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Irreducible modules of modular Lie
superalgebras and super version of the first
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Abstract. Suppose g = gg + g is a finite-dimensional restricted Lie superalgebra over an algebraically
closed field k of characteristic p > 2. In this article, we propose a conjecture for maximal dimensions
of irreducible modules over the universal enveloping algebra U(g) of g, as a super generalization of
the celebrated first Kac-Weisfeiler conjecture. It is demonstrated that the conjecture holds for all basic
classical Lie superalgebras and all completely solvable restricted Lie superalgebras. In this process, we
investigate irreducible representations of solvable Lie superalgebras.

1 Lie superalgebras in characteristic p

Since the works [1-3, 6, 13, 21] etc. on irreducible representations of algebraic
supergroups in odd characteristic, especially Wang-Zhaos work [29] focusing
on irreducible representations of basic classical Lie superalgebras, the study of
irreducible representations of finite-dimensional restricted Lie superalgebras in odd
characteristic has found big progress. For instance, see [16, 30, 33, 39-43] etc. for
determination of irreducible modules of classical Lie superalgebras; see [14, 22—
24, 28, 32, 34-37] etc. for determination of irreducible modules of Cartan-type Lie
superalgebras; and see [16, 23, 30, 34, 39, 40, 42] etc. for dimensions or character
formulas of irreducible modules. Nevertheless, their irreducible modules are not
well-understood. The purpose of this article is to propose a formulation of maximal
dimensions of their irreducible modules. In particular, we thoroughly investigate
irreducible representations of finite-dimensional solvable Lie superalgebras.
Throughout the paper, the notions of vector spaces (resp. modules and sub-
algebras) mean vector superspaces (resp. super-modules and super-subalgebras).
For simplicity, we will often omit the adjunct word “super” All vector spaces are
defined over k which is an algebraically closed field of characteristic p > 2. For
superspace V = V5 + V5, we will mention the super-dimension of V which means
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dimV = (dim V3| dim V;), in the meanwhile, we mention the dimension of V which
means dimg V := dim V; + dim Vj. As usual, we denote by V* the linear dual space
of V. Throughout the paper, all Lie (super)algebras are finite-dimensional unless other
statements.

1.1 Restricted Lie superalgebras

A Lie superalgebra g = gy @ g is called a restricted one if g; is a restricted Lie
algebra and gj is a restricted module of g3, more precisely, there exists a p-mapping
[p]: g5 — g satisfying:

(@) (kx)P] = kPx[P) forall k e k and x € gg,

(b) [x[P],y] = (adx)?(y) forall x € gz and y € g,

(©) (x+y)lP) = xlPl 4 ylr] 4 Zf;llsi(x,y) for all x,y e g where (ad(x®f+
yo) N(x®1) =X is;(x,y) ® t'™" € gy ® k[t]. Here, k[¢] denotes the
polynomial ring over k with indeterminant ¢.

With emphasis on the p-mapping [ p], we sometimes denote the restricted Lie algebra

95 by (g5, [p])- One can refer to [10, Section V.7] or [26, Chapter 2] for more details

on restricted Lie algebras and restricted modules.

Denote by Z(g), the center of U(g), i.e., Z(g) := {u € U(g) | adx(u) =0 Vx € g}.
For a restricted Lie superalgebra g, the p-center Z, of U(gg) which is defined to be
the subalgebra generated by {x? — x[?] | x € g3}, lies in Z. Fix a basis {xi,...,x} of
gg and a basis {y1,..., y¢} of gi. Set &; = xf —xl[p], i=1,...,s. The p-center Zo is a
polynomial ring k[&;,. .., & ] generated by &, ..., & (see, for example, [29, Section
2.3])).

By the PBW theorem, one easily knows that the enveloping superalgebra U(g) is
a free module over Z with basis

X a0 <a <p-1, bje{0,1}fori=1,...,s,j=1,...,¢t

(see, for example, [29, Section 2.3]).

1.2 Reduced enveloping algebras of restricted Lie superalgebras

Suppose V is an irreducible U(g)-module. By the above argument, for any x € g3,
xP - x[P] Jies in the center of U(g). By definition, x? — x[?] acts on V as an even
linear transformation for x € gg. Schur’s lemma entails that each x? — x[?] for x € g;
acts on V by scalar y(x)? for some y € gg*. Such y is called the p-character of V.
Suppose y € g;* is given, which is naturally regarded in g* by trivial extension. Denote
by I,, the ideal of U(g) generated by the even central elements x? — x[?] — y(x)?
with x running over g;. More generally, we can say that a U(g)-module M is a
x-reduced module for any given y € g if for any x € gg, x? - x[P] acts by the scalar
x(x)P. All y-reduced modules for any given y € g3 constitute a full subcategory of the
U(g)-module category. The quotient algebra U, (g) := U(g)/I, is called the reduced
enveloping superalgebra of p-character y. Then the y-reduced module category of g
coincides with the U, (g)-module category. If h is a restricted Lie subalgebra of g, we
often make use of x|y, for x € g; when we consider the U, (g)-module category and
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its objects induced from h-modules. By abuse of notations, we will simply write y|,

as x.
By the PBW theorem, the superalgebra U, (g) has a basis

xfl...xf’yf‘...yf’,OSaiSp—l;bje{O,I}fori:1,...s;j:1,...,t,

and dim U, (g) = pdim8sdimar,

The reduced enveloping algebra corresponding to y = 0 is Up(g). We call it the
restricted enveloping algebra of g. The modules of Uy (g) are called restricted modules
of g. The following observation is clear.

Lemmal.l ‘The dimensions of irreducible modules of a restricted Lie algebra g are not
greater than pdimgopdimar,

Minimal p-envelopes of finite-dimensional Lie superalgebras

Any finite-dimensional Lie superalgebra can be embedded in a finite-dimensional
restricted Lie superalgebra (see the appendix section). Let g = g + g; be any given
Lie superalgebra. There is a minimal finite-dimensional restricted Lie superalgebra
g, such that g, = (g5), + g is a p-envelope of g, and (g;), a p-envelope of g (see
Lemma A.3 in the appendix section). Then, one can still show that dimensions of
all irreducible modules of g has unified upper-bound, by considering its minimal
p-envelope. There is a natural question.

