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A charged particle in a suitably strong magnetic field spirals along the field lines
while slowly drifting transversely. This note provides a brief derivation of an effective
Lagrangian formulation for the guiding-centre approximation that captures this dynamics
without resolving the gyro motion. It also explains how the effective Lagrangian may,
for special magnetic fields, admit a ‘quasi-symmetry’ which can give rise to a con-
served quantity helpful for plasma confinement in fields lacking a geometric isometry.
The aim of this note is to offer a pedagogical introduction and some perspectives on this
well-established subject.
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1. Introduction

The dynamics of a charged particle in a magnetic field that is nearly constant on
the length and time scales of the particle’s gyro motion has a well-known approxi-
mate description in which only the so-called ‘guiding centre’ of the motion is tracked,
while the gyro motion is unresolved. The guiding-centre motion mostly follows the
magnetic field lines, but includes a perpendicular velocity component, the so-called
drift velocity, which arises from gradients in magnetic field strength and direction as
well as from an electric field or other potential energy gradient. The guiding-centre
approximation is a longstanding tool in plasma physics (Alfvén 1950; Northrop
1963; Hazeltine & Waelbroeck 1998).

The aims of this note are to (i) provide a simple, intuitive derivation of an effective
Lagrangian that governs the guiding-centre motion, (ii) show how the corresponding
Euler–Lagrange equations produce both the parallel acceleration and perpendicular
drift velocity equations, (iii) explain how the notion of quasi-symmetry – which pro-
duces an approximately conserved quantity useful for improved plasma confinement
in stellarators – is nothing but the symmetry of the background fields appearing in
the Lagrangian and (iv) illustrate with an example found in the literature. These
results have all been obtained before by other researchers. If anything is original
in this note it is only the forms in which the ideas, derivations and equations are
presented. A technical difference from most presentations is that indexed tensor
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2 T. Jacobson

methods, as well as exterior calculus, are employed, instead of the commonly used
vector calculus. To keep the logical flow of ideas in the forefront, a large number
footnotes are included, mostly adding explanation of what may be unfamiliar math-
ematical techniques. Perhaps this concise presentation can serve as a useful entry
point to the subject for other newcomers like myself, or as an illustration of these
mathematical techniques for veterans of the subject.

2. Effective Lagrangian

The Lagrangian formulation of guiding-centre motion seems to have originated
with Taylor (1964). Littlejohn (1983) later derived the effective Lagrangian using a
systematic gradient expansion, and showed how to extend the approximation beyond
the lowest order. Here we present a simple derivation, restricting to the lowest order
and aiming for conceptual clarity rather than mathematical precision.

Consider non-relativistic motion of a particle with mass m and charge e in a static
magnetic field in flat three-dimensional space. The configuration coordinates are the
spatial coordinates xi (i = 1, 2, 3), and the Lagrangian L(xi, dxi/dt) is

L = 1

2
mv2 + eAivi , (2.1)

where vi ≡ dxi/dt, v2 ≡ gijvivj ≡ v · v, gij is the (Euclidean) spatial metric, Ai is the
magnetic vector potential, which is assumed to depend on xk but not t, and repeated
indices are implicitly summed over.

1
The velocity can be decomposed into com-

ponents parallel and perpendicular to the magnetic field. The latter component is
dominated by the gyro motion, but may also have a drift part:

v = v‖ + vgyro + vdrift. (2.2)

Accordingly, the kinetic energy decomposes as

1

2
mv2 = 1

2
m

(
v2‖ + v2

gyro + v2
drift + 2vgyro · vdrift

)
. (2.3)

To arrive at the leading-order effective theory, one makes the assumption (to be
justified below) that the contribution of the v2

drift term to the equations of motion
is negligible so can be dropped, and that vgyro · vdrift averages to zero over a gyro
period which is short compared with the time scale for other changes, so can also be
dropped. The gyro contribution to the kinetic energy is proportional to the product
of the gyro angular momentum and the magnetic field strength:

1

2
mv2

gyro = 1

2
mρ2ω2

B = − e
2m
�B =μB . (2.4)

Here ρ is the gyroradius, B = |B| is the magnetic field strength, ωB ≡ −eB/m is the
gyro frequency, �≡ mρ2ωB is the (signed) angular momentum of the gyro motion
about the direction of the magnetic field line and μ≡ −e�/2m is the absolute value

1I use here standard index notation for tensors, which distinguishes between contravariant (superscript) and
covariant (subscript) indices, and the bold Roman font denotes contravariant vectors without their index. The
distinction between co- and contravariant indices will be important when considering quasi-symmetry below, or in
applications with non-Cartesian coordinates or curved space–time.
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of the orbital magnetic moment.
2

Crucial to the guiding-centre approximation is the
fact that � is an adiabatic invariant. It is approximately conserved when the field
at the location of the particle changes slowly with respect to the gyro period, so
at leading order can be treated as a constant in the Lagrangian.

