
Compositio Mathematica117: 123–152, 1999.
© 1999Kluwer Academic Publishers. Printed in the Netherlands.

123

A Duality Theorem for Étalep-Torsion Sheaves on
Complete Varieties over a Finite Field

THOMAS MOSER
Oberstadt 23, 69198 Schriesheim, Germany. e-mail: thomas.moser@sap-ag.de

(Received: 3 August 1997; accepted in final form: 29 January 1998)

Abstract. Let X be an arbitrary variety over a finite fieldk and p = chark, n ∈ N. We will
construct a complex of étale sheaves onX together with trace isomorphism from the highest étale
cohomology group of this complex ontoZ/pnZ such that for every constructibleZ/pnZ-sheaf on
X the Yoneda pairing is a nondegenerate pairing of finite groups. IfX is smooth, this complex is the
Gersten resolution of the logarithmic de Rham–Witt sheaf introduced by Gros and Suwa. The proof
is based on the special case proven by Milne when the sheaf is constant andX is smooth, as well
as on a purity theorem which in turn follows from a theorem about the cohomological dimension
of Ci -fields due to Kato and Kuzumaki. If the existence of the Lichtenbaum complex is proven, the
theorem will be thep-part of a general duality theorem for varieties over finite fields.
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Introduction

Let X be a regular Noetherian scheme. In [Li] Lichtenbaum has conjectured the
existence of complexes of Abelian étale sheavesZ(r), r > 0 which are subject
to certain axioms and which are a coefficient system for a higher dimensional
arithmetic duality theory. For example one expects the following theorem to be
true.

CONJECTURE ([Mi-1], p. 264). LetU be a connected smooth proper algebraick-
scheme of dimensiond over a finite fieldk. Then there is a canonical isomorphism
tr:H 2d+2

c (U,Z(d))
∼=- Q/Z and for alli ∈ Z and all constructible sheavesF

onU the Yoneda pairing

Hi
c (U,F )× Ext2d+2−i

U (F ,Z(d)) - H 2d+2
c (U,Z(d))

∼=- Q/Z

is a nondegenerate pairing of finite groups.
One of the axioms postulated by Lichtenbaum is the Kummer sequence. For

every natural numberm prime to the characteristicp of k there is a distinguished
triangleZ(r) m- Z(r) → µ⊗rm → Z(r) [1] in the derived categoryD(U) of
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124 THOMAS MOSER

étale Abelian sheaves onU . Using this sequence, the conjecture above implies a
duality theorem for smooth varietiesU over a finite field analogous to Poincaré
duality (cf. [De-2]): For all constructible sheavesF such thatmF = 0 the Yoneda
pairing

Hi
c (U,F )× Ext2d+1−i

U,m (F , µ⊗dm ) - H 2d+1
c (U,µ⊗dm ) - Z/mZ

is a nondegenerate pairing of finite groups.
The above conjecture also considersp-torsion sheaves. In [Mi-4], Milne has

proposed as an additional axiom the Kummer-p-sequence, i.e. the existence of
another distinguished triangle

Z(r) pn- Z(r) - νrn,U [−r] - Z(r)[1]

in D(U). Here νrn,U = Wn�
r
U,log denotes the logarithmic de Rham–Witt sheaf

defined in [Il]. The conjecture then would imply:

THEOREM. Let U be a connected smooth separated algebraick-scheme of di-
mensiond over a finite fieldk. Then there is a canonical trace homomorphism

tr:Hd+1
c (U, νdn,X)

- Z/pnZ

such that for alli ∈ Z and all constructibleZ/pnZ-sheavesF onU the Yoneda
pairing

Hi
c (U,F )× Extd+1−i

U,pn (F , ν
d
n,X)

- Hd+1
c (U, νdn,X)

tr- Z/pnZ

is a nondegenerate pairing of finite groups.

In this paper we will prove this theorem using an étale version of resolution of
singularities obtained recently by de Jong ([dJ]). The trace homomorphism will be
an isomorphism, ifU can be imbedded in a smooth properk-schemeX. For the
remaining part of the introduction, we assume thatU = X is proper.

In [Mi-5], Milne proved the above theorem for the constant sheafF = Z/pnZ.
We prove the general case using induction on the dimension ofX and proceed as
in [De-1] or [Sp]: Any constructible sheafF admits as a subsheaf the extension
by zero of a locally constant sheaf on an open subsetU such that the quotient is
the direct imageι∗G of a constructible sheafG on the closed complementY of U .
Using a purity theorem one gets the desired assertion forι∗G from the induction
hypothesis.

Of course, the closed subschemeY thus obtained need not be smooth. In order
to proceed as described above, we also have to consider singular varieties. In this
case the sheafνdn,X has to be replaced by a complex̃ν dn,X of étale sheaves. In
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[GrSu-1], Gros and Suwa proved, in the case whereX is smooth, the existence
of an exact sequence

0 - νdn,X
-

⊕
x∈X(0)

ιx∗νdn,κ(x) -
⊕
x∈X(1)

ιx∗νd−1
n,κ(x)

- · · ·

called the Gersten resolution ofνdn,X. We construct the complex̃ν dn,X for arbitrary
varieties using the theorem of Bloch and Kato (cf. also [KaCo]). A theorem of
Kato and Kuzumaki about the cohomological dimension ofCi-fields then implies
the purity theorem. For a closed immersionι: Y → X of pure codimensionc one
has a canonical isomorphism̃ν d−cn,Y [−c] ∼= Rι!̃ν dn,X in D(Y ).

Finally we construct a trace homomorphism tr:Hd+1(X, ν̃ dn,X) → Z/pnZ and
prove the following.

THEOREM. Let X be a connected properk-scheme of pure dimensiond over
a finite fieldk. Then the trace homomorphismtr:Hd+1(X, ν̃ dn,X) → Z/pnZ is an
isomorphism, and for alli ∈ Z and all constructibleZ/pnZ-sheavesF onX the
Yoneda pairing

Hi(X,F )× Extd+1−i
X,pn (F , ν̃

d
n,X)

- Hd+1(X, ν̃ dn,X)
tr- Z/pnZ

is a nondegenerate pairing of finite groups.

Definitions and Notations

By an étale sheaf on a schemeX we mean a sheaf on the small étale site onX. If F
is an étale sheaf onX (a complex of étale sheaves onX), we denote byHq(X,F )
theqth étale (hyper-)cohomology group. More generally, for any left exact functor
f, we denote the hyperderived functors simply byRqf . We regard an object of an
Abelian categoryA also as an object of the derived categoryD(A). If f :X→ Y

is a morphism of schemes, we have the functorf∗ from the category of Abelian
étale sheaves onX into the category of Abelian étale sheaves onY whose left
adjoint we denote byf −1 (instead off ∗).

For a schemeX andd > 0 we denote byX(d) the points of codimensiond
and by|X| the set of closed points. For anyx ∈ X, let ιx :Specκ(x) → X be the
canonical inclusion.

A morphismf :X → Y will be calledpro-étale, if there exists a filtered pro-
jective system(Xi)i∈I of étaleY -schemes and affine étale morphisms such thatX

is isomorphic to the limit lim← Xi as aY -scheme.

By a geometric point of a schemeX we mean a morphismP : Spec� → X,
where� is a separable closure of the residue field of the image pointx of P . The
strict Henselization ofOX in P is defined to be the strict Henselization ofOX,x

with respect to the imbeddingκ(x)→ �; it will be denoted byOX,P . By Oh
X,x we

denote the Henselization ofOX,x.
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For anyFp-schemeX, let�•X denote the absolute de Rham complex, regarded
as a complex of Abelian étale sheaves onX. More generally, for anyn > 1, let
Wn�

•
X denote thede Rham–Witt complexas defined in [Il], (I. 1.3). It comes along

with the restriction R:Wn+1�
r
X → Wn�

r
X, which commutes with the exterior

product and the differential, as well as theVerschiebungV :Wn�
r
X → Wn+1�

r
X,

which is just a map of Abelian étale sheaves.
For r, n > 1, let Wn�

r
X,log be the logarithmic de Rham–Witt sheaf, i.e. the

subsheaf ofWn�
r
X generated étale locally by sections of the form

df1/f1 ∧ · · · ∧ dfr/fr,

f1, . . . , fr ∈ O∗X, wheref ∈ WnOX denotes the Teichmüller representative off ,
for any sectionf of OX.

Any morphismf :X → Y of Fp-schemes induces a morphismWn�
r
Y →

f∗Wn�
r
X of étaleWnOY -modules, which commutes with the exterior product, the

differential and the mapsR andV . If f is pro-étale, then the adjoint morphism
f −1Wn�

r
Y → Wn�

r
X is an isomorphism (cf. (loc. cit.), (I. 1.12.3)).