Question 1.2 What is the maximal dimension for irreducible modules over g?

With aim at the above question, the purpose of the present paper is to formulate the
maximal irreducible dimensions for finite-dimensional restricted Lie superalgebras
over k, as a conjecture (see Conjecture 2.3). This conjecture is regarded a super version
of the plausible first Kac-Weisfeiler conjecture (see Remark 2.4(2), or [12, 31]). The
progress of the work on the first Kac—Weisfeiler conjecture can be learnt from [15, 18].

The main body of the text is devoted to the verification of the super first Kac-
Weisfeiler conjecture in the case of basic classical Lie superalgebras and complete
solvable Lie superalgebras.

Maximal dimensions of irreducible modules for a finite-
dimensional restricted Lie superalgebra

Keep the notations and assumption as above. In particular, g = g5 @ g; is a finite-
dimensional restricted Lie superalgebra over k. For any given y € gj, consider the
bilinear form B, on g with regarding y € g* by trivial extension

By:gxg =k (X, Y) = x([X, Y]).
Set ker(B,) = {X € g|B,(X,g) = 0}. Generally, g* can be regarded a g-module

via defining for X € g|x|, f € gy, X.f : g - k with (X.)(Y) = -(-)XIA£([Xx,Y]),
VY € g. Here, |X| and |f| denote the parities of the Z,-homogeneous element X € g
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and f € g”, respectively. So we can define the centralizer of y in g, which is denoted
by 3X. By definition,

¥ ={Xeg|X.x=0, equivalently, y([X,g]) = 0}.

Then this 3% is exactly equal to ker(B, ). Furthermore, with B,, we may define bilinear
forms on the spaces § := g/3%, §; = g()/gg and §j := gi/;,;‘, respectively. By abuse of
notations, those bilinear forms are still denoted by B,.

In the following arguments, we need some conventions and notations. Let [a]
denote the greatest integer lower bound of a for a real number a € R, and | a| denote
the least integer upper bound of a.

Lemma 2.1 The following statements hold.

(1)  The centralizer 3* = 3% + 3{( is a restricted subalgebra of g if g itself is a restricted
Lie superalgebra.

(2) B, is a nondegenerate skew-symmetric bilinear form on §,, and a nondegenerate

. e ~ . X .

skew-symmetric bilinear form on §;. Consequently, dim(gg — 37 ) is even.

dim gg+dim 3%‘

—_—

dim gj+dim 3}
2

(3) Any maximal isotropic space in gy with respect to B, has dimension

(4) Any maximal isotropic space in gj with respect to B, has dimension

ir e . . . . dim g; +d1m 3
if dim g; — dim 37 is even, and has dimension %

odd.

if dim g; — dim 37 is

Proof  The parts (1) and (2) directly follows from the definition. As to (3), we first

note that 3% is an isotropic subspace of g with respect to B . From the part (2), it follows
g

w. So naturally,

the preimage space of V in V which contains 3¥ is a maximal isotropic subspace of g;.

dim gg+dim 3

that a maximal isotropic subspace V of §; has dimension

This maximal isotropic subspace has dimension
As to the part (4), from the part (2), agam it follows that a max1ma1 isotropic sub-

dim gj—dim 3%
[——"1

space W of §; has dimension . By the same reason, the preimage space

of W of §; which contains 3* is a maximal isotropic subspace of gj. Consequently, this
. . . . . dim gj+dim 3%
maximal isotropic subspace has dimension [M]

The proof is completed. [ ]

Remark 2.2 With the notations [a] and | a| for a € R, Lemma 2.1(4) becomes that
]- Set

dim gj+dim 3;(

the maximal isotropic space with respect to B, in gj has dimension [ 5

dimgg + dim 3} dim g + dim 3¥
(g, ) = (S SR SRS

This d(g, x) is the maximal super-dimension of the isotropy subspaces of g with
respect to B,. Set i(g, y) = dimg — d(g, ). Then

dim g5 - dim3} dim g; - dim 37
2 I 2

i(g, x) = ( D-
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2.1 The set D(g, ) of degraded subalgebras associated with y

We regard x € g7 as a linear function on g* by trivial extension. Associated with
x> we say that a subalgebra b is degraded if dimh = d(g, y) and y(hV) = 0. Here
and further, L(") for a Lie (super)algebra L denotes the derived subalgebra of L, i.e.,
L® = [L, L]. Obviously, such subalgebras contain 3X if they exist. In this case, they
are further restricted subalgebras whenever g is a restricted Lie superalgebra.

Denote by D(g, x), the set of all degraded subalgebras b of g.

For the simplicity of arguments, we say that a pair of nonnegative integers (a|b) is
asuper-datum. Call a and b its even entry and odd entry, respectively. For y € g; c g”,
we set

by = dim g — dim 35,
b = dim g; — dim 37"
. . bY || bY
Correspondingly, i(g, x) = (Z|[5-]). Also set

X

ou
AM(g) = maxp7 2l7 ],
xegy

Conjecture 2.3  Let g be a finite-dimensional restricted Lie superalgebra over k. The
maximal dimension of irreducible g-modules is /4(g).

Remark 2.4 (1) Clearly, by definition, .#(g) can be expressed as phTO 213 for some
nonnegative integers by and b;. In general, such b, and b; are not necessarily unique.
However, we will see that in many cases, by = mMaXyeqx bg and b, = maXyeqs bf(, which
are unique.

(2) The formulation in the above conjecture becomes the first Kac-Weisfeiler
conjecture when gj = 0, i.e., a finite-dimensional restricted Lie algebra g; is regarded
a restricted Lie superalgebra with the odd part being zero.

(3) This conjecture is a super version of the first Kac—Weisfeiler conjecture on
irreducible modules of restricted Lie algebras (see [12])." For the latter, the study
has been in a great progress, but the question is still open (see [15, 18]). There are
remarkable works (see [12, 17, 29]) concerning another (the second) Kac-Weisfeiler
conjecture on irreducible modules of Lie algebras of reductive groups in prime
characteristic and its super version. Some related progress can be found in [9, 30,
39, 40].

