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Abstract. We present sufficient conditions for the triviality of the automorphism group of
regular Toeplitz subshifts and give a broad class of examples from the class of 5-free
subshifts satisfying them, extending the work of Dymek [Automorphisms of Toeplitz
B-free systems. Bull. Pol. Acad. Sci. Math. 65(2) (2017), 139-152]. Additionally, we
provide an example of a B-free Toeplitz subshift whose automorphism group has elements
of arbitrarily large finite order, answering Question 11 of S. Ferenczi et al [Sarnak’s
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1. Introduction

1.1. Toeplitz subshifts. Let n € {0, 1}Z be a non-periodic Toeplitz sequence [17] with
period structure py | p2 | p3 ... — oo. That means for each k € 7Z, there exists n > 1 such
that 1% p,z is constant, but 7 is not periodic (the latter excludes trivial cases). Denote the
orbit closure of 7 under the left shift o on {0, 1}Z by X,. Each such subshift is called a
Toeplitz shift. It follows from the work of Williams [25] that such systems are in fact almost
1-1 extensions of their maximal equicontinuous factor (MEF), in this case of an associated
odometer (G, T'), where G is the compact topological group Lln Z/ pyZ built from the
period structure (p,)n>1, and T is the translation by (1, 1, . . .). Recall that odometers are
minimal, equicontinuous and zero-dimensional dynamical systems, and the conjunction of
these three properties characterizes them among all topological dynamical systems, see [8].
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1.2. The centralizer. For any subshift (Y, o), that is, a shift invariant closed subset
Y C {0, 1Y%, the automorphism group (or centralizer) is the group of all homeomorphisms
U: Y — Y which commute with o. Its elements are sliding block codes [16]. Therefore,
the automorphism group is countable. Since all powers of the shift are elements of the
centralizer, it contains a copy of Z as a normal subgroup. We say that the automorphism
group is trivial if it consists solely of powers of the shift.

Centralizers are studied for various classes of systems. Butatek and Kwiatkowski [2]
do it for Toeplitz subshifts with separated holes (Sh) using elements of the associated
odometer (G, T'). Moreover, in [3], they deliver examples of Toeplitz subshifts with
positive topological entropy and trivial automorphism group. More recently, Cyr and Kra
study automorphism groups of subshifts of subquadratic and linear growth in [4, 5]. In [5],
they prove that the cosets of powers of the shift in the centralizer of any topologically
transitive subshift of subquadratic growth form a periodic group. In [4], they show that any
minimal subshift with non-superlinear complexity has a virtually Z automorphism group,
answering the question asked in [24]. In [6], the same result is shown independently with
different methods by Donoso et al. However, the centralizer can be quite a complicated
group. In [23], Salo gives an example of a Toeplitz subshift with not finitely generated
automorphism group. We provide another example with this property, see equation (53)
and Corollary 3.25.

1.3. This paper’s contributions to general Toeplitz shifts. Let n be a Toeplitz sequence
with period structure (p,),>1 and recall from [2] that a position k € Z is called a hole at
level N if x4 pyz 1s not constant. We refine this concept and call such a hole essential
if the residue class k + pyZ contains holes of each level n > N, see Definition 2.2.
The minimal period Ty of the set of essential holes at level N divides py and, under a
(seemingly strong) additional assumption, Theorem 2.8 provides restrictions on the size
of the centralizer in terms of the quotients py/Ty. A direct application of this result to a
variant of the Garcia—Hedlund sequence is discussed in Example 2.19. After that, using a
mixture of topological and arithmetic arguments, we show that the additional assumption
is satisfied more often than one may expect—the main tool is Theorem 2.31. Along this
way, we exploit suitable topological variants of the separated holes condition (Sh) from [2]
in Proposition 2.16, and verify these conditions under arithmetic assumptions tailor-made
for the B-free case in Proposition 2.30. We note that our techniques generalize the setting
from [2], but are kind of transverse to the setting from [3], see Remark 2.10.

1.4. The centralizer of B-free Toeplitz shifts. For any set B C {2, 3, ...}, let

Mg = U bZ
beB
be the set of multiples of B and
Fp:=7Z\ Mg

the set of B-free numbers. One can easily modify a set B to have the same set of multiples
and to be primitive, that is, b 1 b’ for different b, b’ € B. So, we will tacitly assume that
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B is primitive. The investigation of sets of multiples and B-free numbers has a quite long
history, see [15]. Recently, the subshifts associated with 5-free numbers are under intensive
study, see e.g. [12, 18] and references therein. Namely, let € {0, 1}Z be the characteristic
function of the B-free numbers. Minimality of (X,,, o) is equivalent to 1 being Toeplitz
is shown in [18, Theorem B], whenever B is taut. The tautness assumption was removed
in [11, Theorem 3.7]. So, in the B-free context, (X, o) is minimal if and only if 7 is a
Toeplitz sequence.

In the case of B-free Toeplitz subshifts, the previously cited results for low complexity
systems are not useful, because even very simple B-free Toeplitz systems may have
superpolynomial complexity, see §3.6, where this is shown for B = B; := {2"¢, : n € N}
with pairwise coprime odd c,. Although the separated holes condition (Sh) is satisfied
for this simple example, we were not able to use the results from [2] to determine
the centralizer. However, its triviality was shown with more direct methods in [10].
Nevertheless, there are many B-free Toeplitz systems which do not satisfy (Sh) anyway, see
the example discussed at the end of this introduction, so that there is need for techniques
relying neither on low complexity nor on (Sh).

We mention briefly that Mentzen [22] proves the triviality of the automorphism
group for any Erd6s B-free subshift, that is, when B is infinite, pairwise coprime and
> »ep(1/b) < oo. This is extended to taut B containing an infinite pairwise coprime subset
in [19, 20]. This class of B-free subshifts is kind of opposite to the 5-free Toeplitz shifts.

1.5. This paper’s contributions to B-free Toeplitz shifts. In §3, the results from §2 are
applied to B-free examples. This is possible because Theorem 3.17 provides an arithmetic
characterization of the sets of essential holes in terms of sets of multiples derived explicitly
from the set B. Then we can use the general results to produce examples of minimal
B-free systems, including not only the case B = 5; treated in [10] but also many systems
violating the separated holes condition (Sh), which have trivial centralizers, see §3.3. (The
reader will notice that a very broad class of examples can be treated along the same
lines.) The fact that the general results fail to guarantee triviality of the centralizer for
some examples, to which even the basic Theorem 2.8 applies, is not a shortcoming of our
approach. This is illustrated in §3.4, where we consider simple variants of 5 = 3y, still
satisfying condition (Sh), but having non-trivial centralizers—ijust as big as Theorem 2.8
allows them to be. This provides a negative answer to [13, Question 11]. Indeed, a slight
generalization of this construction provides examples for which the centralizer contains
elements of arbitrarily large finite order, see Remark 3.24. It should be noticed that our
examples have superpolynomial complexity, see Proposition 3.30, so that the complexity
based results from the literature discussed above do not apply.

1.6. The formal setting. We recall some notation and results from [1], where a

cut-and-project scheme is associated with a Toeplitz sequence 1 € {0, 1}Z.
i pi1lp2|p3...— ooisaperiod structure of 7.

(i) P, :=1{k € Z: njk4p,z = i} denotes p,-periodic positions of i =0, 1 on n and
H, =7\ (P2 UPL) denotes the set of holes at level n.
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(i) G := l(ing/an and A: Z— G, where A(n)=m+ p1Z,n+ pr7Z,...)
denotes the diagonal embedding.

(iv) T: G — G denotes the rotation by A(1), thatis, (Tg), = g, + 1 + p,Z for all
neN.

(v) The topology on G is generated by the (open and closed) cylinder sets

Uyh) ={geG:g,.=h,}, hegdG.

i) Vii=U,en Ukeﬂm[o,pn) U,(A(k)) fori =0, 1.
(vii) The window W := vi=gG \ V9 is topologically regular, i.e. int(W) = W.
(viii) ¢: G — {0, 1}? is the coding function: (¢(g)), = 1w (g + A(n)). Observe that
¢(A0) = .

1.7. More background material and an outline of the paper. The odometer (G, T) is
the MEF of (X, o), see [25]. Let F': X, — X, be an automorphism commuting with o,
and denote by 7 : (X, 0) — (G, T) that factor map onto the MEF which is uniquely
determined by w () = A(0). Then there is yr € G such that the rotation f : y = y + yF
on G represents F in the sense that w o F = f o 7 (see e.g. [6, Lemma 2.4]). Observe that
yF = (F ().

Denote by Cy the set of continuity points of ¢ : G — {0, 1}2. Then, |7~ Ym(x)}| =1
if and only if w(x) € Cy and, in this case, x = ¢ (7 (x)). This is folklore knowledge, but
the reader may consult [21, Remark 4.2] and also [8, §§5-7] for a related and more general
perspective on this point.

Since F is a bijection respecting the fibre structure X, = |J, g 7~ '{h}, we have
|7 =Y (F(x))}| = |7~ Y{m(x)}] for all x € X,,. In particular, f(Cy) = Cyp, that is, Cy +
yr = Cy, see also [8, Lemma 4.2]. As the set of discontinuities of the indicator
function 1y is precisely the boundary W, a moment’s reflection shows that X, \ Cy =
Ukez @W + A(k), so

oW +yr < | Jow + Aw). (1)
keZ
We will use only this property of yr to investigate the nature of possible automorphisms F.
It is quite natural to expect that this will be much facilitated if the union on the right-hand
side of equation (1) is disjoint. Indeed, for general Toeplitz sequences, Bulatek and
Kwiatkowski [2] studied the centralizer problem under this assumption, because their
condition (Sh) is equivalent to the disjointness condition

IWN@OW + Ak) =& forallk € Z\ {0}. (D)

Namely, condition (Sh) is satisfied if and only if each T-orbit in G hits the set of
discontinuities of ¢ at most once, which is clearly equivalent to condition (D), see also
[9, remark after Definition 1].
As in [2, Proposition 3], it follows that:
(1) each fibre over a point in the MEF contains either exactly one or exactly two points;
and
(2)  there exists N' € N such that dW + yr € U<y W + AGK).
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We will introduce a weaker disjointness condition which also implies condition (2), see
Proposition 2.12:

forallk € Z\ {0} : aW N (W — A(k))

is nowhere dense with respect to the subspace topology of dW. (D)

Moreover, we need a strengthened version of this condition which, in many examples, will
help to show that dW + yr € dW + A(kg) for a single kg € Z:

forallk € Z\ {0} forall e G:0WNO@OW — B NE@OW —28 — A(k))
is nowhere dense with respect to the subspace topology of dW. (DD")

Conditions (D) and (DD’) and an additional growth restriction on the arithmetic structure,
see equation (42), play essential roles for proving that the assumption of our basic
Theorem 2.8 is satisfied. To prove conditions (D’) and (DD’), we assume in equation (AS)
below that the sets of essential holes have some particular arithmetic structure motivated
by the intended applications to B-free Toeplitz shifts, see Propositions 2.20, 2.28 and 2.30.
We note here that the additional growth restriction excludes irregular Toeplitz shifts, see
Remark 2.29. In Theorem 3.17, we show that B-free Toeplitz subshifts indeed satisfy the
structural assumption in equation (AS).

A characterization of the triviality of the centralizer is provided in [2, Theorem 1]. The
example By = {2"¢;, : n € N} with coprime odd ¢,, > 1 from [10] satisfies condition (D),
but we were unable to evaluate the criterion from [2, Theorem 1] for it. Instead, we will
show that the example not only satisfies 0W + yr C U‘ KI<N oW + A(k), but that there
exists a single integer ko such that 0W + yr C W + A(kp), i.e. IW + (yr — A(kg)) S
dW, see Example 3.20. The same holds for the example B} = B; U {c%} and for further
generalizations of this kind. We shall see that this is the key to control the centralizer with
modest efforts in Corollary 2.21: in the case of By, the centralizer is trivial (see also [10]),
while for 3}, our approach only yields that the c;th iterate of each centralizer element is
trivial. Indeed, we will show for this example that the centralizer has an element of order
c1, see Proposition 3.23 and Remark 3.24. More generally, we will show that elements of
the centralizer can be of arbitrarily large finite order, see Corollary 3.25.

Already, the example B, = {2"¢,, 3"¢, : n € N}, with coprime ¢, > 1 also coprime
to 2 and 3 and satisfying ]_[neN( 1—1/cy) > %, violates condition (Sh) but satisfies
conditions (D’) and (DD’), see Example 3.21. In §3.6, we show that the shift determined
by B, has superpolynomial complexity (the same holds for Bj), so that the results from
[4-6] do not apply. We also deliver examples for which not all holes are essential, see
Examples 3.27 and 3.29.

2. The abstract regular Toeplitz case

2.1. A first basic theorem. Let n € {0, 1}” be a non-periodic Toeplitz sequence with
period structure py | p2 | p3 ... — oco. That means for each k € Z, there exists n > 1
such that nj;yp,z is constant, but 7 is not periodic. For i =0, 1, denote 7351 ={keZ:
Nk+p,z = i} (we use this notation, because it is shorter than Per,, (7, i) established in the
literature) and H,, = Z \ (P2 U P}l). Here, H, is called the set of holes at level n.
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The odometer group G = 1(131 7] pnZ with the Z-action ‘addition of 1’ (T : G — G,
(Tg)n = gn + 1) is the MEF of the subshift X,,, which is the orbit closure of n under
the left shift o on {0, I}Z. In symbols, 7 : (X, 0) — (G, T). Observe that H,, C Hy if
n>N.

In [1], a cut and project scheme is associated with n by specifying a compact and
topologically regular window W C G: for h € G, let U,(h) ={g € G: g, = h,} and

define
= U utaw)
neN kePi N[0, p,)
fori =0, 1. From [1, Theorem 1 and its proof], we see:
(1) W:=V!=aG\ VYis topologically regular, i.e. int(W) =
2 aw=G\Wvoluvhy;
(3) A(k) e Viifandonlyifny =ifori =0, 1 andall k € Z, in particular n; = 1 if and
only if A(k) e W.

