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Abstract. A fundamental question in the field of cohomology of dynamical systems is to
determine when there are solutions to the coboundary equation:

f=8—goT.

In many cases, T is given to be an ergodic invertible measure-preserving transformation
on a standard probability space (X, B, u) and f : X — IR is contained in L? for p > 0.
We extend previous results by showing for any measurable f that is non-zero on a set of
positive measure, the class of measure-preserving 7 with a measurable solution g is meager
(including the case where | x f du = 0). From this fact, a natural question arises: given f,
does there always exist a solution pair 7 and g? In regards to this question, our main results
are as follows. Given measurable f, there exist an ergodic invertible measure-preserving
transformation 7" and measurable function g such that f(x) = g(x) — g(Tx) for almost
every (a.e.) x € X, if and only ifff>0 fdu=— ff<0 f du (whether finite or 00). Given
mean-zero f € LP(u) for p > 1, there exist an ergodic invertible measure-preserving
T and g € LP~ () such that f(x) = g(x) — g(Tx) for a.e. x € X. In some sense, the
previous existence result is the best possible. For p > 1, there exists a dense G set of
mean-zero f € LP(u) such that for any ergodic invertible measure-preserving 7 and any
measurable g such that f(x) = g(x) — g(Tx) almost everywhere, then g ¢ L9(u) for
q > p — 1. Finally, it is shown that we cannot expect finite moments for solutions g, when
feLY(w.In particular, given any ¢ : R — IR such that lim,_, o ¢ (x) = o0, there exist
mean-zero f € L'(u) such that for any solutions 7 and g, the transfer function g satisfies:

/ d(|gx)]) du = oo.
X
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1. Introduction
We give new fundamental results concerning solutions to the coboundary equation:

f=g—goT. (L.1)

There has been substantial progress in many cases such as homogeneous spaces, smooth
actions, Lie groups, as well as many other important families of dynamical systems. Most
previous research focuses on the case where a measurable transformation, or topological
dynamical system is specified, and a solution g is sought for individual f or families
of functions f (e.g., Holder f). In this paper, we study the situation from the general
perspective of solutions 7" and g where f may be any real-valued measurable function,
or function f € L? for p > 0.

In this paper, we assume all measurable dynamical systems are defined on a Lebesgue
space (X, B, ). Thus, by the Rokhlin isomorphism theorem [38, 39], we take X = [0, 1),
w is Lebesgue measure, and B is the collection of Lebesgue measurable sets. For p > 0,
define the standard L? space, L? ={f : X — IR| f is measurable and fX [f1P du
< oo}. For p > 1, define Lg ={fel?: fx fdu =0}. Also, L* is the set of
essentially bounded measurable functions on (X, 8, ©) and similarly, Lgo are functions in
L with zero integral. The space L is the set of measurable functions on (X, B, ). Let
M be the family of invertible measure-preserving transformations defined on (X, B, u)
and & is the family of ergodic invertible measure-preserving transformations on (X, B, u).
We obtain the following main positive result.

THEOREM 1.1. (Existence of solutions) Lef 1 < p < oo and suppose f € Lg . There exist
TeEandg e LP=L such that f(x) = g(x) — g(Tx) for almost every (a.e.) x € X.

In some sense, Theorem 1.1 gives the best possible positive result. The following
theorem demonstrates a major limitation for solutions to the coboundary equation. In
particular, typically, there is no solution g in the same integrability class as f, even when
allowing T to range over all of &.

THEOREM 1.2. (L9 non-existence) Given 1 < p < 0o, there exist f € Lg such that for
any solution T € & and measurable g to the coboundary equation f =g —go T, then
g ¢ LY for g > p — 1. More generally, there exists a dense G set G,, C Lg such that for
any f € G, and any solution pair T, g with T € &, then g ¢ L9 forq > p — 1.

The solution g is referred to as the transfer function for coboundary f. Theorem 1.2
implies that for generic mean-zero f € LP for p < 2, any transfer function is not
integrable, regardless of T € &. However, for f € Ll we can always find a solution with
measurable g € LY.

For the case where f is only assumed to be measurable, we give a straightforward
equivalent condition for the existence of a measurable transfer function. Also, Theorem 1.3
highlights the need to control 7, or the inter-dependence of 7" and f; if one hopes to find a
measurable transfer function.
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THEOREM 1.3. (Measurable transfer functions) Suppose (X, B, i) is a standard proba-

bility space and f € L° is non-zero on a set of positive measure.

e The coboundary equation f = g — g o T has a solution pair, T € &, g € L°, if and
only ifff>0 fdu=— ff<0 f du, whether both integrals are oo or finite.

o The class of ergodic invertible measure-preserving transformations T such that f =
g — g o T has a measurable solution g is first category (that is, meager).

2. Connections to previous research

There has been substantial interest in the study of the cohomology of dynamical systems.
Much of the recent focus is on smooth dynamics including hyperbolic actions or actions
of Lie groups. Powerful rigidity or local rigidity results have been obtained involving
cocycles. Some of the earliest results include [27, 28]. Cocycle rigidity depends closely
on solving the coboundary equation, since the difference between cohomologous cocycles
is a coboundary. LivSic [34] provided one of the earliest regularity results in this setting
by demonstrating Holder cocycle rigidity for families of U-systems, topological Markov
chains, and Smale systems. More recently, this Holder regularity has been extended to
non-uniformly expanding Markov maps [22], and to Weyl chamber flows or twisted Weyl
chamber flows [42]. In [41], Veech proves that the coboundary equation f =g —go T
admits a C solution g for C*° f when T is an ergodic toral endomorphism and f sums
to zero over every periodic orbit. Also, a connection is made to the generalized Riemann
hypothesis.

We will consider the coboundary equation in a general context. In the setting of
topological dynamics, the following early result was observed in Gottschalk and Hedlund
[21]: a bounded continuous function f is a coboundary for a minimal homeomorphism on
a compact space if and only if the following is uniformly bounded for positive n,

n—1

> F(T)

i=0

More recently, Quas [37] proves for a p-invariant minimal homeomorphism on a compact
probability space, if a continuous f is a coboundary with an L°°(u) transfer function, then
f is a coboundary with a continuous transfer function. Also, we would like to mention a
result of Baggett, Medina, and Merrill which is in the same spirit of Theorem 1.3. They
prove in [S] that if f € L(l)(S 1 is not a trigonometric polynomial, then the set of irrational
rotations of the unit circle S', for which f is a coboundary with an integrable transfer
function, is of first category.

2.1. The Haldsz—Schmidt condition. The following associated condition for measurable
dynamics can be found in [25, 40]. A measurable function f is a coboundary for T € & if
and only if for each § > 0, there exists M5 € IN such that for n € IN,

n—1
u({x e X:

D (T
i=0

This condition will be used in §5 to show for any measurable function f that is essentially
non-zero, then the class of ergodic invertible measure-preserving transformations 7' such
that f = g — go T has a measurable solution g is meager (first category). Anosov

< M5}> >1-56. @.1)
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[4, Theorem 1] demonstrated that there are no measurable solutions g in the case that f
is integrable and |. x f du # 0. However, our category results apply in the situation that

Jx fduw=0.

2.2. Non-measurable solutions. Using the axiom of choice, we can always obtain a solu-
tion g. Partition X into orbits (mod measure zero). For each orbit O, choose a single point
xo € O. The coboundary equation leads to the following telescoping series, for n > 0,

n—1
g(T"x) = g(x) = Y f(T'x),
i=0

and for backward iterates,

n
g(T™"x) =g+ f(T "),
i=1

If we define g(xp) = 0, then the recursion formulas above uniquely determine g at all
points along the orbit of x¢. It is easily checked that f(y) = g(y) — g(Ty) on the orbit
of x¢. By invoking the Axiom of Choice to select a point on each orbit, g is defined at
a.e. x € X. However, the result of Anosov implies this g is not measurable when f has a
non-zero integral.

Here is another case where this construction clearly leads to a non-measurable solution.

Suppose « is irrational and 0 < o < 1. Define f on [0, 1] by
1

o, ifx < ,

f@) = 1o
-1 ifx > .

1+«

The integral of f is zero. Since g(x) = O for a single point in each orbit, then the space X

equals the following disjoint union (modulo measure zero sets),
o

U T'dx e x:gx)=0p.

i=—00

Since T is measure preserving, the set {x € X : g(x) = 0} is not measurable and conse-
quently, g is not measurable.

There are cases where it is known that the coboundary equation has no measurable
solution g. It was pointed out in [25] that if f is a non-trivial mean-zero step function
taking on two values, then the transformation 7 must have a non-trivial eigenvalue. Thus,
if T is weakly mixing and f is a two-step function, there is no measurable solution g.
This implies for a two-step mean-zero non-zero function, the ergodic invertible measure
preserving transformation obtained in Theorem 1.1 is never weakly mixing.

In [24], given an irrational rotation 7, the authors give necessary and sufficient
conditions for a step function ¢ and ¢t € IR/Z for there to exist measurable solutions to
the multiplicative cohomological equation:

2T 827”'1L.
foT

This result is critical in the study of eigenvalues of interval exchange transformations.
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2.3. Bounded coboundaries. This raises the question of when do solutions exist for
classes of measurable functions f, when T is allowed to range over &. In [2] (Theorem
11.2), it is shown that any finite step, mean-zero function is a coboundary for some
ergodic invertible measure-preserving transformation with a bounded transfer function g.
In particular, 7 may be chosen in one of the following categories:

(1) T is atransformation with a discrete spectrum;

(2) T is a product of rotations;

(3) T is afinite extension of a product of rotations.