3 Irreducible modules of basic classical Lie superalgebras

In this section, we suppose g is a basic classical Lie superalgebra over k. Then
g = gy ® gi with even part being a reductive Lie algebra. As to classical Lie super-
algebras of type P and Q, Conjecture 2.3 was very recently confirmed by taking quite
different and nontrivial arguments (see [19]).

UThere is some counterexample against the first Kac—Weisfeiler conjecture for nonrestricted Lie
algebras (see [27]).
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3.1 Basic classical Lie superalgebras

We list basic classical Lie superalgebras and their even parts over k with the restriction
on p (see, for example, [11, 29]). The restriction on p could be relaxed, but we
always assume this restriction on p in this section). The most important feature is
that each basic classical Lie superalgebra listed below admits a nondegenerate even
supersymmetric bilinear form.

3.1.1

Basic classical Lie superalgebra g 95 Characteristic of k

gl(m[n) gl(m) @ gl(n) p>2
sl(m|n) si(m)a@sl(n)ok |p>2,p+ (m—n)

osp(m|n) so(m) @ sp(n) p>2

F(4) sl(2) ®s0(7) p>15

G(3) sl(2) @ Gy p>15

D(2,1,a) sl(2) @sl(2) @sl(2) p>3

For Lie superalgebra g in the list, there is an algebraic supergroup G with Lie(G) =
g satisfying:
(1) G has a purely-even subgroup scheme G, which is an ordinary connected
reductive algebraic group with Lie(Gey) = g;.
(2) There is a well-defined action of G, on g, giving rise to the adjoint action of g;.

The above algebraic supergroup are usually called basic classical supergroups, which
can be constructed as Chevalley supergroups (see [7, 8]). Generally, for an algebraic
supergroup G with g = Lie(G), g does not determine G. Instead, the theory of super
groups shows that the pair (Gey, g) determines G (see, for example, [4, Chapter 7]).
The pair (Gey, g) is called a super Harish-Chandra pair (ibid.). More precisely, the
category of algebraic supergroups is equivalent to the category of super Harish-
Chandra pairs (ibid.).

One easily knows that g = Lie(G) for an algebraic supergroup G is a restricted Lie
superalgebra (cf. [21, Lemma 2.2] or [25]).

Let g be a given basic classical Lie superalgebra. We fix a Cartan subalgebra b in gg.
Denote by @, the root system associate with ). Then ® = @y U @y, where @ stands for
the set of even roots, and @; for the set of odd roots. Fix a triangular decomposition
g =n" @b @ n* which is equivalent to say, fix a positive root system @7, or to say fix a
simple root system A. Here, n* stand the Lie subalgebras of positive and negative root
vectors, respectively. Furthermore, @~ = —®*,and ®* = O} U ®§. Moreover, without
loss of generality we can assume y(n7) = 0 for any x € g5, up to Gy-conjugation. Let
b=bhen". Thenany A € h* defines a one-dimensional U, (h)-module k; as long as
A satisfies \(H)? — A(H[P1) = y(H)? for all H € b. Set

A(x) = {Aeb" [A(H)? = A(HPT) = x(H)” VH e b},
dim b

which clearly contains p elements.
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The one-dimensional space kj can be regarded a U,(b)-module with trivial
n*-action, because of y(n7) = 0. Then we define an induced module (called a baby
Verma module)

Zy(A) = Uy(9) ®u,(b) kj.

Obviously, dim Z, (1) = p@™ " 24m i The following fact is clear.

Lemma 3.1 Any irreducible U,(g)-module has dimension not bigger than
dim Z, (A).

The proof is standard. We give an account on it. By the above arguments, we only
need to consider the case y(n") = 0. In this case, for any irreducible U, (g)-module
V, n" acts nilpotently on V. Hence, V admits one-dimensional U,(b)-module k),
with n*-trivial action, and U, (h)-action by some function A € A(x). So V coincides
with U, (n™)ky which is isomorphic to an irreducible quotient of Z, (1). The lemma
follows.

Recall that gg = Lie(Gey), and any element X € gz admits Jordan-Chevalley
decomposition X = X, + X,, with X, being semisimple and X,, nilpotent. Note that
for a basic classical Lie algebra g listed in 3.1.1, there is a nondegenerate Gy-invariant
symmetric bilinear form (-,-) on gg. Hence, there is a G-equivariant isomorphism
between g; and gj. Consequently, for any x € g;, there exists a unique X such
that y = (X, -), which leads to the Jordan-Chevalley decomposition y = ys + x»
with y, = (X;,-) and x, = (X,,, —). Furthermore, there exists g € Gey such that
(g-xs)(n5) =0, and (g.xx)(bg) = 0, where the action of g. means the coadjoint
action. We say that y is semisimple if y = x;, and that y is nilpotent if y = y,. For
simplicity, we always assume that y = x, + x,, with ys(n3) = 0, and y,(bg) = 0 in the
following because the coadjoint action gives rise to an isomorphism between U, (g)
and Uy ,(g).

For a semisimple p-character y € g5, we say that x is regular semisimple if y(H,)
are nonzero for all & from ®, where H,, is the Cartan toral element corresponding to
a. By Lei Zhao's result, we have the following theorem.

Theorem 3.2 [42, Theorems 4.6and 4.7]  Suppose y is regular semisimple, and A € A .
Then Z,(A) is irreducible.

For a regular semisimple p-character y € g7, from the definition, it follows that
3* =h. Hence, (%g | [%fj) = (dimny | dimny). Correspondingly, dimZ,(1) =

on R
p72l7], which coincides with pr 231, On the other hand, Wang-Zhao’s theorem
concerning Kac-Weisfeiler property (see [29, Theorem 4.3]) says that for any x € g5

N
and any irreducible U, (g)-module V, dim V is divisible by p=> 2l= 1. Hence, we have
b
dimV < dimZ,(A) = p= 2l 7

Combining the above with Lemma 3.1 and Theorem 3.2, we finally have the following
result.
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Corollary 3.3  Suppose g is a basic classical Lie superalgebra over k. Then the maximal
dimension of irreducible U(g)-modules is exactly .#(g). Moreover, .#(g) can be

precisely described as prO ZLbTIJfor by = max{b|y € g3} and by = max{b{|y € g3 }.