LEMMA 2.1. h € 0W ifand only if hy € Hy forall N € N.
Proof. We have
hgowshe | J Viene [ | U wawy
i€f0,1) i€{0.1) neN repi A[0,p,)
& there exists i € {0, 1} there exists n € N there exists
keP N[0, py):hy, =k
< there exists i € {0, 1} there existsn e N : h, € P’,;
& there existsn € N: h, &€ H, O

Definition 2.2. (Essential holes) The set of essential holes at level N is defined as
={keHy: :H,N(k+ pyZ) # & foralln > N}. 2)
Definition 2.3. The minimal periods of H,, and H,, are denoted by 7, and 7,, respectively.

Remark 2.4.

(a) 'rtln C'rthifn > N.

(b) Hy and Hy are pn-periodic by deﬁmtlon—although this need not be their minimal
period. (For HN,]ust observe that k € HN ifandonly ifk + py € ’HN ) Hence, Ty |
pn and Ty | pn, so that expressions like ‘T | Ay’ or ‘gcd(Ty, hy)’ are well defined
when hy € Z/pnZ. (This is consistent with the following general convention: an
element z of an abelian group Z is divisible by n e N if z e nZ. If Z is a cyclic
group and z1, 22 € Z, then ged(zy, z2) is a generator of the subgroup of Z generated
by z1 and z». If Z = 7Z, then we choose gcd(z1, z2) to be positive by convention.
Finally, if n € Z and z + pZ € 7/ pZ, then we understand by gcd(n, z + pZ) the
(positive) generator of the group generated by n and z + pZ; this is the greatest
common divisor of the numbers 7, z and p in the usual sense.)
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LEMMA 2.5.
(@) ke Hy ifand only if Uy(A(K) N AW # .
(b) heoWifandonlyifhy € Hy forall N € N.

Proof. (a) Let h €e Uy(A(k)) NoW. Then k € hy + pnZ C Hy + pNnZ = HNn by
Lemma 2.1, and for all n > N, we have in view of Lemma 2.1: h,, € H, N (hy + pNZ) =
H, N (k+ pyZ). For the reverse implication, let k ’;'—V[N. We construct &7 € dW with
hy =kmod py:forj > N,thereisr; € H; N (k + pyZ).Let h) = A(r;) and fix any
accumulation point 4 of the sequence (h(/)) j- Consider any n > N. For some sufficiently
large j, > n, we have h, = hflm =rj, mod p,. Hence, hy € rjy + pnZ =k + pNZ,
so that h € Uy(A(k)), and hy € 1), + ppZ € Hj, + ppe € Hy + puZ = Hpy, so that
h € 9W by Lemma 2.1.
(b) We have

heoW s foral N e N: Uyh)NoW # g
< forall N e N: Uy(A(hy)) NOW #= &
< forall N e N: hy € Hy by part (a). 0

The following simple lemma is basic for our approach.

LEMMA 2.6.
(@ Ifh+ BZ < oW for some h, 8 € G, then hy, + gcd(B,, Th)Z < ’;lnfor alln > 0.
(b) IfoW + B C oW for some B € G, then T, | B, for alln > 0.

Proof. (a) h,, + B,Z < ’ﬁn for all n by Lemma 2.5(b). As ’}’?ln is T,-periodic, this implies
hn + ged(B, T)Z S H.

(b) Let je ’}F:[ Then there is some h € U,(A(j)) NoW by Lemma 2.5(a).
Now, h+ BZ C W by assumption. As h, = j, this implies, in view of part (a)
of the lemma, j +ng(/3n,l'n)Z C’Hn As this holds for each j € ”Hn, we have
7—[,, + ged(Bp, Th)Z = 7—[,,, and as 7, is the minimal period of Hn, we conclude that

T | Bu- O

Remark 2.7. If h 4+ BZ < W, Lemma 2.6 implies

~ 1
S(Hy) > 8(Hy) > —————.
() 2 () = ng(IBn’ )

Therefore, the last lemma seems to be useful only for regular Toeplitz shifts, because
for irregular ones, inf, §(#,) > 0 so that no useful lower bound on ged(8,, 7,) can be
expected.

Each automorphism F of (X, o) determines an element yr € G such that 7 (F(x)) =
7(x) + yr for all x € X;). Observe that

oW +yr C ([ JOW + A(K), 3)
keZ
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because F' leaves the set of non-one-point fibres over the MEF invariant. We first focus on
a stronger property than equation (3).

THEOREM 2.8. Recall that T,, denotes the minimal period Of’;[n.

(a) If an automorphism F of (X,,o) satisfies OW +yr C W + A(k) for some
k=kr € Z, then T, | (¥r)n — kr. In particular, if infinitely many 'rtl,, have minimal
period py,, then yr = A(kp).

(b)  Suppose that for each automorphism F € Auts (X)), there exists a unique kp € 7
such that

oW + yr COW + A(kr). )
If M :=lim inf,,_, oo p, /T, < 00, then
Aut, (X)) = (o) & Tor,

where Tor denotes the torsion group of Aut, (Xy). Moreover, Tor is a cyclic group
(possibly trivial), whose order divides M. In particular, if infinitely many H, have
minimal period py, then the centralizer of (X, o) is trivial.

Proof. (a) The first claim follows from Lemma 2.6(b), the second one is just a special case
of this.

(b) In each residue class of Aut, (X,)/{(c), there is exactly one element F for which the
associated integer kr satisfying equation (4) equals 0. These elements F form a subgroup
J of Auts (X;). Suppose for a contradiction that there are M + 1 different automorphisms
F1, ..., Fy41 € J. Inview of Lemma 2.6(b), they all satisfy

% | (yr)s, foralln € N. 5)
Hence, there exists arbitrarily large n € N such that M = p, /7, and
(VE)S, /Tn €{0,..., M —1} foralli=1,...,M+1.

It follows that there exist two different i, j € {1, ..., M + 1} for which (y£,)s, = (¥F;)s,
for infinitely many n, which is only possible if yr, = y;. In view of [6, Lemma 2.4],
this implies F; = F; mod (o), so that i = j, which is a contradiction. Hence, J is a
finite group of order m < M, say J = {F1, ..., Fy}. In particular, J C Tor. However,
if F € Tor, then ryr = A(0) € G for some positive integer r. Hence, with the integer kr
satisfying equation (4), we have

oW + yiqg — A(rkp) = 0W — A(rkp) = oW +ryr — A(rkp) C 0W,

but k74 = 0, so equation (4) implies kr = 0. It follows that F € J, and we proved that
J = Tor. Then [7, Theorem 3.2(2)] implies that Tor is cyclic, and Aut, (X,) = J @ (o) =
Tor @ (o).

It remains to determine the order m of Tor: fix some F' € Tor. In view of equation (5),

Dn=M- T, | M - (yF)S,, = (YFM)S,, mod DPn

for all n € N. Hence, FM = ian, so that the order of F is a divisor of M. O
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To apply this theorem, we need to verify the assumption in equation (4) and to determine
the periods 7,. So we focus next on finding sufficient conditions that imply oW +
(yr — A(K)Z S OW.

2.2. The separated holes conditions and its variants. The separated holes condition
(Sh) was introduced in [2]. It requires

forallk € Z\ {0}, thereexists N € N foralln > N :H,N(H, —k) = . (Sh)
As mentioned in the introduction, it is equivalent to the disjointness condition
forall k € Z\{0}: oW N (@W — A(k)) = &. (D)
Indeed, it is even equivalent to the separated essential holes condition
forallk € Z\ {0}, thereexists N € N foralln > N :H, N (Ha — k) = &. (Seh)

As we do not make use of this equivalence, we leave it as an exercise.

The following variants of the separated essential holes condition, which allow to study
Toeplitz subshifts that violate condition (Sh), will play important roles; however, so we
provide proofs for the corresponding equivalences:

(i) weak disjointness condition (D), equivalent to weak separated essential holes
condition (Seh’):

forallk € Z\ {0} : 9W N (W — A(k))
is nowhere dense with respect to the subspace topology of dW. (D)

for all k € Z \ {0} : there is no arithmetic progression r + pyZ such that
foralln > N: & # (r + pnZ) NHy C Hpy — k; (Seh’)

(ii) weak double disjointness condition (DD'), equivalent to weak double separated
essential holes condition (DSeh’):

forallk € Z\ {0} forallBe G:aWN@OW —B)N@OW —28 — A(k))
is nowhere dense with respect to the subspace topology of W, (DD")

forall k € Z \ {0} forall 8 € G : there is no arithmetic progression r + pyZ

such thatforalln > N : & # (r + pnZ) N Hy C (Hy — Bu) O (Hp — 2B — k).
(DSeh’)

Observe that for 8 = 0 conditions (DD’) and (DSeh’) reduce to conditions (D’) and (Seh’),
respectively. Moreover, conditions (D) and (Sh) clearly imply conditions (D) and (Seh’),
respectively.

In the following, we will assume condition (DD’)—indeed, for some results, only the
weaker condition (D) is needed. In the B-free setting, condition (DD’) will be verified
under suitable assumptions in Proposition 2.30.

Both equivalences above, namely — condition (D) < — condition (Seh’) and —
condition (DD’) < — condition (DSeh’), follow immediately from the next lemma.
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LEMMA 2.9. Letk € Z\ {0}, B € G, N > Qandr € Z. Then,
D #UnNAF))NIW S @OW —B)N@OW —28 — A(k)) (6)
if and only if

foralln >N : @ # +pn2) NHy € Hy — ) N Hy =28, — k). ()

Proof. Suppose that equation (6) holds. Then, for all n > N, there is r, € r + pyZ such
that U, (A(r,)) N OW # &, whence r, € (r + pyZ) N H,, in view of Lemma 2.5(a).
Now consider any r,, € (r + pnZ) N H,. By the inclusion in equation (6),

Un(A(ry)) NOW C Un(A(rn)) NOW
=UN(A@r)NIW C W — B)N@W — 28 — A(k)),

so that, by Lemma 2.5(a) again, r, 4+ 8, € 77[" and r, + 28, + k € 77[,,, which proves
equation (7).

Conversely, suppose that equation (7) holds. For each n > N, there is some r,, € (r +
PNZ) N Hn, and we find a subsequence A(ry;) that converges to some h € G. Hence, for
each m > 0, there is n; > m such that hy,, € rn, + puZ < ’Hnl + pmZ S Hpn + pmZ =
’Hm, so that h € W in view of Lemma 2.5(b). As hy € ry; + pyZ =71 + pnZ for
some n;, this shows that h € Uy (A(r)) NOW.

Now consider any h € Uy(A(r)) NOW. Then, for all n > N, U,(h) NdW # &,
so that h, € (r + pNZ) ﬂ’}fln, where we used Lemma 2.5(a) once more. The inclu-
sion in equation (7) then implies h, € (Hy — Bn) N (Hp — 2B, — k) for all n > N.
Now Lemma 2.5(b) shows that # + 8 € 9W and h + 28 + A(k) € 0W, which proves
equation (6). O]

Remark 2.10. Suppose that the condition (*) from [3] holds, that is, for any n € N and
s €L,

[spn, s + Dpp) NHy € Hpgr 01 [spy, (s + Dpp) N Hpp1 = I, (%)

and recall that it implies triviality of the centralizer [3, Theorem 1]. Here we show that it
implies H,, = H,, for all n, but mostly precludes property (Seh’): note first that

foralln e N forallr € H,, thereexistss e€Z:r+sp, € Huyt1- (8)

Indeed, otherwise there are n € N and r € H,, such that r + sp, € H, \ H,1 for all
s € Z. However, then H,+1 = ¢ in view of condition (*), which is excluded because we
study only non-periodic Toeplitz sequences. A straightforward inductive application of
condition (8) shows that for alln € N, r € ‘H,, and m > n, there are integers s, . . . , Sp—1
such that r+s,py, + -+ + Sm—1Pm—1 € (r + ppZ) NH,,. Hence, 771,, =H, for all
n € N. We claim

(r+ pNZ) N ";ln - 7Tln — (@' —r) foranyr,r’ € Hy N[0, py). 9

Indeed, letr, r’ € Hy N[0, py) and s € Z. Suppose that r + spy € H,, forsomen > N.
Since for any m > N we have r + spn € [s), Pm. (s}, + 1) pm), where s, = [spn/pm],
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and H, € Hp—1 € - - - € Hy, by condition (*), we obtain [s,, pm, (s, + 1) pm) N Hp S
Hm41 for any N < m < n. In particular, since [spy, (s + D) pn) S [s), Pm> (55, + D pm),
we have [spy, (s + 1) py) N Hyy € Hppy1 forany N < m < n. Hence,

[spn, (s + Dpn) NHy = [spn, (s + Dpn) N Hu1 € Hao

Of course, r' +spy € [spn, (s + Dpy) NHy. So v’ +spy € H, = H,. The same
arguments as above, with roles of r and r’ interchanged, show that

r+spy € Hy &1 +spy € Hy & r+spy € Hy — (' —1).

So equation (9) follows. Hence, if [0, py) contains at least two holes at level N, then
condition (Seh”) does not hold. If, however, H, N [0, p,) is a singleton for any n > N,
then the distance between consecutive holes at level n is p,, so even condition (Sh) holds.

Remark 2.11. Given k € Hy \7~:LN, let ny > N be minimal such that (kK + pyZ)N
Hn, = &. Clearly, n; depends only on the residue of k modulo py, so the n; are bounded,
say, by my. Then, for k € Hy, k € Hy if and only if (k+ pNZ) N Hpy # &. More
generally, for every n = my: k e HN if and only if (k + pyZ) N'H, # &. Hence, for
every n > my, HN = H, + pnZ. It follows that the minimal period T of H n divides
gcd(ty,, py) forn > my.