Also, Theorems 11.2 and 12.1 in [2] show the existence of solutions is extended to
mean-zero bounded functions. The case of general Lg functions is more subtle and
addressed in this paper.

The paper [32] partially addresses the case of bounded coboundaries. However, the
arguments given in [32] are viewed as containing a gap, and the main theorem does not
apply in general beyond the case of continuous functions f.

2.4. Operator viewpoint. The coboundary equation has been viewed from the perspec-

tive of operator theory. Note that the coboundary equation may be written as
f=U-Urg,

where Ur is the Koopman operator defined by Ur(g) = go T, and I represents the

identity operator. Study of the operator (I — 7)) when T is a linear operator (and not

necessarily unitary) goes back to the 19/ century [35]. Similar to the case of real or

complex numbers, for an operator 7 with norm |T| < 1, then I — T has an inverse and

I-7'=>"T1
i=0

However, for measure-preserving transformations, |Ur| = 1, and solving f = (I — Ur)g
becomes more complicated. Browder [8] provided the following equivalent condition for
a given contraction 7" on a reflexive Banach space E. The function f € (I — T)E, if and
only if

n—1

2T
i=0

A two-dimensional version of Browder’s result was proved by Cohen and Lin in [10].
Iterative techniques were given in [13-15, 23] as an aid for solving the coboundary

equation in this setting. The paper [33] of Lin and Sine shows that for a given 7, when a

solution exists, it may be obtained in closed form as the following point-wise limit almost

< Q.

sup
n

everywhere:
1 n n—l1
— T _ i
g(x) = lim ; ZO f(Tx).
=] =l

Also, the authors extend their results from the classical Poisson equation,
f = — Ur)g to the case of fractional coboundaries [12]. Their main results produce
equivalent conditions for solutions to occur for fixed 7. Also, in the case of a unitary
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operator U on a Hilbert space H, a result from [31] shows that f € (I — U)H, if and only
if

2
< Q.

sup — u“f
N NSNS

Also, of note, the authors prove in [16] that the following condition is equivalent to T being
weak mixing:

| N
N2

n=1

—> o0 forall A € B with u(A) > 0.
2

n—1
D _(La—pu(A)oTh
k=0

Our main results can be recast in terms of operators in the following way.

COROLLARY 2.1. (Operator theoretic statement of Theorems 1.1 and 1.2) Let (X, B, u) be
a standard probability space and & be the set of all ergodic invertible measure-preserving
transformations on (X, B, ). Then Theorems 1.1 and 1.2 are equivalent to the following
statements respectively:

Ly c | Ju-unar
Te&E

and

Lg N U U (I — Ur)(LY) is meager in Lg.
TeE g>p—1

2.5. Ergodic averages. One of the main applications of coboundary solutions is to find
functions for which the ergodic averages are controlled and converge rapidly. Kachurovskii
observed in [26] that the cohomology equation has a solution if and only if the rate of
convergence in the Birkhoff theorem [7] is the highest possible rate and convergence is
uniform. We observe, in the case where f is a coboundary for 7 with integrable transfer
function g, all moving averages (v,, L,) converge pointwise for an increasing sequence
L, € N,

L
1 & ,
— > F@tix) > 0.
=1

A proof of this fact is given in Appendix B. Other results [44] characterize the rate of
convergence in measure of ergodic averages of L* functions using uniform approximation
by coboundaries where the transfer function lands in a specific L? space. For p > 1, the
rate is of the order of n~7. For stationary processes exhibiting randomness (e.g., positive
entropy, random fields), there is a technique for decomposing the process into coboundary
and martingale components. See [18-20, 29, 43] and the references contained therein for
background on this technique and its applications. This has made it possible to establish
common statistical laws (central limit theorem, weak invariance principle) in these cases.

2.6. Non-singular transformations. There is also extensive research on the connections
of coboundaries to non-singular transformations. We do not discuss this in detail, but
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encourage the interested reader to check [1, 11] for its connections, including the
existence of equivalent finite or sigma-finite invariant measures. Techniques developed
from the operator theoretic viewpoint can also be applied to non-singular transformations
including [33], and [3], which develops a different approach for addressing L? integrability
constraints on solutions.

3. Coboundary existence theorem
In this section, we prove Theorem 1.1, although it is restated here in an equivalent form.
We will also show later that this is generally the best possible result.

THEOREM 3.1. Let p € R be suchthat p > 1. Suppose (X, B, u) is a standard probability
space and f € Lg (X, ). There exist an ergodic invertible measure-preserving transfor-
mation T and a function g € LP—1(x, w) such that f(x) = g(Tx) — g(x) for almost every
x € X.

For the case of L°, this theorem follows from Theorems 11.2 and 12.1 in [2]. However,
[2] did not handle unbounded functions.

To prove the existence result for unbounded functions, we will give a construction which
reduces the problem to bounded functions. A geometric tower of sets is constructed based
loosely on the method of cutting and stacking. (The proof of Theorem 1.2 is not based
on cutting and stacking, although it is constructive in nature.) See [17] for a guide to the
cutting and stacking method in ergodic theory. Also, we will use a connection between
coboundaries for an induced transformation and the coboundary for the full transformation.
In addition to looking at induced transformations, we obtain our limiting transformation
by iteratively gluing together an ensemble of transformations defined on subsets (towers)
of the full space.

3.1. Induced transformations and coboundaries. In this section, we show how to extend
a coboundary for an induced transformation to a coboundary for the full transformation.
Let T : X — X be an ergodic measure-preserving transformation. Let A C X be a set of
positive measure. Suppose

Ta(x) = T" W (x), x € A,

where n 4 (x) is the smallest positive integer n such that 7"x € A. Note, n4(x) is defined
(and finite) for a.e. x € A since the measure p is not atomic. This defines the so-called
induced transformation on A. See [17, p. 9, Theorem 1.18] or [36] for further details on
induced transformations. Given measurable function f : X — R and x € A, define

na(x)—1

fa)y= Y f(T).
(=0

We have the following lemma which will be used to prove Theorem 3.1.

LEMMA 3.2. Let f: X — R be a measurable function and T : X — X be an ergodic
measure-preserving invertible transformation. Suppose f4 is a coboundary for induced
transformation Ty : A — A with transfer function ga such that fo = gaoTs — ga.
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Given z € X \ A, define j. =inf{j e N: Tz € A} and for z € A, j. = 0. Since T is
ergodic and invertible, then j, < oo for a.e. z € X and in particular, 0 < j, < ns(T J2z)
almost everywhere. Then f is a coboundary for transformation T with transfer function g
defined such that for 7 € A, g(z) = ga(z) and fora.e. z € X \ A,

Jz—1
g@) =ga(T™F2)+ ) f(T"F2).
i=0
Proof. Forae.z e X,letx = Tz If0 < Jjz <na(x) — 1, then

Jz Jz—1
g(T2) —g(@) = ga) + ) f(T'x) —galx) = Y f(T'x) = f(Thx) = f(2).
i =0

i=0

Now suppose j, = na(x) — 1. Then

na(x)—2
g(T2) — 8(2) = ga(Tax) — (gA<x> + Y f(T'x)) 3.1)
i=0
na(x)—2
=fax)— Y f(T'x) (32)
i=0
na(x)—1 nax)—2
= ) [T- ) [T (3.3)
i=0 i=0
= f@"070) = f(@). (3.4)
This proves that f is a coboundary for 7" with transfer function g for a.e. z € X. O

3.2. Tower constructions on subsets of the measure space. To construct the transforma-
tion and transfer function, we will first decompose the measure space into disjoint subsets
and then construct towers on each subset. Using the construction from a previous paper [2],
we will define the transformation on the top of the towers such that the full transformation
is ergodic measure preserving and invertible (that is, it glues all the towers together). This
construction will produce a transfer function with the required integrability properties.

Suppose f : X — R is a measurable function and A C X is a measurable subset.
Define fia : A — IR as the restriction of f to A:

fiax) = f(x) forx € A.

For convenience, we may write / = fj4. To emphasize that a transformation is restricted
to a subset A, we use the notation Tj4 : A — A or, for convenience, 7 : A — A. This
is distinct from the notion of induced transformation which is written as 74. Now we
prove the following lemma which is a basic building block for the construction of our full
transformation 7.