3
The gyro kinetic

energy is thus, in effect, a potential energy, so its negative should be included in the
effective Lagrangian as a potential energy term, −μB.

4

At leading order in the guiding-centre approximation, the motion of the guiding
centre is thus governed by the effective Lagrangian:

Leff = 1

2
m(bivi)2 + eAivi −μB, (2.5)

where

bi = gijbj , bi = Bi/B . (2.6)

A peculiar feature of the effective Lagrangian (2.5) is that the kinetic energy contri-
bution depends only on the parallel component of the velocity, so the perpendicular
component appears only linearly. Therefore no time derivative of the drift veloc-
ity appears in the equation of motion, and instead the drift velocity is determined
algebraically.

3. Equations of motion

The Euler–Lagrange equations for the Lagrangian (2.5) are

m
d
dt

(bibjvj) = 1

2
m(bjbk),ivjvk + eFijvj −μB,i , (3.1)

where the comma subscript index (, i) denotes partial derivative with respect to
the spatial coordinate xi and Fij ≡ Aj,i − Ai,j = εijkBk is the magnetic field strength
tensor. With the velocity split into parallel and perpendicular components, denoted
as

vi =: v‖bi + vi⊥ (3.2)

(where bivi⊥ = 0), (3.1) takes the form

mv̇‖bi = −mv2‖κi + 2mv‖b[j,i]v
j
⊥ + eFijv

j
⊥ −μB,i , (3.3)

where

κi := 2b[i,j]bj (3.4)

2Ratio e/2m is the gyromagnetic ratio of a point charge. The direction of e�� is antiparallel to �B for both signs
of e, so −e� > 0 for both signs of e.

3The adiabatic invariance of � is a special case of the general theory of adiabatic invariants of phase-space
flows, which derives from the exact Poincaré invariant

∮
pi dqi, and is equivalent to the conservation of magnetic

flux through the gyro orbit.
4To formally derive this from the full action, one must account for the fact that � is held fixed when the

effective action is varied, whereas in the full action � varies when the gyroradius and phase vary. To do so one can
use the phase-space form of the action for the gryo phase and its conjugate momentum, holding the latter fixed.
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4 T. Jacobson

is the curvature of the magnetic field lines and b[j,i] ≡ 1
2 (bj,i − bi,j).

5
The term involv-

ing b[j,i]v
j
⊥ is second order in the background field gradients, since the drift velocity

vj
⊥ is first order in those gradients as will be seen momentarily. This term may
therefore be dropped in the leading-order approximation.

The parallel component of (3.3), dropping the second order term, is

mv̇‖ = −μbiB,i , (3.5)

which determines the parallel component of the acceleration. The right-hand side is
sometimes called the mirror force, since it may cause reversal of the direction of
motion if the increase of ‘potential energy’ μB on a trajectory exceeds the initial
parallel kinetic energy. The perpendicular component of (3.3), again dropping the
second-order term, is

eFijv
j
⊥ = mv2‖κi +μ(∇⊥B)i . (3.6)

This is a two-dimensional linear equation for vj
⊥, since vj

⊥ and all terms are orthogonal
to bi. To solve it, note that Fij = Bεij, where εij = εijkbk is the two-dimensional area
form orthogonal to bi, hence

vk⊥ = (eB)−1εik(mv2‖κi +μB,i) , (3.7)

where εik = εiklbl is the inverse of εik, i.e. εikεjk = δi
j − bibj. In vector algebra lan-

guage, the drift velocity (3.7) is (eB2)−1 times the cross product of the magnetic field
with the vector obtained by contracting the right-hand side of (3.6) with the inverse
metric.

The κi term in (3.7) is called the curvature drift. The Lorentz force contribution
arising from this component of velocity provides the centripetal force that accounts
for the curvature of the guiding-centre path following the field line. The B,i term is
called the gradient drift. It arises because the radius of curvature of the gyro orbit is
larger on the side of the orbit where B is smaller, so on each gyro orbit the particle
travels farther in one direction perpendicular to the B gradient than in the opposite
direction.