2.3. Consequences of the weak disjointness condition (D').  Consider any automorphism
F of (X;,0). Recall from the introduction that 7 o F' = f om, where 7 : (X;,0) —
(G, T) is the MEF-map and f : G — G, y — y + yF for some yr € G, and that W +
yF S Ukez 9W + A(k). Denote

Vi=oWN@W4+ AKk) —yr) (keZ) (10)
and
= {k € Z : intyw (Vi) # J}. (11)

PROPOSITION 2.12. Assume that the weak disjoininess condition (D') holds. Let the
automorphism F of (X, o) be described by a block code {0, 1}[=mml 5 10, 1}. Then,

m
oW +yr S |J aw+Aw®). (12)
k=—m
Proof. Recall from equation (3) that W + yr C (Uyey, OW + A(K).
Let y € G and recall that w : X;, — G denotes the factor map onto the MEF. At the end
of the proof, we show

|n_1{y}| =2 <& thereexists j € Z:y+ A(j) € R:= W\ U oW + Ak). (13)
keZ\{0}

As F: X, — X, is a bijection that maps 7-fibres to -fibres and as 7w o F = f o, it
follows that when 7w~ {y} = {x, x2} with x| # x2, thenw "1 { f(y)} = {x] = F(x1), x} =
F(x2)}, and there are exactly one index j € Z such that y + A(j) € W and (x1); #
(x2);, and exactly one index k € Z such that f(y) + A(k) € 9W and (x])x # (x))k.
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As F is described by a block code {0, 1}I=""] — {0, 1}, it follows that | j — k| < m. (This
argument is taken from the proof of [2, Corollary 1].)

Consider any y € R. Then the index j in equation (13) equals O and y + yr € 0W —
A(k) for some k with |k| < m. In other words: f(R) is contained in the closed set

Z‘zfm Tk(dW). Because of condition (D’), the set R defined in equation (13) is residual
with respect to the subspace topology of d W. Hence,

m m

W +yr=f@W)=fRcf® < |J oWy = | aW+AK).

k=—m k=—m

It remains to prove equation (13). Recall first that |7~ Yy}l =1 if and only if y € Cy,
so that |7~ !{y}| > 1 if and only if y € Upez, 9W + A(k). So all we must show is that
(A) |7~ '{y}| > 2 if and only if (B) y + A(j) € dW N (W + A(k)) for some j € Z and
k € Z\ {0}.

Suppose first that part (A) holds, i.e. that there are at least three different points in
7~ 1{y}. As points in the same 7 -fibre can differ only at positions k where y + A (k) € dW,
there must be at least two such positions, and that is part (B).

Conversely, if part (B) holds and if x = ¢(y), thenx; = x; = 1.

(i) As oW U (OW + A(k)) is nowhere dense in G, there are arbitrarily small per-
turbations y’ of y such that y’' + A(j) € dW U (dW + A(k)), resulting in points
x' = ¢(y') with x} = x}fk =0.

(i) As OWN(@W + A(k)) is nowhere dense in oW with respect to the subspace
topology on dW (because of condition (D)), there are arbitrarily small perturbations
y" of y such that y' + A(j) € dW \ (0W + A(k)), resulting in x’ = ¢(y’) with
x} =1and x;_k =0.

Hence, |7 ~!{y}| > 3, and that is part (A). O]

PROPOSITION 2.13. We have K # (5, and there is a countable collection UNj (A(r))),
Jj €N, of cylinder sets in G with the following properties: for each j € N, there exists
some k; € Z such that

& # (Un;(A(rj)) NOW) + (yr — A(kj)) S OW, (14)
and
U Un,(A(rj)) N AW is dense in dW. (15)
jeN

Proof. We start from the observation of equation (3), namely W + yr S [y OW +
A (k). This implies

8W:U8Wﬂ(8W+A(k)—yp):UVk.
keZ keZ

Hence, M :=J;cz Vi \ intyw (Vi) is a meagre subset of the compact space dW and
oW = M U Jyck intyw (V). Now Baire’s category theorem implies that K # (. As 0W
is separable, there is a countable collection U, N; (A(rj)), j € N, of cylinder sets in G, for
each of which there exists kj € K such that & # oW N Uy, (A(r;)) < intyw (V;) and
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such that
oW =M U |_J@W N Uy, (AG)))).
jeN
As M is meagre in d W, these cylinder sets satisfy equation (15), and as
(Un;(A(rj)) NOW) C intyw (Vi) € OW + A(kj) — yF,
also equation (14) holds. O]

COROLLARY 2.14. Assume that the weak disjointness condition (D') holds. Let the
automorphism F of (X, ) be described by a block code {0, 1}[=mml 5 40, 1}. Then the
set K is contained in [—m, m], intaw (Vi) N intaW(Vk_,.) = ( for any different k;, k; € K,
and W = Urex Vi, where V, := intyw (V).

Proof. Let K’ :== K N[—m, m], m as in Proposition 2.12. Because of that proposition
and Proposition 2.13, dW = | J,cx intyw (V). Suppose there are k;, k; € K such that
intgw (Vi;) Nintyw (Vi j) # (. Then there is some cylinder set Uy (A(r)) N 0 W contained
in this intersection. Let U := (Un(A@F) NOW) + yr — A(ki). Then, UCoWandU +
A(ki — kj) € 9W, so that UCown@OwW + Akj —ki)). As U is non-empty and open
in the relative topology on d W, the weak disjointness assumption implies k; = k;. This
also proves that K = K’ C [—m, m]. O

For later use, we note a further consequence of Proposition 2.13.

COROLLARY 2.15. Assume that (intyw (Vi,) + (yr — A(k;)) N intaW(ij) # (J for some
ki, k; € K. Then there exist N € N (which can be chosen arbitrarily large) and r € Z such
that

& # (UnNAE) NOW) + (yr — Aki)) S OW  and
G # UNnAE)NOW) + (yF — Alki)) + (yF — A(kj)) S OW. (16)
Proof. Fix some cylinder set Uy (A(r’)) such that
& # Uy (A@) NAW Cintyw (Vi) N (intaw (Vi) — (yF — Aki))).
In view of Proposition 2.13, there are N/, N ]’ € Nand r/, r;. € Z such that
Un'(A(") NUN(AG)) N (UN_;(A(F})) —Or—Ak))NOW £z (7)
and
(Un(AED) NOW) + (yr — Ak) S OW,
(UN_;(A(F})) NOW) + (yr — Alkj)) S IW. (18)

Because of equations (17) and (18), the set Un/(A(r")) N UNI_/(A(rl.’)) N (UN]/_(A(r.;.)) —
(yrF — A(k;))) contains a cylinder set Uy (A(r)) for which Uy (A(r)) N OW # ¢ and
(Un(A(r)NOW) + (yr — A(ki)) S IW  and
(Un(Ar) NOW) + (yr — A(ki)) + (yF — A(kj)) S IW.
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Clearly, N can be chosen arbitrarily large. O

2.4. Consequences of the weak double disjointness condition (DD’).  The crucial step is
now to show that intyw (Vi) + (yr — A(k)) C Vi for all k € K under suitable assumptions.

PROPOSITION 2.16. Assume that the weak double disjointness condition (DD') holds. Let
the automorphism F of (X,;, o) be described by a block code {0, 1}=mml s 40, 1}, Then,
V) + (yr — A(k)) C V| for all k € K, the set K is contained in [—m, m] and the sets V|,
have pairwise disjoint interiors.

Proof. Tt suffices to prove that intyw (Vi) + (yFr — A(k)) C Vk’ for all kK € K. Suppose
for a contradiction that there is k; € K such that intyw (V) + (yr — A(k;)) £ Vk/,-'
By Proposition 2.13, there exists kj € K \ {k;} such that (intyw (Vi,) + (yr — A(k;))) N
intyw (Vk;) # . So we can apply Corollary 2.15. Hence, there are N € Nand r € Z such
that, setting 8 = yr — A(k;),

(Un(A(r) Nnow) € QW — BN @OW —28 — Alk; — k).

In view of condition (DD’), this implies k; = k;. The remaining assertions follow from
Corollary 2.14. O

Remark 2.17. Suppose that the conclusions of Proposition 2.16 are satisfied (not necessar-

ily condition (DD")).

(a) Fork €K, let Hs := {j € Hy : Un(A()) N V] # B). Then, Hy = Upex He by
Lemma 2.5 and Corollary 2.14. (However, observe that this need not be a disjoint
union, in general!)

(b)) je ’Ilﬁ ifand only if j + p, € ﬁﬁ that is, all ’;Lﬁ are p,-periodic.

(¢c) Foreachn > 0and k € K, we have ”;Tlﬁ + ged((yp)n — k, pu)Z C ”;lﬁ

Proof of (c). For each j € ﬂﬁ, there exists & € U,(A(j)) N Vk/. By assumption,

h+ (yr — AK)Z S V[, so that forall € Z,
Un(AG 4+ (YF)n — D NV = Uy (A() + (v — AN NV # &,
thatis, j + (vp)n — BZ < Ty, O

Remark 2.18. Remark 2.17(c) can be used to show that |K| = 1 and hence oW + (yr —
A(k)) € oW, whenever 6(’;[,,) = o(1//p,)- This allows us to apply Theorsm 2.8, which
imposes restrictions on yr in terms of the minimal periods 7, of the sets #,. (However,
that is quite far from what holds in the B-free setting.)

Indeed, let k, k¥’ € K and denote 8 = yr — A(k) and B’ = yr — A(k’). Suppose for a
contradiction that k # k’. Then,

1y N 10, pu)| = [{ged(Bo, pn))p,| and IHy 010, pu)l = |(ged(B), Pn))puls

where (s) p, denotes the subgroup generated by s in Z/ p,,Z, so that

~ ~k ~K
[H, N[0, pu) 1> > |H, N 10, p)| - |H, N0, pu)l
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> [{(ged(Bus pn)s ng(,B,;, pn)))pnxp,,L

where ((s, 1)) p, X pp denotes the subgroup generated by (s, ¢) in (Z/ pnZ)?. Hence,

ﬁ_zn N 1o, Pn)|2 > Iem < Pn Pn ) Pn

ged (B, pn)” ged(By. pn) ) ged(Bus B Pi)
Pn Pn

> = .
~ged(Bn — B, pn) ged(k — K, py)
However, the last denominator is at most 2m, so
1 H, N[0, 2
< <| n N[ pn)') :8(7_[’1)2,
2m - py Pn

which is in contradiction to the assumption.

Here is an example of a Toeplitz sequence for which Remark 2.18 applies and for which
7, and 7, the smallest periods of H,, and H,, are different.

Example 2.19. Garcia and Hedlund [14] gave the first example of a 0-1 non-periodic
Toeplitz sequence. At each level n of their construction, there is exactly one hole in
each interval of length p,, so all holes are essential, and the centralizer is trivial
because condition (*) is satisfied, see Remark 2.10. Our example is a modification of
this construction: (to be precise, the example from [14] is not really a Toeplitz sequence,
because it is not periodic at position 0. However, its orbit closure is minimal and contains
many Toeplitz sequences. Our modification takes this into account.)
letr, = Z?;é 2%J = (2°" — 1)/3. Define a Toeplitz sequence in such a way that

Hy =227 — 1y

Observe that H, =22""V(4Z —1) —r,_y € H,—1, in particular, ()., Hy = .
Here, H,—1 \ H, is the disjoint union of the residue classes 22n=D 47 - k) —rn_1,
k € {0, 2,3}, and the positions in each of these residue classes should be filled
alternatingly with 0 and 1. Then all these positions have minimal period 22**!, and
(Pnln>1 = (22"+1)n21 is a period structure for the resulting Toeplitz sequence.

If 22Nt —ry € Hy and n > N, then

QNt —ry + pNZ) O Hy = (PNt + (14 — rn) + PNZ) N 27 Z) — 1y
22(n—N) -1
=2 ((z s+ 2Z> N 22<”—N>Z) —

is non-empty if and only if 7 is odd. Hence, Hy = 22N (2Z + 1) — ry and 7y = 22N+! =
pNn = 2ty. Notice that each interval of length p, contains exactly two holes and the
distance between them is p,/2. However, p,+1 = 4p,, so condition (*) is not satisfied.
Nevertheless, the centralizer is trivial by Theorem 2.8 and Remark 2.18.

2.5. Additional arithmetic structure (motivated by the B-free case). Throughout this

subsection, F is again an automorphism of (X, o) and 7 (F(x)) = w(x) + yr forx € X,,.
We start with a particularly simple situation based on the following (very strong) trivial

https://doi.org/10.1017/etds.2023.43 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.43

Automorphisms of B-free and other Toeplitz shifts 1073

intersection property: there are A, € N, n € N such that

[(An) = {0} and F, S My
neN

neN. (TD

n’

We will check this property for some non-trivial B-free examples, see Examples 3.20, 3.27
and 3.28, and also §3.4.

PROPOSITION 2.20. Suppose property (TI) is satisfied.

(a) Then the disjointness condition (D) holds, and there exists a unique k € 7 such that
oW +yr COW + A(k).

®) Ty | OF)n — k, where T, is the minimal period of’;’fln. In particular, if infinitely many
'rtl,, have minimal period p,, then yr = A(k).

Proof. (a) If there is some y € aWN@OW — A(k)), then Un(A(yy))NOW =
Uv(y)NoW # & and Uy(Ak+yy)NOW =Un(AKk)+y)NOW # &, so that
k= (k+yn) —yn € Hy —Hy S May — May S (May) = (Ay) for all N > 0 by
Lemma 2.5a). Hence, k = 0 in view of property (TI). If there are y;, y» € W and k1, k> €
Zsuchthaty; + yr € OW — A(k;) (i = 1,2),then Uy (Ak; + (yi + yF)N)) NOW # &
(i =1,2), so that k, — k; € (Ay) for all N > 0 as before. Hence, kp = k| because of
property (TT).

(b) This follows from part (a) of the lemma and from Theorem 2.8a). O]

Together with Theorem 2.8, this proposition yields the following corollary.

COROLLARY 2.21. Suppose that property (TI) is satisfied. If M := lim infy,_, oo p,/Tn <00,
then

Auty (X)) = (o) @ Tor,

where Tor denotes the torsion group of Auts (Xy). It is a cyclic group (possibly trivial),
whose order divides M. In particular, if infinitely many H, have minimal period p,, then
the centralizer of (X, o) is trivial.

If property (TI) is not satisfied, as is the case for more complex B-free examples, we
need additional tools to verify the assumption in equation (4) of Theorem 2.8. The weak
double disjointness condition (DD’) turns out to be instrumental along this way, and hence
its verification under mild arithmetic assumptions in Proposition 2.30 will be an important
step.

