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Ascending chain condition for F-pure thresholds on a
fixed strongly F'-regular germ

Kenta Sato

ABSTRACT

In this paper, we prove that the set of all F-pure thresholds on a fixed germ of a
strongly F-regular pair satisfies the ascending chain condition. As a corollary, we verify
the ascending chain condition for the set of all F-pure thresholds on smooth varieties
or, more generally, on varieties with tame quotient singularities, which is an affirmative
answer to a conjecture given by Blickle, Mustata and Smith.

1. Introduction

In characteristic zero, Shokurov [Sho92] conjectured that the set of all log canonical thresholds
on varieties of any fixed dimension satisfies the ascending chain condition. This conjecture was
partially solved by de Fernex et al. in [{dFEM10] and [dFEM11] using generic limit, and finally
settled by Hacon et al. in [HMX14] using global geometry.

In this paper, we deal a positive characteristic analogue of this problem. Let (R,m) be a
Noetherian normal local ring of characteristic p > 0 and A be an effective Q-Weil divisor on
Spec R. We further assume that R is F-finite, that is, the Frobenius morphism F': R — R is a
finite ring homomorphism. For a proper ideal a C R and a real number ¢ > 0, we consider the
test ideal 7(R, A, a’), which is defined in terms of the Frobenius morphism (see Definition 2.3
below). Since we have 7(R, A, a') C 7(R, A, a®) for every real numbers 0 < s < ¢, for a given
m-primary ideal I C R, we define the F-jumping number of (R, A;a) with respect to I as

fin! (R, A;a) ;= inf{t > 0| 7(R,A,a’) C I} € R.

When I =m and (R, A) is strongly F-regular, that is, 7(R, A) = R, we denote it by fpt(R, A;a)
and call it the F-pure threshold of (R, A;a).

Since test ideals in positive characteristic enjoy several important properties which hold for
multiplier ideals in characteristic zero, it is natural to ask whether or not the set of F-pure
thresholds satisfies the ascending chain condition. Blickle, Mustata, and Smith conjectured the
following.

CONJECTURE 1.1 [BMS09, Conjecture 4.4]. Fix an integer n > 1, a prime number p > 0 and a
set D5 such that every element of Dj p is an n-dimensional F-finite Noetherian regular local
ring of characteristic p. The set

7,58 = {fpt(A;a) | A € D8, a C A is a principal ideal}

satisfies the ascending chain condition.
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This problem has been considered by several authors [BMS09, HNWZ16], and [HNW17]. We
give an affirmative answer to this conjecture.

THEOREM 1.2 (Corollary 5.10). With the notation above, the set

Tyt o= {fpt(4;a) | A€ D5, a C As an ideal)

n7p7

satisfies the ascending chain condition.

Employing the strategy in [dFEM10], we can also verify the ascending chain condition for
F-pure thresholds on tame quotient singularities.

THEOREM 1.3 (Proposition 5.12). Fix an integer n > 1, a prime number p > 0 and a set Dgf}?t

such that every element of Df{fl,? ' is an n-dimensional F-finite Noetherian normal local ring of
characteristic p with tame quotient singularities. The set
Tt .= {fpt(R;a) | R € Di%",a C R is an ideal}

n?p )

satisfies the ascending chain condition.

Since the F-pure threshold on the ring of the formal power series does not change by any
field extension (Lemma 2.11), in order to prove Theorem 1.2, it is enough to show that the set
of all F-pure thresholds on a fixed F-finite Noetherian regular local ring satisfies the ascending
chain condition. We consider this problem in a more general setting. Let (R, A) be a pair, that
is, (R, m) is an F-finite Noetherian normal local ring of characteristic p > 0 and A is an effective
Q-WEeil divisor on Spec R. For a given m-primary ideal I C R, we define

FIN!(R,A) := {fin! (R, A;a) | a C R is an ideal} C Rx,.

We note that if (R, A) is strongly F-regular and I = m, then the set FIN?(R, A) coincides with
the set of all F-pure thresholds

FPT(R,A) := {fpt(R,A;a) | a C R is an ideal}.

MAIN THEOREM (Theorem 5.9). Let (R,A) be a pair such that Kx + A is Q-Cartier with
index not divisible by p, where Kx is a canonical divisor of X = Spec R, and I C R be an m-
primary ideal. Assume that T(R, A) is m-primary or trivial. Then the set FJNT (R, A) satisfies the
ascending chain condition. In particular, if (R, A) is strongly F-regular, then the set FPT(R, A)
satisfies the ascending chain condition.

For a real number ¢ > 0 and a power ¢ of p, we consider the ascending sequence {(t), ¢ }nen,
where (t), q := [tq" — 1]/q¢" is the nth truncation of t in base g. It is not so hard to prove that
the set FIN! (R, A) satisfies the ascending chain condition if and only if for every real number
t > 0, there exists an integer ny > 0 with the following property: for every ideal a C R and every
integer n > ny, 7(R, A, atna) C T if and only if 7(R, A, atn1.a) C I

In this paper, we define a new ideal 7. (R, A, a’) C R for every integers u,n > 0 in terms of
the trace map for the Frobenius morphism so that for every n, the sequence {7e"“(R, A, a®)},en
is an ascending chain which converges to 7(R, A, a<t>"’Q). We investigate the behavior of the ideals
{7""(R, A, a%) }pen for some fixed u > 0 instead of the ideals {7(R, A, al)m4)}, cn. In particular,
we prove the following theorem, which plays a crucial role in the proof of the main theorem.
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THEOREM 1.4 (Corollary 5.7). Let (X = Spec R, A) be a pair such that (p¢ — 1)(Kx + A) is
Cartier for some integer e > 0, let I C R be an m-primary ideal, let [,ng > 0 and u > 2 be
integers, and let t > 0 be a rational number such that t = (s/p®) + (I/p(p® — 1)) for some
integers s = 0 and 0 < | < p°. We set to := p*®/(p° —1) and My = (p°("06) —1).emb(R)/(p¢ — 1),
where emb(R) is the embedding dimension of R. Then there exists an integer ny > 0 with the
following property. For any ideal a C R such that:

(i) p® > pgr(a)+ Ur(R/I) + emb(R), where pg(a) is the number of a minimal generator of a
and Ulr(R/I) == max{m >0 | m™ C I'}; and
(i) 7°TH(R, A, alo) + mMo . 7(R,A) D 7OY(R, A, allo),

we have
(R, A,aY) €T if and only if 77V*(R, A,a') C T

for every integer n > nj.

Another key ingredient of the proof of the main theorem is the rationality of accumulation
points of FIN?(R, A). Blickle, Mustati, and Smith proved in [BMS09] that the set Ty 5 is a
closed set of rational numbers using ultraproduct. Their proof relies on the fact that for any
local ring A € Dy 5, any principal ideal a C A, and any integer e > 0, the test ideal 7(A4, al/ )
can be computed by the trace map Tr® : FA — A for the eth Frobenius morphism F*, that is,
we have 7(A, a'/P") = Tr®(F¢a), which fails if a is not principal. In order to extend the result to
the non-principal case, we introduce the notion of stabilization exponent for a triple (R, A, a?),
which indicates how many times we should compose the trace map for the Frobenius morphism
to compute the test ideal 7(R, A, a') (see Definition 3.6).