LEMMA 3.3. Suppose A C X has positive measure and fia : A — R takes on two steps
with mean zero (that is, fA Fdu =0, where [ = fija). Given h € N and € > 0, there
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exist hy, hy > h, disjoint I, I, C A, and an invertible measure-preserving map t : A —

A such that
h—1 hy—1
u( U ' u U r"12> = n(A), (3.5)
i=0 i=0
rill, 0<i<hy, rilz, 0<i < hy arealldisjoint, 3.6)
k
Y F@x)| <l forxeljk<hj j=12 (3.7)
i=0
hj—1
Y ran|<e forxel;j=12 (3.8)
i=0
hj—1 hj—1
Y r@ixy=Y F@'y) forx.yel;j=12 (3.9)
i=0 i=0
hi
l—-e<—<1+4e. (3.10)
h

Proof. Without loss of generality, assume A C X = [0, 1]. Suppose f = blp —clc is
mean zero for b, ¢ > 0 and disjoint B, C such that BUC = A. The case where b/c
is rational is straightforward, so we assume b/c is irrational. There exist 81, 62 of the
same sign, and pi, g1, p2, g2 such that [82] < [81] < €, p1 < €p2, q1 < €q2, p2+ g2 —
p1—q1 > h, p1b — qic = 81, and pb — gac = 5. Without loss of generality, assume
0 < 87 < 81 < €. The case where 41, 8> are negative follows similarly. Let p3 = p» — p;
and g3 = g2 — q1. Note,
p3b —q3zc =36, —6 <O.

Let §3 = §; — 2. Split B into two disjoint sets By, B; such that

(B = P2 and  p(By) = P32 NEATY
(p2 +q2)83 + (p3 + g3)82 (p2 +q2)83 + (p3 + g3)82
Note,
(B + 1(By) = P28 + pady (3.12)
(p2 +q2)83 + (p3 + q3)d2
_ p2(g3c — p3b) + p3(p2b — g20) G.13)
(P2 + q2)(g3¢ — p3b) + (p3 + q3)(p2b — qac) '
_ (p2g3 — p3q2)c (3.14)
(p2g3 — p3q2)b + (p2g3 — p3g2)c
- — W(B. 3.15
brec w(B) (3.15)
Similarly, split C = C1 U C3 such that
) )
u(Cr) = 1203 and  (C) = 432 .
(p2 +q2)83 + (p3 + q3)82 (P2 +q2)83 + (p3 + g3)d2
(3.16)

https://doi.org/10.1017/etds.2022.29 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.29

2146 T. Adams and J. Rosenblatt

Divide B into p, disjoint equimeasurable sets By ; for j € {1,2,..., po}. Divide
C: into g disjoint equimeasurable sets Cy; for j € {1,2,...,¢g2}. Divide B, into
p3 disjoint equimeasurable sets B ; for j € {1,2,..., p3}. Divide C> into g3 dis-
joint equimeasurable sets Co; for j € {1,2,...,g3}. Thus, u(Cy ;) = u(B1x) for j €
{L,2,...,p2}and k € {1,2,...,q2}. Also, u(Cz ;) = u(Bay) for j € {1,2,..., p3}
and k € {1,2,...,qg3}). Let Iy = By and I, = B ;. Stack the sets By ; and Cyy such
that whenever the sum of the values is negative, place a B next, and otherwise place a C
set next. Stack the sets B, ; and C; such that whenever the sum of the values is negative,
place a B next, and otherwise place a C set next. As long as §; < min {c, b}/2, then we have
the precise number of level sets B and C to complete the two towers. In this case, let i} =
P2+ q2 and hy = p3 + g3. Thus, the condition iy = p3+q3=p2—p1+q@ —q1 > h
implies h1 = p» + g2 > h.
For x € I,

hi—1

Z F(z'x)
=0

=|p2b—qocl =8 <€,

and for x € I,

hy—1

Z F(z'x)
i=0

Equation (3.7) holds due to the greedy stacking algorithm used. The other conditions in
the lemma hold by construction. O

= |p3b —q3c| =01 — & <e.

LEMMA 3.4. Suppose A C X is a set of positive measure and F : A — R is a mean-zero,
non-zero finite step function. Explicitly, let F =Y 7", a;j1j,, where A=J/", I; is a
disjoint union of sets I; of positive measure, and a; are distinct real numbers for 1 <i <m
and m > 2. There exist disjoint measurable sets Ji, Ja, . . ., Jy—1 such that F takes on at
most two values almost everywhere on J; and fJ’_ Fdu=0forl <i<m-—1.

Proof. We prove this by induction on m. Clearly, this is true for m = 2. Suppose it is true
for m = n and all finite measure spaces. Let m = n + 1. Choose j such that for 1 <i <
n+1,

/1 IFldp =lajlu(l}j) = /1 \Fldw = lai|u(l;).
J i

If a; <0, choose k # j such that a; > 0, otherwise choose k such that a; < 0. Choose
I’ C Iy such that

aju(lj) 4+ appu(l’)y = 0.

Define J, = I; U I’. Thus, F takes on at most z steps on the subset A \ J,. By induction,
there exist Jy, Ja, . . ., Jy—1 such that F takes on at most two steps on J;. Therefore, our
lemma is proved by induction. O
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The next lemma uses the notion of a TUB tower which was defined in [2]. For
completeness, we present the definition here. The proof of the following Lemma 3.5 uses
Lemma A.2 which is stated and proved in Appendix A.2.

Let A be a measurable subset of X and f : A — IR a bounded, mean-zero function.
Given a finite measurable partition Q, h € IN, and € > 0, an e-balanced and uniform tower

for f is a set of disjoint measurable sets I; C A for i =1,2,...,h and an invertible
measure-preserving map T : [; — ;4 fori = 1,2, ..., h — 1, such that
h
u( U L-) > j(A) e, 3.17)
i=1
lf(x)—fDl<e forx,yel;,1 <i<h, (3.18)
k
AT < fllote forxel,k<h, (3.19)
i=0
h
> [ ran=] san (320)
— JI; A
i=1
h—1 '
Z F(Tix)| <e forxel, (3.21)
i=0
for each g € Q, there exists 7 C {1, .. ., h} such that u(qA( U 11‘)) <e. (322
iel

We refer to this type of tower as a TUB (e, h, Q) tower for fja.

LEMMA 3.5. Suppose A C X is a set of positive measure and F : A — R is bounded
and mean zero. Given €; > 0 for i € IN such that lim;_, , €; = 0, there exist an invertible
measure-preserving map T, disjoint sets I; C A and natural numbers h; such that:

o A=J2, U];l:_ol T/ 1; is a disjoint union;

o | Zil':_ol F(T/x)| <€ forx € I;; and

o | Zﬁ:o F(T/x)| < |IF loo + € forx € I; and 0 < k < h;.

Proof. If F is a finite step function, then the lemma follows by applying Lemmas 3.4
and 3.3 with a finite number of sets J;. If [ is not a finite step function, then we apply
Lemma A.2, iteratively and potentially infinitely many times, to construct a sequence
of TUB towers that satisfy this lemma. By Lemma A.2, there exist 1 C A, h; € N
and T which is invertible and measure preserving such that T?(I;) C A are disjoint for
i=0,1,...,h —1 and /L(Uf.';al Ti(I1)) > n(A) — €. Also, using Lemma A.2, we
can obtain the last two conditions of Lemma 3.5. Let A} = A\ Ufigl Ti(I}). In a similar
fashion, apply Lemma A.2 to A using parameter €;. Thus, in general,

k hj—l
av=a\{J U r'ap
j=1 i=0
with w(Ayr) < € — 0 as k — oo and our lemma is satisfied. O
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Remark. The transformation T constructed in Lemma 3.5 does not need to be defined on
all of A. It may not be defined on the top of the towers, and instead,

o0

T:A\(GT’“‘%)—)A\(UZ;).

i=1 i=1

The following proposition was previously proved in [2]. A direct proof is given in
Appendix A.2.

PROPOSITION 3.6. Let (X, B, ) be a standard probability space and A C X a set of
positive measure. Suppose f : A — R is measurable, mean zero, and bounded. There
exist an ergodic measure-preserving transformation T : A — A and bounded function g
such that f = g — g o T almost everywhere. Moreover, the transformation T and transfer
function g may be constructed such that for any § > 0, ||glloc < | flloo + 6.

3.3. Proof of the main positive result. Now we are ready to proceed with the proof of
Theorem 3.1.

Proof. Without loss of generality, we prove this theorem for the case X = [0, 1) and u
equal to Lebesgue measure. Also, we may assume f ¢ L, since this case was handled
previously in [2], Proposition 3.6, and also by Ber et al. [6]. If f does not take on essentially
infinitely many bounded values on a compact set, then first apply Lemma 3.3 to generate
countable towers and transformation such that the sums are bounded, that is, less than
€; for the ith tower. Let k be the minimum positive integer such that u({x : 0 < f(x) <
k}) > 0, and similarly let £ be the minimum positive integer such that u({x : 0 > f(x) >
—£}) > 0. If no such k and no such ¢ exist, then f must equal zero almost everywhere,
which contradicts our assumption. Let X1 ={x:k—1 < f(x) <k}and Y1 ={x:1—
C> f(x) =~ [y fdu+ [y fdp <0, define Y] C ¥; such that

fdu—i—/ fdu=0.
X Y|

In this case, let X; = X. Otherwise, choose X 1 C X such that

/X/fd,u—i-/Ylfdu:O.

1
In this case, set Yl’ = Y1. Also, define k] =k, £; = £, and Xo = {x : f(x) = 0}. We may
continue this procedure inductively to choose disjoint sets X ;, Y,; forn=1,2,...,and
sequences of positive integers k;,, £, such that:
(1) ky—1< f(x) <k, forx e X);
2 1—¢,> f(x)>—L,forx eY,;
3 knt1 = kn, Lu1 = Ly
@) lim,_ oo ky + £, = 00;
5) Sy, fdu+ [y fdu=0;
©)  pn(Upz (X, UY)) = pu(X \ Xo).
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Item (4) above is true, since f ¢ L. Either k, — oo or £, — 0o. Assume without
loss of generality that k, — oo and k,, > ¢, for infinitely many n € IN. If £,, = 1 for all
n € IN, then we need to be careful about the choice of Y,;. Let 9 = 0. We can choose a
sequence of non-decreasing real numbers y,, n € IN such that 0 < y,, < 1 and

Y, C{x:—yn < f(X) < —yu1).