Consequently, the statement of Conjecture 2.3 is true for basic classical Lie super-
algebras.

Irreducible modules of solvable Lie superalgebras

In the next two sections, we will study irreducible representations of finite-
dimensional solvable Lie superalgebras over k, by exploiting the arguments for
ordinary solvable Lie algebras (see [20, 31] or [26, Chapter 5]). Keep the notations
and assumptions as before. In particular, for a Lie (super)algebra L, we denote by L™
the derived subalgebra of L, i.e., L) = [L, L].

Basic properties on solvable Lie superalgebras

The following results are important for the later arguments.

Lemma 4.1 Let g = g; + gj is a finite-dimensional Lie superalgebra over k.

(1)  Suppose V is an irreducible module of g. If all elements of [g, g] act nilpotently on
V, then V is one-dimensional.

(2)  Suppose additionally, g is solvable and non-abelian, then the center C(g) := {X ¢
g|ad(X)(g) = 0} does not contain all abelian ideals of g.

Proof (1) It is an obvious fact.

(2) We prove this statement by reductio ad absurdum. Suppose C(g) contains all
abelian ideals. We intend to deduce a contradiction.

Note that C(g) is an ideal of g. Consider the natural surjective homomorphism of
Lie superalgebras™: g — g/C(g). Of course, § = g/C(g). By assumption, § # 0 which
is still a solvable Lie superalgebra. Take a minimal ideal I = Iy + [; <« g containing
C(g) properly. The solvableness of g yields that I properly contains I1). So 1) ¢
C(g). Under the assumption of C(L) containing all abelian ideas, it follows that
1M £ 0. Consequently, I # 0. Moreover, there exists a linear function A € C(g)*
such that A, # 0. Note that I # 0 and it becomes an irreducible g-modules. This
irreducible representation of g on I is denoted by (p, I). The linear function A gives
rise to a bilinear form A on I by defining A : I x I — k via A(¥y, 7,) = A([#1, 72]) for
any v1, v, € I. Then it is easily checked that A satisfies ggy-invariant property in the
sense that

(4.1) A(X.01,72) + A(9y, X.9y) =0for X e gg, v; € I, (i =1,2),
where X.7; = [X,v;]. As A # 0, we can take ¥, w such that A(¥,w) # 0.

We claim p(g) = 0, which means g acts trivially on I. Otherwise, if p(g) is nonzero,
then there exists a nonzero abelian ideal ] because p(g) is solvable. For any given
nonzero Z € J, consider the action of Z? on I. Note that for any Y € p(g), [2?,Y] =
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ad(2)?Y € JO = 0. By Schur’s lemma, there exists a(Z) € k such that Z?.7 = a(Z)v
for any ZPv = a(Z)v. Comparing with (4.1), we have

a(Z)A(5, W) = a(Z)A(ZP 5,W) = A3, ZPW) = —a(Z) A (3, ).

Hence, a(Z) = 0forall Z € J;. Thus, J; acts nilpotently on I, naturally so does J;. But
is irreducible, which implies that J acts trivially on I. This is to say J = 0, a contraction.

By the arguments, it is already deduced that p(g) = 0 and the irreducible g-module
I must be one-dimensional. This means, I = kv + C(g) for v € g, which leads to a
contradiction I!) = 0. The proof is completed. [ ]

4.2 Induced modules for solvable restricted Lie superalgebras

Now, we begin to investigate irreducible modules of solvable restricted Lie super-
algebras. In the following two subsections, we assume that g = g + g; is a finite-
dimensional solvable restricted Lie superalgebra, and y € g5 which will be often
regarded a linear function on g by trivial extension. At first, Lemma 4.1(1) implies
the following conclusion.

Lemma 4.2  Let g = g; + g; be a finite-dimensional solvable restricted Lie superalge-
bra, and y € g;. IfgW is nilpotent, and y(g(") = 0, then any irreducible U, (g)-module
is one-dimensional.

Next, let p : g — gl(V) be a finite-dimensional representation of U, (g). Suppose
I is an ideal of g such that I!) c ker p and [g,1] ¢ ker p. So there is an irreducible
I-submodule in V which is one-dimensional. This yields that

(4.2) Vig={veV|Xv=y(X)vVXel}

is nonzero. Consider I*:= {X e g| y([X,I]) = 0}. It is easily shown that I¥ is a
restricted subalgebra of g containing I. Clearly, I* is still solvable, and V;,, becomes a
module of U, (I¥) from which we will consider an induced module of U, (g).

We claim that I¥ is a proper subalgebra of g. We will show this by reductio ad
absurdum. If g = I%, then V, is a U,(g)-submodule and therefore coincides with
V, which means p|(g,11 = x|[g,idv = 0. Thus [g,I] c ker p, which contradicts the
condition of I. So we can take a cobasis {e, .. ., e} ofIg in g; for s = dim gg — dim Ig,
and a cobasis { fi,..., f¢} ofI%c in gi for t = dim g; — dim I;‘, which means

s t
96 :I(%‘@G_Blke,- and g; =I§‘®€_Blkfi.

Now, we consider the induced module V := U,(g) ®u,(1x) Vi,y which can be
expressed as a vector space

V= Z ke*f? ® VI)X’
(a,y)ePsxE!
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where a = (ay,...,a,) € Z3y and y = (c1,...,¢;) € ZL, are s-tuple and t-tuple of
nonnegative integers, respectively, e* := e/’ ... e, and f” = f" ... f/* with

P:={0,1,...,p-1}

and
E:={0,1}.
Set
l@pll=Yai+ e,
i J
and put

V(l) = Z ke“f’ ® VL)('
(a,y)ePsxEt
liCamlst

Consider Uy = 3}, ke; and Uj = Z;-:l kf;. Define a linear map ¢ from Uj to I by
sending any given X € I onto the function B, (X, —) on I By the definition of I%, this
¢ is nondegenerate. Hence, there is a set {Z,, ..., Z} c I such that y(e;)(Z;) = §;;
for 1< i, j < s. Here and further, §;; denotes the Kronecker function whose value at
(i, ) is zero when i # j and 1 when i = j. Similarly, consider a linear map y from Uj
to I sending Y onto the function B, (Y, ~) on Ij, and this y is nondegenerate too.
We can choose {Ty,..., T;} c Ij such that y(f;)(T;) = 8;j for1< i, j < t.