LetX be a scheme such that there exists a pro-étale morphismX→ X′ to some
smooth algebraick-schemeX′, wherek is a perfect field. In this case we also write
νrn,X for the étale sheafWn�

r
X,log. A morphismf :X→ Y of schemes of the above

type induces morphisms

νrn,Y
- f∗νrn,X and f −1νrn,Y

- νrn,X,

if f is pro-étale, the second one is an isomorphism. Forn = 1 we writeνrX := νr1,X.

1. The Gersten Resolution ofν r
n,X

In what follows, letk be a perfect field of characteristicp > 0, andn > 1 an
integer.

(1.1) Let us call an extension fieldK of k admissible, if it is separably generated
and of finite transcendence degree. In this case the étale sheavesνrn,K are defined. A
k-schemeX will be calledadmissible, if all of its residue fields are admissible ex-
tensions ofk. If X→ Y is a pro-étale morphism ofk-schemes andY is admissible
then so isX.

(1.2) LetX be an excellent scheme. In [Ka-5] Kato has defined a complex⊕
x∈X(0)

KM
r (κ(x))

-
⊕
x∈X(1)

KM
r−1(κ(x))

- · · ·

using the tame symbol and the norm map of Milnor’sK-Theory. We use this
complex and the following theorem of Bloch–Kato in order to define the Gersten
resolution ofνrn,X. We do this by transferring the norm map and the tame symbol
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from K-theory to the logarithmic de Rham–Witt sheaves, where these maps will
be called trace and residue map, respectively.

THEOREM ([BK], Thm. (2.1), Cor. (2.8)). There is a unique isomorphism
of Abelian groups d log: KM

r (K)/p
n→ νrn,K(K), which maps the symbol

{x1, . . . , xr } to dx1/x1 ∧ · · · ∧ dxr/xr .

(1.3) LetK ′|K be a finite extension of admissible extension fields ofk andπ : Spec
K ′ → SpecK the corresponding morphism. Then there is a unique morphism of
étale Abelian sheaves on SpecK, called thetrace map, tr:π∗νrn,K ′ → νrn,K such
that for every finite separable field extensionL|K and every point of the scheme
SpecL⊗K K ′ with residue fieldL′ the diagram

KM
r (L

′)
NL′ |L - KM

r (L)

νrn,K ′(L⊗K K ′)
?
d log

tr - νrn,K(L)
?
d log

commutes.

(1.4) LetX be a locally Noetherian admissible integral normalk-scheme. Letη
be the generic point ofX andx ∈ X(1). Then there exists a unique morphism of
Abelian étale sheaves onX, called theresidue mapres: ιη∗νrn,κ(η)→ ιx∗νr−1

n,κ(x) such
that for every étale morphismf :U → X, every generic pointη′ of U and every
point y ∈ f −1(x) ∩ {η′} the diagram

KM
r (κ(η

′))
∂y- KM

r−1(κ(y))

νrn,κ(η)(Uη)
?
d log

res- νr−1
n,κ(x)(Ux),

?
d log

commutes. Here∂y denotes the tame symbol corresponding to the valuation of
κ(η′) defined byy.

(1.5) Now letX be an excellent admissiblek-scheme. Ford > 0, η ∈ X(d) and
x ∈ X(d+1) ∩ {η} we will define a morphism of étale sheaves resη

x : ιη∗νrn,κ(η) →
ιx∗νr−1

n,κ(x). After replacingX by the reduced subscheme{η} we can assume thatX
is integral with generic pointη. Let π :X′ → X be the normalization ofX. For
x ∈ X(1) let the morphism resηx be defined by the diagram

π∗ιη∗νrn,κ(η)
res-

⊕
y|x

π∗ιy∗νr−1
n,κ(y)

ιη∗νrn,κ(η)

wwwww
(−1)dresηx - ιx∗νr−1

n,κ(x),

?

tr
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where the upper morphism arises from applying the functorπ∗ to the residue maps
corresponding to the pointsy ∈ π−1(x) as defined in (1.4). It is easy to see that one
gets a map fromιη∗νrn,κ(η) into thesumof the sheavesιx∗νr−1

n,κ(x), x ∈ X(d+1) ∩ {η}.
Taking the sum over allη ∈ X(d), one gets the differentials of the complex

ν̃ rn,X :=
⊕
x∈X(0)

ιx∗νrn,κ(x) -
⊕
x∈X(1)

ιx∗νr−1
n,κ(x)

- · · · ,

where the first sheaf is meant to be placed in degree zero.
If f :U → X is a pro-étale morphism of excellent admissiblek-schemes, then

the restriction of̃ν rn,X toU is equal tõν rn,U .

(1.6) IfX is k-scheme such that there exists a pro-étale map into a smooth algebraic
k-scheme, then the morphismνrn,X → ⊕η∈X(0) ιη∗νrn,κ(η) obtained by functoriality
gives rise to a morphismνrn,X → ν̃ rn,X of complexes.

THEOREM ([GrSu-1], Cor. (1.6)).LetX be a smooth algebraick-scheme. Then
the sequence of étale Abelian sheaves onX

0 - νrn,X
-

⊕
x∈X(0)

ιx∗νrn,κ(x) -
⊕
x∈X(1)

ιx∗νr−1
n,κ(x)

- · · ·

is exact. In other words, the morphismνrn,X → ν̃ rn,X is an isomorphism inD(X).
Proof. Since, for any étale morphismU → X, the restriction of̃ν rn,X to U is

ν̃ rn,U , it is enough to prove the stronger assertion that the restriction of the above
sequence to the Zariski site is exact. However, the commutativity of the diagram
(4.21) in [GrSu-1] shows that this sequence agrees with the one in (loc. cit.)
Cor. (1.6). 2

2. The Purity Theorem for ν̃ r
n,X

As before, letk be a perfect field of characteristicp > 0.

LEMMA (2.1). Let X be an affinek-scheme such that there exists a pro-étale
morphism into a smooth algebraick-scheme. ThenHq(X, νrn,X) = 0 for every
q > 2 and all r > 0, n > 1.

Proof. If n = 1, we have an exact sequence of étale Abelian sheaves onX

0 - νrX
- �rX

C−1−1- �rX/B
r
X

- 0,

whereC−1 is the inverse of the Cartier operator andBrX denotes the sheaf of bound-
aries of the de Rham complex (cf. [Mi-2], La. (1.5)). Note that Milne’s definition of
νrX agrees with the above by [Il], (2.4.1). Since�rX and�rX/B

r
X are quasicoherent,
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the long exact cohomology sequence proves the assertion. We deduce the result for
n > 1 by induction using the exact sequence

0 - νrn,X
×pm- νrn+m,X

Rn- νrm,X
- 0

for n,m > 1, which is shown to exist in [CoSS], Lemme 3. 2
(2.2) On the other hand, the groupH 1(X, νrn,X) is an interesting invariant, even if
X is the spectrum of a field. Recall that a fieldK is calledCi if every homogenous
polynomialf ∈ K[X1, . . . , Xn] of degreed has a nontrivial zero whenevern > di .

PROPOSITION.Let i > 0. If K is an admissible extension field ofk which isCi,
thenH 1(K, νin,K) = 0 for everyn > 1.

Proof. The groupH 1(K, νiK) is the cokernel of the map on global sections in-
duced byC−1− 1:�iK → �iK/B

i
K . Since�iK andBiK are quasicoherent, this map

agrees with the mapp defined in [KaKu], Definition 1. Therefore the assertion for
n = 1 is part of (loc. cit.) Proposition 2 (2). Forn > 1 we use the same sequence
as in the proof of (2.1). 2
The crucial step in the proof of the purity theorem will be the following

PROPOSITION 2.3.LetX be an algebraick-scheme,x ∈ X a point andd :=
dim{x}. We then haveRqιx∗ νdn,κ(x) = 0, for all n > 1 andq > 1.

Proof. ReplacingX by the normalization of the reduced subscheme{x} and
using the Leray spectral sequence, we can assume thatX is integral and normal.
For every geometric pointP of X the stalk of the sheaf in question is

(Rqιx∗νdn,κ(x))P = Hq(KP , ν
d
n,KP

),

whereKP is the quotient field of the strict henselizationOX,P . KP contains the
algebraic closurēk of k and is algebraic over the function fieldK(X) of X. There-
foreKP |k̄ is like K(X)|k an extension of transcendence degreed. HenceKP is a
Cd-field from which the assertion follows, using (2.1) and (2.2).

THEOREM 2.4. LetX be an algebraick-scheme of dimensiond and ι:Y→X

a closed immersion. Then the canonical morphismι!̃ν dn,X→Rι!̃ν dn,X is an isomorph-
ism inD(Y ) for all n > 1.