If ¢, is eventually greater than 1, then we can set y,, = ¢, for n € IN. In either case, for
x ey,

| f O] =< Va.

Let € > 0. For each n € IN, apply Lemma 3.5 to f defined on Z, = X, UY, to obtain
a decomposition into potentially 1nﬁn1tely many towers satisfying the conditions of
Lemma 3.5. Thus, there exists an invertible measure-preserving 7,, defined on a subset
of Z, such that

o hn,l_l
Zy = U Tnj Iy
i=1 j=0
Using Lemma 3.5, we can require
Bpi—1
Y fTin| <«
j=0
and for 0 < k < hy,;,
k .
Y F@D| < Nlfizlloo + €.
Jj=0

Since Z, are disjoint, we can use T to represent the ensemble of 7},. Let

o
U I

C8

A=
n=1i=1
and define the function f4 by
hn,i_l
fa@)= Y f(Tix) forxel,;.
j=0

Thus, |fa(x)| < € for x € A. Apply Proposition 3.6 to construct an ergodic invertible
measure-preserving transformation r : A — A along with a bounded measurable function
g4 such that f4 is a coboundary for t with transfer function g4. Moreover, we can
require that |g4(x)| < || falleoc + € < 2€ for x € A. Then apply Lemma 3.2 to show that
the ergodic measure-preserving transformation 7 on X satisfying 74 = t has coboundary
f with a measurable transfer function g. By Lemma 3.2, g may be bounded such that for
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z € ”Zy,
-1
1g(2)| < 1ga(T™/2)| + T'7J:z) (3.23)
i=0
<2e+ | fiz,lloo + € (3.24)
< maxik,, £,} + 3e. (3.25)

There exists j such that k; > £, and forn > j, k, + 3€ < 2(k, — 1), and also for x € Y,

Y = f(x) < —¥u-1 <O

Thus,

Py = / r=tq 3.26
/Xlgl Iz Z . 8| 2 (3.26)
—Zf 1g1P~ du + Z / lg1”~" dp. (3.27)

n=j+1

Since |g|?~! is bounded on Z, for n < j, then Zi:l on 1g/?~" du < oo. For each
n €N, let m, = max{k,, y,}. If m,, = k,, let V, = X, and W, =Y,. Otherwise, let
V, =Y, and W, = X,. Thus, forn > j,

[ istan= [ onau (3.28)
Vi Vi
= (mp) (Vi) (3.29)
(mp) (Vi)
= —————(¥j)u(W, 3.30
Wy VIR (3.30)
(my) (V)
_— du. 3.31
< AN |fldp (3.31)
This implies
w(Wy) < m(Vn)
nmy - )/j ’
Thus,
Z / lglP ™ dp = Z / lgl”™" du + Zf lglP~" du
n=j+l1 n= j-H n=j+1
Z /(mn+36)p Vdu + Z / (my +36)P "V du
n= j+1 n= ]+1
Z f(m,,+3e)l’ Ydu + Z /(mn+3€)”—d,u
n= ]+1 n= /+]
1(mn+36)” !
Z/(m—l)l’ O 3 du

n=j+1
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oo

1 my + 3¢€)?
4+ = Z (mn_l)l’# m
Vi nejt1? Ve (my, — )P
D S TR S R
n=j+1 Va Yj n=j+1 Va
S DY VG TR S
n=j+1"Vn VipZiga IV
p—1 p—1 27 b4
=29y + I f Il < oo
Vi
This completes the proof that g € LP~1(X). O

4. Non-existence of L-coboundaries

In [30], Kornfeld shows that given T € &, which is a homeomorphism on a compact space
X, there exists a continuous and bounded coboundary f such that its associated transfer
function is measurable, but not integrable. Also, it is pointed out that given 7, f may be
constructed such that the transfer function g is in L? for specified p > 1, but not contained
in L9 for g > p. However, if the function f € Lg is specified first, Kornfeld conjectured
that there always exist an ergodic invertible measure-preserving transformation 7 and
g € L? such that f = g — g o T almost everywhere. (Kornfeld conveyed this conjecture
to the second author verbally or through email.) In this section, we disprove this conjecture.
Furthermore, we prove a strong non-existence result showing that for generic f € Lg , there
areno T € Sand g € LY forq > p — 1 suchthat f = g — g o T almost everywhere. This
is the statement of Theorem 1.2, and shows that generic Lg functions lead to ‘wild’ transfer
functions (as termed in [30]), universally for all 7 € & Remark 2 in [32] provides an
argument for the existence of L{)) functions f for p > 2 which are not coboundaries for any
ergodic measure-preserving transformation 7 with transfer function g € L”. The argument
in [32] can be extended to show there are functions f € Lg which are not coboundaries
for any ergodic measure-preserving transformation 7" with transfer function g € L? for
q > p — 1. This is proved in the following section. Then, in §4.2, we show this situation
is generic for f € Lg .

4.1. Extension of the Kwapieni argument for the non-existence of L4-coboundaries. The
following proposition establishes the existence of L? functions f with no transfer function
in L? for ¢ > p — 1. The argument is due to Kwapien [32].

PROPOSITION 4.1. (Remark 2 in [32]) Given p € R such that p > 2, there exists f € L?
such that for any solution pair T and g to the equation f =g —goT, where T is an
ergodic invertible measure-preserving transformation, then g ¢ L9 forq > p — 1.

Proof. Let f € L? besuchthat [ f du =0, f(x) > —1forae.x, and forr > p — 1,

lim sup <n/ |f—n|r> dp = oo.
n—oo f>n
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We refer to this as the Kwapien condition. To obtain examples f that satisfy the Kwapiefi
condition, suppose p > 2,r > p — 1, and let Ny € IN be such that

> 1
DN TR < o 1)
k=1
Let
1+r—p
2(r+ 1)
By (4.1),

lim NP2 = gim N = oo,
k— 00 k— 00

Let Ej. be disjoint sets for k € IN such that u(Ey) = l/N,f. Thus,
o0
Z Nk_P(H"'—P)/Z(V‘H) < 1/2[J+l'
k=1
Define f* such that
o0
fr=>oN"Ig,.
k=1

We have shown that [ f* du < 1/2. Let Eg be a subset disjoint from | ;= ; Ex such that
w(Eg) = [ f* dp.Define f = f+ — Ig,. Thus, [ fdu=0and | f|, < oc.

Let Ly = ny ff>nk(f —n)" du, where ny = Nll_‘s. This ny is not a whole number
probably, but we are going to ignore that. Then Ly > Nkl_‘S / E (Nklg_‘s)’ dp. We get

Lk > N]Er"rl)(l_s)/N]g) — N]§1+r+p)/2/N]f — N]ir+1_17)/2.

Since limg_, oo Ly = o0 and f satisfies the Kwapien condition.
Now we prove that f is not a coboundary with a transfer function in L” for any r >
p — 1. Since f > —1 almost everywhere, then for a.e. x,

> f(Tix)
i=0

Each term in the sum on the right-hand side of the inequality is non-negative and therefore,

> Y (f(T'x) = I f(T7x) > n}.

i=0

Srao| =3[ @i du 42)
i=0 ro =g Y felt>n
=m+1) ; (f —n) du. 4.3)
Therefore, Y\, f(Tix) = g(x) — g(T™*'x) is unbounded in L". O
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4.2. Genericity of the strong non-existence result. A principal obstacle to solving the
coboundary equation is imbalance between the positive and negative parts of a typical
function f € Lg. Suppose a; € R for i € IN is an increasing sequence of real numbers
such that lim; _, o a; = 00, and for all real « > O,

ai

lim —— =0. 4.4)
1—00 ai+1
An example of g; satisfying (4.4) is
a; = 2ii.

Given f € L? andi € IN, let

ui(f)={xeX:f(x) <—ai} and v(f)={xe€X:fx)>al

We are ready to define our generic class of Lg functions. Given n € IN, define

Gl = {f € LY :thereexistsi > n | u(vi(f)) > ,,1,2 and pu(ui—1(f)) < ,,1 ‘2}.
a;l ipt
Below we prove that G is both open and dense, and f € ﬂzil GY satisfies the required
property. The key property of the sequence a, is the fast growth rate. The following lemma
will be used to guarantee that coboundaries f € (oo, GP do not have transfer functions
inLYforg > p—1.

LEMMA 4.2. Foranya > 0,

o
lim Yt _ 00
n—o00 a,n

Proof. Leta > 0. Define 8 = min {«/2, 1/2}. By condition (4.4), for sufficiently large n,
| > 2a, > 2a,€3 . Thus, af k> 2X for sufficiently large n and k € IN. Hence,

a,,
/2
a
lim 2 —
n—oo n
Therefore,
o a/2 a2
a a a
lim 2 = jim (2 )( 2 ) = .
n—o0o nzan n—00 n2 an O

Now we prove that GF isdensein L pforeach p > 1andn € IN.
LEMMA 4.3. Foreachn € N, the set G© is dense in Lg.

