u(B) have the form of a wreath product
X wr Cy, for any group X. The trick is to switch to a more convenient representation of
G. For example G is clearly isomorphic to the subgroup G; = (a;, h;) of GL(2,Q(z)),

where
a-—lO h_:cO
T\ 1) 'Y\

and the base group B; of G corresponding to B is unipotent. Then we are in the situation
of 14.

§16. Suppose G = (a) wrp H < FGL(V), where |a| = oo, char F = 0 and F' is alge-
braically closed. Then G can be embedded into FGL(V () such that the image of the
base group B of G is unipotent.

Proof. The additive and multiplicative groups of F' are as follows:
(F,+) = QUFD  je. dimgF = |F|, and F* = (Q/Z) & QUFD.

Thus there is a group homomorphism ¢ of the additive group of F' onto the multiplicative
group F* of F.

The abelian group B has a Jordan decomposition B € B, x By < FGL(V), say
b = byba for b € B (see [3, 2.3]). Consider W = [V, Bgq] = 3, g V(ba—1). If b € By, then
[V,b] is a finite-dimensional F By-module and as such is a sum of one-dimensional F By-
modules. Thus W is a direct sum of one-dimensional F'Byg-modules. Let W = &, W;,
where the W, are the non-zero F'B;-homogeneous components of W. Since H normalizes
B, so H normalizes By, the space W is an H-submodule of V and H permutes the set
{W; : i € I}. Transfer this action to I; i.e. set Wy, = W;h for all ¢ in I and h in H.

Let IT be a set of representatives for the H-orbits of {2 and let = € IT. Now By acts
on each W; as a group of scalars. Let a4 (the diagonalizable component of a,) act on
W; as the scalar 7; ;. Then for h in H we have that ap 4 = (a,,-’d)h acts on Wi, as 7,
and on W; as m;p-1 . Let Y = {n; r : i € I & m € II}. For each 7 € Y pick £ in F with
e =nand { =0if n = 1. Then we have a subset X = {{; , :i € [ & 7 € IT} of F such
that & re = Nir, &7 = 0if 93 =1 and & x = & if Mix = M;x; this for all allowed
choices of the suffices. In particular ¢ restricts to a homomorphism of the additive group
(X) onto the multiplicative group (Y).

Let . denote the ‘diagonal’ element of Endr W, where z, acts as the scalar &; » on
W; for all i. Then (z,)" acts on W; as &;-1,,. Suppose mh = mk for some h,k € H.
Then azh,d = @xk,a acts on W; as both 7,4-1 » and 7;-1 . Hence these are equal, so
&in-1,n = Lix—1 o for each 3. Therefore ()" = (zx)*. Set z.r, = (z)* for all h € H; by
the above, this is well-defined.

Define A : B — Endp W by a,, — z,, for each w in 2. Since B is free abelian on the a,,,
so A is a well-defined group homomorphism. The homomorphism € : (X) — (Y) above
defines a group homomorphism g (addition to multiplication) of (z,, : w € 2) to By|w
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such that y : z,, — a, q¢/w. Then Ay is the natural homomorphism of B onto Bg|w given
by b — bglw for all b in B. Clearly A and p are H-maps. Suppose b € B with bA = 0.
Then bglw = bAp = 1. But by is diagonalizable on V and now is the identity on both W
and V/W,so by =1. If also b, = 1, then b = b,bg = 1.

We define a homomorphism ¢ of G into FGL(V @ W) as follows. For h in H and b

in B, set
h 0 0 by 0 0
h¢ = (0 hlw 0 ) and b = (0 1 b)\) .
0 0 hlw 0 0 1

Since b has only a finite number of non-zero entries (each dim g W; is finite by finitariness
and almost all the 7; » for a given 7 in IT are 1), so b¢ is finitary. Also (z,)* = zun
and (b,)" = (b"),, so the above defines a homomorphism ¢ of G into FGL(V @ W®).
Clearly, ¢ is one-to-one on H and the previous paragraph yields that ¢ is one-to-one
on B.If h € H and b € B with h¢ = bgp, then bA = 0, so by = 1; see the previous
paragraph. Hence b = b, = h € HN B = (1). Therefore H$ N B¢ = (1). Consequently ¢
is an embedding of G. Clearly, the image B¢ of B is unipotent. Finally the containment
of W in V yields an embedding of FGL(V @ W) into FGL(V(®)) mapping unipotent
elements to unipotent elements. The proof is complete. O

§17. Proof of the proposition. Clearly, we may assume Ag = (a) is infinite cyclic. Assume
Go < FGL(V), where char FF = p. We may extend the ground field, so let F' be alge-
braically closed. Suppose p = 0. By 16 we may also assume that the base group By of
Gy is unipotent. The required conclusion then follows from 14.

Now assume p > 0. Here By is unipotent-free. Let W be the direct sum of V and
the direct sum of the FGy-composition factors of V, where Gy acts on the summand
V via Go - H < FGL(V). By (the extended) Clifford Theorem, W is a Gy-faithful,
F Bg-completely reducible, finitary F'Gg-module. The proposition now follows from 12.

817. Remark. In the proof of 16 we have the minor complication of replacing the given
action on V by the one on W. The reason for this is that although W is always completely
reducible as F Bg-module, strangely V might not be. For consider the example B £ G £
FGL(V) on pp. 173-174 of [5]. Choose D there to be an algebraically closed field F.
Then By = B. Also, in the notation of [5], we have [V, B] < W < V, where W is a direct
sum of one-dimensional F B-submodules and dimg(V/W) = 1. It is easy to check from
the definitions in [5] that Cw (B) = {0}. If V is completely reducible as F B-module,
then

V =Cy(B)®W.

But Cv(B) and W are FG-submodules of V with W irreducible and dimr Cy (B) =1,
and yet V is not completely reducible as FG-module. This contradiction proves that V
is not completely reducible as F Bi-module.
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