Lemma 4.3  Keep the notations and assumptions as above. For e*f” ® v € V() with
v € V1,5, the following formula holds:

(Zi - x(Z;)).ef" ®@v=aie" “f®v modV(_, ifa+0; and
(43) Tif"ev=cf"™ " ®v modV(_, ifa=0.
Proof ~We first generally introduce an order relation < on ZI; (the set of
g-tuples of nonnegative integers) by defining < « for any given ' = (ki,..., k;),
o« = (aj,...,ay) € Z1, if and only if k} < aj for all i.

Now, we turn to the situation for the lemma. Set ¢ := (81%,...,05), k=1,...,s.
Recall the following formula for Z € I :

ze"= 5 ()% rad (e .. (ad(e)™))Z,

0<Kr=«a

here and further, we set

[l := > ki
i=1

for i = (ki, ..., ks) € Z3,, and set

()5 ()
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and for T € [;
T = Y £7%ad(f)* (... (ad(f)")T.

0<k=y

So in the case when « # 0, we have

(Zi - x(2)e P ov="3 (71)“““( )e“““ad(es)k‘(...(ad(el)k‘))(Zi7)((Zi))fy®v.

o
0<r=a K

Note that any elements from If( act trivially on v. So we can write

N
(Zi—x(Zi)e" " @v=e"T(Zi- x(Zi))@v - are” “f'[er, Zi]®@v mod V(;_y)
P

=a;e" ' ®@v mod V(_,).

By the same arguments, we can deal with the case when « = 0. We finally have

t
T @v=0Tev+ kay_s" [fi- Ti]®v mod V(_y
-1

=f""% ®v mod V(l,z).

The proof is completed. ]

Lemma 4.4 Keep the above notations and assumptions. In particular, let g be a
solvable restricted Lie superalgebra. Let p : g — gl(V') be an irreducible representation
of U, (g) on V. The following statements hold.

(1)  The module Vi, defined in (4.2) is an irreducible U, (IX)-module.
(2) Furthermore, ifwe setV := U, (8) ®u,(1x) Vi, then V = V.

Proof (1) Itis clear.

(2) Suppose W is a nonzero submodule of U, (g) in V. Set Wy := {w e Vj, |1®
w € W}. Obviously, Wy is a U, (I*)-submodule of V7 ,. According to part (1), V7, is
an irreducible U, (I*)-module. Hence Wy = V, or Wy = 0. If the former case occurs,
then W = V. Hence it suffices to show that W, is nonzero.

Recall V=3 (4 ) )epsxpe ke*f ® Vi . Obviously, W =U;5o(WnV(;)). On the
other hand, we put Wy := ¥(4,))eps gt ke“t” ® Wy. We claim that

[ICep)lIt

W= >  ke'f! @ W,.
(a,y)ePsxE!

It yields that Wy # 0, which is our purpose. In order to verify the claim, it suffices to
show that

(%) Wy = V(l) NnWforalll >0.

By definition, (*) is true for [ = 0. We now prove that W n'V(;y ¢ W(;) by induction
on L Let [ >1 and assume that W n'V(;_;y € W(;_;). Suppose that ve Wn 'V is

arbitrarily given, we intend to show that w € W(;y. Take a cobasis {vi,...,v,} of W,
in V7 . Without loss of generality, we might as well assume
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9
V= Z Z Ca,y,keafy ® Vi

k=1 (a,y)ePsxE!
[ICa)list

with all Cq,y & € k. By (4.3), we havefori =1,...,s,

(Zi - X(Z1))V = Zk: i« Z;H lCa,y,kea_sify ® Vi mod V(l,z).
a,y)||=

Thus (Z; = x(Zi)).v € WnV(;_1y. By the inductive hypothesis, it lies in W(;_y).
Hence, all C,, x = 0 as long as [|(a,y)|| = I and & # 0. In the same way, let us deal
with the case when [(«, y)| =  and & = 0. Multiplication by Tjon v, j = 1,..., t yields

Tj.v = Z Z Co,y,kfy_sj ® vy mod v(l—Z)-
k (I(ay)lI=t

For the same reason as the previous case, we have that Cy,, = 0 for all y with
11(0, )| = I. Hence v must be zero. In summary, W n'V(;y ¢ W(;y. Finally, we have
W nV(y = Wy. This implies W = V. Consequently, V is an irreducible U, (g)-
module. On the other hand, there is a natural surjective U, (g)-homomorphism from
V onto V. The irreducibility of both V' and V implies that the natural surjective
homomorphism must be an isomorphism. [ ]

4.3 Irreducible modules of solvable restricted Lie superalgebras

Furthermore, we have the following result.

Proposition 4.5  Keep the assumptions and notations as above. Supposep : g — gl(V)
is a finite-dimensional irreducible representation of U,(g). Then there is a subalgebra
b = bg + by such that:

(i) dimV > pdimgo-dimbsydimgi-dimbi g,

(ii) V contains a one-dimensional b-submodule.

Proof  Consider ker p (the kernel of p) which is an ideal of g. If g/ ker p is abelian,
then [g, g] acts trivially on V. Hence, V is certainly one-dimensional with trivial
action of [gg, g5] + gi- So the proposition is true in this case while we take h to be
g itself.

In the following, we suppose that g := g/ ker p is not abelian. We will prove the
proposition by induction on dim g by steps.