Proof. It is enough to show that the complex̃ν dn,X consists ofι!-acyclic objects.
But from (2.3) one getsRqι!ιx∗ νd−in,κ(x) = Rq(ι!ιx∗) νd−in,κ(x) for everyi > 0, x ∈ X(i)

and q > 1, using the Leray spectral sequence. This group vanishes trivially, if
x 6∈ Y. If x ∈ Y , thenι!ιx∗ is equal to the direct image functor corresponding to the
inclusion Specκ(x)→ Y . Another application of (2.3) completes the proof.2
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LetX be an equidimensional algebraick-scheme andι:Y → X a closed immersion
of pure codimensionc. Then we have canonicallỹν d−cn,Y [−c] = ι!̃ν dn,X. Thus the
above theorem gives.

COROLLARY. LetX be an algebraick-scheme of pure dimensiond andι: Y → X

a closed immersion of pure codimensionc. Then one has a canonical isomorphism
ν̃ d−cn,Y [−c] → Rι!̃ν dn,X in D(Y ), for all n > 1.

The following proposition is another important consequence of the theorem of
Kato and Kuzumaki.

PROPOSITION 2.5.LetX be a smooth algebraick-scheme of dimensiond and
f its structure morphism. Thenνdn,X → ν̃ dn,X is anf∗-acyclic resolution ofνdn,X for
all n > 1.

Proof.Let n > 1, i > 0 andq > 1. We have to show thatRqf∗(ιx∗νd−in,κ(x)) = 0
for all x ∈ X(i). Let k̄ be an algebraic closure ofk. The above sheaf vanishes if and
only if its stalk at the geometric point given bȳk does. Using (2.3) we therefore
have to show thatHq(κ(x), νd−in,κ(x)) = 0, for all pointsx of X×k k̄ of codimension
i. This group vanishes forq > 2, since the cohomologicalp-dimension of a field
of characteristicp is at most 1. Now letq = 1. Since dim{x} = d − i, the field
κ(x) is an extension of̄k of transcendence degreed − i and therefore aCd−i-field.
Now the assertion follows from (2.2).

3. The Cohomology ofνr
n,X with Compact Support

We first recall some elementary facts about sheaves with supports (cf. for example
[Ha-1], Chapter IV).

(3.1) For any schemeX, an Abelian étale sheafF onX and a closed subsetY ⊂ X
we denote by0Y (X,F ) = ker(F (X) → F (X \ Y )) the group of all sectionss
with support supps ⊂ Y . This gives a functor from the category of Abelian étale
sheaves into the category of Abelian groups, whoseqth right derived functor is
denoted byHq

Y (X,F ). For everyp > 0 we set

0[p](X,F ) := {s ∈ F (X)|codimX(supps) > p}.
If x ∈ X is a point, we define the group0x(F ) := lim −→

U
0{x}∩U(U,F ), where

U runs through allZariski-open neighbourhoods ofx. It consists of the elements
of the Zariski stalk ofF at x, which can be represented by a local section with
support in{x}. Again we have a functorF 7−→ 0x(F ) from the category of
Abelian étale sheaves into the category of Abelian group. Its right derived functors
areHq

x (F ) = lim −→
U
H
q

{x}∩U(U,F ).
(3.2) LetX be a locally Noetherian scheme,F an Abelian étale sheaf onX,

p > 0 andx ∈ X(p). Then the image of the canonical map0[p](X,F ) → Fx is
contained in0x(F ) and it is easy to prove the following
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LEMMA. LetX be a Noetherian scheme andF a flabby Abelian étale sheaf on
X. Then, for anyp > 0, the stalk maps induce an isomorphism

0[p](X,F )/0[p+1](X,F ) -
⊕
x∈X(p)

0x(F )

of groups.

PROPOSITION 3.3.LetX be a Noetherian scheme andF be an Abelian étale
sheaf onX. Then there is a spectral sequence

E
pq

1 =
⊕
x∈X(p)

Hp+q
x (Oh

X,x,F ) H⇒ En = Hn(X,F ),

which is functorial inF .
Proof. If F → I • is an injective resolution, then the complexK• := 0(X, I •)

of global sections is filtered by the subcomplexes

FpK• := 0[p](X, I •) ⊂ 0(X, I •).
By (3.2) we have an isomorphism of complexes of Abelian groups

0[p](X, I •)/0[p+1](X, I •) ∼=
⊕
x∈X(p)

0x(I
•).

The cohomology groups of this complex can be identified with theE
p,q

1 -terms
above. Therefore the spectral sequence associated to the filtered complexK• is the
desired one. 2
(3.4) If X is a NoetherianFp-scheme of dimensiond = dimX andF an étalep-
torsion sheaf, thenHq(X,F ) = 0 for all q > d + 1 ([SGA IV], exp. 10, Theorem
(5.1)). As an immediate consequence, ifA is ad-dimensional Noetherian local ring
of characteristicp, x the closed point of SpecA andF an étalep-torsion sheaf,
we have

Hq
x (A,F ) = 0 for q > d + 1.

COROLLARY (3.5). LetX be a NoetherianFp-scheme of dimensiond andF an
étalep-torsion sheaf onX. Then there is a canonical surjective homomorphism⊕

x∈X(d)
H d+1
x (X,F ) - Hd+1(X,F ).

Proof. For the spectral sequence (3.3) we haveEpq1 = 0 for p > d, for
dimension reasons. Therefore there is an edge morphismEd1

1 → Ed+1. From
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(3.4) it follows thatEpq1 = 0 for q > 2, and therefore this edge morphism is
surjective. Since every point of codimensiond is closed, the excision theorem gives
Hd+1
x (X,F ) ∼= Hd+1

x (F ). 2
(3.6) A morphismA → B of local rings will be called aniterated Henselization,
if it is the composition of a sequence of morphisms

A = A0
- A1

- · · · - An−1
- An = B,

where one has for everyi: EitherAi → Ai+1 = Ai p is the canonical map into the
localization at a prime idealp of Ai or it is the canonical mapAi → Ai+1 = Ahi
into the Henselization.

LetX be a scheme. By aniterated Henselization ofX we understand a Henselian
local ringR together with a morphism SpecR → X which factorizes over Spec
OX,x for somex ∈ X, such that the induced morphismOX,x → R is an iterated
Henselization as defined above.

If R is an iterated Henselization ofX, then the corresponding morphism Spec
R→ X is pro-étale.

LEMMA (3.7). LetX be a Noetherian scheme of dimensiond. Letϕ:F → G be
a morphism of étalep-torsion sheaves. Suppose there is a dense open subset on
whichϕ induces an isomorphism. Further suppose that, for every iterated Hensel-
izationR of X with dim R = 1 the morphismH 1(R,F ) → H 1(R,G) induced
by ϕ is an isomorphism. Thenϕ induces an isomorphismHd+1(X,F ) →
Hd+1(X,G).

Proof.We proceed by induction ond = dimX. If d = 0, ϕ is an isomorphism
by assumption. Now letd > 1. We first assert thatϕ induces an isomorphism on
the relative cohomology groups

Hn+1
x (R,F ) - Hn+1

x (R,G),

for every iterated HenselizationR of X; herex is the closed point of SpecR and
n = dimR. If n = 0, then SpecR → X factorizes over SpecOX,η, for some
generic pointη of X. Hence in this case,ϕ even induces an isomorphism of the
restrictionsF |R → G|R. Now let n > 0 andV := SpecR \ {x}. The relative
cohomology sequence gives rise to a diagram

Hn(R,F ) - Hn(V,F ) - Hn+1
x (R,F ) - Hn+1(R,F )

Hn(R,G)
?
α

- Hn(V,G)
?
β

- Hn+1
x (R,G)
?

- Hn+1(R,G)
?

with exact rows. Since the local ringR is Henselian andF is ap-torsion sheaf,
we haveHn+1(R,F ) = Hn+1(κ,F |κ) = 0, whereκ is the residue field ofR.
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Therefore the objects on the very right of the diagram vanish, as well as the ob-
jects on the very left, ifn > 1. If n = 1, α is an isomorphism by assumption.
Therefore it is enough to show thatβ is an isomorphism. ButV is a Noetherian
(n − 1)-dimensional scheme andn − 1 < d. Now the restrictionϕ:F |V → G|V
also satisfies the conditions of the lemma and therefore the induction hypothesis
concludes the proof of the above assertion.