We continue with some arithmetic preparations. For the sake of brevity, we sometimes
write u# V v instead of lem(u, v). The following notation will be used repeatedly for
positive integers a and k:

) vk
k4 _2YE (19)
ged(a, k) k
For A C Nand k € N, denote
A" = {(aT*:a e A}, (20)
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={a e A:geda, k) =1} 21
and
AP — (g e Ad |a=d =aforalld € A). (22)
If A = APUM then A is called primitive.
Remark 2.22. Letr, {,s, m € Z and assume that gcd(m, £) | s — r. Then,
(r—i—EZ)ﬂ(s—I—mZ)=x+(£\/m)Z=g~(F+l7Z), 23)
where x € {0, . . ., (¢ vm) — 1} is defined unlquely by the first identity, g = ged(x, £ vV m),
r=x/g, and Z ={ Vv m/g. Observe that gcd(7, ¢) = 1. This formula will be applied in
several settings, so that one should keep in mind that g, 7 and { depend on r, ¢, s and m.
For later use, observe also that

g = ged(r, £) v ged(s, m). 24)

Here is the proof of equation (24): as x —r € £Z and x — s € mZ, we have gcd(x, £) =
gcd(r, £) and ged(x, m) = ged(s, m). Hence,

g = ged(x, £ vm) = ged(x, £) v ged(x, m) = ged(r, £) Vv ged(s, m).
We list some further consequences:
lem(A78) =1ecm(A)™8, g -Myze = MaNgZ, and Mpyze € Myzevm, (25)
where we used gcd(a, g) | gcd(a, £ v m) for the last inclusion. Each subset Z C Z holds
FHLZ)NMa=F+LZ)NM, 5, (26)
because ged(7, Z) = 1. (Indeed,ifa € A,z € Zand x =7 + fR= aZ, then ged(a, Z) | 7,
so that ged(a, 0) | ged(r, H=1,ie.ae ALt) Combining equations (23), (25) and (26)

yields

(r+LZ) N (s +aZ) N My =g - (F+LL) N M4y 10)- 27)

Given a set A C Z, we denote by §(A) := limy_, (1/log N) Z,iv:l(l/k)lA(k) the
logarithmic density of A (provided the limit exists).

LEMMA 2.23. Let r,¢,s,m € Z and assume that gcd(m, ) |s —r. Recall that
=4V m/g. Then,
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1 1
6((7‘ +£Z) N (S + mZ) N MA) = M_m . S(M(A%g)LZ) < m . 8(MA+ZVm), (28)

1
S((r +LZ)yN (s +mZ)\ My) = Tvm - (1 —6(M(A+g)ﬂ-)). (29)
Proof. Asin [15, Lemma 1.17], we have

(7 + ZZ) N M(A+g)u?) = =" S(M(A+g)JJZ)'

1
‘
As g - £ = £ v m, this together with equation (23) proves the identity in equation (28). As
§((r +¢Z)N (s +mZ)) = 1/€ v m, equation (29) follows at once. For the inequality in

equation (28), observe that M (A=syli & Mg+ © M 4+evm by equation (25). O

LEMMA 2.24. Assume that (r +4£€Z) N (s + mZ) N[N, 00) € M¢ for some r,L,s,

m € Z satisfying gced(m, £) | s —r, some N € N and a finite set C CN. Then,
c | ged(r, £) v ged(s, m) for some ¢ € C.

Proof. Let A := (C¥8)*t. In view of equation (27), our assumption implies (7 + 7)) N
[N,00) € Mg = M pprim. As APAM i taug, [12, Proposition 4.31] shows that there is
a € AP™ guch that a | ged(r, f) =1, that is, 1 € A. Hence, there is ¢ € C such that
c| g=ged(r, ) Vv ged(s, m). ]

We will need a more detailed arithmetic characterization of the inclusion from
Lemma 2.24 when C is a singleton and s = 0.

LEMMA 2.25. Letr, {, a, c € Z satisfying gcd(a, £) | r. Then the following conditions are
equivalent:

(@) r+LZ)yNaZ C cZy;
b)) c|ged(r,?) Vva;
(¢) c|€vaandged(c,?l)|r.

Proof. By Lemma 2.24, condition (a) implies condition (b). Conversely, condition (a)
follows from condition (b), because (r + £Z) NaZ < (ged(r, £) V a)Z.

Suppose that conditions (a) and (b) hold. By condition (b), we have ¢ | gcd(r, £) V
a| £V a. Since gcd(a, £) | r, we have (r + €Z) NaZ # . So by condition (a), we get
r € ¢Z + £Z = gcd(c, £)Z. Hence, condition (c) holds.

Finally suppose that condition (c) holds. Then,

gcd(c, ged(r, £) Vv a) = ged(c, r, £) Vv ged(c, a)
= gcd(c, €) V ged(c, a) = ged(c, £ Va) =c,

and condition (b) follows at once. O

We will need to know the smallest periods of the difference of the sets of multiples.
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LEMMA 2.26. Assume that A and C are finite subsets of N and that the set A is primitive.

(@) IfA={a}anda & Mc, thena - lem((C*%)P"'™) js the minimal period of aZ. \ Mc.

(b)  If the set C™ = {c/gcd(a, c¢) : ¢ € C} C N\ {1} is primitive for every a € A, then
lcm(A U C) is the minimal period of M \ Mc.

Proof. (a) Let a e N\ M¢. Then, &§ # aZ \ Mc =a - (Z\ Mc+a), and the claim
follows from the observation that lcm((C*%)P"™) is the minimal period of M, see
[18, Lemma 5.1b)].

(b) Let T be the minimal period of M 4 \ M. Clearly, T'| lcm(A U C). Now leta € A.
Since 1 €C*%, a e Ms\ Mc, so a+TZ C M,. By Lemma 2.24 and primitivity
of A, we get a|T, so that T 4 (aZ\ Mc¢) C aZ \ Mc for every a € A and there-
fore a - lem((C*%)P"™) | T in view of part (a). Hence, lem({a} U C) = a lem(C*%) =
a lem((C*4)PiM) | T for every a € A, so that lem(A U O)|T. O

The following proposition is the ‘multi-tool’ of this section.

PROPOSITION 2.27. Let A, and S, be sets of positive integers. Let b€ Z, n > N > 0,
a € A, andr € 7Z be such that

(r + pNZ) N (aZ)\ Ms, # & (30)
and
((r + pNZ) N (aZ)\ Ms,) +b C Ma,. (31)

Assume that there is a subset E,, , of A, \ {a} for which

Z 1 1 32)
—— < _’
(p(a/%(l)

a'€Eyq PN
where @ is Euler’s totient function. Then there is a’ € A, \ Ep 4 such that

b € ged(d', ged(r, py) Va)Z and & # ((r + pyZ) N (aZ) \ Ms,) N (—=b + d'Z).
(33)

Ifb = B, for some B = A(k) with |k| < ged(d’, a) foralla’ € Ay \ Ep, 4, then B = 0.
Proof. In view of the assumption in equation (31), we have

((r + pNZ) N (@Z)\ Ms,) € (=b+ ME, ) U (=b+ Mp,,), (34)

n.a

where D, , = A, \ E, 4. We prove below that equation (32) implies
(r + pnZ) N (aZ)\ Ms,) +b & Mg, ,. (35)

Hence and by equation (34), there is @’ € D, , such that equation (33) holds. Hence,
b =0or|b| > gcd(d’, ged(r, py) V a) > ged(a’, a). It remains to show that equation (32)
implies the assumption in equation (35).
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Consider any a € A, for which ((r + pnZ) N (aZ) \ Ms,) # . Then ged(a, py) |
r, and Lemma 2.23 implies

1
0 < 8((r + pnZ) N (aZ) \ Ms,) = m(l — &M LoiEm))s (36)

(CHD!
where
~gn _ PNV E pyvVa .
gn:=ged(r, py) Va and py¥ = LA | Pl
8n &n
Suppose for a contradiction that there is inclusion in equation (35). Then,
(r+pn2) N (@Z) \ Ms, € | (~b+d'D),

a'eE,q

so that
8((r + pNZ) N (aZ) \ Ms,)
< Y. 8+ pNZ)N(=b+a'Z) N (aZ) \ Ms,)

a'€Eyq

< Y (@) N (=b+d'Z)\ Ms,)

a'€Ey 4
= Y M@DN(b+aD)\ Ms,)

a’'€Ey 4, ged(gn.a')|b

1
= > o (1 M ettt sypasava) 7D
a'€Ey 4, ged(gn.a’)|b

The last equality follows from Lemma 2.23. Notice that gcd(g,,, a’) | b implies

gnVa — (gn vV a')-ged(gn, a’) _ a’ — g (38)
gn Vv ged(b, a’) gn - ged(b, a’) gcd(b, a’)
As
-a
PNV61<PNVG=P/Y (39)
avg, adva a*
equations (36), (37) and (38) together yield
p+a
- S(M(S+gn)l(17;gn)) < Z aﬁa (I- S(M(Srl%(gn\/gcd(b,a’)))l_u/+h))' 40)

a'€Eyq

Denote
Ru(@) :={b™8" : b € S, b8 L p ", b¥8 [ a'"8n).
Then R, (a’) € S, * trivially and we claim that

- +&n
(Sn g")J_(pN ) \ Rn (a/) g M(S;(gn\/gcd(b,a’)))Lu%h‘

Indeed, each b8 € S, ¥ \ R,(a’), which is also coprime to p;,g”, is coprime to a’*8»
and, a fortiori, to a’~? because gcd(gy, a’) | b. Moreover, b=8 = b \/ g, /g, is a multiple
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of bV g, Vv ged(b, a’)/g, Vv ged(b, a’), so that the latter is also coprime to a’~?. Therefore,

- ~8n
(S, g")l(p’\’ ) C R, (@)U M(Sn%(gn\/gcd(b,a/)))J_a/%b )

so that Behrend’s inequality (see [15, Theorem 0.12] for a reference) yields

— §(M )2 1 = 8(Mg,@yum . )

(S;gn )l(]’;gn ) (S,T(g" Vng(b’“/)))La’Th

=1- 6(MRn (u/)U(S,T(g"ngd(b'a/)))L"/%h)

2 (1= 8(Mp,@)) - (1 = 8M gsanvecatvary, 1o+0))-

Therefore, equation (40) leads to

ey 1=86WM | “en.)
p (S’Tgn)i(PN )
1—686(M e ) < E .
+gnyLpy™") a'~a _ f
(S,78m) g 1 — (Mg, @)
As 1 — S(M(S_gn) e ) > 0, in view of equation (36), we can divide the last inequality

by this expression, so that

Py 1 Py 1
I < — - < — -
Z asa 1 — S(MRn(a’)) H/Z a1 — S(MSpec(a’+“))

a'€Eyq €Enq

PN 1 1
= a/+a'1_[ l_lgpN'Z p(@*a)’

a'€Epq pla’=4 14 a'€Epq

(41)

where we used the fact that R,(a") © Mgpec(ar=en) S Mspec(ar=a)- However, the last
estimate contradicts the assumption in equation (32). O

From now on, we assume that the sets 7’?[,1 have some particular arithmetic structure:
there is a primitive set A, of positive integers such that for each a, € A,, there is a set
Sp = Sn(ay) of positive integers satisfying

Ho= | anZ\Ms,,) and anZ\ Ms,a,) # @ (an € A).  (AS)

an€Ay,

Observe that min A,, — oo as n — 00, because A, C 77[,1 C H,, and min H,, — oo.

In the remaining part of this section, we prove the weak double disjointness condition
(DD’) under the arithmetic structure assumption in equation (AS), which allows us to
apply Proposition 2.16 in this situation. Later, in Theorem 3.17, we verify equation (AS)
in the B-free setting. Recall from equation (11) the definition of the set K = {k € Z :

intaw (Vi) # ).

PROPOSITION 2.28. Assume the condition in equation (AS). If

Jim >

a'eA,

42
w(a’) 2

then the weak disjointness condition (D') is satisfied.

https://doi.org/10.1017/etds.2023.43 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.43

Automorphisms of B-free and other Toeplitz shifts 1079

Moreover, if the automorphism F of (X,,o) is described by a block code
{0, 1}l=mml 5 (0, 1}, then the set K is contained in [—m, m], intyw (Vi) Nintyw (Vg;) =
& for any different ki, k; € K, and 0W = g V|, where V| := intaw (V).

Proof. Suppose for a contradiction that condition (D’) does not hold, equivalently that
condition (Seh’) does not hold. Then there are k € Z \ {0} and an arithmetic progression
r 4+ pyZ such that foralln > N,

@ # (r+ pNZ) N Hy S Hy — k.
Letn > N. In view of property (AS), there is a € A, such that
O # (r+pnZ)NaZ\ Ms, +k € Ma,. (43)
Let E, 4 = {a’ € A, : ged(@, a) < |k|}. Since
I+ I+ 1 L, 1 1 ,
ot =ae T (13) = e T (1) = e

for any a’ € E, 4, the assumption in equation (42) above implies the assumption in
equation (32) of Proposition 2.27. So this proposition applies to the inclusion in equation
(43), and there is @’ € A, \ En, such that ged(a’, a) | k. As |k| < ged(a’, a) for all
a’ € A, \ E, 4, this contradicts the assumption k € Z \ {0}.

The remaining conclusions follow from Corollary 2.14. O

Remark 2.29. Any B-free Toeplitz subshift satisfying equation (42) is regular, because
Hn S MA?; and d(/\/lAgz) < ZaeAgﬁ 1/a < ZaeAgfl 1/¢(a).

PROPOSITION 2.30. Assume the condition in equation (AS). If

1
lim —
n—oo N
veania £

=0 forall choices ofa € A, (wherea'™" = d'/ged(d’, a)),

(44)

then the weak double disjointness condition (DD')—and a fortiori condition (D')—is
satisfied.

Moreover, the conclusions of Proposition 2.28 can be complemented by V| +
(yF — A(K)Z C V] forallk € K.