Proof. Let f € LY, e > 0, and n € IN. Since bounded measurable functions are dense in
Lg , we can choose a bounded mean zero fo € L? such that

|v—mm<§
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Choose i1 > n such that a;, > || folloc and

2/p ¢
4. iz/p < 3
1
Choose a subset Y C X such that
=g
HUE) =23 1.
a; 1 ail—laﬁ 112

and f y Jfo du = 0.To see that Y exists, note that our measure space (X, u) is isomorphic to

p—1.2

the unit circle S' with normalized Lebesgue measure. Let 1o = 2/a.’: i 12 +4/ai—1a;, iy

1
By Fubini’s theorem,

1 1
/ ( / " fo(ezm(t”))dt) dx = f " ( / oty dx> di =0,
0 0 0 0

Thus, by a change of variable and the intermediate value theorem applied to the continuous
function x > f;+“ 0 fo(e*™") dr, there exists xo € [0, 1] such that

X0+1o . o .
/ fo(eZJTlt) dt = / f0(627tl(t+xo)) dr = 0.
X 0

0

Since a set Y with measure ¢ exists in this case, by using a measure-space isomorphism,
it exists for a general Lebesgue space.

Let V C Y be such that u(V) = 2(al.’:i12)’1 and define U =Y \ V. Define f; as a
modification of fj in the following manner:

Zail ifxeV,
filx) = —aj;—1 ifxeU,
Jo(x) ifxe X\Y.

Thus,
If = fillp < ILf = Sollp + 11fo = fullp
€
<3 +3an P+ 2ai @)
€ 21/p 41/p
1 1
<e.
Also, f1 € G, which completes the proof. O

LEMMA 4.4. Foreachn € N, the set G is open in Lg.
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Proof. Suppose f € G%. Then there exists i > n such that
1
i = p@i(f)) > 612177’
1
vi = pui-1(f) < 55—
diprt
Thus, by right continuity of f > ¢, there exist @’ > a; and a” > a;_1, and u’, v’ such that

SN
ullx: f0) > ') > ' > s,

i

1
px: f@) < —d") < v < .
ai_Hl

Define € > 0 as

1 1/p 1 1/p
e:min{( /——> (@ —a;) (——1/) (@’ —aq 1)}
al’i? e af+1i2 '

It is not difficult to see that the e-ball centered at f € Lg is contained in G~. O
Let
o0
G,=[)g"
n=1

Note, for f € GY, also foT € G} for any T measure preserving. The same principle
applies to G,; f € G, implies f o T € G,.
We have the following core result of this paper.

PROPOSITION 4.5. Suppose f € G, T €&, and g is a measurable function. If the
coboundary equation f =g — go T is satisfied almost everywhere, then g ¢ L1 for

qg>p—1L

Prior to proving Proposition 4.5, we prove the following basic lemma used in the
proposition.

LEMMA 4.6. Let T be an ergodic invertible measure-preserving transformation on a
standard probability space (X, B, n). Suppose B C X is a set of positive measure and
K € IN. Let £ : B — IN be a measurable map such that £(x) < K for x € B. Define

B(x) ={T'x :0<i < £(x)}.
There exists a measurable set J such that for x # y, x,y € J,
B(x)NB(y) =9

and

1
u(B N U B(x)) > SI(B).

xeJ
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Proof. Choose H € IN such that

K 1 (B)
— < - .
H ="
Let B be a set of positive measure, and B, TB, T?B, . .. , TH=1B a Rokhlin tower of
height H such that
H-1
- K
T'B 1——.
(Ur)-1-5
1=

Partition B into finitely many sets of positive measure such that B = Uf;o B j and for
eachi,0 <i < H,either TiEj C Bor TiEj C B€. These are B-pure subcolumns (TiEj,
0 <i < H —1). For each j, let i; be the minimum 7 such that TiEj C B. If there is
no minimum, we can discard that subcolumn. Partition 7% B j into finitely many sets of
positive measure with equal values of £(x). Call these sets B ¢. Insert B j ¢ in J. Consider
T’ZEM and let i ¢ be the minimum i such that T“"'EM C B. Then partition T[_HIMEJ"[
into subsets with the same value £(x). Continue this process until each subcolumn is swept
out up to at least H — K levels of the Rokhlin tower. Each time, a disjoint set is inserted
into J. Since B is covered except for a subset of the top K levels, then

1
M(B nJ B(x)) > S1(B). -

xelJ

Proof of Proposition 4.5. Let p > 1, f € G, and g > p — 1. Choose integer k > 1 such
that kg > p and N € IN such that forn > N,

p

a

n+1

Ty 4.
n

Let sgn be the standard sign function defined as sgn(i) = —1ifi < 0,sgn(i) =0ifi =0,
and sgn(i) = 1ifi > 0.Fori € Z,let[i]={je€Z:i < j<O0}ifi <0,and [i]={j €
Z:0 < j <i}ifi > 0.Note, fori € Z, the coboundary equation expands to the following:

g(T'x) = g(x) —sgn(@) Y f(T7x).

Jelil

Define our specialized sign function p, : X — {—1, 1} based on the following:

(1) ifg(x) < an/2, let py(x) = 1
(2) otherwise if g(x) > a,/2, then let p,(x) = —1.

Forn € N, letc, = a,/an,—1.Let A, = u,—1(f) and B, = v, (f). For x € By, let

¢, = min {e M) < €< Ten)™, 1 <h <k, |g(TP™)| < %(cn)h—l},
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if the min exists, otherwise let ¢, = |'(cn)k'|. Given x € X, define the set L,(x) =
[on (x)£€x]. Thus, for infinitely many n > N,

C
" . 2ak 1 1 1
T/ (A < n . < —u(By,).
u( ‘Uk ( n)) Tt < 2arm S 1(Br)
J==C

Let

ck

B, = B, \( U Tf(An)>.

i——ck
J==Cy

Hence, u(B)) > % w(By) forn > N. We break the proof down into four separate cases and
handle each separately.
(1) Bui={x € B} :g(x) <an/2 £ty < [(ca)*1}.
(2) Bup={x€B,:g(x) <an/2,tx = [(c)").
(3) Bus={x€B,:g(x) =an/2 tx < [(c)").
4 Bua={x€B,:gx)=an/2 L = [(c)").

At least one of the B, , satisfies w(Bnm) > (1/8)u(By) form =1, 2, 3, 4. We handle
the case wu(By,1) > (1/8)u(By) first. We create tiles in the following way. For x € B, 1,
let

By1(x) ={T'x:i € Ly(x)}.
By Lemma 4.6 with K = ((cn)kL there exists J = J,,1 such that forx # y,x,y € J,
Bui(x) N Byi(y) =9
and

1
u(Bn,l nJ Bn,1<x>> > (B,

xelJ
The L?-norm of the transfer function g will blow up on the set J. Before completing the
general proof, it is helpful to see how the argument goes in a special case. Suppose £, =
ap/an—1 for x € J. This implies for x € J, T (x) ¢ B, of the order of a,/a,—1 times.
Also, for this special case, Ti(x) cannot fall in B, for 0 < i < £,. Note that T'x, 0 <
i <, does not fall in A, by the previous choice of J. However, for x € J, the transfer
function at T?x will be of the order of the sum, so that g(7?x) will be of the order of a,

(or a, /4). This implies
q
[ tewor au~ (%) ( an )u(Bn) “5)
X an—1

_ e (4.6)
49 g,_yaln2 '
[ giti-»
R @.7)
449 a,_1n?

However, the last term tends to infinity as n — oo by the definition of @,, and Lemma 4.2.
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General proof for case I: First we prove the following lemma.

LEMMA 4.7. Let 1 <h <k, given in the definition of Ly, satisfy [(cy)"] <€y <
[en) 1. 0f

Co=#{i € L,(x): T'x € By},
then

by > %cnﬁo.

Proof of lemma. Suppose the lemma is not true. Then

z( > f(T"x)—g(x)) (4.8)

g(x) —sgn(pa(x)) Y f(T'x)

i€Ly(x) ieL,(x)
a
= oan — (b = Lo)an—1 = = (4.9)
= (e() - %)an —Lran—1 + loan—1 (4.10)
12
= ann —Lxay—1 + Loan— (4.11)
Zai1
> ap—14x + £y (4.12)
n
ah h—1 N
> e 20— > ay(e)" (4.13)
ay_1 n—1
This contradicts the definition of €. O

Resume proof of proposition: The measurable set J was constructed such that
truncated orbits of points in J are disjoint. In particular, for x,y € J, x # y, then
{x,Tx,..., Tex_lx} N{y,Ty,..., TZ)‘_ly} = {J. Thus,

9d
/X‘gun szj 3

ieLly(x)

g(T'x)|9 dpu. (4.14)

Also, since x € B,;, then f(x) > a,. As noted previously, Tix ¢ Ay, for0<i < cﬁ. Thus,
by the definition of £,

lg(Tix)| > %” fori € L, (x).