Now regard the spectral sequences (3.3) for the schemeX and the sheavesF
andG and the morphism of spectral sequences induced byϕ. For both spectral
sequences one hasEpq1 = 0 for p > d andq ≥ 2. This givesEd+1 = Ed,12 . The
above assertion implies thatϕ induces an isomorphism on theEp,11 -terms⊕

x∈X(p)
Hp+1
x (Oh

X,x,F )
-

⊕
x∈X(p)

Hp+1
x (Oh

X,x,G)

for p = d − 1, d. Henceϕ also induces an isomorphism on theEd,12 -terms which
concludes the proof. 2
PROPOSITION (3.8).LetR|k be an excellent Henselian discrete valuation ring
such that there exists a pro-étale morphism from SpecR into some smooth algeb-
raic k-scheme. Suppose the residue fieldκ of R is an extension ofk of transcend-
ence degree6 d. ThenHq(R, ν̃ d+1

n,R ) = 0 for all q > 1, n > 1.
Proof. It is enough to show the assertion forn = 1 since the general case

can be deduced from that by induction using the second exact sequence of the
proof of (2.1). LetF be the quotient field ofR and j : SpecF → SpecR and
ι:Specκ → SpecR the canonical morphisms. Looking at the hypercohomology
spectral sequence we see that we have to show that the residue map res: j∗νd+1

F →
ι∗νdκ induces a surjective map on global sectionsH 0(F, νd+1

F ) → H 0(κ, νdκ ) and
an isomorphism on the first cohomology groups

H 1(R, j∗νd+1
F ) - H 1(R, ι∗νdκ ). (*)

The first assertion is clear. In order to proof the second assertion, we first show that
the higher direct imagesRqj∗νd+1

F , q > 1 are zero. The stalk of this sheaf at the
generic point vanishes trivially, and the stalk at the closed pointx is (Rqj∗νd+1

F )x̄ =
Hq(F sh, νd+1

F sh
),whereF sh denotes the quotient field of the strict HenselizationRsh

of R at the pointx̄. Now Rsh is an excellent strictly Henselian discrete valuation
ring with residue fieldκsep. By hypothesis this field is aCd -field. By [KaKu],
Proposition 2 (2) and Theorem 1 (4) it follows from this thatH 1(F sh, νd+1

F sh
) = 0,

arguing as in the proof of (2.2). Thus we have shown the above assertion and we
can view(∗) as a homomorphism

H 1(F, νd+1
F ) - H 1(κ, νdκ ),

which is equal to the homomorphism defined in [KaCo], (1.3) and, hence, an iso-
morphism by (loc. cit), La. (1.4), (3). 2
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PROPOSITION (3.9).LetX be a normal algebraick-scheme of dimensiond and
j :U → X the inclusion of a dense open subset. Then the adjunction mapj!νdn,U →
νdn,X induces an isomorphismHd+1(X, j!νdn,U )→ Hd+1(X, νdn,X).

Proof.By Lemma (3.7) it is enough to show that, for every iterated Henseliza-
tionR of X with dimR = 1, the adjunction induces an isomorphism

H 1(R, j!νdn,U ) - H 1(R, νdn,X).

SinceX is normal,R is an excellent Henselian discrete valuation ring. Letκ its
residue field. If the morphism SpecR → X factorizes overU , the assertion is tri-
vial. Otherwise we have(j!νdn,U )|κ = 0, henceH 1(R, j!νdn,U ) = H 1(κ, (j!νdn,U )|κ) =
0. Thus in this case we have to show thatH 1(R, νdn,X) = 0 as well. But the
pro-étale morphism SpecR → X leads to the open subsetV := Xreg of all
regular points ofX. Therefore the canonical mapνdn,R → ν̃ dn,R is the restriction
of νdn,V → ν̃ dn,V and, hence, an isomorphism inD(SpecR) by (1.6). This implies
thatH 1(R, νdn,R) = H 1(R, ν̃ dn,R). Let x ∈ X(1) be the image of the closed point
of SpecR. Then the transcendence degree of the extensionx|Fp is at mostd − 1.
Sinceκ|κ(x) is an algebraic extension, we can apply (3.8) to obtain the desired
result. 2
4. The Trace Homomorphism

PROPOSITION (4.1).Let k be a perfect field of characteristicp > 0 andX be
a properk-scheme of pure dimensiond with structure morphismf :X → Speck.
Then there is a unique morphism

tr:Rf∗̃ν dn,X - Z/pnZ[−d]

in D(Speck) whose composition with the canonical morphismf∗̃ν dn,X → Rf∗̃ν dn,X
is given in degreed by the morphism of étale sheaves onSpeck

f∗
⊕
x∈|X|

ιx∗Z/pnZ - Z/pnZ

defined by the trace maps corresponding to the finite extensionsκ(x)|k, x ∈ |X|
(1.3).

Proof. If Y is a connected smooth proper curve overk andg is an element of
the function fieldK(Y ) of Y we have the equation

∑
y∈|Y |[κ(y): k] · vy(g) = 0,

where we have denoted byvy the normalized valuation ofK(Y ) corresponding to
y. Therefore the above morphism is actually a morphism of complexesf∗̃ν dn,X →
Z/pnZ[−d] of étale sheaves on Speck. Since by (2.5) the canonical morphism
f∗̃ν dn,X → Rf∗̃ν dn,X is an isomorphism inD(Speck), the proof is complete. 2
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In casek is a finite field we want to characterize the trace map by its values on
certain fundamental classes which are now going to be defined.

(4.2) LetX andY be algebraick-schemes of pure dimensiond andd0, respectively,
and letι: Y → X be a closed immersion. Byϕ(Y,X) we denote the composition

Hd0+1(Y, ν̃
d0
n,Y )

∼=- Hd+1
Y (X, ν̃ dn,X)

- Hd+1(X, ν̃ dn,X),

where the first morphism is induced by the isomorphismν̃ d0
n,Y [d0 − d] → Rι!̃ν dn,X

in D(Y ) obtained from the purity theorem (2.4) and the second one is the canon-
ical morphism. The morphismϕ(Y,X) has the following functorial property: If
Z → Y → X is a composition of closed immersions andX,Y andZ are of pure
dimensiond, d0 andd ′, respectively, then the diagram

Hd ′+1(Z, ν̃ d
′

n,Z)
ϕ(Z,X)- Hd+1(X, ν̃ dn,X).

H d0+1(Y, ν̃
d0
n,Y )

?
ϕ(Z,Y )

ϕ(Y,X)- Hd+1(X, ν̃ dn,X).

wwww
commutes.

(4.3) Now letk be a finite field andp its characteristic. LetX be an algebraick-
scheme of pure dimensiond. If x ∈ X is a closed point, we have just defined a
morphism

ϕ(x,X):Z/pnZ = H 1(κ(x),Z/pnZ) - Hd+1(X, ν̃ dn,X),

which maps 1∈ Z/pnZ to an element denoted byεx and called thefundamental
classat the pointx. We will show that, ifX is connected, the fundamental class
does not depend on the closed pointx chosen. IfX happens to be smooth, then by
(1.6) we have an isomorphism

Hd+1(X, νdn,X)
∼=- Hd+1(X, ν̃ dn,X),

in this case we view the fundamental classεx also as an element ofHd+1(X, νdn,X),
for every closed pointx of X. Corollary (3.5) tells us, thatHd+1(X, νdn,X) is gen-
erated as an Abelian group by the fundamental classes of all the closed points
of X.

PROPOSITION (4.4).Let k be a finite field andp its characteristic. LetX be a
properk-scheme of pure dimensiond. Then there is a unique homomorphism

tr:Hd+1(X, ν̃ dn,X)
- Z/pnZ

such thattr(εx) = 1 for every closed pointx ∈ X.
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Proof. We first show the uniqueness of tr. Using (2.3) and the fact that the
cohomologicalp-dimension of a field of characteristicp is at most 1, the hyperco-
homology spectral sequence gives rise to an exact sequence⊕

x∈X(d−1)

H 1(κ(x), ν1
n,κ(x))

-
⊕
x∈|X|

Z/pnZ - Hd+1(X, ν̃ dn,X)
- 0,

where the second map is given by the sum of the homomorphismsϕ(x,X) defined
in (4.3). This means thatHd+1(X, ν̃ dn,X) is generated as an Abelian group by the
fundamental classesεx of the closed pointsx of X.

To show existence, define tr to be the map induced on the(d+1)-st cohomology
groups by the trace map defined in (4.1), using the identificationH 1(k,Z/pnZ) =
Z/pnZ. Now letx be a closed point ofX. We will show that tr(εx) = 1: We have a
morphism of complexes of étale sheavesα: ιx∗Z/pnZ[−d] → ν̃ dn,X, which is just
given by the inclusion of thex-component of the direct sum on the right-hand side.
On cohomology it induces the morphism

ϕ(x,X):Z/pnZ = Hd+1(κ(x),Z/pnZ[−d]) - Hd+1(X, ν̃ dn,X)

defined in (4.3). Since the trace map defined in (1.3) corresponding to the finite
extensionκ(x)|k coincides with the usual trace map given by the étale morphism
Specκ(x)→ Speck, the composition off∗(α) with the trace map defined in (4.1)
induces the corestriction map on cohomology groups

cor:H 1(κ(x),Z/pnZ) - H 1(k,Z/pnZ);

If both groups are identified withZ/pnZ, this map becomes the identity. This
shows tr(εx) = 1, as required. 2
The main assertion of this chapter says that the trace map is an isomorphism, ifX

is connected. IfX is a smooth curve, we prove this fact by comparing it with the
trace homomorphism defined by Milne in [Mi-2]. In the general case we proceed
by induction on the dimension ofX using the purity theorem.