Proof. Suppose for a contradiction that condition (DD’) does not hold, equivalently
that condition (DSeh’) does not hold. Then there are k € Z \ {0}, B € G, an arithmetic
progression r + pyZ, such that foralln > N,

B # 4+ pNT) N Hy © (Hy = Bo) N (= 28, — k).
Letn > N. In view of the property in equation (AS), there is a € A, such that

& # (r+ pNZL) NaZ\ Ms, + pn S My, and
& # (r+ pNL) NaZ\ Ms, +2B, +k S May,. (45)
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Let E, 4, = Ay \ {a}. In view of the assumption in equation (44), Proposition 2.27 applies
to both inclusions in equation (45), and as A, \ E,, = {a}, we can conclude that a |
By and a | 2B, + k, so that a | k. As a € A, and min A, — oo, this contradicts the
assumption k € Z \ {0}.

The final conclusion follows from Proposition 2.16. O

THEOREM 2.31. Assume the condition in equation (AS) and let the automorphism F of
(X3, 0) be described by a block code {0, 1}[=mml 5 0, 1}. Under the assumption in
equation (44) of Proposition 2.30, the following hold.

(@) Foreachn > 0and each k € K, there exists a € A, such that

a | (YF)n —k.

(b) Foreachn > 0and each a € A, there exists some k € K such that

al| (yF)n —k.

If a > 2m, then this k € K is unique. Denote it by k,(a).

(c) Suppose nis so large that min A, > 2m, and denote by G, the graph with vertices A,
and edges (a, a’) whenever gcd(a, a’) > 2m. Then, k,(a) = k,(a’) for any two a, a’
in the same connected component of G,. In particular, |K| = 1 if G, is connected.

(d If|K| =1, say K = {k}, then, for each n, (yr), — k is a multiple of the minimal
period T, of’;tl,,.

(e) If|IK|=1and7t, = pyforalln, then (X, o) has a trivial centralizer.

Proof. (a) Let k € K. Then Vk’ + (yr — A(k))Z~§ Vk’ C dW by Proposition 2.30, and
because of Lemma 2.5, h, + (yr — A(k))nZ € H, S My, for each b e Vk/. It follows
that there exists a’ € A, such that a’ | ged(hy,, (yr — A(k))y).

(b) Let a € A,. Notice that a € Mg, (4). Otherwise, aZ C Mg, ) which contradicts
equation (AS). So, a € ’;tn and, by Lemma 2.5, there exists some & € U, (A(a)) N 0W.In
particular, h, = a € ﬂn. Because of Corollary 2.14, there exists k € K such that & € Vk/ .
As in the proof of part (a), it follows that there exists a’ € A,, such thata’ | ged(h,, (yr —
A(k))y). As a’ and a = h,, belong to the same primitive set A,, this implies a = a’ |
(yr — AK))n.

Suppose there is another k' € K such that a | (yp — A(k")),. Then a | k — k/, so that
k=kKora<|k—k|<2m.

(c) Tt suffices to prove that k,(a) = k,(a’) for every edge (a, a’) of G,, i.e. whenever
gcd(a, a’) > 2m. However, as part (b) implies

ged(a, ') | (YF)n — kn(@)) — (YF)n — kn(@)) = kn(a’) — kn(a),

it follows that «,, (@) = Ky, (a’) or 2m < gcd(a, a’) < |kn(a) — kn(a’)| < 2m.

(d) If K = {k}, then dW = V|, that is, W + (yr — A(k)) € dW, and the claim
follows from Lemma 2.6(b).

(e) It follows from part (d) that yr = A(k) for some k € Z. O
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3. The B-free case
In this section, we will apply our results for general Toeplitz subshifts from §2 to minimal
B-free subshifts.

3.1. Preparations. Let us start with the following notation and observations.
(i) For a finite subset S C B3, define as in [18]

s :=1lem(S) and Ag:={gcd(b,ls):b € B}.

As B is primitive, S is a proper subset of Asg.
(i) The set Bis taut, if §(Mp,(5)) < 8(Mp) foreach b € B.

So a set is primitive if removing any single point from it changes its set of
multiples, and a set is taut if removing any single point from it changes the
logarithmic density of its set of multiples.

(ili) Let S € 8’ C B. From [18, equation (17)], we recall that

SES/E.AsngAS so that MSgMS/gMAS,EMAS. (46)

(iv) A finite set S C Bis saturated if AgN B = S.
(v) For a finite set S C B, define $% = Ag N B.
Then § C S5, §% is finite, Iem(S%) | lem(Ag) = lem(S), so that lem(S%) = Iecm(S),
and Agsa = Ag, because gcd(b, Iem(S$%)) = ged(b, lem(S)) for each b € B. In particular,
Agsa N B = Ag N B = S, so0 that $* is saturated.

Any filtration S € S C - - - of B by finite sets yields a period structure p,, = lem(S},)
for X;,. The definition of the group G depends on the period structure, but G is naturally
isomorphic with the inverse limit liin Z/ lem(S)Z of the inverse system of cyclic groups

Z/ lem(S)Z indexed by the finite subsets S C B ordered by the inclusion. Moreover,
there is an injective group homomorphism liin 7/ lem(S)Z — []pep Z/bZ given by
(ns)scB > (npy + bZ)pep. We can identify the group G with the image of this homomor-
phism, which consists of the elements & = (hp)pep € [ e Z/bZ satisfying hj, = hy
mod gcd(b, ') for any b, b’ € B. Under this identification, A : Z — [[,cp5 Z/bZ is
given by (A(n))p, =n + bZ for b € B and m = G. Given a sequence (ns)scp of
integers belonging to the inverse limit (that is, satisfying ng = ng mod lcm(S) when-
ever § C §’), we denote by lim A(ng) the element & € A(Z) C [1pes Z/bZ such that
hp, =ngmod bforbe S CB.

Remark 3.1. The coding function ¢ : G — {0, 1)Z defined in the introduction can be writ-
ten as ¢(y) = IZ\Uth(bZﬂ’b) for any y = (yp)pe € A(Z) = G. 1t is injective. Indeed,
forye G,denote I, :={se€Z:(p(y)s=1}={se€Z:y+ A(s) € W}. As int(W) =
W C A(Z) (see the introduction), we have W = int(W) C {y + A(s) : s € I} € W for
each y € G. Hence, if ¢ (y) = ¢(y'), then I, = I,y and

W={y+A@):seL}={y+A@s):sely}+(—y)=W+ -

However, W is aperiodic [18, Proposition 5.1],s0 y = y'.
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LEMMA 3.2. [18, Lemma 2.5] Let U = Us(A(n)) for some S C Bandn € Z.

(@ Ifne Mg, thenUNW = .

(b) IfUNW =, then n +lem(S) - Z € Mpn -

(c) IfSis saturated, thenn € Mg ifand only if U N W = & if and only if n + lcm(S) -
Z < M.

LEMMA 3.3.[18, Lemma 3.1]

(a) Forall S C Bandn € Z we have: Us(A(n)) €W & n € Fy,.

(b)  If (Sk)k is a filtration of B by finite sets and limy A(ngs,) = h, then h € int(W) if and
only ifng, € ]:Ask for some k.

LEMMA 3.4. [18, Lemma 5.2] Assume that S C S’ are finite subsets of B, then Ag =
{ged(a, lem(S)) :a € Ag}.

PROPOSITION 3.5. [18, Theorem B] The following are equivalent.

(a) Wis topologically regular, that is W = int(W).

(b) There are no d € N and no infinite pairwise coprime set A C N\ {1} such that
dA CB.

(©) n = ¢(0) is a Toeplitz sequence different from (. ..,0,0,0,...).

d (neN :VsepIgcp :SCS and ne Ag\ S’} = @.

LEMMA 3.6. Each filtration S1 C Sp C - - - /' B has a sub-filtration of sets Sy, such that
Satc st e A Bis afiltration.

Proof. Let ny=1. If ny <ny<---<ng are chosen, let ngy; = min{j € N:
ijk‘t c S;) O

This lemma allows us in the following to assume that a filtration is saturated without
loosing generality.

3.2. Sets of holes. Now we describe the set of holes and the set of essential holes.

PROPOSITION 3.7. Let S C B be saturated and taut and s € 7. Then:
(@) seMsos+lsZ CMsss+LsZ C Mp;
(b) seFu, &5s+ISLC Fyy & s+LUsZC Fp.

In particular, s € Z is not Lg-periodic if and only if s € M a; \ Ms. Hence, M 4g \
Mg, is the set of all holes (with respect to the period structure given by p, = lem(S,))
in 1 on level n. (Observe also that if B is primitive and n is a Toeplitz sequence, then B is
taut, see [18, Lemma 3.7].)

Proof. (i) Lets € Mg. Thenb | s forsome b € S. Since b | £s, s + €sZ C bZ C Ms.
(i) Let s +£sZ € Mp. By [12, Proposition 4.31], the tautness of B implies b |
ged(s, £s) for some b € B. Since S is saturated, b € S. So s € M.
(iii) Let s € F 4. Assume for a contradiction that ged(b, £s) | s + £sk for some
k € Z and some b € B. Since gcd(b, £s) | £s, ged(b, £s) | s, which contradicts s € F 4.
Sos + €57 C Fys.
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(iv) Let s 4+ €57 < Fp. Assume for a contradiction that gcd(b, £5) | s for some b € B.
Then there is x € Z such that x = Omod b and x = s mod {g, i.e. x € bZ N (s + Ls7),
in contradiction to s + £57Z C Fp. Hence, s € FA-

Now part (a) follows from items (i) and (ii), while part (b) follows from items (iii)
and (iv). O

To describe the set of essential holes, we extract special elements of Ag.

Definition 3.8. Let S C B.

(a) Anelementb € B\ S is a source of an element a € Ag if a = ged(b, lem(S)).
(b) AY :={a € Ag : a has infinitely many sources} and A?”p = (Ago)prim.

We will use some basic properties of AS.

LEMMA 3.9.

(@) ATP C AP C As\ M.

(b) Let SCS CB and a € AY. There exists at least one a' € Ay such that
a = ged(d, £g).

(c) LerScC S CBanda € AY. Then, ged(Ls, a') € AT

(d) Let SCS cBand ac Ago’p . There exists at least one a’' € A;?’p such that
a = ged(d’, £s). In particular, |A§?’p| > I.Ago’pl.

() Let S CS' CBwith |[Ay"| = |AS"| and a' € A", Then, ged(a', £s) € A
(Without the extra assumption, this need not hold, see Example 3.29.)

Proof. (a) Let a € AY. If a = ged(b, £s) € My for some b € B, then there is b’ € S
such that ' | a | b, and the primitivity of B implies b = a = b’ € §. This contradicts to a
having infinitely many sources.

(b) Let a € AS°. There are infinitely many b € B\ S’ such that a = ged(b, £5). Let
a;, := ged(b, Ly ) for these b. Then, ged(ay, £s) = ged(b, £s) = a for all these b, and as
Ag is finite, there exists some a’ € Ag such that a’ = g, for infinitely many of them.
Hence, a’ € AT

(c) Clear.

(d) In the situation of item (b), suppose thata € .Ago’p and that there is a6 € .A(;?’p such
that a;, | a’. Then, ap := ged(ay, £s) € AY and ag | ged(a’, £s) =a. Asa € A_ogo’p, this
implies ag = a, so that ged(ay, £s) = a.

(e) This follows from item (d). O]

LEMMA 3.10. Suppose that S| € S C - - - ' Bis a filtration by saturated sets. Then, for
each N € N,

rez, USN(A(r))OBW;EQ:reMA?;V\MSN (47)
and, forallr € Z,
Usy(A(r) NOW # B & foralln = N : (r + £syZ) N (MAgi \Ms,) . (48)

More precisely, if h € Us, (A(r)) N OW, then hs, € (r +LsyZ) N (./\/lAg,o \ Mg,) for all
n>=N.
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Proof. Suppose there exists some h € Us, (A(r)) NOW. Then, hg, € (r + £syZ) N
(Mg, \ Msg,) foralln > N, see Lemma 2.1 and Proposition 3.7. Hence, r ¢ Mg, , and
there are numbers k, € Z and b, € B\ S,(n = N) such that gcd(b,, £s,) | gcd(by, £s,) |
hs, =r + knls,. In particular, ged(b,, £s,) | r forall n > N, and as Ag, is a finite set,
there exist a € Ag, and infinitely many b,, such that gcd(b,,, £s,) = a. It follows that
ace A‘gj’v and a | r. This proves equation (47).

Observe that, trivially, h € Us, (A(hs,)) N OW for each n > N. Hence, we can apply
equation (47) to n and kg, instead of N and r, respectively. It follows that g, € M AT \
Ms,. As hs, =r + k,Ls,, this proves the ‘=’-direction of equation (48) and also the

final claim.
The ‘«<’-implication of equation (48) follows from Lemma 2.5 and Proposition 3.7,
because A‘gj C Ag, foralln € N. O

COROLLARY 3.11. Suppose that S| € S, € --- /' B is a filtration by saturated sets.
Then, for eachn € N,

ma@W) <dMyen =1— [] (1 - l).

a
aE.Ago’p
n

Proof. For n € N, denote by U, the family of all sets Ug, (A(r)) that have non-empty
intersection with 8W and by | J U, the union of these sets. Then, equation (47) implies
mg@OW) <mg(J Un) = [Unl/ls, < d(/\/leo \ Ms,) < d(MAoop) for all n, and the
second inequality is the Heilbronn—Rohrbach 1nequahty [15, Theorem 0.9]. O

Remark 3.12. Fix the period structure given by p, = lcm(S,). Then,
Ha © Mg \ Ms, S Hy = Ma, \ Ms,

by Proposition 3.7, Lemma 2.5(a) and equation (47) of Lemma 3.10. Moreover, equation
(48) of Lemma 3.10 shows that r € 77[;\/ if and only if foralln > N : (r + £syZ) N
M AT \ Ms,) # &. This characterization is also the starting point for verifying the
structural assumption in equation (AS) on ’;tln from §2.5, see Proposition 3.16 and
Theorem 3.17 below.