Hence, we have the following:

[ ewirdunz [ 3l an “.15)
X T ieLy(x)
e
= / Yo g =D FTn)| dp (4.16)
T ieL,(x) jelil
/ Yo " (4.17)
> —| dun 17
JieLn(X) 4
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q
dn
=|— £ d
2 /JXM

q
a, 1/ a, ;

ay—
=1/ Ly (x)

a, |11/ a, 1

|5 32 (3en)
I\la, |4/ a,

()% (2 Juce

4
q+1
a
>
32(4q)an—lann2
1—
al™'r

\

T 32(4%)a,_n?’
The proof for this case is complete, since, by Lemma 4.2,
az-i—l —-p

Iim —— =
n—o00 32(44)a,_1n?

Proof for case 2:
/ Ig(x)l‘fduz/ > 18(T'x)|91,(T'x) dpe
B L,
N )
2/ Z §(x) — sgn(x) Z f(T'x)| Ip,(T'x) du
4 i€Ly(x) jel—il
ck g
2/ Z g(x) — sgn(x) Z f(T'x)| Ip,(T"'x) dp
T jel-il
Ck
>

n an an k—1 q .
= 2 [ ((5)@Es) ) meroa
k-1 n—

1=Cp

Cﬁ—cﬁ_l 1 An An k=1yd
)@ ((3)G) )

1 aﬁqu
32 n24qarql£1‘;1) ’

. 1 arliqu
nh%nolo ﬁ m = 00,
n=4da, ",

then our result follows for case 2.

Since
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(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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Case 3 would be handled in a similar manner as case 1, except we would base our
estimate of g(x) on the inverse of 7. Thus, we have the following:

[ewidnz [ ¥ jeriona (431)
X JiGLt1(x)
g
= f Y g+ )] f@0)| du (432)
TieL, jelil
>/ » a |t (4.33)
=/ 1| dn .
i€Ly(x)

The next steps continue in a similar manner as case 1. Also, case 4 follows in a similar
manner as case 2, except by using 7! instead of T. O

Proof of Theorem 1.2. Define

o0
G,=[)gh
n=1
By Lemmas 4.3 and 4.4, the set G, is a dense G subset of Lg. Also, by Proposition 4.5,
f € G, satisfies the conditions of Theorem 1.2. O

4.3. Not a moment. Let¢ : R — IR be a measurable function such that
lim ¢(x) = oo.
X—>00

Fori € IN, let A, B; be disjoint sets in X, and b; > 0. Define f as
o0
f=14— Z biIp;.
i=1

We will give conditions on the fast growth rate of b; as well as conditions on the sets A, B;
to guarantee that f is contained in L', but such that ¢ o |g| is not in L' for any transfer
function g of an ergodic invertible measure-preserving transformation 7. Let A C X have
measure ((A) = 1/2. Choose b; > 0 for i € IN such that lim;_, o, b; = 0o, and such that
for all real @ > O,

im 2 —o, (4.34)
i—00 b:'y—i-l
and also for y > b; /4,
LASON (4.35)
21

It is possible to satisfy condition (4.35) by taking a faster growing subsequence for b;.
Choose disjoint sets B; C A€ such that

w(By) = (4.36)

bi2i+1'

Observe that f € L! is mean zero.
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PROPOSITION 4.8. Let ¢ : R — IR be a measurable function satisfying limy_,  ¢(x) =
0. Suppose the mean-zero function f = Ip — Y ;o bilp, satisfies the conditions above,
including (4.34), (4.35), and (4.36). If T is an ergodic invertible measure-preserving
transformation T : X — X and g is a transfer function satisfying f(x) = g(Tx) — g(x)
fora.e. x € X, then

/ o (lgl) dp = oo.
X

Proof. Let sgn be the standard sign function defined as sgn(i) = —1ifi < 0, sgn(i) =0
ifi=0,and sgn(i) =1ifi >0. Fori e Z,let[i]={jeZ:i <j<0}ifi <0, and
[(1={jeZ:0<j<i}ifi=>0.Note, for i € Z, the coboundary equation expands to
the following:

g(T'x) = g(x) +sgn(@) Y _ f(T'x).
Jeli]
Define our specialized sign function p : X — {—1, 1} based on the following:
(1) ifg(x) <bu/2,letp(x) =1;
(2) otherwise if g(x) > b, /2, then let p(x) = —1.
Assume f € L'. For x € By, let

b
€, = min {e 1> 0,18 ) < )" )" < £ < T }
Note, £, < oo for a.e. x € X, otherwise our result follows directly. Thus, exclude points
x € X where £, = 00. Choose k;,, € IN such that
u(x € By b < 1)) > Su(By).

Given x € X, define the set K, (x) = [%,o(x)ﬂx]. We do not need to consider all of the
cases as in Proposition 4.5, due to the special nature of the counterexamples f in this
result. We create tiles in the following way. For x € B, let

By(x) = {T'x :i € K, (x)).
There exists J,, such that for x # y, x, y € J,,
B,(x)N Bn(y) =0

and

u(Bn n Y Bn<x)) > %M(Bn)

xedy

First we prove the following lemma.
LEMMA 4.9. Suppose [(b,)"] < £, < [(b,)" T for1 <h <k, + 1. If
o =#{i € [p(x)€]: T'x € By},
then

L > 1b,to.
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Proof of lemma. Suppose the lemma is not true. Then

'g<x>+sgn<x> S FT)| = toby — (€x — o) = boby — b+ Lo (437)

i€lp(x)ty]

2
>l + —4, (4.38)
bn

> b+ 26" > B (4.39)
This contradicts the definition of £,.

Resume proof of proposition: Thus, we have the following:

/ P2 dpt > / S eUsTin) du (4.40)
In ieK,(x)
=/ > ¢<'g(x)+ > f(fo)> (4.41)
mieK,(x) Jelil
2/ n2"4y du (4.42)
> n2" / —(bn) Z Ip,(T'x) dp (4.43)
ieK,(x)
> n2" 5 (by) (3 11(By)) (4.44)
> (g)nZ”(bn)M(Bn) (4.45)
= —8(;311) — 00 asn — 0o. (4.46)
O

5. Category of transformation solutions

This section contains two propositions. The first proposition gives a general condition for
the existence of solutions to the coboundary equation when f is not integrable. The second
proposition shows the class of transformations with a measurable solution is meager for
any measurable function f.

PROPOSITION 5.1. Suppose f : X — R is a measurable function. The coboundary
equation f = g — g o T has solutions T € &, g € LY, if and only if,

fdu:/ (—=f) du (oo or finite).
>0 <0

Proof. The case where both [ £>0 f du and f -o(—=f) dp are finite and unequal is
already covered by Anosov’s result [4]. If the 1ntegrals are finite and equal, it follows from
Theorem 1.1.

Next, we prove the case where one integral is finite and the other is infinite. Without
loss of generality, assume ff>0 fdu =oo0and ff<0(—f) du < 00.Choose a measurable
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subset A C {f > 0} such that

/fdu+ fdu=1.
A £<0

Let
fx) ifxe AU{f <0},
Jo(x) = ,
0 ifx e {f >0}\A.
Thus, fo € L' and f y Jodu =1.Given T € &, by the mean ergodic theorem,
1 n—1 4
lim - Z fo(T'x) —/ fodu ’ du = 0.
n—oo [y |n P X

Letd > 0. Then u{x € X : |1/n Z;’:_ol fo(Tix) — 1| < 8} = 1 asn — oo. Hence,

n—1

lim /L{x eX: ) fo(T'x) > n(l —3)} =1.

i=0

Since Z?;ol f(Tix) > Z?z_()l fo(Tix) for a.e. x € X, then

n—1
lim ,u{x eX:Y f(T'x) >n(l —5)} =1.
i=0

Since the Haldsz—Schmidt condition (2.1) does not hold, there is no measurable solution g.

The final case to prove is where ff>0 fdu= ff<0(—f) du = oo. It is proved using
a construction similar to the one used in Theorem 1.1. Choose disjoint measurable sets
X, C X forn € IN such that f is bounded on X,,, an fdu=0,and

() =1

i=0

Let €,; > 0 for n,i € N be such that Y 72, >"7°, €,; < 0o. By Lemma 3.5, for each
n € IN, there exist invertible measure-preserving 7, disjoint 1, ; C X,,and h,; € IN, such
that:
hi=1 i, . .
o X,=UY, Uj=o T, I,,; is a disjoint union;
hpi—1 j
L4 |Zj20 f(Tnjx)|<€n,i;

hni—1 j
o XN FTION < flloo + €ni.
Note each T, is defined on X, except for the top levels of each tower. Let T be the join of
all T;,:

o
Tx =T,x forx e X,\ ( U T,,h”""ln,,).

i=1
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Define the set A C X as

Define fa(x) = Z?":’io_l f(TJx) forx e I,.;. Note that f4 is mean zero, since

00 o0 hpi—1 1)
/AfAdu=ZZ/IJ jZ:;)f(fo)du:’;fxnfd,uzo. .1

n=1i=1"""

Since f4 is bounded and mean zero, by Proposition 3.6, there exist 7 : A — A and gu
such that f4 = g4 ot — g4 almost everywhere. There exists a unique extension of 7 :
X — X (up to a set of measure zero) such that the induced transformation 74 = t almost
everywhere. By Lemma 3.2,

f(x)=g(Tx)—g(x) forae. . x € X.

Also, the explicit transfer function g, defined by Lemma 3.2, is measurable, since g4 is
measurable. O]

Now we are ready to prove the class of transformations with a measurable solution is a
first category set (meager).