From now on,k denotes a finite field andp its characteristic.

(4.5) LetX be a connected smooth properk-scheme of dimensiond. In [Mi-2],
Milne has defined an isomorphism trM :Hd+1(X, νdX)→ Z/pZ which is uniquely
determined by the commutativity of the diagram

Hd(X,�dX)
t - k

Hd+1(X, νdX)

?
δ

trM- Z/pZ.
?
tr
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Heret is the trace map of Serre duality (cf. [Mi-2], definition ofη = tr preceding
(1.9)), δ the connecting homomorphism arising from the first exact sequence of
the proof of (2.1), and the vertical arrow on the right is the trace of the finite field
extensionk|Fp.

For the proof of the next proposition we need the following elementary result
from homological algebra:

LEMMA (4.6). LetX be a scheme,j :U → X the inclusion of an open subset of
X andY the complement ofU . LetF be an Abelian étale sheaf onX such that the
adjunction mapF → j∗j−1F is injective. Then the diagram

H 0(X, j∗j−1F ) - H 0(X,C) = H 0
Y (X,C)

H 0(U, j−1F )

wwwww
- H 1

Y (X,F )
?
δ

is anticommutative, whereC denotes the cokernel of the adjunction map, the lower
horizontal map is taken from the relative cohomology sequence andδ is the con-
necting homomorphism induced by the short exact sequence which definesC.

PROPOSITION (4.7).LetX be a connected smooth proper curve overk. Then
trM(εx) = 1 for every closed pointx ∈ X, i.e. forn = 1 the trace maptr defined in
(4.4) coincides with the trace maptrM defined by Milne.

Proof.Let x ∈ X be a closed point,A = OX,x andK = QuotA. Using excision
and the relative cohomology sequence for the closed subset{x} of SpecA we get
an isomorphismH 1

x (X,�
1
X) = �1

K/�
1
A. The composition

Resx :�1
K

- �1
K/�

1
A
- H 1(X,�1

X)
t- k

is just the Tate residue map (cf. [AK], Chapter VIII, Theorem (4.4)). On the other
hand there is anA-linear map

κ(x) - �1
K/�

1
A

ā - a dπ/π,

independent of the choice of a prime elementπ of A. Now consider the diagram

κ(x)
zx- H 1

x (X,�
1
X)

- H 1(X,�1
X)

t - k

Z/pZ
?
tr

ϕx- H 2
x (X, ν

1
X)

?
δ

- H 2(X, ν1
X)

?
δ

tr - Z/pZ.
?
tr (1)

By construction of the Tate residue map the composition of the morphisms of the
first row is just the trace of the finite extensionκ(x)|k. Now the squares in the
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middle and on the right commute. Once we have shown that the square on the
left commutes as well, we are done. We can assume thatX is the spectrum of the
local ringA = OX,x. Let j :SpecK → X andι:Specκ(x) → X be the canonical
inclusions. Consider the following commutative diagram of étale sheaves

0 0 0

0 - ν1
X

?
- �1

X

?
1−C - �1

X

?
- 0

0 - j∗ν1
K

?
- j∗�1

K

?
1−C - j∗�1

K

?
- 0

0 - ι∗Z/pZ
?

- j∗�1
K/�

1
X

?
- j∗�1

K/�
1
X

?
- 0,

0
?

0
?

0
?

whereC is the Cartier operator (which exists sinceX is smooth). The first row is
exact as shown in [Mi] Lemma (1.3). From this follows the exactness of the second
row sinceR1j∗ν1

K = 0. The first column is exact by (1.6). The two remaining
columns are exact, since�1

A is a freeA-module. Finally, the last row is exact by
the snake lemma. From this we get an anticommutative diagram of connecting
homomorphisms

H 0
x (X, j∗�

1
K/�

1
X)

- H 1
x (X,�

1
X)

H 1
x (X, ι∗Z/pZ)

?
- H 2

x (X, ν
1
X).

?
(2)

If we identify both groups of the upper row with�1
K/�

1
A, the map between them

becomesmultiplication by−1, by the preceding lemma. TheA-linear mapzx
defines a morphism of étaleOX-modulesι∗Oκ(x)→ j∗�1

K/�
1
X which gives rise to

a commutative diagram

0 - ι∗Z/pZ - ι∗Oκ(x)
1−F−1- ι∗Oκ(x)

- 0

0 - ι∗Z/pZ

wwwww
- j∗�1

K/�
1
X

?
1−F−1- j∗�1

K/�
1
X

?
- 0
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with exact rows. HereF :Oκ(x)→ Oκ(x), s 7→ sp denotes the Frobenius map. From
that we get another diagram of relative cohomology groups

H 0
x (X, ι∗Oκ(x)) - H 0

x (X, j∗�
1
K/�

1
X)

H 1
x (X, ι∗Z/pZ)

?
==== H 1

x (X, ι∗Z/pZ),
?

(3)

where we can identify the morphism on the left with the trace map tr: κ(x) →
Z/pZ. Matching the diagrams (2) and (3) together gives the square on the left in
(1). This completes the proof. 2
COROLLARY (4.8). LetX be a smooth connected proper curve overk. Then the
trace maptr:H 2(X, ν1

n,X)→ Z/pnZ is an isomorphism, for everyn > 1.
Proof. Forn = 1 this is an immediate consequence of (4.7). The trace map is

obviously surjective for alln > 1. Forn > 1 the second exact sequence of the
proof of (2.1) gives an exact sequence

H 2(X, ν1
n−1,X)

- H 2(X, ν1
n,X)

- H 2(X, ν1
X)

Inductively, we conclude that the group in the middle has at mostpn elements.
Therefore tr is an isomorphism. 2
The next theorem states that the trace map is an isomorphism in the general case.
For its proof, which is based on induction on the dimension, we need some asser-
tions about the existence of appropriate closed subschemes.

LEMMA (4.9). LetK be an arbitrary field. LetX be a connected (resp. irreducible
quasiprojective) algebraicK-scheme of dimensiondimX > 1. If x and y are
closed points ofX, then there exists a connected (resp. irreducible) curveC ⊂ X,
which containsx andy.

Proof. It is enough to prove the statement in brackets. We can assume thatX

is integral and projective. Further it is easy to see that we can assume thatK is
algebraically closed, in which case the lemma is well known. 2
LEMMA (4.10). LetK be a perfect field andX a reduced connected properK-
scheme with the property that every irreducible component ofX is of dimension
> 2. SupposeZ is a closed subset ofX which does not contain any irreducible com-
ponent ofX. Then there is a connected closed subsetY ofX of pure codimension
1 which containsZ and the complement of which issmoothandaffine.

Proof. If X is a Noetherian reduced affine scheme andZ a closed subset of pure
codimension 1, there is always a closed subsetY of pure codimension 1 which
containsZ and the complement of which is affine. In order to prove this assertion
we can assume thatZ is irreducible. LetA be the ring of global sections ofX
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andp the prime ideal ofA definingZ. SinceA is reduced, there is an element
f ∈ p which is not a zero divisor ofA. ThenY := Spec(A/fA) has the desired
properties.

Now let X andZ be as in the hypothesis of the lemma. In every irreducible
component ofX we choose a nonempty smooth affine open subset, which does
not meetZ. Now if Z′ is the complement of the union of the open subsets thus
obtained,Z′ does not contain any irreducible component ofX and we haveZ ⊂ Z′.
ReplacingZ by Z′ we can thus assume that the complementV of Z is smooth
and affine. By (4.9)Z is contained in a connected closed subsetY0 of X of pure
codimension 1. By the first paragraphY0 ∩ V is contained in a closed subsetY ′ of
V of pure codimension 1 the complement of which is affine. The closure of every
irreducible component ofY ′ in X intersectsZ, since it is a properK-scheme of
dimension> 1 which cannot be contained in the affine schemeV . If we define
Y to be the union of the closure ofY ′ in X and the irreducible components ofY0

which do not meetV , thenY has the desired properties.

(4.11) The following easy counting lemma can be stated in terms ofZ/pnZ-divi-
sors. We quickly give their definition: IfX is an algebraic curve over some fieldK,
by aZ/pnZ-divisorD we mean an element of the freeZ/pnZ-module generated
by the closed points ofX. By the degree degD of D we mean the sum of all of
its coefficients. Iff :X → Y is morphism of algebraic curves andD is aZ/pnZ-
divisor on Y , then theZ/pnZ-divisor f −1D or f |X is defined by the rule that
its coefficient at a closed pointx of X is the coefficent ofD at the pointf (x).
Conversely, ifD is aZ/pnZ-divisor onX, thenf∗D is defined to be theZ/pnZ-
divisor onY whose coefficient at a closed pointy ∈ Y is the sum of the coefficients
of D at all closed points of the fibref −1(y).