By combining the method used in [BMS09] and some argument about the stabilization
exponents, we prove the following theorem.

THEOREM 1.5 (Theorem 4.7). Let (X = Spec R, A) be a pair such that Kx + A is Q-Cartier
with index not divisible by p, and let I C R be an m-primary ideal. Then the limit of any
sequence in FINI(R, A) is a rational number.

As the consequence of Theorems 1.4 and 1.5, we obtain the main theorem.

2. Preliminaries

2.1 Test ideals
In this subsection, we recall the definition and some basic properties of test ideals.

A ring R of characteristic p > 0 is said to be F-finite if the Frobenius morphism F': R — R
is a finite ring homomorphism. Throughout this paper, all rings will be assumed to be F-finite
and of characteristic p > 0. If R is an F-finite Noetherian normal ring, then R is excellent [Kun76]
and X = Spec(R) has a canonical divisor Kx (see, for example, [ST18, p. 4]).

DEFINITION 2.1. A pair (R, A) consists of an F-finite Noetherian normal local ring (R, m) and an
effective Q-Weil divisor A on Spec R. A triple (R, A, aks = [/, a'%), consists of a pair (R, A) and
a symbol als =[], a¥, where m > 0 is an integer, a1, ..., a, C R are ideals, and t1,...,t;, >0
are real numbers.

DEFINITION 2.2. Let (R, A,al =[], af") be a triple. An ideal J C R is said to be uniformly
(A, ale, F)-compatible if @(Ff(agtl(pe_m o qffm @D J)) C J for every e > 0 and every ¢ €
Homp(FER([(p° — 1)A]), R).
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DEFINITION 2.3. Let (R, A, al =", afi) be a triple. Assume that ai,...,a,, are non-zero

ideals. Then we define the test ideal
m
(R, A, al*) = T(R, A, H a?) =7(R, A, at11 -oabm)
i=1
to be an unique minimal non-zero uniformly (A, al*, F')-compatible ideal. The test ideal always
exists (see [Sch10, Theorem 6.3]).
When a; = R and t; = 0 for every i, then we denote the ideal 7(R,A,ale) by 7(R,A). If
a; = 0 for some 4, then we define 7(R, A, al*) = (0).
LEMMA 2.4. Let (X = Spec R, A, a?) be a triple. Then the following hold.

(i) Ift <t and o’ C a, then 7(R, A, (¢/)') C 7(R, A, at).
(ii) [ST14, Lemma 6.1] Assume that Kx + A is Q-Cartier. Then there exists a real number
e > 0 such that if t <t <t+e, then 7(R, A, at/) =7(R,A,a).

DEFINITION 2.5. Let (R,A) be a pair and a C R be an ideal. A real number ¢ > 0 is called a
F-jumping number of (R, A;a) if

T(R7 A? at_e) # T(R’ A? at)?
for all € > 0.

PROPOSITION 2.6 [ST14, Theorem B|. Let (X = Spec R, A, a) be a triple such that Kx + A
is Q-Cartier. Then the set of all F-jumping numbers of (R,A;a) is a discrete set of rational
numbers.

DEFINITION 2.7. Let (R, A, a) be a triple such that a # R, and let I C R be an m-primary ideal.
We define the F-jumping number of (R, A;a) with respect to I as

fin! (R, A;a) := inf{t € Rsg | 7(R, A, a’) C I} € Rx.

When 7(R,A) = R and I = m, we denote it by fpt(R, A;a) and call it the F-pure threshold
of (R,A;a). If A =0, then we denote it by fpt(R;a).

DEFINITION 2.8. Let (X = Spec R, A) be a pair and e > 0 be an integer. Assume that (p® —
1)(Kx + A) is Cartier. Then there exists an isomorphism

Homp(F{(R((p° - 1)A)), R) = F'R

as Ff R-modules [Sch09, Lemma 3.1]. We denote by ¢4 a generator of Homp (FS(R((p°—1)A)), R)
as an FYR-module.

Remark 2.9. Although a map ¢Q : FfR — R is not uniquely determined, it is unique up to
multiplication by FfR*. When we consider this map, we only need the information about the
image of this map. Hence we ignore the multiplication by FfR*.

Let R be a Noetherian ring of characteristic p > 0, let e be a positive integer, and let a C R

be an ideal. Then we denote by al?l the ideal generated by {f*° € R| f € a}. The following
proposition seems to be well known to experts, but difficult to find a proof in the literature.
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PROPOSITION 2.10. Let (R,m,k) and (S,n,l) be F-finite Noetherian normal local rings. Let
R — S be a flat local homomorphism, Ax be an effective Q-Weil divisor on X = Spec R
and Ay be the flat pullback of Ax toY = SpecS. Assume that mS = n and that the relative
Frobenius morphism Ff/k : Fek ®pl — FEl is an isomorphism for every e 2 0. Then the following
hold.

(i) The morphism R — S is a regular morphism, that is, every fiber is geometrically regular.
(ii) The relative Frobenius morphism F' S E F¢ER®Rr S — FES is an isomorphism for every
e > 0.
(iii) For every e > 0, we have

Homp(F{R([(p° — 1)Ax]), R) ®r § = Homg (FS([(p° = 1)Ay ), 5).
(iv) Let (R, Ax,ak = [, a%) be a triple. We write (ae - S)% := [[;(a;S)%. Then we have

=1 "1
T(R, Ax, aﬁ') .S = T(S, Ay, (a. . S)t').

(v) If (p¢ — 1)(Kx + Ax) is Cartier for some e > 0, then (p® — 1)(Ky + Ay) is also Cartier
and ¢}, F¢S — S coincides with the morphism YA, OR S:F¢R®RrS —> S via the
isomorphism Fg/R FER®Rp S — FES.

Proof. Since the relative Frobenius morphism Fy/, : Fik @ | —> Fil is injective, the field
extension k C [ is separable by [Mat89, Theorem 26.4]. Then (i) follows from [Mat89, Theorem
28.10] and [And74].

We will prove the assertion in (ii). Fix an integer e > 0. By (i), the morphism R — S
is generically separable. It follows from [Mat89, Theorem 26.4] that the relative Frobenius
morphism Fg/R :FER®p S —> FES is injective.

We next consider the surjectivity of the map F§ /R We denote the ring FEFR®pr S by R'. We
consider the following commutative diagram.

Fes

Fe

S e
TFS/R

S——R

]

R——~F‘R

R

Since the morphisms F§ : R — F{R and S — R’ are both finite and n N R = m, every
maximal ideal of R’ contains the maximal ideal Ffm of F¢R. Therefore, I := (Ffm)- R’ C R’
is contained in the Jacobson radical of R'. On the other hand, since the finite morphism F¥§ :
FgS — S factors through F'g IR the morphism F'¢ /R is also finite. Then the morphism

Fgp@r (R/I): R'/T — (F{S) @p (R//T)

coincides with the relative Frobenius morphism Fle/ w - ik @kl —> F¢l, and hence it is surjective.
Therefore, the map F§ /R is surjective by Nakayama.