PROPOSITION 5.2. Let f be a measurable function such that u({x : f(x) # 0}) > 0. Let
T be the set of ergodic invertible measure-preserving transformations T such that f =
g — g o T has a measurable solution g. The set T is a set of first category (meager).

k—1

Zf(Tix) >n}> > n}.
i=0

For each n € IN, the set D, is both open and dense. Establishing open-ness is straightfor-
ward. Let T € D,,. There exists §o > 0 such that
k—1

M({x: Zf(Tix) >n+50}) > 1.
i=0

Thus, if 7o = p(fx : | Y52y f(T'x)| > n + &)), then

Proof. Letn € R suchthat 0 < n < 1/10. For each n € IN, define

D, = {T € & : there exists k > n such thatu({x :

{568:/ |foS — foTl|du < w}
X k
is an open neighborhood containing 7 and contained in D,,.

To establish that D,, is dense, it can be accomplished by an application of the ergodic
theorem. Let S € & and € € R be such that 1/20 > € > 0. If S € D,,, then we set T = S.
Otherwise, assume S ¢ D,. Choose o > 0 such that the set A = {x € X : f(x) > «} has

positive measure. Similarly, choose 8 > O such thattheset B = {x € X : f(x) < —f} has
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positive measure. Let ¥ € IN be such that
{ 2n 2n }
y > maxy —, — ¢.

o

B

Choose £o > n such that for £ > £y,

£—1
,u({x e X: ZIA(Six) > y}) >1—¢€

i=0
and
-1
M({x €X: Z Ip(S'x) > y}) >1—e.
i=0
Choose h > £ such that
Lo €
— < -,
h 4

There is a Rohklin tower of height 44 with base I such that
-1 .
u( ,!o sv) 1=
There exist disjoint sets I, I C I such that for each x € I} and y € I, there exist
Jj(x), j(y)suchthath < j(x) <2h,h < j(y) < 2h, and

lo—1

Z T4(STHT @y > y
i=0

and

Lo—1

D Ip(STHWy) >y
i=0

By the choice of € < 1/20, then I, I; may be chosen such that
p() = (k) > zu(l).
For each x € Iy, leti{(x), i2(x), . . . i (x), be increasing such that
S (x) e A
and similarly, for each y € I, leti1(y), i2(y), . . . i, (¥), be such that
Sij(y)(y) c B

and h <ij(x) <2h—1,i,(x) <it(x)+4€p,and h <i;(y) <2h—1,i,(y) <i1(y) +
£o. Let ¢ : I} — I be an invertible measure-preserving map. The transformation 7" will
be defined in the following manner: for x € I1,lety = ¢ (x) € Do,

TI® (x) = $1(y)
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and
TV (y) = S0 ).
Otherwise, define T to be identical to S everywhere else on X. Consider

3h—1

> (T
i=0

forx € Ui;Ol Ti(I; U I). Note for such x,

3h—1 4 3h—1 ‘
Z F(Tix) — Z F(S'x)| > 2n.
i=0 i=0
Since
-1 ]
u( L:JO T U 12)) > <
then
3h—1
/L({x eX: Z f(Tix) > n}) > 1.
i=0

This implies T € D,, and ||T — S|| < €. Thus, 7 = ﬂflozl D, isadense Ggset. If T € 7,
then the Halasz—Schmidt condition (2.1) for a measurable transfer function does not hold,
and our result follows. O
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transformations. Also, we thank El Houcein El Abdalaoui and Matthijs Borst for providing
feedback on a previous version. Finally, we thank the referees for providing changes which
improved the exposition of this paper.

A. Appendix. Coboundary existence for bounded measurable functions
In this section, we prove Proposition 3.6 which is our main tool used in §3. Also, we prove
Lemma A.2 which is used in §3 as well.

A.l. Balanced partitions. Let A be a measurable subset of X and f: A — R in
Li(A, tg). Let € > 0. We say a finite partition IT of A is e-balanced and uniform, if there
exists E € IT such that:
(1) w(E) < en(A);
@) fag fdu=p(A\E)/uA) [, fdu;
3) If(x)—fO)| <eforx,yecaanda €I\ {E};
@) p(c)=pu(d) forc,d e IT\ {E}.

We refer to this type of partition as a PUB(¢) partition for fj4. The set E is referred to
as the exceptional set of the PUB.
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LEMMA A.l. Suppose A C X is measurable and f : A — R is integrable with mean
zero and takes on essentially infinitely many values. Given € > 0, there exists a
PUB(¢) partition such that f takes on essentially infinitely many values on both its
exceptional set E and its complement A \ E.

Proof. Without loss of generality, it is sufficient to prove the lemma where 0 < || flco < 1
and € < 1. Let N € IN. Choose m € IN such that

2
— <e. (A1)
m
Fori =0,1,2,...,2m —1, let
i i+1
Ai=ixeA:—14+—<fx)<—-1+ . (A.2)
m m

Let « = min {u(A;) : w(A;) > 0}. There exists ig such that f takes on infinitely many
values on A;,. By the definition of A;, there exist disjoint subsets Ey and E; of A;, with
equal measure and such that

d du, A3
B Jr, T M Ay /Af g (A

I / Fd (A4)
w(En I, u(Am) - '

and f takes on infinitely many values on the set A;, \ (Eo U E1) and on the set Eo U Ej.
Let

d = mi — d =0,1
mm{u(E)/ fdu u(Alo)/ / “‘l }

By simultaneous Diophantine approximation [9, p. 14, Theorem VII], there existg € IN
and p; € IN such that

2N 21(A
g > max , w4 (A.S5)
(I—=eyu(A) du(Er)
andfori =0,1,...,2m —1,

lgu(Ai) — pil < q~ '™, (A.6)

2mg V" < e, (A7)

2
2mg =V < d(%‘ _ q_1/2m>. (A.8)
Letn = g + 1. Thus,

‘M(Ai) - (% + #)‘ <n”lgT1/2m, (A.9)
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Fori =0,1,...,2m — 1, we can choose subsets B; C A; such that
i
w(Bi) = u(A;) — ;’ (A.10)
! f fd ! / fd (A.11)
— H=— 7 .
w(B;) Jp w(Ai) Ja,
Thus,
2m—1 2m—1 2m—1
n(B;) w(B;) 1
ra=| 25 [, o= X (@5 -0) o
Z / < w(A) Ja, ; wan  n)
(A.12)
2m—1 2m—1
u(A;) pi + u(A;)
< Z (B — == 3 M(Ai)—%' (A13)
i=0
d(?2
< 2mn~lg~12m < —(?“ —q_1/2m>. (A.14)
n

This implies we can choose B; such that

2m—1

Z f fdu=0. (A.15)

Let E = Uzm ! B; and partition each set A; \ B; into p; subsets of measure 1/n to form
I1. Therefore, u(E) < e (A) and our lemma is proven. [

A.2. Balanced uniform towers. Let A be a measurable subset of X and f: A - R
a bounded, mean-zero function. Given finite measurable partition Q, # € IN and € > 0,
an e-balanced and uniform tower for f is a set of disjoint measurable sets I; C A
for i =1,2,...,h and an invertible measure-preserving map 7 : I; — [;y1 for i =
1,2,...,h — 1, such that:

h
M( U 1,~) > n(A) — e, (A.16)
i=1
lf(x)— f(y)| <e forx,yel;,1<i<h, (A.17)
k
D AT < fllec+e forxelk<h, (A.18)

i=0

h

Z/fdu=/fdu=o, (A.19)
i=1 i A

h—1

Y (T

i=0

<e forxel, (A.20)

for each g € Q, there exists 7 C {1, ..., h} such that ,u(qA( U Ii)> <e. (A2
iel
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We refer to this type of tower as a TUB (e, &, Q) tower for fa.

LEMMA A.2. Let (X, B, u) be a standard probability space and A a measurable subset
of X. Suppose f : A — R, f e Lg°, takes on essentially infinitely many values. Given
N € NN, € > 0 and finite measurable partition Q, there exists h > N such that f has a TUB
(e, h, Q) tower.

Proof. From the construction of PUB(€/3) in the previous lemma, partition A; \ B; into
a disjoint union of sets A;(j) for j = 1,2, ..., p;, such that

1
w(Ai(j) = —

n .

(A22)

A.2.1. Greedy stacking. Now we give an inductive procedure for stacking the sets A; ().
Choose arbitrary A;(j) and label the set 1. Given Iy, I, . . ., Iy—_1, let

k—1
Op—1 :Z /1 fdu. (A.23)
i=1 i

If k = h, then we are done. If o;,_; < 0, choose

k—1
=AG ¢ U
i=1
such that [, f dju > 0. This is possible, since k < hand oj = Y77 [\ f diu=0.
Otherwise, if o; > 0, then by the construction of A;(j), there exists Iy ¢ Uf;ll I; such

that |, I f dun < 0. This procedure produces a sequence of sets [; fori = 1,2, ..., h with
the property:
h 2m—1
> / fdu= "} fdn (A.24)
i=1 Vi i=0 JANBi
2m—1

= Z /B fdu=0. (A.25)
i=0 i

A.2.2. Level refinement. Our transformation 7 will map I; onto [;4; for i =
1,2,...,h—1. Choose k such that k > 3h/e. Partition the range such that for
b=—k,—k+1,...,-1,0,1,...,k—1,

12 {41
Bi,ZZ{XGI,'IESf()C)<%}.