LEMMA. LetX = X1 ∪ · · · ∪ Xs be the decomposition of a connected algebraic
curve over some fieldK into its irreducible components, and suppose thats > 1.
Let Y = X1 ∪ · · · ∪ Xs−1, Z = Xs and p:Y qZ → X the unique morphism
whose restrictions toY andZ are the inclusions. IfD is a Z/pnZ-divisor onX
with degD = 0, then there is aZ/pnZ-divisorD′ on Y qZ with p∗D′ = D and
degD|Y = degD|Z = 0. 2
THEOREM (4.12). Let X be a properk-scheme of pure dimensiond. If X is
connected, then the trace maptr:Hd+1(X, ν̃ dn,X)→ Z/pnZ is an isomorphism.

Proof.We can assume thatX is reduced. From the proof of (4.4) we know that
we have

Hd+1(X, ν̃ dn,X) = ker

 ⊕
x∈X(d−1)

H 1(κ(x), ν1
n,κ(x))

-
⊕
x∈|X|

Z/pnZ


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and that the trace is induced by the summation map⊕x∈|X|Z/pnZ→ Z/pnZ. For
d = 0 the theorem is trivial. Now letd = 1. First assume thatX is irreducible. Let
π :X′ → X its normalization. The diagram in (1.5) gives a morphism of complexes
of étale sheavesπ∗̃ν 1

n,X′ → ν̃ 1
n,X. It induces the square on the left in the diagram

H 1(K(X′), ν1
n,K(X′))

-
⊕
x∈|X′|

Z/pnZ - Z/pnZ - 0

H 1(K(X), ν1
n,K(X))

wwwwwww
-

⊕
x∈|X|

Z/pnZ
?

- Z/pnZ
?

- 0

where the right horizontal arrows are given by the trace maps ofX′ andX. It is easy
to see that the vertical arrow in the middle is given by summation over the fibres of
π , i.e. equal toπ∗ in the notation of (4.11). This implies that the square on the right
is also commutative. Now the upper sequence is exact by (4.8). It follows that the
lower sequence is exact as well which concludes the proof ifX is an irreducible
curve.

In the general case of a curve we conclude the proof by induction on the number
r of irreducible components ofX. Let r > 1. LetY be the union of the firstr − 1
irreducible components ofX,Z therth component andp:Y qZ→ X be the map
induced by the inclusions. SinceX andY q Z have the same normalization, there
is a commutative diagram

⊕
η∈X(0)

H 1(κ(η), ν1
n,κ(η))

-
⊕

y∈|Y ∐Z|
Z/pnZ β- Z/pnZ⊕ Z/pnZ

⊕
η∈X(0)

H 1(κ(η), ν1
n,κ(η))

wwww
-

⊕
x∈|X|

Z/pnZ
?

p∗

deg - Z/pnZ,
?

s

whereβ maps aZ/pnZ-divisorD to the pair with components degD|Y and deg
D|Z, and s denotes the summation map. By induction hypothesis, the upper se-
quence is exact. Hence, using Lemma (4.11), we get that the lower sequence is
exact as well. This concludes the proof of the theorem ford = 1.

For the general case we use induction ond. Let d > 1 and letX be a reduced
connected proper algebraick-scheme of pure dimensiond. By (4.10) there is a
connected closed subschemeι: Y → X of pure codimension 1, the complement
U of which is smooth and affine. By (1.6) and (2.1) these properties ofU imply
that the morphismϕ(Y,X):Hd(Y, ν̃ d−1

n,Y )
∼=- Hd+1(X, ν̃ dn,X) defined in (4.2) is

an isomorphism. For any closed pointy ∈ Y it maps the fundamental classεy to
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the fundamental class ofy viewed as a closed point ofX. This implies that the
diagram

Hd(Y, ν̃ d−1
n,Y )

tr- Z/pnZ

Hd+1(X, ν̃ dn,X)

?
ϕ(Y,X)

tr- Z/pnZ

wwwww
commutes. The theorem follows by the induction hypothesis. 2
(4.13) We finally extend the definition of the trace map to cohomology with com-
pact supports.

If U is a separated algebraick-scheme, by acompactificationof U we under-
stand a dominant open immersionU → X whereX is a properk-scheme. Such
a compactification always exists by [Na]. We callU smoothly compactifiable, if
there exists a compactification into a smoothk-schemeX.

If F is an étale Abelian torsion sheaf onU andq > 0, theqth cohomology
group with compact support is defined byHq

c (U,F ) := Hq(X, j!F ), where
j :U → X is a compactification. By the proper base change theorem this is in-
dependent of the chosen compactification.

(4.14) LetU a smooth separated algebraick-scheme of pure dimensiond. Let
j :U → X be a compactification. Ifx ∈ U is a closed point, the excision theorem
as well as (2.4) and (1.6) give isomorphisms

Z/pnZ ∼= Hd+1
x (U, ν̃ dn,U )

∼= Hd+1
x (U, νdn,U )

∼= Hd+1
x (X, j!νdn,U ).

Therefore we have a morphismZ/pnZ→ Hd+1
c (U, νdn,U ), which does not depend

on the compactificationj . The image of 1 will again be called thefundamental
classof x and denoted byεx . The morphism

Hd+1
c (U, νdn,U)

- Hd+1(X, ν̃ dn,X)

induced by the composition of the adjunction mapj!νdn,U → νdn,X and the canonical
morphismνdn,X → ν̃ dn,X maps this fundamental class to the fundamental class
already defined in (4.1). From (3.5) we get thatHd+1

c (U, νdn,U ) is generated as
an Abelian group by the fundamental classes of the closed points ofU . (3.9) and
(4.12) imply

COROLLARY. LetU be a smooth separated algebraick-scheme of pure dimen-
siond. Then there is a unique homomorphismtr:Hd+1

c (U, νdn,U )→ Z/pnZ, which
maps the fundamental classεx of every closed pointx ∈ U to 1. If U is connected
and smoothly compactifiable, thentr is an isomorphism.
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(4.15) Letf :U ′ → U be a finite étale morphism of separated algebraick-schemes
andF an étale Abelian torsion sheaf onU . There is a cartesian diagram

U ′ j ′ - X′

U
?
f

j - X
?
f̄

wherej andj ′ are compactifications and̄f is finite. Applying the functorj! to the
trace morphism tr: f∗f −1F → F and usingf̄∗j ′! = j!f∗, one gets a homomorph-
ism

tr:Hq
c (U

′, f −1F ) - Hq
c (U,F ),

which does not depend on the diagram chosen. It is easy to prove the following

LEMMA. Letf :U ′ → U be finite étale morphism of smooth separated algebraic
k-schemes. Then the diagram

Hd+1
c (U ′, νdn,U ′)

tr- Z/pnZ

Hd+1
c (U, νdn,U )

?
tr

tr- Z/pnZ

wwwww
commutes.

5. The Duality Theorem

We will need the following theorem concerning resolution of singularities.

THEOREM (5.1) [dJ], Theorem (4.1).Let k be a perfect field andX an integral
separated algebraick-scheme. Then there is a smoothly compactifiable integral
algebraick-schemeV and an étale morphismV → X.

From that we get the following statement: Letk be a perfect field,X a reduced
separated algebraick-scheme andF a constructible étale Abelian sheaf onX. Then
there exists a dense open subsetU ⊂ X and a surjective finite étale morphism
V → U such thatV is smoothly compactifiable andF |V is a constant sheaf.

Now let k again be a finite field andp = chark.

(5.2) LetX be a properk-scheme of pure dimensiond andF an étale Abelian
Z/pnZ-sheaf. Then the composition of the Yoneda pairing with the trace map
(4.12) is aZ-bilinear map

Hi(X,F )× Extd+1−i
X,pn (F , ν̃

d
n,X)

- Hd+1(X, ν̃ dn,X)
tr- Z/pnZ.
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It induces a homomorphism of groups

αi(X,F ):Hi(X,F ) - Extd+1−i
X,pn (F , ν̃

d
n,X)

∗,

whereA∗ = Hom(A,Q/Z) denotes the dual group of any Abelian groupA; by
ExtqX,pn(F , )we denote theqth derived functor of the functor Hom(F , ) from
the category of étaleZ/pnZ-sheaves onX into the category of groups.

If U is a separated algebraick-scheme of pure dimensiond and F an étale
Z/pnZ-sheaf, there is a unique pairing

Hi
c (U,F )× Extd+1−i

U,pn (F , ν
d
n,U )

- Hd+1
c (U, νdn,U )

such that for every compactificationj :U → X the diagram

Hi
c (U,F ) × Extd+1−i

U,pn (F , ν
d
n,U )

- Hd+1
c (U, νdn,U )

H i(X, j!F )

wwwww
×Extd+1−i

X,pn (j!F , j!ν
d
n,U )

?
∼=

- Hd+1(X, j!νdn,U )

wwww
commutes.