We next prove the assertion in (iii). Since S is flat over R and FSR([(p® —1)Ax]) is a finite
R-module, we have

Homp(FR([(p° —1)Ax]), R) ®r S = Homg(F{R([(p® — 1)Ax]) ®r S, S).

1198

https://doi.org/10.1112/50010437X19007358 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007358

ASCENDING CHAIN CONDITION FOR F-PURE THRESHOLDS ON A FIXED GERM

By (i), the flat pullback of a prime divisor on X to Y is a reduced divisor. Therefore, the Weil
divisor [(p® — 1)Ay | coincides with the flat pullback of [(p® — 1)Ax]. It follows from (ii) that
FER([(p® — 1)Ax]|) ®r S = FES([p® — 1]Ay), which completes the proof of (iii).

For (iv), it follows from (iii) that the test ideal 7(R, Ax,al) - S is uniformly (Ay, (ae - S)',
F)-compatible and 7(S, Ay, (aes - S)'*) N R is uniformly (Ax, als, F)-compatible. Therefore, we
have

T(S> AYa (aO ’ S)t.) - T(Ra AXa a?) )
and
7(S, Ay, (de - S)"*) N R D 7(R, Ax, ale),

which complete the proof of (iv).

For (v), we assume that (p°—1)(Kx+Ax) is Cartier. Since the canonical divisor Ky coincides
with the flat pullback of Kx ([Aoy83, Proposition 4.1], see also [Stal8, Lemma 45.22.1]), the
Weil divisor (p® —1)(Ky + Ay) is also Cartier. The second assertion in (v) follows from (iii). O

LEMMA 2.11. Let k C I be an extension of F-finite fields and d > 1 be an integer. Assume that
(Ag, mg) and (A;,my) are the rings of the formal power series of dimension d with coefficients k
and [, respectively. Then, for any ideal a C Ay, we have

fpt(Ag; a) = fpt(As; (ady)).
Proof. The proof is similar to the case where a is principal [BMS09, Theorem 3.5(i)]. For every
integer e > 0, set v4(p®) := max{r € Nxg | a" £ m,[f ]} and v(q4,)(p®) := max{r € Nx¢ | (a4;)" £
mgpe]}. Then, it follows from the proof of [BMS08, Corollary 2.30] that fpt(Ag; a) = lim, v4(p°)/p°

and fpt(Aj; (ady)) = lime(v(q4,) (p°))/P°-

On the other hand, since mgfe]Al = ml[p 7 for every e and the extension Ay C A; is faithfully

flat, we have v4(p®) = v(q4,)(p®) for every e, which completes the proof. O

Ezample 2.12. With the notation above, it follows from the previous lemma that we have
T(Ak, Clt) = Ak if and only if T(Al, (ClAl)t) = Al
for every t > 0. However, in general, we have
T(Ak, Clt) . Al 75 T(Al, (ClAl)t).

For example, suppose that k = [F,(t), [ = Fp(tl/p) and d = 2. Set f := aP 4+ tyP € A and
a:= (f). It follows from [BMS08, Proposition 2.5], [BMS09, Lemma 2.1] and the decomposition
Ak = Docapeep AP - tozbyc that we have (A, al/Py = (z,y).

On the other hand, if we set g := x + t'/Py € A;, then we have

T(As (aA)'P) = 7(A1, (9)") = (9).

Therefore, we have 7(Ag,al) - A; # 7(A;, (aA))!).

Let (R, m) be a Noetherian local ring. For a finitely generated R-module M, we denote by
pur(M) the minimal number of generators of M as an R-module. We denote by emb(R) the

embedding dimension pgr(m). If M has finite length, then we denote by ¢r(M) the length of M
as an R-module and define

WURp(M) :=min{n >0 | m"M = 0}.

The following lemma is well known to experts, but we prove it for convenience.
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LEMMA 2.13. Suppose that R is a Noetherian ring of characteristic p > 0, ¢1,...,¢n C R are
ideals, and M, ..., My, are positive integers. Set | := . ur(c;) and ¢ := c{wl 4o Mm Let
a, b, e be non-negative integers and set q := p°. If b > q(l — 1), then we have

crath — ()l . b,
In particular, for any ideal ¢ C R and R-homomorphism ¢ : F{R — R, we have
P(FL(%0q)) = ¢ - o(FE(cq)).
Proof. The second assertion follows from the first one because if ¢#4T0 = (¢#)9] . ¢®, then one has

< p(Fe(¢"q)) = @(FL () D¢"q)) = o(FE ("))

Therefore, it is enough to prove the first assertion.

We first consider the case m = 1. If m = M; = 1, then the assertion follows straightforwardly
by taking a minimal generator of ¢ = ¢1. If m = 1 and M; > 1 is arbitrary, then it follows from
the case m = M; = 1 that

aat+b _ c{% (ag+b) _ cgaMl)qu(le)
= (M)l gih
= (¢)ld¢b,
M;

We next consider the case m > 2. Set b; :=¢

m
Caq—‘rb - g H b?z’

N1yeeesim 1=1

and l; := pr(c;). Then we have

%

where n; runs through all non-negative integers such that >, n; = ag+b. Fix such integers (n;)!",
and set a; := max{0, [n;/q] — l;} and b; := n; — ga;. Then a; and b; are non-negative integers
such that n; = qa; + b;. If a; > 1, then we have a; = [n;/q] — l;, which implies b; > ¢(l; — 1). In
this case, it follows from the case m = 1 that b}’ = (b?i)[‘ﬂ b?i. On the other hand, if a; = 0, then
b; = n; and the equation b} = (b{*)l bi-"' holds too. Therefore, we have

lq]
Hb?i _ (Hbgz> ! Hbfz

g (cZiai)[Q] . cZzbl

On the other hand, since a; > (n;/q) — l; for every i, we have

21:%9 (Zm>/q—l=(aq+b)/q—l>a—1.

Combining with (3, a;)q + (3_; bi) = ag + b, we have
(cziai)[‘ﬂ . czz‘bi C (ca)[q} . cb

)

which implies the assertion. O
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2.2 Ultraproduct

In this subsection, we define the ultraproduct of a family of sets and recall some properties. We
also define the catapower of a Noetherian local ring and prove some properties. The reader is
referred to [Sch10] for details.

DEFINITION 2.14. Let 4 be a collection of subsets of N. Then il is called an wltrafilter if the

following properties hold.

(i) We have ¢ & L.

(ii) For every pair of subsets A, B C N, if A € {{ and A C B, then B € il
(iii) For every pair of subsets A, B C N, if A, B € i, then AN B € 4.
(iv) For every subset A C N, if A ¢ 4, then N\ A € {L

An ultrafilter i is called non-principal if the following holds.
(v) If A is a finite subset of N, then A ¢ §I.