We end this derivation with some comments on the equations of motion:

• The drift velocity is first order in derivatives of the background fields, which
justifies the above statement that the term involving b[j,i]v

j
⊥ in (3.3) is second

order in the background field gradients and can therefore be dropped.
6

It also
justifies the dropping of the v2

drift term in the effective Lagrangian, since that
contributes ∼ v · ∇vdrift to the equations of motion, which is also second order
in the background field gradients. Note that, in addition to terms quadratic

5In Cartesian coordinates for Euclidean space, the metric components are constant, so bj,ibj = 1
2 (gjkbjbk),i

= 1
2 (1),i = 0, hence the curvature (3.4) is simply κi := bi,jbj . In an arbitrary coordinate system it can also be written

as = bi;jbj , where the semicolon denotes the covariant derivative.
6It may nevertheless be useful to preserve this term, so that the solutions would possess the exactly conserved

Hamiltonian energy 1
2 m(bivi)2 +μB that follows from the Lagrangian (2.5).
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in gradients, this includes second gradient terms, both of which must be sup-
pressed if the first-order guiding-centre approximation is to be accurate.

7
This

gradient suppression is key to the validity of the guiding-centre approximation.

• The first term in (3.7) is of order v‖(v‖/ωB)(∇B/B), so is suppressed rela-
tive to the parallel velocity by the ratio of the parallel distance travelled in
a gyro period to the field gradient length scale. The second term is of order
vgyroρgyro∇B/B, so is suppressed relative to the gyro velocity by the ratio of
the gyro radius to the length scale for changes of the field. For a distribution
of charges in thermal equilibrium, the parallel and gyro velocities are typi-
cally comparable, so there is just one length ratio governing validity of the
guiding-centre approximation. If instead these velocities are vastly different,
the approximation scheme may need modification.

• To include any potential energy Φ one need only make the replacement μB →
μB +Φ. For example, with an electrostatic potential energy eV this produces
electric acceleration along the field lines and the drift velocity contribution
−εikEi/B = (E × B)k/B2.

4. Quasi-symmetry

The concept of quasi-symmetry was originally introduced as a coordinate sym-
metry of certain magnetic fields, using coordinates adapted to the magnetic field
(Boozer 1983), which can lead to a conserved quantity for guiding-centre motion
even when the field admits no geometric symmetry, i.e. no symmetry that is a
combination of translation and rotation. Early demonstrations of the existence of
field configurations that are approximately quasi-symmetric in this sense were in
Nuhrenberg & Zille (1988) and Garren & Boozer (1991).

The formulation of quasi-symmetry criteria in Hamiltonian and Lagrangian frame-
works, without the use of magnetic coordinates, is a more recent development
(Burby, Kallinikos & MacKay 2020; Rodriguez, Helander & Bhattacharjee 2020).
From the latter viewpoint, a quasi-symmetry can be defined by a spatial vector field
u whose flow preserves (to the required order) the background magnetic field struc-
tures in the effective Lagrangian (2.5). Since that Lagrangian does not depend on
all components of the metric, a quasi-symmetry need not preserve the metric, i.e. it
need not be a geometric symmetry. If the Lagrangian admits such a symmetry, then
the guiding-centre motion of charged particles possesses a corresponding conserved
quantity, which can aid in the confinement of plasma for controlled nuclear fusion.

Quasi-symmetry is helpful in particular for stellarator designs (Helander 2014;
Imbert-Gérard et al. 2024), and has been engineered into experimental stellarators
(Anderson et al. 1995; Qian et al. 2023). In stellarators, axial symmetry is sac-
rificed to avoid the need to externally drive a large toroidal current through the
plasma, instead producing the poloidal field needed for confinement by a twisting
configuration of external coils.

8
As a symmetry of the guiding-centre Lagrangian,

quasi-symmetry can hold without restriction on the current implied by Ampère’s law,

7I thank R. Andrade e Silva for pointing out the need for a condition on the second-order gradients.
8A toroidal ‘bootstrap’ current develops in a stellarator plasma configuration. In the design of Landreman,

Buller & Drevlak (2022), for example, it is an order of magnitude smaller than the current in an axisymmetric
tokamak with comparable size and magnetic field strength.
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6 T. Jacobson

or the plasma pressure that would be required to balance the Lorentz force on the
current in equilibrium. But a quasi-symmetric field configuration is of course only
useful for confinement if it can be realised in a stable plasma configuration, with
internal electron and ion currents that are consistent with the particle dynamics.
Some examples that satisfy this requirement with a good approximation to quasi-
symmetry can be found in Ku & Boozer (2010) and Wiedman, Buller & Landreman
(2024).