Via a measure-space isomorphism, we can take X =[O0, 1] (that is, an ordered
set). Let 79 be any invertible measure-preserving map such that 7o : [; — I;y1 for
ie{l,2,...,h—1}. Define the quantized function f;(x) =¢/k if x € B; ;. Define
an invertible measure-preserving map v; : I; — I; such that f; o 1; is non-decreasing
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for i > 2. Let i1 be the identity map on /1. Define an invertible measure-preserving map
¢1 : 11 — Iy suchthat f] o ¢ is non-increasing. Themap g» = fio¢1 + froyro1pisa
step function on /. Thus, there exists ¢, : 11 — I such that g5 o ¢, is non-increasing. Let
g =godr+ f0Y30 rg. Continue this process until we have defined gj,. In particular,
by induction, g, will be a step function on /;. Thus, we can define ¢p,_ 1 11 — I such
that g1 o ¢p—1 is non-increasing. Let gy = gn—10Pp—1 + frnoYp o 'L’O . A formula
for gy is

h
gn = fevery 'TUZ}o;.

=1
For 2 < ¢ < h, define

=ity T34,
Let 71 be the identity map. Each 7, is an invertible measure-preserving mapping from
I1 — I;. Define the final mapping t as t(x) = 7¢41 0 r[] (x) for x € I;. Because of the
greedy algorithm of sorting at each stage and re-ordering so that the next level has f,

monotonic in the opposite direction, then the quantized functions f; do not exhibit much
variation as points are iterated through the TUB under .

CLAIM A3. Forme IN,m <handa.e. x,y € I,

Y T = fz(r“y)‘ < §
=1 =1

that is, there does not exist disjoint subsets D1, D> of I with equal positive measure such
that for x € D1 and y € Dy,

Proof. 1t is sufficient to prove that form € IN,m < hand a.e. x, y € I,

( Yo AT =) fz(r“ly)) < g

=1 =1

w|m

By applying the invertible measure-preserving isomorphism, ¢;_11¢,7_]2. d),; , it is
sufficient to prove form € IN, m < h and a.e. x,y € Iy,

( Y fevery T I i) = Y fevery T T g (y))

=1 =1

€
3
We can prove the claim inductively on m. Clearly, it is true for m = 1 (by applying the

PUB condition on I7). Suppose it is true for m < h. Let x¢ and yg be distinct points in /7.
Let x; = ¢, (x0) and y; = ¢, (y0). Consider first the case:

0 <> fewery T i (x1) — Z feery T T i (1) < 3

=1 =1
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By the construction of ¢,,, xo < yo. This is because the following function is

non-increasing in x:

> fewery T i ().

=1
Since the function
fm+1‘/fm+11'6n(x)
is non-decreasing in x, then
St 1¥m17y (X0) < fr1¥m+175 (V0)-

By combining terms,

m+1 m+1
D febrery Zi(ro) = 3 fedrery” T (v0) < 3.
(=1 =1

The case where

0< > ferery T i (y1) — Z feery T i) <

=1 =1

may be handled in a similar fashion. This completes the proof of the claim.

O

Now we complete the proof of the lemma. The function f was quantized to f; in such a

way that forx € Iy andm € {1,2, ..., h},

Yot =) fur
=1 =1

< Z £ 0 = fex o)

<h S
<3h> 3

= fert
=1

Z foxlx) = Z fe(r“y)‘

X:fz(TlZ 'y - Zfe(fZ ! ’

=1 =1

€+€+€
<-4 -4 -=c¢.
373737°€

Hence,

o= ratly)| <
=1

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

Therefore, this proves (A.20) of our lemma. Claim (A.18) follows in a similar manner. [
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Proof of Proposition 3.6. If f =Y "I" | a;14, is a finite step function, a solution is given
in [2]. The transfer function g is bounded, since, by [33],

. 1 k—1 i m
g(0) = lim -~ ; ZO f(T'x) < Z] jai .
=l 1= 1=

Otherwise, f takes on essentially infinitely many values. Let §; > 0 be such that 2, §; <
oo and Q; fori € IN arefining sequence of partitions which generate the sigma algebra 8.
Let €; = §1. Use Lemma A.2 to construct a TUB (€1, h1, Q1) tower with decomposition
into sets Ay, By, and measure-preserving map 7;. Also, assume A; is made of levels 11 ;
for1 <i <hj.LetS; =Ti.Define f1: ByUI;; — Rby

hi—1
o = g{; f(Six) ifx eIy,
fx) if x € By.

Let e = d2uu(11,1). Since fBlUIH f1du =0, then we can apply Lemma A.2 to f] to
obtain a TUB (€2, h2, O2) tower and decompose By U I1] into Ay = Ulhil I; and By

such that there exists measure-preserving 1> : Ip; — Ipjy1fori =1,..., hp — 1. Define
S> as
S1(x) ifxeSih; CSinfor0<i<h —landl<j<ho,
$H00) =TS () ifxe ST L ST g for 1 < j < ho,
T>(x) ifx e BINA\ I p,.

Suppose T, and S, have been defined. Proceed in a similar manner to define S,+1. In
particular, for a.e. y € X \ B,, there exist a unique x € I,;; and j, > 0 such that y =

nx

Séyx. For a.e. x € I,, 1, there exists a minimum &k, , > O such that S,li
fn : By U, 1 — R such that

x € I, . Define

kn,x
Su(x) = ; f(Sx) ifx € Ly,
f(x) ifx e Bn

Let €441 = Sp+114(In,1). Since anUIn,1 fndu =0, then we can apply Lemma A.2 to
fu to obtain a TUB (€,+41, hnt1, Qn+1) tower and decompose B, U I, into A,y =
Ufg‘ In+1,; and By 41 such that there exists measure-preserving Ty, 11 : L1 —> Lnt1i+1

fori =1,..., hyy1 — 1. Define S, as
Sy (x) ifx € Silys1,; C Silyi,
forO0<i<h,—1land 1 < j < hpyy,
Snt+1(x) = 1—h, . hp—1 hn—1 i
Tn+1(Sn (x)) ifxedS, In+1,j C S In,l, for1 < J < hn—H,
Th+1(x) ifx € ByNAp41 \ Ity
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Note that Sy,+1(x) = S, (x) except for x in a set of measure less than or equal to

ki x Knt1,x
Bn = ({8 (@) : w € I 1}V {Sn:lly (@) : o€ Iht11} YU By U Byyp).

Since Zflozl Bn < oo, then S(x) = lim,_, » S, (x) exists almost everywhere. In particular,
S, (x) is eventually constant for a.e. x € X. Thus, since each §,, is invertible and measure
preserving, then S is invertible and measure preserving. By a careful choice of Q;, S will
be ergodic. O

B. Appendix. Universal moving averages
Below we prove that if f is a coboundary with an L!-transfer function g, then all moving
averages converge pointwise.

THEOREM B.1. Suppose T is an ergodic invertible measure-preserving transformation on
(X, B, w). If f is a coboundary with integrable transfer function g, then for all strictly
increasing L, € N, v, € Z, and a.e. x € X,

L

1 & .

lim —§ F(T" T x) =0.
i=1

n—oo Ln 4
Proof. Suppose f(x) = g(x) — g(Tx) fora.e. x € X. Then

L

Z f(Tv"+i)C) — g(TU;1+1x) _g(TU;1+Ln+1x).
i=1

Since L,, > n is strictly increasing, it is sufficient to show each of the following:

e forae. x,lim,_ o (T 1x)/n =0;
o forae. x, lim,_ o g(TVTEntlx)/n =0.

Here, we show the first term converges to zero. A similar argument will show the second
term converges.
For n, k € IN, define

Epp={xeX:n—1<|g(T% 'x)| <n}.

Since g € Ll(,u), then

S 00— Du(Eny) < / (T 1) dyt < oo,
X

n=1

There exists non-decreasing K, € IN such that lim,_, », n/K, = 0 and

00
Z Kn,u(En,l) < o0.

n=1
Define
Ky

F= U U

m=1 n=m k=1
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First, since T is measure preserving, we have

o K, oo Ky
WE) <Y pu(Eng) =Y Y i(Eni)

n=m k=1 n=m k=1
00
= Z Kypu(En1) = 0 asm — oo.

n=m

Thus, u(E) = 0. Second, we show for x ¢ E, we have almost everywhere convergence. If
x ¢ E, there exists m sufficiently large such that

K

n
x ¢ U E,x forn>m.
k=1

Hence, if n > |g(T%*1x)| > n — 1, then k > K,,. Therefore,

lg(TuHx)  n
- < — =0 asn— oo.
k K, O

COROLLARY B.2. Suppose (X, B, u) is a standard probability space and f € L%(,u).
There exists an ergodic invertible measure-preserving transformation T on (X, B, ) such
that all moving averages converge for f. In particular, for all strictly increasing L, € IN,
v, € Z,and a.e. x € X,

L
1 & .
lim — " f(r"*tx) =0.

n—oo Ln —
1=

Proof. By Theorem 1.1, there exists a solution pair 7 and g € L'(x) such that f = g —
g o T almost everywhere. Therefore, by Theorem B.1, all moving averages converge to
zero for f and T. O
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