By Zorn’s lemma, there exists a non-principal ultrafilter. From now on, we fix a non-principal
ultrafilter 4L.

DEFINITION 2.15. Let {7}, }men be a family of sets. We define the equivalence relation ~ on the
set [],,en Tim by
(@m)m ~ (bm)m if and only if {m € N | a,, = b, } € 4L

We define the ultraproduct of {T),}men as

ulim,eny Ty := (H Tm>/ ~.
meN

If T is a set and T,,, = T for all m, then we denote ulim,, T},, by *T and call it the ultrapower
of T.

Let {T}, }men be a family of sets and a,, € T, for every m. We denote by ulim,, a,, the class
of (am)m in ulim,, T),. Let { Sy, }m be another family of sets and f, : Tp;, —> Sy, be a map for
every m. We can define the map

ulimy,, fp, : ulim,, T,, — ulim,, S,

by sending ulim,,, a,, € ulim,, T, to ulimy, fm(am,) € ulim,, Sy,. f T, =T, S, = S, and f,, = f
for every m € N, then we denote the map ulim,, f,,, by *f : *T" — *S.

Let {Ry}men be a family of rings and M, be an R,,-module for every m. Then ulim,, R,,
has the ring structure induced by that of [[,, R, and ulim,,, M,, has the structure of a ulim R,,-
module induced by its structure as a [[,, Rm-module on [], M,,. Moreover, if k,, is a field for
every m, then ulim,, k,,, is a field.

ProOPOSITION 2.16. We have the following properties.

(i) Let R be a Noetherian ring and M be a finitely generated R-module. Then we have
*M =M ®g*R.
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(ii) Let k be an F-finite field of positive characteristic. Then the relative Frobenius morphism
Ff(k) @k *k —> F£(*k) is an isomorphism. In particular, *k is an F-finite field.

Proof. For (i), we consider the natural homomorphism M ®pr *R —> *M. Since the functors
*(—) and (—) ®g *R are both right exact, we may assume that M is a free R-module of finite
rank. In this case, the assertion is obvious.

For (ii), we consider the natural bijection *(Ffk) = F¢(*k). Combining with (i), the relative
Frobenius morphism F¢(k) ®p *k —> F¢(*k) is an isomorphism. O

Let a,, € R,, be an ideal for every m. Then the natural map ulim,, a,,, — ulim,,, R,, is
injective, and hence we can consider ulim,, a,, as an ideal of the ring ulim,, R,,. Let b,, C R,
be other ideals. Then ulim,, b,, C ulim,, a,, if and only if

{m eN|b,, Ca,} el
Moreover, we have the equation
(ulimyy, a,,) + (ulimy, by,) = ulimy, (a,, + by,).

LEMMA 2.17. Let { Ry, }men be a family of rings and a,,, b, C R, be ideals for every m. Assume
that there exists an integer | > 0 such that u(a,,) < for every m. Then we have

(ulimyy, a,,) - (ulimy, by,) = ulimy, (a,, - by,).

Proof. Let o« = ulim,,a,, € ulim,a, and g = ulim,,b, € ulim,,b. Then we have
a - B = ulimy, (amby,) € ulimy,(ay,, - b,y,). This shows the inclusion (ulim,, a,,) - (ulim,, b,,) C
ulimy,, (ay, - byy).

We consider the converse inclusion. By the assumption, there exist fi,1,..., fm € am, such
that a,, = (fm,1,---, fms). Then we have ap, - by, = Y, fmi - by, and hence we have

ulimy,, (ay, - b)) = Z foo,i - (ulimyy, by,),

where fo; := ulim,, fm; € ulim,, a,, for every i, which complete the proof of the lemma. O

PROPOSITION-DEFINITION 2.18 [Gol98, Theorem 5.6.1]. Let {am}men be a sequence of real
numbers such that there exist real numbers My, My which satisfies M1 < a,, < M for every
m € N. Then there exists an unique real number w € R such that for every real number ¢ > 0,
we have

{meN||w—ap| <e} el

We denote this number w by sh(ulim,, a,,) and call it the shadow of ulim,, a,, € *R.

Let (R, m, k) be a local ring. Then, one can show that (*R,*m,*k) is a local ring. However,
even if R is Noetherian, the ultrapower * R may not be Noetherian because we do not have the
equation (1), cy(*m)" = 0 in general.

DEFINITION 2.19 [Sch10]. Let (R, m) be a Noetherian local ring and (*R, *m) be the ultrapower.
We define the catapower Ry as the quotient ring

Ry := *R/ (O(*m)”).
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PROPOSITION 2.20 [Sch10, Theorem 8.1.19]. Let (R,m,k) be a Noetherian local ring of
equicharacteristic and R be the m-adic completion of R. We fix a coefficient field k C R.
Then we have R

Ry = R ® (k).

In particular, if (R, m) is an F-finite Noetherian normal local ring, then so is R.

Let (R,m) be a Noetherian local ring, Ry be the catapower and a,, € R for every m. We
denote by [am]m € Ry the image of ulim,, a,, € *R by the natural projection *R — Ry.
Let a,, € R be an ideal for every m € N. We denote by [a,,],, € R4 the image of the ideal
ulim,, a,, € *R by the projection *R —> R.

LEMMA 2.21. Let (R,m) be a Noetherian local ring, and a,,, b,, C R be ideals for every m € N.
If [am]m € [bim]m, then for every m-primary ideal ¢ C R, we have

{meN|a, Cb,+q}eil

Proof. By the definition of the catapower, if [a;,]m € [b1m)m, then we have
n

ulim,,, a,, C ulim,, b,,, + (*m)

for every n.
On the other hand, it follows from Lemma 2.17 that (*m)” = *(m"). Therefore we have

ulim a,, C (ulim b,,) + *(m™)
= ulim(b,, + m"),

which is equivalent to
{meN|a, Cb+m"} €il

This implies the assertion in the lemma. O

3. Variants of test ideals

In this section, we introduce some variants of test ideals by using the trace maps for the
Frobenius morphisms and the g-adic expansion of a real number (Definitions 3.3 and 3.11).
We also introduce the stabilization exponent (Definition 3.6).

DEFINITION 3.1 (Cf. [HNWZ16, Definitions 2.1, 2.2]). Let ¢ > 2 be an integer, t > 0 be a real
number and n € Z be an integer. We define the nth digit of t in base ¢ by

t) = Ttq" — 1] — q[tg* * — 1] € Z.
We define the nth round up and the nth truncation of t in base ¢ by
()" :=T[tq"1/q" € Q,
and
(ting = [tq" = 11/q" € Q,

respectively.
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LEMMA 3.2. Let ¢ > 2 be an integer, t > 0 be a real number and n € 7Z be an integer. Then the
following hold:
(i) 0<t™ <g;
(ii) t™ is eventually zero for n < 0 and is not eventually zero for n > 0;
) = ZmEZ t(m) : q—m;
V) <t> n,qg — Zm<n (m) : qu;
)
)

(iii

(i

— e

(v) the sequence {(t)"}, ., is a descending chain which converges to t;

(vi) the sequence {(t)n.q}nez is an ascending chain which converges to t.