4.1. Quasi-symmetry conditions and conserved quantity
The background field structures in the effective Lagrangian (2.5) are the magnetic

field strength B, the vector potential Ai and the unit covector bi. The vector field u
generates an exact symmetry of these structures if the Lie derivatives

9
of B and bi

along u are zero, and that of Ai is a gauge transformation:
10

LuB = 0, (4.1)

LuAi = λ,i , (4.2)

Lubi = 0, (4.3)

where λ is a scalar function of position.
11

In that case motion governed by the
effective Lagrangian admits an exactly conserved quantity. If the gauge parameter λ
in (4.2) vanishes then the conserved quantity is just the u component of the conjugate
momentum. If however λ 	= 0, then the Lagrangian is invariant only up to the total
time derivative term eλ̇, in which case the conserved quantity is given by

Ku := uipi − eλ := m(uibi)(vjbj) + e(uiAi − λ), (4.4)

where pi is the canonical momentum conjugate to the position coordinates xi.
Although neither pi nor λ is gauge-invariant, the combination appearing in Ku is
invariant: under Ai → Ai + η,i, the change of uipi is euiη,i, and LuAk in (4.2) changes
by Luη,k = (uiη,i),k, so the change of eλ is also euiη,i.

The quasi-symmetry conditions (4.1), (4.2) and (4.3) agree with (20), (21), (22)
of Theorem IV.2 of Burby et al. (2020). Condition (4.2) looks different from (21)
but it is actually equivalent. The exterior derivative of (4.2) implies LuF = 0, where
F = dA is the field strength 2-form, which differs only in notation from [7, (21)].

12

9The Lie derivative Lu along u of a tensor field is the ‘convective derivative’ along the flow of u. It can be
defined without reference to coordinates, but more simply by the partial derivative of the tensor components with
respect to a coordinate q in a coordinate system ‘adapted’ to u, i.e. in which u is the coordinate vector field ‘∂q’.
(Here ∂q is the vector, in the given coordinate system, whose q component is 1 and whose other components are
zero. Thus ∂q · ∇ = ∂/∂q, which motivates the notation.) The flow of a vector field u is a geometric symmetry if the
Lie derivative of the metric vanishes, Lugij = 0, which in adapted coordinates means simply that the components gij
are independent of the coordinate q along the flow. Such a vector field is called a Killing vector. For an introduction
to these methods, see, for example, MacKay (2020) or Schutz (1980).

10Under a time-independent gauge transformation, Ai → Ai + α,i, the Lagrangian (2.1) changes by the total
time derivative d(eλ)/dt, so the action and hence the equation of motion is gauge-invariant.

11It is essential here that the covariant vector character of Ai and bi, as they appear in the Lagrangian, be
respected. Raising their indices by contraction with the inverse metric would modify the symmetry criterion if u is
not a Killing vector.

12A succinct introduction to differential forms is given in Appendix A of Gralla & Jacobson (2014). For a
more thorough introduction, see MacKay (2020) or Schutz (1980).
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Also, the conserved quantity (4.4) coincides with that defined in (41) of Burby et al.
(2020): one has LuA = u · F + d(u · A),

13
so (4.2) is equivalent to

u · F = dψ , (4.5)

with ψ = λ− u · A. It follows that Ku may equivalently be written as

Ku = m(uibi)(vjbj) − eψ, (4.6)

with ψ defined by (4.5), as in Burby et al. (2020). Expressed as (4.6), each term of
Ku is separately gauge-invariant.

The conservation of Ku is of little use for the control of charged particle dynam-
ics unless ψ is globally defined, at least within the spatial domain of interest.
One can always choose a gauge in which A is globally defined, but global exis-
tence of λ is not guaranteed in general. Put differently, the symmetry requires
LuF = d(u · F) = 0, which (by the Poincaré lemma) implies that u · F = dψ for
some ψ , at least locally. If a global ψ exists, then surfaces of constant ψ , called
‘flux surfaces’, exist. As explained below, the conservation law implies that particle
trajectories are approximately confined to such surfaces.

14

4.2. Existence and role of flux surfaces
A magnetic field is described by a 2-form F that is closed, dF = 0, corresponding

to the vector calculus condition ∇ · B = 0. Any closed 2-form in three-dimensional
space can be expressed, at least locally, as the wedge product of two exact 1-forms,
F = dα ∧ dβ, where α and β are functions called Euler potentials.

15
The magnetic

field vector is tangent to the surfaces of constant α or β, i.e. B · dα = B · dβ = 0. In
terms of F , this follows from the antisymmetry of the wedge product, dα ∧ F =
dα ∧ dα ∧ dβ = 0, and similarly for β. The field lines are intersections of these
two surfaces. In this sense α and β are (local) ‘flux functions’ for the field. More
generally, if F = dα ∧ω for some 1-form ω, then α is a flux function for F . The
function ψ introduced for the quasi-symmetric field in (4.5) is a flux function:
B · dψ = B · u · F = 0, since for any magnetic field we have B · F = εijkBjBk = 0.