(1) Keep in mind the assumption that g := g/ker p is not abelian. So the center
C(g) is a proper subalgebra of g. So C(g) does not contain all abelian ideal of
g, due to Lemma 4.1(2). So, there exists an ideal I of g such that I ¢ ker p and
[g,1] ¢ ker p. Note that IV acts trivially on V. So x(IV) = 0. Hence, there is an
irreducible I-submodule in V which is one-dimensional. Still denote V; , = {v e V|
X.v = x(X)v VX e I}. Then we have V; , is nonzero. Keep the notation I = {X e g |
x([X,I]) = 0}. It is already known that I* is a solvable restricted subalgebra of g.
By the arguments in the first paragraph of Section 4.2, I* is a proper subalgebra of g.
By Lemma 4.4, Vi , is an irreducible U, (I¥)-module, and

V UX(g) ®UX(IX) VI>X‘
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Correspondingly,
(44) dimV = Pdim gg—dim Iﬁxzdim gi—dim I;‘ dim ij’x.

(2) Note that I* already turns out to be a proper solvable restricted subalgebra.
By the inductive hypothesis, there exits a solvable restricted subalgebra f in I* such
that the requirements (i) and (ii) are satisfied with respect to the irreducible U, (I¥)-
module V7. Hence, by (4.4), we finally have dim V' > pdim 8s-dim b pdim gi=dimb; g

Combining Proposition 4.5 and Lemma 4.4(2), we conclude the following result.

Corollary 4.6  Let g be a solvable restricted Lie superalgebra. Then any irreducible
module of g must be isomorphic to U,(g) ®u,(y) S for some restricted subalgebra b

with x(h) = 0 and for a one-dimensional U, (b)-module S. Correspondingly, any
irreducible module has dimension p™2" for some m,n € N.

4.4 Irreducible modules of general finite-dimensional solvable Lie superalgebras
which are not necessarily restricted

In this section, we will extend the above results for solvable restricted Lie subalgebras
to any solvable ones. Let g = gg + gi be a given solvable Lie superalgebra. Recall that g
admits a minimal finite-dimensional p-envelope g,, such that g, = (g;), ® gi and
(95)p is a p-envelope of g; (see Lemma A.3 in the appendix). This g, becomes a
solvable restricted Lie superalgebra. As mentioned in appendix, g is an ideal of g,.
More precisely, ad(gg) ,(g5) © gél), and ad(gg),p0i C g,

For irreducible g-module (V, p), p can extend to the one over g, (see, for example,
[26,2.5.3]). Hence, V becomes an irreducible g,-modules. Hence, there exits a unique
Y € (g5)}, with which the irreducible g,-module V is associated. Set x = Y|g;. Then
the irreducible g-module V' is associated with a unique linear function y € g;.

Theorem 4.7 Let g be a solvable Lie superalgebra. Any irreducible module of g is
associated with some x € g5, which has dimension pdim 80/00dim 8i/b1 yyhere by is a

subalgebra with x(hM) = 0 and V contains a one-dimensional h-module.

Proof  For any given irreducible g-module (V, p), as arguments above, V becomes
an irreducible g,-modules associated with Y € (gg);, and V is associated with
X =Yg, € g;. By Corollary 4.6, there exists a restricted subalgebra §) of g, with
Y(HD) = y(HD) =0 such that V= Uy(8p) ®u,(5) S, where ScV is a one-
dimensional $)-module. Correspondingly, dim V' = pdim (85)p/9 2dim g1/,

Take b = § N g. By definition, b = H5 N gg, and b; = H; N gi = H1. Then x(hP) = 0,
and b has one-dimensional module S. Note that (gg),/$95 = 95/$5 N 95> as vectors
space. Hence

dimV = pdim 90/b3dim gi/bi

The proof is completed. ]
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Remark 4.8 (1) The above theorem is an extension of the counterpart result on
solvable Lie algebras (see [20] or [26, Section 5.8]).

(2) With the above theorem, we can propose the possibility that super KW property
raised by Wang-Zhao in [29] is satisfied with all finite-dimensional solvable Lie
superalgebras over k.

5 Irreducible modules of completely solvable Lie superalgebras

A Lie superalgebra g is called completely solvable if g() is nilpotent. Obviously, a
completely solvable g is solvable and its even part gy is a completely solvable Lie
algebra.

The following facts are very important to the subsequent arguments.

Lemma 5.1 Let g = gy + gi be a completely solvable Lie superalgebra. The following
statements hold.

(1) Any minimal ideal of g is one-dimensional.

(2) There exists a sequence of ideals g =go2 8122 gn-129n =0 such that
dimk gi=n-— i

(3) For yegy, if b is a subalgebra of codimension one which contains 3%, then

D(b, x) < D(g x)-
(4) Each proper subalgebra of g is contained in a subalgebra of codimension one of g.

Proof By definition g(!) is nilpotent, it acts nilpotently on g under ad-action. By
Lemma 4.1(1), the part (1) follows.

As to the part (2), by (1), there must be minimal ideals of g which is Z,-
homogeneous and one-dimensional. Notice that any subalgebras and quotients of
g are also completely solvable Lie superalgebras. By induction on dimension, the
statement follows.

As to (3), we are given m € D(h, y), intending to show m € D(g, x). We first note
that dimm = d(b, x). As b has codimension one, either bz has codimension one in
g5 while b; = g;, or b; has codimension one in g; while b = gg. For the first case,
dim by = dim g5 — 1. We have that the even entry of the super-datum d(b, x) is not

dim gg—1+dim ;,g dim gg+dim 50

less than > = > -3 therefore both are equal because both are

dim gy+dim 3%

integers and is already an 1nteger. The odd entries of d(h, x) and of
d(g, x) coincide. So in this case, d(h, ) = d(g, x)-

For the second case, dim bh; = dim g; — 1 while b = g5. We can show by similar
dim gj+dim 2’1
2

arguments as in the first case, that d(b, y) = d(g, x) when

dim gl +dim 5;(

is an integer.

Suppose is not an integer. Then the odd entries of d(h, y) is equal to
dim h1+d1m5 dlm gi—1+dim 3]

, which is exactly [M] equal to the odd entry

of d ( 9 X)- And the even entries of d(b, x) and of d(g, y) coincide already. Hence
d(b, x) = d(g, x) in this case. Hence, we always have D(h, y) c D(g, x) in any case.
The proof of (3) is completed.