We first prove the duality theorem for constant sheaves. Milne has shown (cf.
[Mi-1], Chapter II, (7.12)) that ifX is a smooth proper connected algebraick-
scheme of dimensiond andn > 1, the Yoneda pairing

Hi(X,F )× Extd+1−i
X,pn (F , ν

d
n,X)

- Hd+1(X, νdn,X)
∼= Z/pnZ

is a nondegenerate pairing of finite groups for the sheafF = Z/pnZ. In order to
get the assertion for the constant sheavesF = Z/pmZ,m 6 n we prove some
easy facts from homological algebra:

(5.3) LetX be a scheme. For everyn > 1 the categoryS(X,Z/pnZ) of étale
Z/pnZ-sheaves onX is an Abelian category with enough injectives. Form 6 n

the inclusion functorS(X,Z/pmZ) ⊂ S(X,Z/pnZ) is exact but does not preserve
injectives. It is left adjoint to the functor

tn,m: S(X,Z/pnZ) - S(X,Z/pmZ)

F -
pmF ,

wherepmF is the kernel of the multiplication withpm. The functortn,m is left exact
and preserves injectives. We now calculate its derived functors: LetF be an étale
Z/pnZ-sheaf andF → I • an injective resolution inS(X,Z/pnZ). By applying
the functor Hom( , I q), q > 0, to the exact sequence

0 - Z/pn−mZ pm- Z/pnZ - Z/pmZ - 0
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we get an exact sequence

0 -
pmI
• - I • pm-

pn−mI
• - 0

of complexes of étaleZ/pnZ-sheaves onX. The corresponding long exact co-
homology sequence yields an exact sequence

0 -
pmF - F

pm-
pn−mF - R1tn,mF - 0

and isomorphismsRqtn,n−mF ∼= Rq+1tn,mF of Abelian étale sheaves, forq > 1.

LEMMA (5.4). LetX be a smooth algebraick-scheme. Letr > 0, n > 1 andm 6
n. Then the morphism×pn−m defined in[CoSS], p. 778, Equation(20) induces
an isomorphism×pn−m: νrm,X

∼=- tn,mν
r
n,X = pmν

r
n,X, and for all q > 1 we have

Rqtn,mν
r
n,X = 0.

Proof.The commutative diagram

0 - νrm,X
×pn−m- νrn,X

Rm- νrn−m,X - 0

0
?

- νrn,X

?
pm

id - νrn,X

?
×pm

- 0

has exact lines (cf. proof of (2.1)). Regarding the induced morphism on kernels
proves the first assertion. It follows that the composition

νrn,X
Rm- νrn−m,X

×pm-
pn−mν

r
n,X

is surjective. On the other hand, by definition of×pm this composition is the
multiplication bypm. By (5.3) we therefore getR1tn,mν

r
n,X = 0, for all m < n.

The second assertion follows by induction onq. 2
PROPOSITION (5.5).LetX be a connected smooth properk-scheme of dimension
d andn > 1. Then for everym 6 n the composition of the Yoneda pairing with the
trace map

Hi(X,Z/pmZ)× Extd+1−i
X,pn (Z/p

mZ, νdn,X) - Hd+1(X, νdn,X)
- Z/pnZ

is a nondegenerate pairing of finite groups.
Proof. If m = n, this is just the assertion of [Mi-1], Chapter II, (7.12). Now let

m < n. By the preceding lemma we have an isomorphismνdm,X
∼= Rtn,mν

d
n,X in

D(X,Z/pmZ); sincetn,m is right adjoint to the inclusion functorS(X,Z/pmZ) ⊂
S(X,Z/pnZ), one has isomorphisms

ExtqX,pn(Z/p
mZ, νdn,X) = ExtqX,pm(Z/p

mZ, Rtn,mνdn,X) ∼= ExtqX,pm(Z/p
mZ, νdm,X),
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for all q > 0. In the commutative diagram

Hi(X,Z/pmZ)×Extd+1−i
X,pn (Z/p

mZ, νdn,X) - Hd+1(X, νdn,X)

H i(X,Z/pmZ)

wwwww
×Extd+1−i

X,pm (Z/p
mZ, νdm,X)

6∼=

- Hd+1(X, νdm,X)

6α

α is induced by the morphism×pn−m. The lower line is a nondegenerate pair-
ing, hence also the upper line, if we can show thatα is injective. The short exact
sequence used in the proof of (2.1) induces an exact sequence

Hd+1(X, νdm,X)
α- Hd+1(X, νdn,X)

- Hd+1(X, νdn−m,X) - 0

where we have used (3.4). Since by (4.12) the groupHd+1(X, νds,X)
∼= Z/psZ has

ps elements, this implies the injectivity ofα. 2
THEOREM (5.6).Letk be a finite field andp = chark. LetX be a properk-scheme
of pure dimensiond. Then for everyn > 1 and every constructibleZ/pnZ-sheaf
F the composition of the Yoneda pairing and the trace homomorphism

Hi(X,F )× Extd+1−i
X,pn (F , ν̃

d
n,X)

- Hd+1(X, ν̃ dn,X)
tr- Z/pnZ

is a nondegenerate pairing of finite groups.
Proof. Let n > 1. We have to show thatαi(X,F ) is an isomorphism for all

proper equidimensionalk-schemesX, all constructibleZ/pnZ-sheavesF on X
and alli ∈ Z. We will do this in several steps.

(a) LetX be a properk-scheme of pure dimensiond. Let

0 - F ′ - F - F ′′ - 0

be an exact sequence of étaleZ/pnZ-sheaves onX. If αi(X,G) is an isomorphism
for two of the sheavesG ∈ {F ,F ′,F ′′} so it is for the third.

(b) LetX be as in (a) andF an étaleZ/pnZ-sheaf onX. Then we have for
everyi ∈ Z: The mapαi(X,F ) is an isomorphism if and only ifαi(Xred,F ) is.

By [EGA IV], (18.1.2) the functorU 7→ U ×X Xred is an equivalence of
topologies. Ifι:Xred → X denotes the inclusion, thenι−1 and ι∗ are mutually
quasi-inverse equivalences of the categories of étaleZ/pnZ-sheaves onX andXred.

(c) LetX andF be as in (b). IfX1, . . . , Xs are the connected components of
X, then we have for everyi ∈ Z: The mapαi(X,F ) is an isomorphism if and only
if all the αi(Xν,F ) are isomorphisms,ν = 1, . . . , s.

The intervening cohomology groups as well as the Ext-group are direct sums of
the corresponding groups for the componentsXν , and the trace mapHd+1(X, ν̃ dn,X)→ Z/pnZ is the sum of the trace maps of the components.
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(d) LetX be a smooth properk-scheme of pure dimensiond. Thenαi(X,F )
is an isomorphism for all constant constructibleZ/pnZ-sheavesF onX and all
i ∈ Z.

This follows from (5.5) using (a) and (c).
(e) Let K|k be a finite field extension,X = SpecK and F a constructible

Z/pnZ-sheaf onX. Thenαi(X,F ) is an isomorphism of finite groups, for alli ∈
Z.

The assertion follows from (d), ifF is constant. LetF be arbitrary andL|K a
finite extension such thatf −1F is constant, wheref :SpecL → SpecK denotes
the induced morphism. Consider the commutative diagram

Hi(L, f−1F ) × Ext1−iL,pn(f
−1F ,Z/pnZ) - H 1(L,Z/pnZ) tr- Z/pnZ

Hi(K, f∗f −1F )

6∼=

×Ext1−iK,pn(f∗f
−1F ,Z/pnZ)
?
∼=

- H 1(K,Z/pnZ)
?
cor

tr- Z/pnZ,

wwwww
for i = 0,1. Since the upper line is a nondegenerate pairing of finite groups so is
the lower. It follows thatαi(SpecK,f∗f −1F ) is an isomorphism for alli ∈ Z.
We now prove the following assertion by descending induction oni: For every
constructibleZ/pnZ-sheaf on SpecK the mapαi(SpecK,F ) is surjective. This
is trivial for i > 1. Now let i 6 1. For a given sheafF we choose a morphism
f :SpecL → SpecK such thatf −1F is constant. The trace mapf∗f −1F → F
is surjective and therefore gives rise to an exact sequence

0 - K - f∗f −1F - F - 0;
using the abbreviationsHq(G) := Hq(K,G) andEq(G) := Ext1−qK,pn(G,Z/pnZ)∗
we get a commutative diagram

Hi(f∗f−1F ) - Hi(F ) - Hi+1(K) - Hi+1(f∗f−1F ) - Hi+1(F )

Ei(f∗f−1F )

?
∼=

- Ei(F )

?
- Ei+1(K)

?
- Ei+1(f∗f−1F )

∼=
?