16

If ψ is globally defined as a single-valued function, and dψ (4.5) is nowhere zero,
level sets of ψ are flux surfaces.

It was argued in Rodriguez et al. (2020) that quasi-symmetry implies the existence
of flux surfaces. However, that argument assumed implicitly that not only the field
strength F but also the vector potential A itself is invariant, i.e. that LuA = 0. With
this assumption, λ in (4.2) vanishes, in which case ψ = −u · A is indeed globally

13I use the notation u · for the interior product iu, i.e. contraction of the vector u with the first slot in the
differential form to its right. Here and below, use is made of ‘Cartan’s magic formula’ for the action of the Lie
derivative on a differential form of any rank, Lu = iud + diu.

14Flux surfaces must be toroidal if they are compact without boundary and the magnetic field is everywhere
non-zero (Boozer 2004).

15This is also the case for ideal magnetohydrodynamic or force-free electromagnetic fields in four space–time
dimensions, since then F is locally the wedge product of 2-forms. For a proof, see § 3.2 of Gralla & Jacobson (2014).

16To determine ω such that F = dψ ∧ω, note that F ∧ F is a 4-form, so it vanishes in three dimensions,
hence 0 = v · w · (F ∧ F) = 2(v · w · F)F + 2(v · F) ∧ (w · F) (using the fact that interior product with a vector is an
anti-derivation on the algebra of differential forms). If v and w are any two vectors with v · w · F 	= 0, we thus have
F = (v · F) ∧ (w · F)/w · v · F . Taking v = u, this yields F = dψ ∧ (w · F)/(w · dψ).

https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0022377825000133
Downloaded from https://www.cambridge.org/core. IP address: 18.224.3.26, on 08 Apr 2025 at 06:21:08, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0022377825000133
https://www.cambridge.org/core


8 T. Jacobson

defined. But does such a gauge exist? A gauge-independent argument was given in
Burby et al. (2020), invoking the fact that in a domain Q of solid torus topology a
circulating magnetic field ‘has a closed trajectory realising H1(Q) [the first homology
group], so ψ is global’. The idea here is that ψ is constant along the field lines, and
the Brouwer fixed point theorem guarantees the existence of at least one field line
that closes after one circuit of the torus, so ψ is continuous on at least one loop
around the torus, which is enough to imply that it is globally defined. A different
argument was given in § 1.2.3 of Rodriguez (2022), formulated using vector calculus.
For the case of a solid torus region, and in the language of differential forms, that
argument can be presented as follows.

Suppose that in a solid torus domain we have u · F = dψ , with u · F everywhere
differentiable and non-vanishing. The fact that toroidal loops are non-contractible
could in general present an obstruction to the existence of a global flux function ψ ,
because ψ could be like the angle on a circle, which has a discontinuity. Suppose ψ
has a jump�ψ across some poloidal cross-section of the torus. Call that cross-section
the ‘cut’. Then�ψ must be independent of position on the cut, since u · F , and hence
dψ , is continuous, so the change of ψ along a curve tangent to the cut must be the
same on both sides of the cut. The solid torus minus the cut is contractible, and in
that contractible domain we have (using dF = 0) d(ψF) = dψ ∧ F = dψ ∧ dψ ∧ω=
0. The integral of d(ψF) over the cut torus domain thus vanishes, and by the Stokes
theorem it is also equal to �ψ times the magnetic flux

∫
cut F through the cut. As

long as that flux does not vanish, it follows that �ψ = 0. That is, ψ must in fact be
continuous, and hence globally defined.

17

Although the conserved quantity (4.6) has two terms, it is typically dominated by
ψ in the plasma confinement setting, in the sense that the conservation law approx-
imately confines the charge to surfaces of constant ψ . To estimate the distance s
of variations away from a constant ψ surface, note that the change of ψ over a
displacement s is

δψ ∼ s · dψ = s · u · F = s · (u × B) ∼ su⊥B. (4.7)

For e δψ to cancel variations of the mu‖v‖ term in (4.6), s must therefore be of order
(cf. Rodriguez et al. 2020)

s ∼ u‖
u⊥

v‖
ωB

= u‖
u⊥

v‖
vgyro

ρ gyro . (4.8)

If the ratios in the last term of (4.8) are of order unity, the deviation from a constant
ψ surface is of the order of the gyro radius.