Now, we prove (4) by induction on dimension. Suppose | is a proper subalgebra of
g, and has codimension greater than one. Note that g,,_; is an ideal of dimension one.
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So b + g,—1 must be a proper subalgebra of g. If h + g,,_; has codimension one, then
we are done. If it has codimension greater than one, we consider ¢ : g - @ := g/gn-1.
Then ¢(h + g,—1) has codimension greater than one in g. Now, g has dimension less
than dimy, g. By the inductive hypothesis, ¢(5 + g,,-1) is contained in a subalgebra say
p, of codimension one in §. We take ¢~'(p) the preimage of p in g. Then ¢~'(p) is a
subalgebra of codimension one in g, containing . This subalgebra is desired. [ ]

Corollary 5.2 For a completely solvable Lie superalgebra g, the set D(g, x) is not
empty.

Proof If3* = g, thereis nothingto do because g itself belongs to D(g, x). So we only
need to consider the situation where 3% is a proper subalgebra of g in the following.

By Lemma 5.1, it is easily deduced that there are minimal subalgebras in g
containing 3¥ and having super-dimension not less than d(g, y). We take one, say
p. By Lemma 5.1 again, it is deduced that D(p, y) c D(g, x). We will show that this p
exactly belongs to D(p, x), therefore belongs to D(g, x).

(1) By applying Lemma 5.1(4) to the completely solvable superalgebra p, it is
concluded that the proper subalgebra 3* is contained in a subalgebra of codimension
one in p. Hence, the minimality of p yields that dimp = d(g, x).

(2) By the above arguments, in pg (resp. p;) the maximal isotropic space has
dimension equal to dim py (resp. dim p;). Hence, p itself is isotropic, which means
x(pM) = 0. Hence p € D(p, ) c D(g, x)-

Thus D(g, x) is not empty. The proof is completed. ]

By Corollary 5.2, there exists h € D(g, x) for any given x € g;.

Proposition 5.3 Let g = gy + gi be a completely solvable Lie superalgebra, and x € g
X

b
given. Then there is an irreducible module V of g such that diim V = p= 2171,

Proof By Corollary 5.2, there exists h € D(g, y). If g coincides with b, then all
irreducible modules are one-dimensional, we are done.

In the following, we suppose that b is a proper subalgebra of g. We prove the
statement by induction on dim g. By Lemma 5.1, f is contained in a subalgebra p of
codimension one in g, and D(p, x) c D(g, x). By the inductive hypothesis along with
Remark 2.2(1), there is an irreducible p-module W with

bk [b’fJ
71203 ) if dimp = (dim gg - 1| dim g;);
o g | P i dimp = (dim g 1] im )
p#2l¥ 1 if dimp = (dim gg| dim g; - 1).

There certainly exists an irreducible module V of g such that V contains an irreducible

X X
p-submodule isomorphic to W. We claim that dim V = prU ZLbTIJ.
Actually, by Proposition 4.5 and its proof, there is a subalgebra J{ such that
¥(HD) = 0and the dimensions of W and of V are respectively formulated as diim V =
pdimg‘?/}cﬁZdimgi/%i, and dim W = pdimp@/}%Zdimpi/%{, where 3 = g5 N Hg, I =
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gi N H;j. Note that (p; + H;/F;) 2 p;/p; nH;, Vi € Z,, as vector spaces. From (5.1),
b
it yields that diim V = p7 2L=71, n

From now on, we turn to the situation of completely solvable restricted Lie
superalgebras.

Proposition 5.4 Let g be a completely solvable restricted Lie superalgebras with
p-mapping [p] on gy, and x € g; any given p-character. Then the following statements
hold.

(1)  Each irreducible U,(g)-module V is associated with certain subalgebra b with
x(5MW) = 0, such that V has dimension

pdim 95/b55dim 85/5

and there is a one-dimensional h-submodule in V.
(2) Allirreducible modules of U,(g) have the same dimension.

Proof (1) follows from Theorem 4.7.

For (2), we first notice that the even center C(g)g is an ideal of g, and C(g)g =
C(g) ngg c C(gg). Then, we prove the proposition by different steps.

(2.i) We claim that if C( g)([]p 120, then every irreducible restricted representation
of g is one-dimensional. Note that by definition g(") is nilpotent, acting nilpotently
on g. Hence, there exists a positive integer k such that X [P e (g)g for all X € g;.
The assumption that C( g)([]p ] = 0 entails that ggl) c rad, (g5), whererad, (g;) denotes

p-radical which is the set of X € ge, with X[P1" = 0 for some positive integer n € N
(here n is dependent on X). By the same arguments as in the proof [26, Lemma
5.8.6(1)], one has g5 = T @ rad, (g;), where T is a maximal torus of gg. In particular,
C(g)y crady(gg), and g® c rad,(gg) + gi while [gi, 7] c rad, (g;). Hence g® c
rad(g). For any irreducible restricted representation p : g — gl(V'), p(rad, (g )) acts
nilpotently on V, therefore acts trivially on V. So p(g(")) acts trivially on V. By
Lemma 4.2, V is one-dimensional, which is of parity 0°. This V is completely decided
by a function A with A(g™) = 0 and A(X[P) = 1(X)? for X € g;.

(2.ii) Suppose that (W;, p;) (i = 1,2) are two irreducible modules of U, (g) with
pilc(g)s = P2lc(g),- Consider I := Homy (Wi, W). Then H = Hz + H; becomes
a g-module by defining via homogenous elements X € gy, and v € ,|, where
|X], |v| € Z, denote the parities of X and v, respectively:

(5.2) (X)(v) = p2(X)v(v) = (=) PMly(py (X)).