Proof. These all follow easily from the definitions. For the assertion in (ii), we note that if
t = s/q™ for some integers s and m, then we have t) = ¢ —1 for all n > m. O

DEFINITION 3.3. Let (X = Spec R, A, ale = Z-a?) be a triple such that t; > 0 for all ¢, and let
e > 0 be an integer such that (p€ — 1)(Kx + A) is Cartier. For every integer n > 0, we define

(R A ) = e (F (0 r(R,A)) C R
and
TR, A, ale) i= R (FE (@l P a1 (R A))) C R

Ezample 3.4. Let (X = Spec R, A, a') be a triple such that ¢ > 0 and that a is a principal ideal,
and let e be a positive integer such that (p® — 1)(Kx + A) is Cartier. Then it follows from
[BSTZ10, Lemma 5.4] that

(R A al) = (R, A0,
and
(R, A, d") = 7(R, A, a<t>"’q).

Therefore, in this case, it follows from Proposition 2.6 that the sequence {7{"(R, A, a )}n is an
ascending chain of ideals which converges to 7(R, A, a’) and the sequence {TE"(R, Aah)}, is a
descending chain of ideals which eventually stabilizes.

PROPOSITION 3.5 (Basic properties). Let (R,A,al*) and e be as in Definition 3.3. Then the
following hold.

(i) [BSTZ10, Lemma 3.21] The sequence {79 (R, A, al*)}n>0 Is an ascending chain which
converges to the test ideal T(R, A, ale).

(ii) Ift; > 1, then we have
en t1 t1—1 tm
TR, Al alm) Doag TR, A a T alm).
Moreover, if t; > pr(a1), then we have
TR, Al - alm) = ap - TR A el gl

(iii) We have 4 (FS(7<"(R, A, ab **))) = Ti(nﬂ)(R,A, ate), where we set ab '* = [, a?" "

(20N
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Proof. The proof of (i) follows as in the case when m = 1, see [BSTZ10, Lemma 3.21]. The
assertion in (ii) follows from Lemma 2.13 by setting ¢ = ¢; := a1, a := 1 and b := [(t;—1)¢"|. The

assertion in (iii) follows from the fact that gpeA(nH) = o4 0 FEpR® [Sch09, Theorem 3.11(e)]. O

DEFINITION 3.6. Let (R, A, al*) and e be as in Definition 3.3. We define the stabilization exponent
of (R,A,als;e) by

stab(R, A, alr;e) :=min{n >0 | 7" (R, A, al) = 7(R, A, ale)}.

PROPOSITION 3.7 (Basic properties). Let (R, A, ak = [[*, a%) and e be as in Definition 3.3.
Then the following hold.

(i) Ift1 > pgr(ay), then we have
Stab(R’ A, ail T a%n; 6) < Stab(Ra A, ailil s a%n; 6).

(ii) We have
stab(R, A, al*;e) < stab(R, A, ab t*:e) + 1.

Proof. The assertions in (i) and (ii) follow from Proposition 3.5(ii) and (iii), respectively. 0
The following proposition is also basic, but it may be useful for studies of test ideals.

PROPOSITION 3.8. Let (R, A, al = [[", a) and e be as in Definition 3.3. Moreover, assume

i=1"1

that t; > pg(a;) and (p¢ — 1)t; € N for every i. If
TR A 08) = TR A0l
for some integer n, then we have
TR, A aly) = T(R, A ale).
In particular, we have n > stab(R, A, al*;e).

Proof. Tt follows from Proposition 3.5(ii) and (iii) that

m

(R, A al) = GA(FE(TS (R, A a1 i)
= A (Fe (a7 g (R, A, 0l))).

Therefore, if 7¢"(R, A, ale) = i(nﬂ)(R, A, al), then one has T_T_(n+1)(R, A als) = Ti(n+2)(R, A,

al*), which completes the proof. O

PROPOSITION 3.9. Let (X = Spec R, A, as =[], a;) be a triple, and let e be a positive integer
such that (p® — 1)(Kx + A) is Cartier. We define

sjc;ﬂ)(R,A,a.;e) = sup {stab(R,A, al*;e)},

t1,..5tm

where every t; runs through all positive rational numbers such that (p¢ —1)t; € N. Then we have
stab(R, A, a,; €) < 0o. Moreover, for every integer | > 0 and rational numbers t1, ..., t,, > 0 such
that p(p® — 1)t; € N, we have

stab(R, A, al*;e) < SE;b(R, A, ae;e) + 1.
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Proof. By Proposition 3.7(i), we have

s/t\a/b(R,A,a.;e) = sup {stab(R, A, al;e)},

t1,..05tm

where every t; runs through all positive rational numbers such that (p¢—1)t; € N and ¢; < pgr(a;).
Hence we have stab(R, A, ae;€) < 0.
The second statement follows from Proposition 3.7(ii). O

Ezample 3.10. Set R := F3[[z,]], A := 0, a := (z,y?) C R. Then, for every integer n > 0 and
every number ¢t > 0, it follows from [BSTZ10, Proposition 3.10] and [BMS08, Proposition 2.5]
that

T (R,at) = (D = (gl y B 0, € Noo, a + b = [374]).

Therefore, we have
1 (R, /) = q, 72(R, @2y =m, and (R, ®/2) = m,
which implies stab(R, a%/2) = 2 by Proposition 3.8. Similarly, we have
stab(R,a'/?) =1, stab(R,a') =1, and stab(R,a?) =1,
which shows SEan(R, a;1) = 2.

We next consider the sequence of ideals {7¢"(R, A, al*)},. In general, {7°"(R, A, al*)},, may
not be a descending chain. In order to make a descending chain, we mix the definitions of 7, and
7_, and define the new variants of test ideals as below. In fact, we later see that we can make a
descending chain by using these ideals under some mild assumptions (Proposition 3.14).

DEFINITION 3.11. Let (R, A, als = Z.aﬁi) and e be as in Definition 3.3, ¢ C R be an ideal, and
n,u = 0 be integers. We define

T (R A ) = " (LT (@ T g e ),
When q = 7(R, A), we denote it by 7."“(R, A, al*).

PROPOSITION 3.12 (Basic properties). Let (X = Spec R, A, als =[] ati) be a triple such that

i=1%
t; > 0 for every i and (¢ — 1)(Kx + A) is Cartier for some q = p°, let ¢ C R be an ideal, and let
n,u = 0 be integers. Then the following hold.