4.3. Weak quasi-symmetry
It was pointed out in Rodriguez et al. (2020) that the last of the symmetry con-

ditions above, (4.3), is too strong. It is indeed required for an exact symmetry of
the effective Lagrangian, but that Lagrangian is only derived at leading order in the
background field derivative expansion, which is why in the equations of motion we
dropped the second-order term in (3.3). For deriving a conserved quantity at lead-
ing order, symmetry of the Lagrangian should therefore be required only at leading

17For an (artificial) example where the flux through the cut does vanish, consider a magnetic monopole line
charge. In cylindrical coordinates this has field strength F = dz ∧ dϕ. This admits the symmetry vector field u = ∂z,
and u · F = dϕ, so the local flux function is ψ = ϕ, which is not globally defined.
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order. In particular, this means that one should require not that Lubi vanish, but
only that viLubi = v‖biLubi + vi⊥Lubi vanish at leading order (where vi is split as in
(3.2)). The drift velocity vi⊥ is a first-order quantity, and Lubi is also first order in
derivatives. Hence the appropriate first-order symmetry condition is not the three
conditions (4.3) but rather the single condition that the component of Lubi along bi

vanish:

biLubi = 0 . (4.9)

Taken together with (4.1) and (4.2), the additional condition (4.9) holds if and only
if Luε

ijk = εijk ∇ · u = 0, i.e. if the flow of u is volume-preserving (Rodriguez et al.
2020):

0 =LuB =Lu(biBi) = biLuBi = 1

2
biLu(εijkFjk) = 1

2
biFjkLuε

ijk = B ∇ · u . (4.10)

The collection of first-order quasi-symmetry constraints can thus be presented as

LuB = 0, (4.11)

LuF = 0, (4.12)

Luε = 0 , (4.13)

where ε is the volume 3-form.
18

In Rodriguez et al. (2020) this collection of con-
straints was dubbed ‘weak quasi-symmetry’, to distinguish it from the stronger
version (4.1), (4.2), (4.3) which was dubbed ‘strong quasi-symmetry’. It is worth
emphasising that conditions (4.12) and (4.13) together imply that the contravariant
magnetic field vector Bi is invariant, LuBi = 1

2Lu(εijkFjk) = 0, and (4.11) then implies
that also bi is invariant, but the covariant vectors Bi and bi are not invariant.

Returning for a moment to strong quasi-symmetry, the condition (4.3) can be
expressed as Lubi =Lu(( ∗ F)i/B) = 0, where ∗F (≡ Bi) is the three-dimensional
Hodge dual of the field strength.

19
Given the constancy of B (4.1), the constancy

of bi (4.3) may thus be replaced by Lu ∗ F = 0. Together with LuF = 0 (which is
equivalent to (4.2)) this implies that Lu(F ∧ ∗F) =Lu(B2ε) = 0. Condition (4.1) then
implies that Luε = 0. Alternatively, we may trade the condition (4.1) for Luε = 0, so
that the strong quasi-symmetry conditions become

Lu ∗ F = 0, (4.14)

LuF = 0, (4.15)

Luε = 0 . (4.16)

18Luε
ijk = 0 implies that also the Lie derivative of the covariant volume form εijk vanishes: εijkLuεijk =

Lu(εijkεijk) =Lu(6) = 0 =⇒ Luεijk = 0 (since the space of totally antisymmetric rank-3 tensors in three dimensions
is one-dimensional).

19In tensor notation, ∗Fi ≡ 1
2 gilε

jklFjk. An often more practical definition is that the dual of a p-form C in an
n-dimensional space is the orthogonal (n − p)-form of the same norm, with sign chosen so that C ∧ ∗C = 〈C,C〉ε,
where ε is the volume element and 〈C,C〉 := (1/p!)Ci...jCi...j is the squared norm of C. In the present example,
F ∧ ∗F = B2ε. The Hodge dual is defined relative to a choice of orientation, i.e. a sign of the volume form.
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In this formulation, strong thus differs from weak quasi-symmetry only in that
symmetry of B is replaced by symmetry of ∗F .

Although a quasi-symmetry is generally not a metric isometry, it must preserve
some aspects of the metric. Condition (4.13) states that a weak quasi-symmetry pre-
serves the volume element; and, since Lubi = 0, the projection of the Lie derivative
of the metric onto the magnetic field line direction must vanish:

bibjLugij =Lu(bibjgij) =Lu1 = 0 . (4.17)

This still allows the metric in the directions perpendicular to the magnetic field to be
deformed by the flow. However, that deformation must preserve the area element
orthogonal to the field lines:

Luεij =Lu(εijkbk) = 0 . (4.18)

Since Lubi =Lu(bjgij) = bjLugij, a strong quasi-symmetry must preserve even more
of the metric, bjLugij = 0. Note that in the special case where a quasi-symmetry
is a metric isometry, it is necessarily a strong quasi-symmetry, since then Lubi = 0
implies Lubi = 0.