Remark 3.13. In the general Toeplitz case, one can easily construct a Toeplitz sequence
for which not all holes are essential. We construct a B-free Toeplitz subshift with this
property in Example 3.27. Moreover, the property Hy = Hy may depend on the choice of
the period structure, as we show in Example 3.28, and a B-free Toeplitz subshift for which
H, M A \ M, is provided in Example 3.29.

In the rest of this subsection, we show that the structural assumption in equation (AS)
of Propositions 2.28 and 2.30 and of Theorem 2.31 is satisfied in the B-free setting.

Definition 3.14. Let (S,), be a filtration of B by finite sets. An integer sequence (a,),>nN

is called an (a, A)-sequence, if ay = a and if a, € Ag,\S, and gcd(ay+1, £s,) = ay for
alln > N.
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Remark 3.15. If (an)n>n is an (a, A)-sequence, then a, € Ag: for all n > N. Indeed,
suppose that a,, has only finitely many sources by, . . ., by for some m > N. Consider
n > m such that by, ..., by € S,. Since a, € S,, there exists b € B\ S,, such that @, =
ged(b, £s,). Then a,, = ged(ay, £s,,) = ged(b, £s,). So b is a source of a,, different
from by, . . ., bg. This yields a contradiction. Note also that by Lemma 3.9(b), for every
ac€ A?;] there exists an (a, A)-sequence.

PROPOSITION 3.16. Let (Sp)n be a filtration of B by finite sets. Then, for all N € N,
the set Hy is the union of sets aZ \ Msy((a,),-y), Where the union extends over all
(a, A)-sequences (an)n>n and where

Sy((an)n>n) = {gcd(b, £sy) : b € Band b | a, Vv Lsy for somen > N}. 49)
Proof. Notice that in view of Remark 3.12,
reHy e foralln > N:(r+£s5,2) N 1I(Mg \ Ms,) # &
Hence,
ré ";lN & there existsn > N : (r +£syZ) N (MAgo \Ms,) =
& there exists n > N forall a, € A @ (r 4+ £syZ) Na,Z € Ms,
& (there existsn > N foralla, € A @ (r + LsyZ) NanZ # &
= thereexists b € S, : (r + sy Z) Na,Z < bZ)
& (there existsn > N foralla, € Agfj s ged(an, Lsy) | r
= thereexists b € S, : b | a, Vv €5, and ged(b, Lsy) | 7).
The third equivalence follows from Lemma 2.24 and the last one from Lemma 2.25. Now,
the first of the following two equivalences is immediate:
r e 7’11\]
& forallm > N there exists a, € A‘gj : ged(an, €sy) | ¥ and
[forallb e S, :b|a, Vs, = ged(d, £sy) 1 7]
& there exists a € Agj; there exists an (a, A)-sequence (a,),>n :a | r and (50)
forallb e B foralln > N :b|a, VL5, = ged(b, €sy) {r.
The ‘<’-direction of the second equivalence is obvious—just a matter of notation. For
the ‘=’-direction, we construct a suitable (a, .A)-sequence (a,,)m>n from the given

numbers a,,: there is a € A_%j’v such that a = ged(ay, £s,) for infinitely many indices n.
Obviously a | r, and we choose a), = a. Suppose inductively that suitable ajy, . . ., a,

m
are constructed in such a way that a;, = gcd(ay, £s,,) for infinitely many different indices
n > m. Then there is an increasing subsequence (ay,); such that gcd(ay,, £s,,) is the
same value for all n; > m + 1. This common value is denoted by a;n Ny
gcd(a;nH, ls,,) = ged(ap;, s, £s,) = ged(ay,, £s,) = a), for all n;. Suppose now that
beB,n=>Nandb|a,VLs,. Fix n’ > nsuchthat b € S,y. Then b | a, V £s,, because
ay | ay, and we conclude that ged(b, £s,,) 1 r. The claim follows. O]

It satisfies
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THEOREM 3.17. Let (S,), be a filtration of B by finite sets and let N > 0. For each
ace .A‘x;v, there exists a finite primitive set Sy (a) of positive integers such that

Ay = | aZ\ Msyw@ (51)

o0
a
G.ASN

and all sets aZ. \ Msy ) are non-empty. (An explicit construction of the sets Sy (a) is
given in the proof.) In particular, the assumption in equation (AS) of Theorem 2.31 is
satisfied.

Proof. Consider any fixed a € .Agj’v. In view of Proposition 3.16, the set Sy (a) must be
constructed in such a way that Mgy @) =[] Misy((@,)a=y)» Where the intersection runs
over all (a, A)-sequences with ay = a. As all sets Sy ((a,)n>n) consist of divisors of £g,,,
this set is only a finite intersection, say of r sets of multiples Mg, . .., Mg, . Hence, we
may choose as Sy (a) the primitivization of the set of all ¢{ V - - - V ¢, where ¢; € R; for
i=1,...,r.

Suppose for a contradiction that aZ C Mgy ). Then, aZ € Mgy (a,),-y) for
each (a, A)-sequence (a,),>n Wwith ay = a. Hence, for each such sequence, there
is b € B such that gecd(b, €s,) | a = ged(ay, £sy) and b | a, V s, for some n > N.

. . ={ .
It follows that b¥%N | (a, v €sy) "5 =a, °V, so that b=>b""N . ged(b, Lsy) |

+£5 . . . . .
a, V. ged(ay, Lsy) = a,. However, this is impossible, because a, € A‘gj and B is

primitive. O

Remark 3.18.

(a) Each set Sy((an)n>n) contains the set Sy. Hence, each of the sets Mg, ) contains
My

(b) If supy I.Agfv| < 0o, then, for sufficiently large N, there is at most one
(a, A)-sequence (an)n>n for each a € A5, . Hence, My a) = Msy((@y)p=n) fOr
each such a.

Under a special assumption (which is satisfied in all our examples except Example 3.29),
we have a simplified description of the sets H,,.

LEMMA 3.19. Assume that (S,) is a filtration of B by finite saturated sets. Let N € N. The
following conditions are equivalent:

(@) LsyVa € Fpsyforeveryn > Nanda' € AY;

()  Sy((an)n>n) = Sn foreverya € Agfv and for all (a, A)-sequences (an)n>nN.

If this the case, ’zth = MAgjv \ Mgy

Proof. Assume condition (a) and let a € Ag‘;. Let ged(b, £sy) € Sy((an)n>n) for some
b € B and some (a, A)-sequence (a,),>n. Then, b | a, Vv £g, for some n > N and, as
a, € A‘;j by Remark 3.15, condition (a) applied to a’ = a,, yields b € Sy.

Conversely, assume that b | €5, Va' for some be B\ Sy and a’ € AE(:O’ where ng > N.
There exists an (@, A)-sequence (a,)n>n, (see Remark 3.15). Set a, = ged(ay,, £s,)
for N <n < ng. Then, (a,),>n is an (ay, A)-sequence such that a,, = a’. Moreover,
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ged(sy, b) € S((an)n>n) and gcd(€s,, b) ¢ Sy as Sy is saturated. It follows that

SN ((@n)n=N) # SN.
The remaining assertion follows by Proposition 3.16 and Remark 3.15. O

3.3. Trivial centralizer. We start with an example for which the simple Proposition 2.20
guarantees a trivial centralizer.

Example 3.20. Let B = {2"c, : n > 0}, where (c,), is a pairwise coprime sequence of
odd integers. We will show that the corresponding B-free system has a trivial centralizer.
Let S, = {chk : 0 < k < n}. The sets S, form a filtration by finite sets. Then, £5, =
2" T/, ¢i and .A(;:’p = As, \ Sy, = {2"}. Notice that the property in equation (TI) is
satisfied for A, = Agi' Moreover, for each N > 0, there is only one (a, .A)-sequence
with a € ,A?;’p, namely the sequence (2"),>n, and Sy ((2"),>n) = Sy according to
equation (49). Hence, ’;T[N =2V \ Mg, =Hn. So T, = {gs,. By Proposition 2.20, the
centralizer is trivial, as shown previously in [10].

Next, we apply Theorem 2.31 to examples which violate properties (TI) and (Seh), and
hence also condition (D).

Example 3.21. Let B = {2"¢c,, 3"d, : n > 0}, where (c,), and (d,), are two sequences of
integers coprime to 2 and 3, and such that the sequence (¢, V d,),~0 1s pairwise coprime.
We will show that the corresponding B-free system has a trivial centralizer. Let S, =
{2%ck, 3%dy 1 0 < k < n}. The sets S, form a filtration by finite sets. Notice that £g5, =
6" TTii(ci v di) and A" = As, \ S, = {2", 3"}. In particular, (A$) = Z for all n, so
that property (TI) is violated. Below we show that also condition (D) is violated, while
Proposition 2.30 shows that conditions (D) and (DD’) are satisfied.

We claim ﬂn =H,=M AP \ Mg, . Indeed, suppose that b | s" Vv £s, for some
b € Band some s € {2, 3}. Sincélcj {s" Vs, andd; {s" v £g, forany j > N, we have
b € Sy. So condition (a) from Lemma 3.19 holds, and the claim follows observing also
Remark 3.12.

In view of Theorem 3.17, the condition in equation (AS) is satisfied, so that
Theorem 2.31 implies |K| = 1 or |K| = 2. Below we will rule out the second possibility.

(1) If K = {k}, then 7, | (yr)n —k for all n > 0, where 7, is the minimal period
of 77,,, in this case, the minimal period of MA??, \ Mg, . Since S,jzn = {ck, 3kdk 10 <
k < n}and S,fy' = {2%ck, dy : 0 < k < n}are primitive, Lemma 2.26(b) applies. So 7, =
lcm(Agj U Sy) = lem(Sy,), and the triviality of the centralizer follows from Theorem 2.31.
(ii) Suppose for a contradiction that |K| = 2, say K = {k» = x,(2"), k3 = ,(3"")}. Then
by Theorem 2.31(b), 2" | (yr)n — k2 and 3" | (yf), — k3 for alln > 0. For s € {2, 3}, the
sets ’}T[]:f (defined in Remark 2.17(a)) and s"Z N 7711,? are invariant under translation by
gcd((yr)n — ks, pn), see Remark 2.17(c), because s” | p, and s" | (yr), — ks. Hence, the
same is true for the set ﬁff \ s"Z.

‘We claim that 77]:,‘ Cs"ZN ’7—2,, for s = 2, 3. Indeed, if this is not the case, then for at
leastone s € {2,3}ands =5 — s,

O #HEN\S"Z CHy \s"Z S Q"ZU BT\ s"Z C 5"Z,
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so that gcd((yr)n — ks, pn) must be a multiple of s”. It follows that 5" | (yr), — k. Since
we observed above that 5" | (yr), — k5, we see that 5" | ks — ks = £(kp — k3) for all
n > 0, which implies k» = k3 in contradiction to | K| = 2.

Moreover, as ﬂn = 7~{],(f U ';llf,

Ho\§Z CHS cs"ZnH, fors=2,3.

Since we proved above that H, = M AP \ Mg, = Myon 3ny \ Mg, , this implies

S"Z\ Ms,um € HY © "2\ Mg, fors = 2,3,
equivalently,
S"ZNMs, Cs"Z\HY € "2 Mg,upn  fors =2, 3. (52)

Denote the minimal period of ”;[ﬁg by 7). Our goal is to prove that gcd(7?, ®) >
2m, because the fact that ged(¥?, £®) divides ged((yr), — k2, (yF)n — k3) and hence
also k3 — ko then shows that kp = k3, which is the desired contradiction. (Recall from
Proposition 2.28 that K C [—m, m].)

Observe first that s” | 7 and ¢+ F®Z C s"Z\ A C s"Z N Mg, for each
tes"Z\ ﬁﬁ Hence, there is b € S, U {5} such that s v b | ged(t, T®)).

(1) If the first inclusion in equation (52) is strict, there exists ¢ € (s"Z \ ”;Lﬁ”) \ Mg, .
Hence, s" Vv 57 | ged(t, F6)y,

(2) The same arguments apply when the roles of s and 5 are interchanged.

Therefore, if 2"7 N Ms, € 2"Z\ H> or 3"ZNMs, C 3"Z\ H-, then 3" | ged(F?,

73)) or 27 | gcd(f(z), 70, respectively, and we are done.

It remains to treat the case where 2"Z N Mg, =2"7Z\ 77];2 and 3"ZNMs, =3"7Z\
’;Lf?. In this case, T is the smallest period of s"7Z \ Mg, , so FO) = gn. lcm((S,fS")Prim)
for s =2,3 by Lemma 2.26(a), where S;72" ={c¢;,3'd;:1<i<n} and S =
{Zici,d,' l1<i< n}

(a) If there are infinitely many i € N such that ¢; { d;, then there are infinitely many
n € N such that 3" | lem((S;72")P"™), so that 3" | ged(?, ).

(b) Analogously, if there are infinitely many i € N such that d; 1 ¢;, then there are
infinitely many n € N such that 2" | lem((S;"3")P"™), so that 2" | ged(, £3).

(c) It remains to treat the case where ¢; = d; except for finitely many i € N, say for
i < N.Then,cy ----- cn | gcd(f(z), 5(3)) foralln > N.

We complete this example by showing (for suitable choices of ¢, = d,,) that conditions
(Seh) and hence also (D) are violated. Suppose that [, (1 — 1/¢,) > % Then, for any
n > 1, the equation 3"T — 2" M = 1 has solutions 7', M with

.....

so that there are holes with distance 1 (in the sense of [2]), see Proposition 3.7. Indeed,
there is a unique solution Xg € {1, ..., 6" — 1} of the equations X = 1 mod 2" and
X=0mod 3". For k=0,...,c1---¢cp—1, let Xy = Xo+ k6", T = X;/3" and
My = X — 1/2". As all X are further solutions of the same two equations, and as the ¢;
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are pairwise coprime and also coprime to 2 and to 3, exactly y, :=cj -+ - ¢, [[}1=; (1 —

1/c;) of these solutions are {cy,...,cy}-free, and also exactly y, of the c;---¢,
numbers Xy — 1 are {cy, ..., c,}-free. Hence, exactly y, of the numbers 7; and y,
of the numbers My are {ci, ..., c,}-free. Since 2y, > c1 - - - ¢, there exists at least
one k€ {0,...,c1---cy, — 1} such that T and My are {cy,. .., c,}-free. This proves
the claim.