(i) Forreal numbers 0 < s; < t;, we have 7o' (R, A, a3*) D 724" (R, A, ak*). Moreover, if (t;)n q <
s; < t; for every i, then we have 7.y"(R, A, a5*) = 704" (R, A, al*).
(ii) For ideals b; C a; and q' C q, we have TS&%‘(R, A, bl) C 7y (R, A, ale).
(iii) If ay = by mod J for some ideal J and a; = b; for every i > 2, then we have

m
T (R, A ag) = T2 (R, AL b ) mod 7.7 (R, A, H aﬁi) .
i=2
If ¢ = ¢’ mod J for some ideals q' and J, then we have

Toq (R, A, ale) = T:z;f(R, A, al*) mod ng‘(R, A, ale).
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(iv) Ifq = angf”“qn_ﬂT(R, A), then we have 704" (R, A, ale) = 72" (R, A, T[4 alf).

(v) If t; > 1, then we have 70%'(R,A,ak) D a; - 704" (R, A, o' - alm). Moreover, if t; >
pur(ar) + (1/q"), then we have

TR, A al) = ar - TR, A, alt=hoglm),

(vi) We have o4 (FS(r24 (R, A, ab ")) = 704 V(R A, ale).
(vii) The sequence {7¢""(R, A, al*)}uen is an ascending chain of ideals which converges to the
ideal (R, A, ], al™ ).
(viii) Ifu > @)(R, A, ae;€), then we have

TR, A, ) = T(R, Al af"”"])

for every n.
(ix) Assume that ¢“~' > ppg(a;) and the nth digit t;(") of t; in base q is non-zero for every i.
Then we have 2 (R, A, als) = 775" (R, A, ale), where ¢ = o (Fe([T; a2 q)).

Proof. The assertions in (i), (ii), (iii), (iv) and (viii) follow easily from the definitions. The proves
of (v), (vi) and (vii) are similar to those of Proposition 3.5. For (ix), set a; := ¢“[t;¢" ! — 1] for
every ¢. Then for every i, it follows from Lemma 2.13 by setting ¢ = ¢; := a; that we have
UT4. T U an—1_ (") . u, (n)
o’ [tig"—1] _ ag (qltiq 1+6") _ (af’)[q] . a;; 5"

Therefore, we have

g i) = 40 (20 (Tt ) )

u, (n)
= (R g (e (T o) a) )

e(ntu— e(n+u— a; e e u't('n)
= (e ([e) (4 (e (IT) 9))
=t (e (T ) )
=R A al). O
We consider variants of Proposition 3.12(v) and (ix).

PROPOSITION 3.13. Let (X = Spec R, A,al*) be a triple such that t; > 0 for every i and
(¢ — 1)(Kx + A) is Cartier for some q = p°, let ¢ C R be an ideal, and let n,u > 0 be integers.

Assume that for every j, there exist ideals bj1,...,bjm, C R and integers Mj1,..., Mjm; >0
such that aj = Y77 b5 7. Set I; := Y, ur(bj;). Then, the following hold.

(i) Ifty > 11 + (1/q™), then we have

(R o) = an (R A el
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(ii) Assume that ¢“~* > I; and the nth digit t]—(”) of tj in base q is non—zer(() >for every j. Then
we have 7/ (R, A, ale) = 77" (R, A, als), where ' == @& (FE([T;af 1)),

Proof. The assertion in (i) follows as in the proof of Proposition 3.12(v) by applying Lemma 2.13
for ¢ := a; and ¢; := by,;. For (ii), as in the proof of Proposition 3.12(ix), it follows from
Lemma 2.13 by setting ¢ := a; and ¢; := b;; that we have

g Ttyq"—1] _ a*(alt;a" ' =1145") _ ajipg 4"t
% =Y =(a;")%-a; 7,
for every j, which proves (ii). O

PROPOSITION 3.14. With the above notation, we further assume that u > 0, ¢“~' > max; [; and
q(qg—1)t; € N for every i. Then the sequence {T¢""(R, A, al*)},>1 is a descending chain of ideals.

Proof. Since q(qg—1)t; € N, the nth digit tl(.n) of t; in base ¢ is constant for n > 2. By Lemma 3.2(ii),
it is non-zero. Therefore, the assertion follows from Propositions 3.12(ii) and 3.13(ii). O

DEFINITION 3.15. Let (X = Spec R, A, a') be a triple with ¢t > 0, let I be an m-primary ideal,
let b C R be a proper ideal, and let e be a positive integer such that (p®—1)(Kx + A) is Cartier.
Then we define

finl™ (R, A, a%;b) := inf{s > 0 | 7""(R, A, a'b®) C I} € Rx,.

ProposITION 3.16. With the above notation, the following hold:
(i) 0<fjng™ (R, A, o' b) < LUr(R/I) + pr(b);
(ii) p° - finl™ (R, A, at;b) € Z.
Proof. By Proposition 3.12(v), we have
(R, A, athR(R/I)JFNR(b)) — pUr(R/I) TR, A, atbuR(b))

C bffR(R/I) C I,

which proves the assertion in (i).
For (ii), set ¥ := {s € Ry | 7¢"“(R, A, a’b®%) C I} C Ry. It follows from Proposition 3.12(i)
that if s € ¥ and (s), 4 < &, then s’ € X. Therefore

finZ™%(R, A, a’;b) = inf ¥ = mi§<8>n7q,
se

which proves (ii). O
PROPOSITION 3.17. Let (X = Spec R, A) be a pair such that (p® — 1)(Kx + A) is Cartier for

some positive integer e, let t > 0 be a rational number, and let M, > 0 and u > 2 be positive
integers. Assume that:

(i) ¢ > p+emb(R); and
(ii) ¢"™(q — 1)t € N for some integer m.

Then, there exists a positive integer nq with the following property. For every ideal a with
pr(a) < p, if we set b := a+mM, then we have 7. (R, A, b') = 7'V*(R, A, b?) for every n > ny.
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Proof. By Proposition 3.12(vi), it is enough to show the assertion in the case when ¢ > p+emb(R)
and (p¢ — 1)t € N. Set n; := Lp(7(R,A)/(mM[*] . 7(R, A))). We will prove that the assertion
holds for this constant nq.

Let a C R be an ideal such that pugr(a) < u, and set b := a +m™. We consider the sequence
of ideals {7¢"“(R, A, b%)},>1. By Proposition 3.14, the sequence {7¢"“(R, A, b%)}, is a descending
chain. Moreover, since b D mM , we have

(R, A, b

v v v 1y

Since we have
7(R,A) D MR, A, bY) D 72%(R, A, b)) D - DmMItl . (R A),
there exists an integer 1 < m < ny such that
TR, A, BY) = 7MTLYY(R, AL Y.
On the other hand, by Proposition 3.13(i), we have

TR A B = b7 (R, AL b

for any real number ¢’ > p + emb(R). Then, as in the proof of Proposition 3.8, we have 77"t

(R, A, at) = 7"T**“(R, A, at), which completes the proof. O

4. Rationality of the limit of F-pure thresholds

In this section, we give uniform bounds for the denominators of F-jumping numbers
(Proposition 4.1) and for the stabilization exponents (Proposition 4.3) of m-primary ideals
with fixed colength. By using these bounds, we will prove Theorem 1.5.