4.4. Realizations and relations between quasi-symmetry types
Non-isometric examples of configurations with exact weak quasi-symmetry in a

topologically toroidal domain were found in Sato (2022). These are not useful in
practice, since they would require anisotropic material pressure for force balance on
the electric current and lack the field line twist (‘rotational transform’) required for
confinement of the plasma. Nevertheless, they provide a helpful example, which will
be discussed for illustrative purposes in the next section.

If additional conditions, such as restriction to vacuum fields or magnetohydrody-
namic equilibrium with isotropic material pressure, are imposed, it might be that a
field configuration can be quasi-symmetric only if it is invariant under a geometric
isometry (Garren & Boozer 1991), in which case stellarator fields could never be
exactly quasi-symmetric. That said, vacuum configurations that admit no isometry
but are very nearly quasi-symmetric have been found (Landreman & Paul 2022).
These field configurations have been found by numerical optimisation methods, and
do not so far appear to converge to exact quasi-symmetry. Their quasi-symmetry
violations scale with the cube of the aspect ratio (Landreman & Sengupta 2019), as
predicted by the analysis of Garren & Boozer (1991), but the numerical coefficient
of the violation parameter is extremely small, of order 10−3.

Existing work involving the construction of quasi-symmetric configurations by
optimisation has used the Boozer (1983) definition of quasi-symmetry, which implies
strong quasi-symmetry. In fact, that definition is equivalent to both strong and weak
quasi-symmetry (apart from exceptional cases) under the assumption that nested
toroidal flux surfaces exist with no current flow across them (the current flow
restriction is implied by magnetohydrodynamic equilibrium with isotropic pres-
sure that is constant on flux surfaces) (Simakov & Helander 2011). The equivalence
with weak quasi-symmetry can be established via the triple product characterisa-
tion of the latter, ∇ψ × ∇B · ∇(B · ∇B) = 0 (Rodriguez et al. 2020), equivalently,
dψ ∧ dB ∧ d|F ∧ dB| = 0.
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5. Examples

Two examples will serve here to illustrate drift velocity and quasi-symmetry, and
computational techniques with differential forms.

The first example is the magnetic field of an infinite line current I along the z axis,
B = (μ0I/2πr)ϕ̂ in cylindrical coordinates, with I > 0. A positively charged particle
that gyrates around a field line will have a drift velocity (3.7) in the ẑ direction, since
both the gradient of B and the curvature κ i (3.4) of the circular field line point in the
−r̂ direction. The gradient contribution is μ/er = vgyro(ρgyro/2r), and the curvature
contribution is mv2‖/eBr = v‖(v‖/vgyro)(ρgyro/r), so their ratio is 1

2 (vgyro/v‖)2.
The field strength 2-form corresponding to the line current field is

F = dz ∧ dα, (5.1)

with α = α(r) = (μ0I/2π ) ln r. More generally, (5.1) is solenoidal (dF = 0) with
any function α(r) (since d obeys the Liebniz rule with respect to wedge prod-
ucts, and d2 = 0). Any function of z and r is a flux function for this field,
and it has z-translation and ϕ-rotation symmetry. It also admits a wider class of
quasi-symmetries, generated by the vector field

u = β(r)∂z + γ (r)∂ϕ, (5.2)

where ∂z and ∂ϕ are cylindrical coordinate vector fields (cf. the first footnote of § 4)
and β(r) and γ (r) are arbitrary functions. This is also a strong quasi-symmetry if γ
is constant, and is a metric isometry only when both β and γ are constants.

Let us verify the quasi-symmetry conditions:

• (4.11): B = |α′| is independent of z and ϕ, hence LuB = 0.

• (4.12): LuF = d(u · F) = d(β dα) = d(βα′ dr) = (βα′)′ dr ∧ dr = 0.

• (4.13): ∇ · u = 0 since u has only z and ϕ components yet no z or ϕ dependence.

As for the strong quasi-symmetry condition (4.16), for the field (5.1) we have

∗F = α′ ∗ (dz ∧ dr) = α′r dϕ (5.3)

(where we have chosen the orientation ε = dz ∧ dr ∧ r dϕ). Since Lur = 0, we need
only evaluate Ludϕ = dLuϕ = dγ . Thus u generates a strong quasi-symmetry for the
field (5.1) if and only if γ is constant, and that is a metric isometry only if also β is
constant.