- Ei+1(F ).

?

Applying the induction hypothesis to the sheafK the diagram shows that the map
αi(SpecK,F ) is surjective. Similarly, using descending induction oni, one shows
thatαi(SpecK,F ) is injective, which concludes the proof of (e).

Now we prove the theorem by induction ond. For d = 0 the assertion fol-
lows from (e) using (b) and (c). Now letd > 0 and assume thatαi(X,F ) is
an isomorphism for all properk-schemesX of pure dimension dimX < d, all
constructibleZ/pnZ-sheavesF onX and alli ∈ Z.

(f) LetX be a properk-scheme of pure dimensiond, ι: Y → X a closed im-
mersion of pure codimension1 and G a constructibleZ/pnZ-sheaf onY . Then
αi(X, ι∗G) is an isomorphism for alli ∈ Z.
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This follows from the induction hypothesis using the commutative diagram

Hi(Y,G) × Extd−iY,pn(G, ν̃
d−1
n,Y )

- Hd(Y, ν̃ d−1
n,Y )

tr- Z/pnZ

Hi(X, ι∗G)

6∼=

× Extd+1−i
X,pn (ι∗G, ν̃

d
n,X)

?
∼=

- Hd+1(X, ν̃ dn,X)

?
ϕ(Y,X)

tr- Z/pnZ.

wwwww
The isomorphism of the Ext-groups is obtained from the purity theorem (2.4).

(g) LetX be a smooth properk-scheme of pure dimensiond. Letj :U → X be
the inclusion of an open subset andF a constant constructibleZ/pnZ-sheaf on
U . Thenαi(X, j!F ) is an isomorphism for alli ∈ Z.

We can assume thatX is connected. The constant étale sheaf onX correspond-
ing to the Abelian group which definesF will be also denoted byF . The cokernel
C of the injective adjunction mapj!F → F is the direct image of the constant
étale sheafF on the complement ofU . Enlarging this complement if necessary we
see thatC is also the direct image of a constructible sheaf on a closed subscheme
of pure codimension 1. Now the assertion follows from (d), (f) and (a).

(h) LetV be a smoothly compactifiablek-scheme of pure dimensiond andG a
constant constructibleZ/pnZ-sheaf onV . Then the composition

Hi
c (V ,G)× Extd+1−i

V ,pn (G, ν
d
n,V )

- Hd+1
c (V , νdn,V )

tr- Z/pnZ

is a nondegenerate pairing.
In view of the definition of this pairing in (5.2) this is an immediate consequence

of (g).
(i) LetX be a properk-scheme of pure dimensiond, j :U → X an open immer-

sion andf :V → U a finite étale morphism such thatV is smoothly compactifiable.
LetF a constructibleZ/pnZ-sheaf onU , whose restriction toV is constant. Then
αi(X, j!f∗f −1F ) is an isomorphism for alli ∈ Z.

One has a commutative diagram (cf. [Mi-3], p. 171)

Hi
c (V , f

−1F ) × Extd+1−i
V ,pn (f

−1F , νdn,V )
- Hd+1

c (V , νdn,V )
tr- Z/pnZ

Hi
c(U, f∗f

−1F )

6∼=

×Extd+1−i
U,pn (f∗f

−1F , νdn,U )

6∼=

- Hd+1
c (U, νdn,U )

?
tr

tr- Z/pnZ.

wwwww
Hence the assertion follows from (h).

(j) LetX be a properk-scheme of pure dimensiond. Thenαi(X,F ) is injective
for all i ∈ Z and all constructibleZ/pnZ-sheavesF onX.

We will prove this assertion by induction oni. If i < 0, there is nothing to show.
Now let i > 0. We can assume thatX is reduced. By (5.1) there is a dominant open
immersionj :U → X and a surjective finite étale morphismf :V → U such
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thatV is smoothly compactifiable andF |V is constant. ShrinkingU if necessary
we can assume that the complementY of U in X is of pure codimension 1. Let
F ′ := F |U andC the cokernel of the injective mapj!F ′ → j!f∗f −1F ′. Thus we
have two exact sequences

0 - j!F ′ - j!f∗f −1F ′ - C - 0

and

0 - j!F ′ - F - i∗F |Y - 0.

They induce commutative diagrams with exact lines

Hi−1(j!f∗f−1F ′) - Hi−1(C) - Hi(j!F ′) - Hi(j!f∗f−1F ′) - Hi(C)

Ei−1(j∗f ∗f−1F ′)
?

(i)∼=

- Ei−1(C)

?
- Ei(j!F ′)

?
- Ei(j!f∗f−1F ′)

?

(i)∼=

- Ei(C)

?

and

Hi−1(i∗i∗F ) - Hi(j!F ′) - Hi(F ) - Hi(i∗i∗F ) - Hi+1(j!F ′)

Ei−1(i∗i∗F )
?

(f )∼=

- Ei(j!F ′)
?

- Ei(F )
?

- Ei(i∗i∗F )
?

(f )∼=

- Ei+1(j!F ′),
?

where we have used the abbreviations

Hq(G) := Hq(X,G) and Eq(G) := Extd+1−q
X,pn (G, ν̃ dn,X)

∗.

If we apply the induction hypothesis to the sheafC and use (i) as well as the first
diagram we see thatαi(X, j!F ′) is injective. From that we conclude using (f) and
the second diagram thatαi(X,F ) is injective as claimed.

(k) LetX be properk-scheme of pure dimensiond. Thenαi(X,F ) is an iso-
morphism for alli ∈ Z and all constructibleZ/pnZ-sheavesF onX.

We prove this last assertion by descending induction oni. For i > d + 1 there
is nothing to show. Now leti 6 d + 1. We definej : U → X andf : V → U

as in (j) and set againF ′ := F |U . If K is the kernel of the surjective morphism
j!f∗f −1F ′ → j!F ′, we again get two exact sequences

0 - K - j!f∗f −1F ′ - j!F ′ - 0

and

0 - j!F ′ - F - i∗F |Y - 0,
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which induce commutative diagrams with exact lines

Hi(j!f∗f−1F ′) - Hi(j!F ′) - Hi+1(K) - Hi+1(j!f∗f−1F ′) - Hi+1(j!F ′)

Ei(j!f∗f−1F ′)
?

(i)∼=

- Ei(j!F ′)
?

- Ei+1(K)

?
- Ei+1(j!f∗f−1F ′)

?

(i)∼=

- Ei+1(j!F ′)
?

and

Hi−1(i∗i∗F ) - Hi(j!F ′) - Hi(F ) - Hi(i∗i∗F ) - Hi+1(j!F ′)

Ei−1(i∗i∗F )
?

(f )∼=

- Ei(j!F ′)
?

- Ei(F )

?
- Ei(i∗i∗F )

?

(f )∼=

- Ei+1(j!F ′),
?

where we have used the same abbreviations as in (j). If we apply the induction hy-
pothesis to the sheafK and use (i), we get from the first diagram thatαi(X, j!F ′) is
surjective, hence an isomorphism. From that we deduce, using the second diagram
and (f) thatαi(X,F ) is an isomorphism. This concludes the proof of (k) and of the
theorem. 2
COROLLARY (5.7). Let k be a finite field andp = chark. LetU be a smooth
separated algebraick-scheme of pure dimensiond. Then for everyn > 1 and
every constructibleZ/pnZ-sheafF the composition of the Yoneda pairing and the
trace map

Hi
c (U,F )× Extd+1−i

U,pn (F , ν
d
n,U )

- Hd+1
c (U, νdn,U )

tr- Z/pnZ

is a nondegenerate pairing of finite groups. IfU is smoothly compactifiable, then
the trace map is an isomorphism. 2
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A DUALITY THEOREM FOR ÉTALE p-TORSION SHEAVES 151

References

[AK] Altman, A. and Kleiman, S.:Introduction to Grothendieck Duality Theory, Lecture Notes
in Math. 146, Springer, New York, 1970.

[Ar] Artin, M.: Grothendieck topologies,Notes on a seminar(1962).

[Be] Berthelot, B.: Le th́eor̀eme de dualit́e plate pour les surfaces (d’apres J. S. Milne). Exp
VI in Surfaces alg´ebriques, Lecture Notes in Math. 868, Springer, New York, 1981.

[BK] Bloch, S. and Kato, K.:p-adicétale cohomology,Publ. Math. IHES63 (1986), 107–152.

[BT] Bass, H. and Tate, J.: The Milnor ring of a global field, In:AlgebraicK-Theory II, Lecture
Notes in Math. 342, Springer, New York, 1972, pp. 349–428.

[CoSS] Colliot-Th́elène, J.L., Sansuc, J.J. and Soule, C.: Torsion dans le groupe de chow de
codimension deux,Duke. Math. J. 50(3) (1983), 763–801.
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Math., Academic Press, Boston, 1987.
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