3.4. Non-trivial centralizer. The purpose of this section is to treat simple examples of
the type

BY = (2%t ke NyU 2K 1e ik e N k < N}, (53)

where N € NU {oc}, and the numbers ¢, are odd and pairwise coprime. Observe
that B% and B% are the sets ) and B from the introduction, respectively. Let S, =
{2%c t k <n}U {2812 k < minfn, N — 1}}. Then, lem(S,) = 2"¢? ... c2 forn < N,
lem(S,) =2"c}...c%_jcn . ..cp forn > N and Ag, = S, U {2"}, so that Ag, \ S, =

gj = Agj’p = {2"}. As min(Ag, \ S,) obviously tends to infinity, these are examples of
Toeplitz type by Proposition 3.5(d). Along the same lines as in Example 3.21, one can
show that all periods are essential and ’;ttn =H, =2"Z\ Ms,.

Let 7,, be the smallest period of 771,, = H,,. We will show that 7, = lem(S,)/c1 . .. cN—1-
Notice that 2"k € My, if and only if 2"k € Mie, ... c,). SO, Hy = 2"Z\ M. c,)- Since
c1,...,cp are odd and pairwise coprime, Lemma 2.26(a) implies 7, =2"¢|...c;, =
lcm(Sn)/cl ...CN—1.

Notice that property (TI) holds for A, = Agj’p . By Proposition 2.20, there exists
a unique k € Z such that OW + yp C OW 4+ A(k), and lem(S,)/c1...cN—1 =Ty |
(yr)s, — k. It follows at once that yr = A(k) for B} and that yr — A(k) has order at
most ]_[lN: _11 ¢; in G in the case of lev and finite N, while yr — A (k) may have any order
in the case of B{°.

In the remainder of this subsection, we show that such non-trivial centralizers as allowed
above really exist. To this end, fix N € NU {oo} and 1 < ¢ < N, and consider B{V as
before. Denote p,, = lem(S,,) for any m € N. Let

Pe
q=—

=2t .2 e (54)
Cy

We define Fy: X, — {0, 1}% by

Xs if s ¢ cel. — ﬂ]cm(S[)(x)’
Xs1g 1S € o — miem(sy) (X).

(Fex)s = i

This map is continuous, because micms,), the £th coordinate of the MEF map, is continu-
ous. Recall that the MEF map 7 : X;, — G is chosen such that () = A(0). As A(0) €
Cy [18, Lemma 3.5] for B-free Toeplitz subshifts, lr~Yr(Fm)}| = |7 Hr ()} = 1,
that is, w (F(n)) € Cy and, observing also Remark 3.1,

F(n) =¢@(Fm)) =o(r) = Lny, s02—Gr))- (55)
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LEMMA 3.22. Definey € G by

0 ifb 2@—1 2,
yb={ AN (56)

q ifb=2"1ck
Then y coincides with the rotation yF, associated to Fy.
Proof.  As miemsy) (1) =0,

Ns if s ¢ CZZ,
Nst+q ifs € ciZ.

(Fem)s = {

In view of equation (55) and of the injectivity of ¢ (see Remark 3.1), we must show that
(Fen)s = Oif and only if s € | J,c5(bZ — yp) forall s € Z.
(1) Assume that s ¢ c¢Z. Then,

(Fipy=0&n=0&seMpese2gzu |  bZ-w).
beB\{2¢-1c2)

As s € c¢Z by assumption and s+ g € c¢Z because cg | g, this is equivalent to
s € Upe(0Z — yb).

(2) Now assume that s € ¢yZ. Let T = {2c¢y, . . ., ZEc(, c%, e, ZZ_ZC%_I}. Observe
that ¢ =lem(T) and T is saturated. Observe also that (Fyn); =0 if and only if
s+q e Mg

Solet b € B and assume that b | s 4 g.
(i) IfbeT,thenb|q,and hences € bZ = bZ — yp.
(i) Ifb=2"'¢2 thens € bZ —q = bZ — yj.
(i) If b e B\ (T U{2c2}), then 2° | b and, as ¢ | s and 2°c; | g, it follows that
s €2beZ =27 — Yot
We have proved that s € | J,c5(bZ — yp).
It remains to prove that if s € ceZ and s € | J,cg(bZ — yp), then s + g € Mp. Indeed,

s+gq € <CgZﬂ U(bZ—yb)) +q
beB

= ( U(b\/q)Z—i-q) u2t-tez u ( U czbZ—i—q)
beT

beB\(TU{2t-1c2))

c | Jbz u 2z U 2%Z € Mg,
beT

because lem(T U {c¢}) = g and 2° | b foreach b € B\ (T U {2~ 1c2)). O

PROPOSITION 3.23. Foreach 1 < ¢ < N < 0o, the map F; belongs to the centralizer of
the Biv—free subshift. It satisfies Fec‘ =idyx,, but Fé #idy, forall 1 <i < cy.
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Proof. We show first that Fy(n) € X,;. Recall that miems,) (1) = 0. Fix n € N and choose
t > £ such that 2" > n. As ged(py, p:/ce) = q, there exists z € Z such that

ZEOmml?-am z=gmod pg. (57)

¢

We claim that (Fyn)[—n, n] = n[—n + z, n + z]. Let s € [—n, n]. There are two cases:
(1) s ¢ c¢Z. Then, ZZ_IC% and 2%c; do not divide neither s nor s + z by the second of

the congruences in equation (57).

(i) Assume that n; = 0. Then, 2j_ec;+£ | s for some j # £ and ¢ € {0, 1}. Observe that
j < t,since |s| <n < 2. Then, 2j_€c}+€ | s + z by the first of the congruences in
equation (57), and hence ns4, = 0.

(i) Conversely, assume that 7, . = 0. Then, 2/ ’gc}ﬂ | s + z for some j # £ and € €
{0, 1}, and if j < ¢, then 2/ _56}“ | s by the first of the congruences in equation
(57), and hence n; = 0. However, j > ¢ is impossible, because then 2’ | s + z, so
that 2’ | s by the first of the congruences in equation (57) again, in contradiction to
0<|s| <2.

We have shown that 0,4, = 1y = (Fen)s.
(2) s € c¢Z. We use the fact that z = g mod p; in view of equation (57) repeatedly.

(1)  Assume that 1,44 = 0, so that 2j_£c}+€ | s + g for some j € N and ¢ € {0, 1}. If
Jj < ¢, then 2j_£c}+8 | s + z because z = ¢ mod p,. If j > £, then 2¢ | s + ¢, and
hence 2¢ | s and 2¢cy | 5. As z = ¢ mod py, also 2¢cq | z, so that 2f¢y | s +z. In
both cases, 154+, = 0.

(i) Conversely, assume that 7,4, = 0. The same arguments as before, with roles of ¢
and z interchanged, show that n;,, = 0.

We have shown that 154, = 7544 = (F¢n)s, and thus the claim follows.
As 7(n) = A(0), we have m(o*n) = A(k) for any k € Z. So, Tiemcs,)(0¥n) =k
mod p, for any k € Z. Hence, for any k € Z,

koy if 7Z—k

(Filokny, = {1 ek
(0 )s1q ifs € ceZ —k,

7, if s +k & clZ,

_ I s+k ¢ = (Fen)stk = ((Tk(Fﬁn))s-

Ns+q+k ifs+ke C[Z,

So, Fy(okn) € X y for each k € Z. The denseness of the orbit of 1 and the continuity of F,
imply that Fy(X;,) € X, and F; commutes with o.

Since F; corresponds to yg, given by equation (56), and ¢ has order ¢, in the group
Z/2°~1c2Z, it follows that F has order c;.

This proves in particular that Fy is a homeomorphism. U
Remark 3.24. Consider the case N < co. As the numbers cy, ..., cy—1 are pairwise
coprime, the group generated by the automophisms Fi, ..., Fy_1 is cyclic of order
c1...cny—1. Let F be a generator of this group. Then, in view of Corollary 2.21,

Aut, (X)) = (o) ® (F) in the case ofBiV.
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COROLLARY 3.25. Consider B{°. Proposition 3.23 shows that the group Aut,(X,)/{(o)
contains the infinite direct sum of finite cyclic groups

ZI\Z®LIL® ... DL . .. .

Remark 3.26. One can show that the element y € G given by equation (56) satisfies the
sufficient conditions from [2, Theorem 1] for representing a (non-trivial) element of the
centralizer of the B{V -free subshift. However, the methods from [2] do not limit the order of
elements from this centralizer as in Theorem 2.8. It is shown in [2] that Toeplitz subshifts
with skeletons with equidistant holes have only elements of finite order in their centralizer.
However, this does not apply to minimal B-free subshifts, see Proposition 3.7.

3.5. Holes versus essential holes: examples. ~We start with an example for which there
is no period structure such that all holes are essential and the centralizer is trivial.

Example 3.27. Assume that c{,...,¢y,--.,qls-..,qn,... are pairwise coprime
natural numbers. Let

b1 = qic1, by = qaca, b3 = q193¢3, ba = q192qaca, . . ., by =q1 . . . gm—2GmCm; - - -

and set B = {b,, : m € N}. Let (p,) be any period structure for n = ng. Observe that for
every m € N, there exists n, n’ € N such that

Pmlql...quc1...cpnandqy ... qmcC1 ... Cnlpw.
Fix N such that g1 |py and let
m=max{i e N:qy...qi|pn}
Then, g;y+1 1 pny and hence
k= ged(bm+1, PN) =41 - - - Gm—1Cjpy 1>
where ¢ € {0, 1}. Note that
(k+ pNZ) NgmZ = . (58)

We claim that k € Hy \ ”FIN. Clearly, k € Fp, so nx = 1. By the definition of £, it follows
that (k + pyZ) N b,,117Z # &, thus 1 is not constant along k + pyZ and hence k € Hy.
Now take n > N such that

q1 .- qm+1C1 . . . Cm+11Pn- (59

We claim that (k + pyZ) NH, = &. Let | € Z and assume first that k + I[py € Fp.
Suppose that k + Ipy +1I'p, € Mp for some " € Z. So b | k+Ipy +1'p, for some
b € B. By equations (58) and (59), g, 1b, so b € {b1,...,by+1}. However then, by
equation (59), b | k + Ipy, which is a contradiction. It follows that k + I[py ¢ H,,. Now
assume that k +Ipy € Mp. So, b | k+ Ipy for some b € B. Then by equation (58),

bel{by,...,bp+1},andhenced | p, andk + Ipy + pyZ < Mp by equation (59). Again
we see that k + Ipy ¢ H,,. The claim follows.
Let S, ={b1,...,b,}. Then p, :=1lcm(S,) =q1 ...guc1 ...c, defines a period

structure, As, \ Sp ={q1 . ..4gn—1-91 . . .gn}and Ag;’ =1{q1 . . . qn}. By Proposition 3.7,
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with respect to this period structure, H, =gqi ... qn—1Z\ Msg,. Since cp tLs, V

qi...qn for any m,n > N, s, Vq1...qy € FR\sy- So item (a) from Lemma 3.19
holds. Hence, ﬂn =q1...qnZ\ Msg,. Since S = ey ..., ¢,) and Sy ddn=1
{c1,...,cn=1, gncn} are both primitive, Lemma 2.26 shows that the minimal periods of

‘H,, and H,, are both equal p,, = ¢ . .. gnc1 . . . ¢y, although il,, # ‘H,,. Proposition 2.20
shows that the centralizer of X, is trivial.

We continue with an example for which the validity of the identities ”;tln = H, depends
on the choice of the period structure.

Example 3.28. Assume that we have a collection {g;, ¢;, d; : i > 1} of pairwise coprime
odd natural numbers greater than 1. Let

bi =2 qici, b =2'qid;, b =2"g;
fori > 1 and

Sy =1{bi, b, b : 1 <i<n}, S, =8,U{byt1}

12 l
for n > 1. Finally, we set
B=Js.=Js
n>1 n>1

Clearly, B contains no scaled copy of an infinite coprime set.
The sets S, and S, are saturated and

lem(S,) =2"" g gu-cr- . endy - dy, lem(S)) = guiicngr lem(Sy),
(60)
and hence
As, \ Su = AY = (2" (61)
and
A\ Sy = (212" g ), AT = {27, (62)

.....

holes are calculated with respect to the period structure p,, = lem(S,). Indeed,

)prim ::::

Hy =2V 17\ Mg, =2V TNz \ M(SHNH
N

by equation (61) and Proposition 3.7. Suppose that b | g, V 2"+1 for some b € B and
some n > N. Since g; 1 £sy V 2"+ forany i > N, b € Sy. So item (a) from Lemma 3.19
holds and the assertion follows. By Lemma 2.26(a), we obtain Ty = 7y = N+ gy

Let ’H;, ﬂ; be the sets of holes and essential holes, respectively, calculated with respect
to the period structure p), = lem(S)). We will show that

.....

so that Ty, = Ty /en41 =2V Tgy - - - gy41 by Lemma 2.26(a).
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Indeed,
H;\] — 2N+1Z \ MS/ — 2N+1 (Z \ M N
N (S

yprim - {g15e-s

by equation (62) and Proposition 3.7. Let n > N. (Notice that item (a) from Lemma 3.19
does not hold because 2V +2gy 11 | 2"+1 v lem(S),) and 2V gy 41 & S),.) Suppose that
for some k € 7\ M{QIv'-»(IN,(INJrlCNJrl}’

Q¥ 4 lem(S\)Z) NH, = &.
Then, in particular,
Nk +1em(Sy)Z) N 2" Z € M.
By Lemma 2.24, there exists b € S, such that
b | gcd@V Tk, lem(S))) v 2" = ged @V e v 2" lem(S)y) v 2" .