PROPOSITION 4.1. Let (X = Spec R, A) be a pair such that (p® —1)(Kx + A) is Cartier for some
integer e > 0, and let M > 0 be an integer. Then there exists an integer N > 0 such that for any
ideal a C R, if a 2 m™ | then any F-jumping number of (R, A;a) is contained in (1/N) - Z.

Proof. Set | := Lr(R/m™) + pr(m™) and n := (g(r(R,A)/7(R, A, mM")). We note that the
module 7(R, A)/7(R, A, mM!) has finite length because the test ideals commute with localization
[HT04, Proposition 3.1]. Let a C R be an ideal such that m™ C a and let B C R-q be the set of
all F-jumping numbers of (R, A;a).

Since we have u(a) < I, it follows from [BSTZ10, Corollary 3.27] that for every element
b€ BNRy;, we have b — 1 € B. It also follows from [BSTZ10, Lemma 3.25] that for every
element b € B, we have p°b € B. Moreover, since 7(R, A) D 7(R, A, a*) D 7(R, A, mM!) for every
t < I, the number of the set BN [0,[] is at most n. Then the assertion follows from the lemma
below. O

LEMMA 4.2. Let I,n > 0 and g > 2 be integers. Then there exists an integer N > 0 with the
following property: if B C Ry is a subset such that:
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(i) for every element b € B, if b > [, then b—1 € B;
(ii) if b€ B, then q-b € B; and
(iii) the number of the set BN [0,1] is at most n,

then we have B C (1/N) - Z.

Proof. The proof is essentially the same as that of [BMS08, Proposition 3.8]. Set N := ¢"(¢™ —1),
where n! is the factorial of n.
For every element b € B and every integer m > 0, we define b,,, € BN [0,!] by

by, == (¢"b— |¢™b]) + min{l — 1, [¢"b]}.
Ifb¢ (1/N)-Z, then by, by, ..., b, are all distinct and hence contradiction. O

PROPOSITION 4.3. Let (X = Spec R, A) be a pair such that (p®—1)(Kx +A) is Cartier for some
integer e > 0, and let M > 0 be an integer. Then there exists ug > 0 such that for every ideal
a D mM, we have

S/'G;]/D(R,A, a;e) < up.

Proof. Set | := lr(R/mM) 4+ pur(m™) and take an integer ng > 0 such that p¢0—1) > [ Let
a C R be an ideal such that a D mM, and let ¢t > 0 be a rational number such that (p¢— 1)t € N.

We first consider the case when [ < t < [p°. In this case, by Proposition 3.5(i), the sequence
{7¢"(R, A, a") }n>0 is an ascending chain such that

T(R,A) 2 T"(R, A, ") D 7Y(R, Aoty = ol (R, A) Dm0 (R, A)
for every n. Therefore, there exists an integer 0 < n < fr(7(R, A)/(mMP™0 . 7(R, A))) such that
(R, A, ) = 75T (R AL ).
By Proposition 3.8, we have
Stab(-Rv Au at; 6) <N < KR(T(R7 A)/(mlMpeno ’ T(Ra A)))

We next consider the case when t < [. Since [ < tp° < [p0, it follows from
Proposition 3.7(ii) that

stab(R, A, a';e) < stab(R, A, a?"";e) + ng

<s
<Lr(T(R,A)/(m!™P™ - 7(R, A))) + no.
Therefore, ug := (r(T(R, A)/(mMP™ . 7(R, A))) + ng satisfies the property. O

PROPOSITION 4.4. Let (X = Spec R,A) be a pair such that (p¢ — 1)(Kx + A) is Cartier for
some integer e > 0, let {a,, }men be a family of ideals of R, and let t > 0 be a real number. Fix
a non-principal ultrafilter 4. Let (R4, my) be the catapower of the local ring (R, m), let Ay be
the flat pullback of A to Spec Ry, and a := [ap]m C Ry. If there exists a positive integer M
such that a,, 2 m™ for every m, then we have

T(Ry, Ay, al) = [T(R, A, ay,)lm € Ry.
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Proof. We first consider the case when t is a rational number. By enlarging e, we may assume
that p°"(p® — 1)t € Z for some integer n > 0. Take a positive integer u as in Proposition 4.3.
Then we have

7(R, A ah,) = 7" T(R A dl),

for every m. By enlarging u, we may assume that

T(Ry, Ay, alo) = 757 (Ry, Ay, aly).

Since pr(am) < Lr(R/mM) + up(mM) for every m, it follows from Lemma 2.17 that

(a00)® = [(am)*]m

for every integer s > 0. Combining with Propositions 2.10(v) and 2.16(ii), we have

T Ry, Ay, ale) = o, (FE (@l 7(Ry, Ay)))
= o, (F' " - 7(R, A)m)
A (R A
= [r'(R, A, a,)lm C Ry
for every integer [. Therefore, we have
T(R#, A#, Cltoo) = [7(R, A, afn)]m C Ry.

We next consider the case when ¢t is not a rational number. For sufficiently large integer n,
we have

T(Ry, Ay, al) = 79" (Ry, Ay, al)
[T (R, A, ab)lm
C [F(R, A a)]m C Ry

For the converse inclusion, by Proposmon 2.6, we can take a rational number ¢ such that ¢’ <t
and 7(Ry, Ay, al ) = T(R#, Ay, al.). Then, we have

T(R#7 A#? Cltoo) = T(R#v A#a ago)
= [T(Ra Aa af‘:z)]m
D [T(R, A, a7,)lm

which completes the proof. O

PROPOSITION 4.5. With the notation above, let I C R be an m-primary ideal. Assume that
mM C a,, € m for every m. Then there exists T' € 3 such that for all m € T, we have

fin’ (R, Ajan,) = fin” # (Ry, Ay, aco).

Proof. Set t := fin” ™# (Ry, Ay;as) € Rog. If 7(R, A) C I, then we have fin’ (R, A;a,,) = 0 for
every m € N and fjin”"# (Ry, Ay, as) = 0. Therefore, we may assume that 7(R,A) € I. Since
a0 # (0), it follows from Lemma 2.4(ii) that ¢ > 0.

It follows from Proposition 4.4 that we have

[T(Rv A, afn)]m = T(R#v A#’ af)o) cr- R#‘
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Since [ is m-primary, it follows from Lemma 2.21 that there exists S; € Y such that 7(R, A,
at,) C I for every m € Si. Therefore fin! (R, A; a,,,) < fin” ## (Ry, Ay, as) for every m € 9.

On the other hand, by Proposition 4.1, there exists 0 < ¢’ < ¢ such that for every ideal
b DmM, if ¢/ < fin! (R, A;b), then t < fin! (R, A;b). Since # < t, we have

[7(R, A, ab )] = T(Ry, Ay, aby) T - Ry.
Hence, we have
ulim,, 7(R, A, al,) € *I.