Furthermore, it is readily shown that J{ is a restricted g-module, on which the
representation is denoted by 9. By definition, 9(g) admits a p-mapping satisfying
9(C(g)g)[?! = 0 because pileca)s = P2lee), and C(g) c C(gg). Hence, there is an
irreducible submodule of Uy(g) in H, which must be one-dimensional by (2.i),

For representation categories of Uy(g), one can give parities arising from the given parity of
homogeneous generating space to [5, Section 6].
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admitting parity 0. We take such one, for example, S := kv. Then g(!) acts trivially on v,
and g acts on v by a scalar A € g} with A(g(") = 0. Also 9(X)v = A(X)vforall X € g,
consequently A(X[P1) = 1(X)? for X € g5. By (5.2), p2(X)(9(w)) - 9(p1(X)w) =
MX)I(w) for X € gand w € Wj. So the assignment w — 9(w) ® 1for w € W, defines
a nontrivial g-module homomorphism: W; - W, ® k_;, which is even. By Schur’s
lemma, this homomorphism must be an isomorphism. Hence dim W; = dim W;.

(2.iii)) Note that C(g)s c C(gs)- So g; possesses a p-mapping [p] with
C(g)([)p]l = 0 (see [26, Chapter 2]), and for any y € gg, £(y) := y[?) — y[?]" belongs
to C(g);- So for any given irreducible representation (p, W) of g on the space W, by
Schur’s lemma &(y) acts on W by scalar ¢y (y)?, where cy is a linear function on
C(g)p. Then, we have for any y € C(g)g,

(5.3) p(¥)F = (x+cw)(y)fidy.

Note that ¢y can extend to a function on gz which gives rise to a one-dimensional
U, (g)-module, with respect to (g, [p]"). So for any two irreducible U, (g)-modules
W, and W,, we have two new irreducible representations p, on W, =W, & k,fwl_
(i =1,2), respectively. Then both of them become U, (g)-modules with respect to
(0,[p]'), and p,lc(g), (i =1,2) coincide. By (2.ii), dim W; (i =1,2) have the same
dimension. Hence, both W; and W, have the same dimension.

The proof is completed. [ ]

Summing up Propositions 5.3 and 5.4 we have the following.

Theorem 5.5 Let g = gy + gi be a finite-dimensional completely solvable restricted Lie
superalgebra over k. Then for any given y € g, all irreducible g-modules associated with
x have dimension

wlek
S

p2l

The above theorem is an extension of Kac—Weisfeiler’s result on completely solv-
able restricted Lie algebras (see [31, Theorem 1]). As a corollary to Theorem 5.5, we
have the following.

Corollary5.6  Conjecture 2.3 holds for completely solvable restricted Lie superalgebras.

A Appendix: Minimal p-envelopes for a finite-dimensional Lie
superalgebra over k

Let g = gy @ g be a finite-dimensional Lie superalgebra over k of characteristic p > 2.
In this appendix section, we introduce the properties of p-envelopes of g. For more
details on restricted Lie algebras, the reader may refer to [26, Section 2.5].

A.1 Definition of p-envelopes

Definition A.1 Keep the notations and assumptions as above. A restricted Lie
superalgebra (G, [p]) is said to be a p-envelope of g if there exists a homomorphism
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of Lie superalgebras i: g — G such that i is injective and the restricted Lie sub-
superalgebra i(g), of G generated by g coincides with G.

In the following, we make an example of p-envelopes which is taken from the
universal enveloping algebra U(g). We first recall that an associative superalgebra
A = Ay ® A; can be endowed with structure of a restricted Lie superalgebra, which
is denoted by ™, where the underline space of A~ is 2 itself, and the Lie bracket is
defined via [uy, u ] == wu, — (_1)|”1||“z|u2u1 for Z,-homogeneous elements u; € 2},,,|,
|ui| € Zy, i = 1,2. And the p-mapping of ; is just the usual pth power in 2.

Example A.2 Leti:g— U(g) be the canonical imbedding of g into U(g). Recall
thatin U(gy)~ c U(g)~, the Lie subalgebrai(gp) generates a restricted Lie subalgebra

i(95)p = ®20i(9)?" of U(gs)~, where i(g)? = {i(g)? | g€ g5} (see [38] or [26,
Section 5.2]). Take

G=i(g5)p ®i(gi) c U(g)"-

Then G becomes a p-envelope of g.

Such a p-envelope as above is usually called the universal p-envelope of g, which
we denote by §. By straightforward calculations, it is not hard to see that i(g) is an
ideal of §. Consider the superalgebra SDer(g) of super derivations on g, and the
homomorphism ad : § — SDer(g) defined via sending x + adx[;(4). Then ker(ad)
coincides with the center C(g) of .

By the same arguments as in the Lie algebras case (see [26, Section 2.5]), we have
the following basic results.

Lemma A.3  The following statements hold.

(1)  There is a finite-dimensional p-envelope G of g such that G = (gg), ® gi where
(gg)p is a p-envelope of gg.

(2) There is a minimal finite-dimensional p-envelope G of g satisfying (1).

(3) Any two minimal dimensional p-envelopes of g are isomorphic, as Lie superalge-
bras.

Proof  For the part (1), we choose a sub-superspace V in the center C(g) of § such
that C(g) = V @ (C(g) n ¢(g))- This V naturally becomes an ideal of §. Consider g :=
9/ V. It is easily seen that § is endowed with structure of restricted Lie superalgebras
arising from the one of §. Furthermore, dimg = dim§/C(g) + dim C(gn ¢(g). Note
that ¢(g) is an ideal of §, and the homomorphism ad : § — SDer(g) defined via
sending X ~ adX|4 (), admits ker(ad) = C(@). Hence dim§/C(@) < dim SDer(g) <
o0. Hence dimg < oo.

By the choice of V, there is an embedding y of g into g, i.e. ¢ = p o ¢ for the natural
surjective homomorphism p : § - g. Consequently, it is readily known that g is a p-
envelope of g. Such § satisfies the requirement that g5 = y(g;), is a p-envelope of gg

and g = y(g5), © v(g1).
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As to (2), note that in the above arguments, the center of § lies in y(g). By an
analog of the arguments in the proof of [26, Theorem 2.5.8], it can be proved that g is
a minimal finite-dimensional p-envelope of g satisfying (1).

The proof for (3) is also an analog of that of [26, Theorem 2.5.8]. We omit the
details. |
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