Since k € Z\ Mig,,..an.avsicna} and b | 2Nk v 2741 e have b € S, \ S),. However,
b | lem(Sy) v 21 but g; f lem(S)) v 2"+! for any i > N + 1, dy41 1 lem(S)y) v 2"+
2N+qu+1CN+1 (S S/ SO b= 2N+2

and gN+1 and gy+1 | k. Conversely,

QY gy pim +1em(Sp)Z) N 2" € 2" lgy 17 € 2V gy 0 Z € M,
for any m € Z. Hence,

;}'V[/ = 2N+1Z \ MS’ U{2N+l } == 2N+1(Z \ M

qN+1 ((S;VU{ZNH,!NH})HNH )prim)

,,,,,

For both filtrations, property (TI) from §2.5 is obviously satisfied so that
Proposition 2.20 applies. However, py/iy =c1---cy-di---dy and py /Ty =
c1---CN+1-d; ---dy are both unbounded in N, so that only very weak conclusions
can be drawn from this proposition. In particular, no bound on the size of the centralizer
can be deduced from it.

Finally, we provide an example for which H, C M AY \ Mg, for any saturated
filtration (S,) of B, so that S, C S,(a) for some a € AOO (and hence also for some

=

ace .A s, *P), see Theorem 3.17 and Remark 3.18(a).

Example 3.29. Let s;, sl.’ ,qi, i, di—1(i € N) be pairwise different primes. Let

by=s1-51-q1-do (63)
and, form e NU {0} andi > 2, let
1
bi’m:s,—s1~si-...-s,'-sl(-qi-rim-dm. (64)
i—1
We set
= {01} U{bim i =2,m >0} (65)

Then, B is primitive. It is easy to show that 3 contains no scaled copy of an infinite coprime
set, so the B-free shift is Toeplitz by Proposition 3.5.
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Let (S,,) be any saturated filtration of 3 by finite sets. With no loss of generality, we can
assume that by, b € S;1. Let k be the minimal number such that by 0 ¢ S1. It follows

that bap, . . ., bro € S1. Let n be maximal such that bx419 ¢ S,. Then,
b1,b20,....bko €Sy and  bry10 € Spy1 \ Sn (66)
and
s1-si~...-sk-s,/<~q1-...~qk~do|£5n. 67)

Observe that by i1, ¢ S, for every m € N. Otherwise, as dp|fs, and §, is saturated,
bi+1,0 € Sy in contrast to our assumption. Thus, r¢4+1 1 £s,. For m large enough, say for
m > my, the number gcd(bg+1,m, £s,,,) does not depend on m.

A case by case analysis of prime divisors of by 0 and bgy1,, shows that

do ged(bgt1,m, Ls,) = ged(brr1,0, £s,) form > my. (68)

Indeed, s; |br+1,0 (respectively slf |bk+10) if and only if s; |bk+1,m (respectively slf |bk+1m) for
every i € N. Moreover, r¢4+1 1 £s,, do 1 bkt1,m and g1 divides both b1, and bg1 .
We prove that

foralla e Ag‘;ﬂ s ged(a, £s,)| ged(bk+1.0, £s,)
< a = ged(bpyim, Ls,,,) form > my. (69)
In view of equation (68), it is enough to prove ‘=’. We can assume that a =
gcd(bim, Ls, ) forsomei > 1andm € N, and gcd(b; m, £s,) = ged(a, £Ls,) | ged(bit1,0,
s,). As s, {bry10 and s;|ls,, we have i <k —1 or i =k+ 1. However, i <k — 1
implies that ¢; | gcd(b; m, €s,) | bk+1,0, which is a contradiction. Thus, i =k + 1 and

s o
since a € AS,LH’ a = ged(bgt1,m» Ls,,) form > mo.
Note that as bx4+1,0 € Sp+1,

forallm € Nt spq1-5py1 - i1 | 8dBkpim, £,y ))- (70)

Let a € A‘gjﬂ be such that (ged(bry10.£Ls,) +£s,Z) NaZ # . Then, ged(a, Ls,)]
gcd(br41,0, £s,) and by equation (69), a = gcd(bgr1,m> £s,,,) for m > mq. By equations
(67) and (70),

brt10la v Ls,. (71)
It follows from Lemma 2.25 that (gcd(br+1,0, £s,) + £s,Z) NaZ < byy1,0Z. Hence,

(ged(b41,0, £s,) + £s,Z) N (MA§Z+1 \ Ms,. ) =T,

which, because of Remark 3.12, implies ged(br+1,0, £s,) ¢ ’ﬁn Moreover, by equation
(68) and the primitivity of B, ged(bi+1,0, £s,) € MAgo \ Mg, . Thus, ged(br11,0, £s,) €
Mg \ (Ms, UHy).

We claim that n is a regular Toeplitz sequence. Indeed, let S, = {b1} U {b;,; : 2 <
i <n,0<m<n}. Then, £s, =51S] ...SuSpq1 - .. qur} ... 10do ... dyandforb; , & S,,
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/les; coosisigir! ifi <n,m >,
Si—1
SIS| . Sn_18,_ Spdm  ifi=n+1,m <n,
ged(bim, ts,) = SIS . Sp—1S,_(Sn ifi=n+1,m>n,
S1S| ... SpSpdm ifi>n+1,m<n,
S1S| ... SuS), ifi >n+1,m > n.
Hence, Agj’p ={1/s]_;s18] ...sisiqir! 12 <i <nyU{s1s]...5,-15,_;Sp}. Since

d(MAgj,p) <1- r[aeAch.p(l —1/a) < 1— (1 — I/minp<j<, ™)1 = 1/s15] . ...
sn_ls;_lsn) — 0 as n — oo, by Corollary 3.11, mg(dW) = 0. So the B-free Toeplitz
shift is regular, see e.g. [8, Theorem 13.1]. Similarly, one can show that the condition in
equation (42) of Proposition 2.28 and Theorem 2.31 is satisfied for A, = Ag:’p . We do
not attempt to determine the sets H, (and their periods) according to the prescription in
Theorem 3.17 explicitly.

Note that a,41 = slsi - - SpShSpy1 s an example of a number in A(;:fl for which
ged(any1, £s,) belongs to Ag: but not to Ag:’p , compare Lemma 3.9 items (c) and (e).

We complete this example by showing (for suitable choices of d;) that conditions (Seh)
and hence also (D) (the equivalence of conditions (Seh) and (D) was claimed without proof
in §2.2, see also Lemma 2.9) and property (TI), see Proposition 2.20, are violated. Let
an = 51818285 . . . Su—18,,_;Sn and a;, = s15285q2ry . Suppose that [],-o(1 — 1/d,) > %
Then the equation a, /s15255T — a;,/s15255M = 1 has solutions T', M with

anT,a,M € ./\/lAg)ol \ Mg,

so that, for all n, there are holes with distance slszsé (in the sense of [2]) in H,,
see Proposition 3.7. Indeed, there is a unique solution Xo € {l,...,lem(ay, a,)/
s1s285 — 1} of the equations X =1mod a,/sis2s) and X =0mod aj,/s1s2s55. For
k=0,...,dod, ---d, —1,let X = Xo + klcm(a,, a,;)/slszsé, Ty = stlszsé/an and
My = (X — l)slszsé/a;l. As all Xj are further solutions of the same two equations,
and as the d; are pairwise different primes, exactly y, := dod; - - - d, ]_[;’:0(1 —1/d;) of

these solutions are {dy, di, . . . , d,}-free, and also exactly y, of the dod; - - - d, numbers
Xy — 1 are {do, d1, ..., d,}-free. Hence, exactly y,, of the numbers T; and y, of the
numbers My are {dy, di, . . ., dy}-free. Since 2y, > dod; - - - d,, there exists at least one
ke{0,...,dod; - - -d, — 1} such that Ty and My are {dy, d1, . . ., d,}-free, so then a, T}

and a), M. are S,-free. This proves the claim.

3.6. Superpolynomial complexity. We consider the example B = B, = {2/c;, 3'c; :
i € N}, where ¢; are odd pairwise coprime numbers not divisible by 3. Recall from
Example 3.21 that our Theorem 2.31 applies to this B and ensures that the B-free subshift
has a trivial centralizer. Here we show that it has superpolynomial complexity.

We denote by p the complexity function of X, for n = 1 £, that is,

o) = |{nlk + 1,k +nl: k € Z}]

forn € N.
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PROPOSITION 3.30. Assume that 2¢; < 22¢y < 23¢3 < - - - are such that
o

and there exists a real number a > 1 such that

(72)

[\JI'—‘

cj s (73)
for j > 0. Then, for each ¢ € (0, 1),

lim inf p)

———— = +00.
n——+oo n‘s lg2¢x nga

Remark 3.31. If ¢; is the square of the (i 4+ 2)th odd prime number, for i € N (that is,
c1 = 25 etc.), the assumptions of the proposition are satisfied (equation (73) holds for
a > 25).

Remark 3.32. For any j € N, under the assumption in equation (72),
cr...cj > Q2 > jl.

This inequality is a consequence of the fact that the arithmetic mean of positive numbers
is greater than or equal to their geometric mean.

The following lemma is elementary.
LEMMA 3.33. Foreveryn,b e Nandk,r € Z:
2= L<|GZ+N) O+ Lk+n]l <7 +1.
Let
-y L

i=1

l\)l'—‘
2=

Given n € N let m,, = [Ig, n]. Note that § > 0 by equation (72) and 2"+! > n.

LEMMA 3.34. Assume that jo € {1, ..., m,} satisfies
. on
20¢j, < .
0= gy n
If

my mp
[Laln@PcjZ+r) | @ aZ+s) Ul JBaZ + 1)
i=1 i=1

forsomer,sy, ..., Sm,,t,. .., tn, €Z, thenr = sj, mod 2j°cj0.

Proof. Suppose otherwise, then (2/0¢ joi + r) is disjoint to (2he joZi + 5 j,) and hence

mp
[1,n] N Q2%c;Z+r) C U Qaz+spu|JEaZ+1n). (74)
i€{leema ]\ io) i=1
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If follows that
1, n] N (2%c;,Z + 1)

< > LN QGZ+s) 0@,z 1)l
i€{l,...mu\{jo}

Mp
+ ) LN G GZ+ 1) N @0cjZ+ 1)) (75)
i=1
For i # jo, 2i¢;Z + si) N (ZjOCjOZ-i- r) is either empty or equal to lem(2ic;, 2j0cjo)
Z + ' for some r’' € Z. Similarly, for i = 1,...,m,, 3'c¢;Z+r)N (2-jochZ +r) is
either empty or equal to lem(3ic;, 2/0¢ jo)Z +r" for some r” € Z. Then, equation (75)
and Lemma 3.33 yield

Mp

n n n
2Jocj, ie{l,.u,Xm%}\{jo} lem(2t¢;, 270¢jp) ; 312J0 Iem(c, cjy)
(76)

For i # jo, lem(2¢;, 200¢;y) = 2malihol¢;c;0 > 2Jo¢ic; and lem(ci, cjy) > cj, for
every i, thus

my
n n n
- —1< - 1 — 1), 77
2Jocj, - Z (2/UCiCjO + )+Z <312/0Cj0 + ) 7

ie{l,...ma\{jo}

which, as 37", 1/37 < 1, implies

1=

n n 1 1
. -1 <= = — 2my — 1, 78
200¢j, ~ 2ocy, <2 * ; ci) 2 (78)
and hence
8
2 <om,. (79)
200¢,
It follows that
. on on
e = > : (80)
2m, ~ 2lgyn
which is in contrast to the assumption. O

Let n € N be big enough to satisty 2c1 < én/2 1g, n, and let j, be the greatest natural
number such that
on

2j"cjn < .
2l1gy n

(81)

It follows by equation (81) that j, < m,. Moreover, (j,) is a non-decreasing (starting from
n big enough) sequence such that lim,,— o, j, = +00.
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Let N be a natural number such that ¢; < o/ forevery j > jy and 2¢; < 8N /21g, N.

If n > N, then
> 1 on 1 (82)
="\ Qg n) T
Indeed, otherwise
) . )
2intles 1)< Qayintl < " , (83)
which is a contradiction with the choice of j,.
LEMMA 3.35. For any sequencex = (11, . . . , I'y,), there exists xy € Z such that
Xy = 2jrj mod 2jcj forj=1,...,my,
xr = 0 mod 2mnF13mat1,
Moreover, if ' = (r{, . .., 1, ) is another sequence of integers and
nlxr + 1, xr +n] = nlxy + 1, xp +nl, (84)

where xy is defined analogously, then
rj=r;mod c;
for j < jn, provided n > N.

Proof. The existence of x; follows by the Chinese Remainder Theorem. Assume equation
(84). Since 27 t13matl | x pmatlzmatl |, and 2Mntl > g the sets [xp + 1, xp 4 1]
and [xp + 1, xp 4+ n] are disjoint to | (2i¢;Z U 3i¢; 7). Therefore, equation (84)
implies

i>my,

mpy mpu
[Laln | J(@aZU3aZ) —x) =1L a0 | J(@aZ U3 6Z) — xo).
i=1 i=1

In particular,

My
[LalNQ@¢;Z —x) € | J(@aZ U3 6Z) — xp)
i=1
for every j=1,...,m,. If j <j,, then 2jcj < én/21g, n and by Lemma 3.34, we
conclude that xy = x,» mod 2/c;. As xy = 2/r; mod 2/c¢; and xy = 2jr} mod 2/c;, it

follows that r; = r’; mod c;. O

Proof of Proposition 3.30. Take n > N big enough. By Lemma 3.35, to every sequence
r=(ry,...,ry,,) of integers, we can associate a block of length n on 5, and the
remainders of 7; modulo c; for j < j, are determined uniquely by the block. (The choice is
not unique. The conditions on x; given in Lemma 3.35 do not determine n[xy + 1, xy + n]
uniquely.) It follows that

pn)>cr...cj,. (85)

https://doi.org/10.1017/etds.2023.43 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.43

1100 A. Dymek et al

Remark 3.32 yields that
cL...cj, = ],{" (86)

We observed in equation (82) that j, >lg,,(n/(21g, n)) — 1. Let 0 < e < 1. The
right-hand side of this inequality is greater than 1g,, (n®) for n >> 0. Thus, for n big enough,
we have

jjn 2 (5 lgza n)(8 lg2a n) — 8(8 ngOz n)na lg2a lg2a I’l. (87)

Putting this together with equations (85) and (86), we finish the proof of the proposition.
O

Remark 3.36. Analogous (even simpler) arguments can be applied to the example B{, with
the same conclusion about the complexity.
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