Next consider the less symmetric, but still analytically tractable, example found
in Sato (2022). It consists of the field of an infinite line current, deformed by com-
ponents in the ϕ̂ and ẑ directions, but I will generalise that slightly here. The field
strength 2-form is

F = d(z − h) ∧ dα , (5.4)

with

h = h(η) = h(η+ 2π ), η≡ nϕ + q(r)z + ν(r) , (5.5)

where n is an integer, h(η) is an arbitrary periodic function of η and α(r), q(r) and
ν(r) are arbitrary functions. For this field, any function of z − h and r is a flux
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function. For illustration Sato chooses the toroidal boundary of the domain to be a
level set of the flux function

Ψ = 1

2

[
(r − r0)2 + E(z − h)2

]
, (5.6)

where r0 and E are positive constants. The form of the quasi-symmetry vector field
is

u = σ (n∂z − q∂ϕ), (5.7)

where σ = σ (r) is an arbitrary function. That is, the effective Lagrangian (2.5), with
the field (5.4), is invariant at first order under the r-dependent combination (5.7) of z
translation and ϕ rotation, which is not an isometry of the metric. The ‘strong quasi-
symmetry’ condition (4.3) does not hold, unless either (5.4) reduces to the previous
case (5.1), or dσ = dq = 0 in which case (5.7) is a Killing vector and (5.4) has helical
geometric symmetry.

We now verify the quasi-symmetry conditions for (5.4) with (5.7):

• (4.13): u has only z and ϕ components, yet no z or ϕ dependence, so ∇ · u = 0.

• (4.12): Lur = 0 and Luη= 0, so Luα =Luh = 0; and Luz = nσ , so Ludz = n dσ .
Hence LuF = n dσ ∧ dα = nσ ′α′ dr ∧ dr = 0.

• (4.11): (5.4) can be written as

F = (α′ − h′q) dz ∧ dr − nh′ dϕ ∧ dr. (5.8)

The differential forms dr, dz and rdϕ are orthonormal, so B2 = (α′ − h′q)2 +
(nh′/r)2. Since this is a function of only r and η, (4.11) follows.

As for the strong quasi-symmetry condition (4.16), for the field (5.8) we have

∗F = (α′ − h′q)r dϕ − (nh′/r) dz. (5.9)

Since Lur =Luη= 0, Ludϕ = −d(σq) and Ludz = n dσ , we have

Lu ∗ F = −(α′ − h′q)r d(σq) − (n2h′/r) dσ . (5.10)

If this is to vanish for all r and η, the terms involving h must vanish themselves,
hence the term not involving h must also vanish by itself. Since α′ 	= 0 (otherwise
F = 0) this requires d(σq) = 0, and therefore either n = 0 (axisymmetry), or h′ = 0
(which is equivalent to h = 0) or dσ = 0. The only interesting case is the last one,
which together with d(σq) = 0 implies that also dq = 0. In that case, u becomes a
constant linear combination of z translation and ϕ rotation: it is a helical metric
isometry.

The approximately conserved quantity Ku conjugate to the quasi-symmetry (5.7)
of the field (5.4) can be computed from (4.6). We have u · F = (u · dz)dα = nσ dα =
: dψ , where the existence of ψ in the last step follows since both σ and α are
functions only of r. The approximately conserved quantity is thus approximately just
the r coordinate.

6. Conclusion

Our aim was to provide a concise and instructive introduction to interesting well-
known results, and to cast a novel light on the subject through the use of less familiar
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mathematical techniques. Tensor analysis provides manifestly coordinate indepen-
dent equations which can be evaluated in any convenient coordinate system with
the help of the metric components, and exterior calculus provides a streamlined
simplification of many calculations.

We have shown how to obtain an effective Lagrangian (2.5) governing dynamics
in the guiding-centre approximation, at first order in the magnetic field gradient,
by a simple reasoning involving coarse-graining over the gyro motion and invoking
the adiabatic invariance of the gyromagnetic moment. We have also shown how
the resulting Euler–Lagrange equations algebraically determine a drift velocity (3.7)
perpendicular to the magnetic field lines, on account of the absence of transverse
kinetic energy in the Lagrangian.

Since the effective Lagrangian (2.5) does not involve the full Euclidean spatial
metric in the kinetic energy term, the action can admit a ‘quasi-symmetry’, with-
out admitting a metric isometry. Since the effective Lagrangian is accurate only to
first order in the field gradients, the quasi-symmetry need only hold to that order
to produce a quantity conserved at that order. We have explained how these con-
siderations give rise to what has been called ‘weak quasi-symmtetry’. The use of the
Lie derivative and differential forms has provided a particularly natural language for
the derivation and structure of the results. An explicit example of a quasi-symmetric
field and its conserved quantity, taken from the literature, has been used to illustrate
these ideas and mathematical techniques.
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