Therefore, there exists So € 4 such that 7(R, A, af;l) ¢« I for every m € Sy. Then T := S1 N Ss
satisfies the assertion. O

LEMMA 4.6 (Cf. [BMS09, Lemma 3.3]). Let (X = Spec R, A) be a pair such that Kx + A is
Q-Carter, let I be an m-primary ideal, and let a,b C R be proper ideals. Then we have

fin! (R, A;a+ b) < fin! (R, A;a) + fin! (R, A; b).
Proof. As in the proof of [Tak06, Theorem 3.1], for every real number ¢ > 0, we can show that

T(RA (a+6))= > 7(RA ")

u,v20,u+v=c
Set t := fjn! (R, A;a) and s := fjn!(R, A; b). Then we have

(R, A, (a4 b)) = > r(R,A ") CT(RA ") + 7(R,A,b°) C 1. O

u,v>20,utv=s+t

THEOREM 4.7 (Theorem 1.5, cf. [BMS09, Theorem 1.2]). Let (X = Spec R, A) be a pair such
that (p°—1)(Kx + A) is Cartier for some integer e > 0, let (R4, my) be the catapower of (R, m),
and let Ay be the flat pullback of A to Spec Ry, I C R be an m-primary ideal, {a,,}men be a
family of proper ideals and s = [ty ]m C Ry. Then we have

sh(ulim,, fin! (R, A; a,,)) = fin” % (Ry, Ay, a) € Q.
In particular, if the limit lim,, o fin! (R, A; a,,) exists, then we have
lim fin!(R, A;a,,) = fin? ## (Ry, Ay, as).
m—->00
Proof. The proof is essentially the same as the proof of [BMS09, Theorem 1.2]. If 7(R,A) C I,
then the assertion in the theorem is trivial. Therefore, we may assume that 7(R, A) Z 1.
For every integer M > 0, we set boo ar = aoo + (my)M and by, 0 == a,, + mM for every

integer m. We write s := fin! 7# (Ry, Ay;my).
By Lemma 4.6, we have

G0 (Ry, A ane) — fin # (Ry, Ay boo ar)| < s/M (1)
for every M.
By Proposition 2.10(iv), we have s = fjn! (R, A;m). Therefore, it follows from Lemma 4.6
that
i (R, A ayn) — fin' (R, A by ar)| < s/M (2)
for every m and M.
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On the other hand, since boo s = [byn,M]m, it follows from Proposition 4.5 that there exists
Ty € U such that
fin? 7 (Ry, Ay boo i) = fin! (R, A; by 01) (3)

for every m € T}y.
By combining the equations (1)—(3), we have

|fin! B# (Ry, Ay ase) — fin! (R, A; a,,)| < 25/M

for every m € Tyy.
It follows from the definition of the shadow that

sh(ulim,, fin’ (R, A; a,,)) = fin? # (R, Ay as),

which completes the proof. O

5. Proof of main theorem

In this section, we introduce Condition (%) (Definition 5.2) which plays the key role in the proof of
the main theorem and we prove some properties of Condition (x) (Propositions 5.4 and 5.6). By
combining them with Proposition 3.17 and Theorem 4.7, we give the proof of the main theorem
(Theorem 5.9).

Observation 5.1. Let X be a normal variety over a field k of characteristic zero, A be an effective
Q-WEeil divisor on X such that Kx + A is Q-Cartier, a C Ox be a non-zero coherent ideal sheaf,
t > 0 be a rational number, x € X be a closed point and m; C Ox be the maximal ideal at z.
We consider the log canonical threshold

let, (X, A, a';m) :=inf{s > 0| (X, A, a'm®) is not log canonical at z}.

By considering a log resolution of (X, A), a and m, we can show that there exist a real
number ¢’ < ¢ and rational numbers a, b such that

lety (X, A, a%;m) =as+b (4)

for every t' < s < t.
Choose integers ¢ > 2 and m > 0 such that ¢"*(¢ — 1)t € N. Then for every n > m, the nth
digit of ¢ in base ¢ satisfies (™) = [ for some constant [ > 0. Set N := —al/q. Then we have

let, (X, A, alia:m) = let, (X, A, a2 m) — N/g" (5)
for sufficiently large n.
Motivated by the observation above, we define the following condition.

DEFINITION 5.2. Let (X = Spec R, A, a?) be a triple such that ¢t > 0 and (p® — 1)(Kx + A) is
Cartier for some integer e > 0, let I C R be an m-primary ideal, and let u, N > 0 be integers.
We say that (R, A, al, I, e, u, N) satisfies Condition (x) if for every n > 0 we have

fin/ "t (R A alsm) > finl™ (R, A, ab;m) — N/p.

1213

https://doi.org/10.1112/50010437X19007358 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007358

K. SaTo

Remark 5.3. If u > sz.\a/b(R, A,a,m;e), then we have
fnl™(R, A, a'sm) = (o’ (R, A, amo;m))™a,

where we write ¢q := p®. Therefore, Condition () can be regarded as an analogue of the equation
(5) in Observation 5.1. See also Corollary 5.5 below.

We also note that the equation (4) in Observation 5.1 may not hold for F-pure thresholds
(cf. [Pérl3, Example 5.3)).

We first give a sufficient condition for Condition (x).

PROPOSITION 5.4. Let (X = Spec R, A, a?) be a triple such that t > 0 and (p® — 1)(Kx + A) is
Cartier for some e > 0, let I C R be an m-primary ideal, let 0 < [ < p® be a positive integer and
let ng > 0 and u > 2 be integers. Set

q° (¢"*® — 1)emb(R)

g=p° N:=¢"PBemb(R), tg:= , and My :=
q—1 q—1

Assume that:

(i) ¢ > pr(a);

(i) g > Ulr(R/I);
(iii) the nth digit of t in base q satisfies t() = for every n > 2; and
(iv) 29TV Y(R, A, alfo) £ mMo. (R, A) D 77O%(R, A, alto).

Then, (R, A, a', I,e,u, N) satisfies Condition ().
Proof. By induction on n > 0, we will show the inequality

fin"H(R, A, afm) > finl ™ (R, A, 'y m) — N/g". (6)

Step 1. We consider the case when n < ng + 2. In this case, we have
N/q" > q-emb(R) > llr(R/I) + emb(R).
By Proposition 3.16(i), we have
fin2™(R, A, a';m) < Llr(R/I) 4 emb(R).
Hence we have
fin}™*(R, A, a';m) — N/¢" <0,
which implies the inequality (6).

Step 2. From mnow on, we assume n > ng + 3. Set r := ¢" - fin,™%(R, A a*;m). By
Proposition 3.16(ii), we have r € Z. We first consider the case when

r < ¢" - emb(R).
In this case, we have
r — q" 3emb(R)
qTL

finl™(R, A, a'sm) — N/q" =
<0,

which shows the inequality (6). Therefore, we may assume r > ¢"° - emb(R).
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Step 3. Set s := [r/q"] —emb(R) — 1 and s’ := [(s + My)/q?]. In this step, we will show the

inclusion

n n—mn _ _ !/ m—ng+2
TR, A, et C rI (R, A afm®/TT0) 4 r 27022 (R, A el m T,

(7)

By the assumption (i), a 1= t¢""™ — Ity = ¢*[tg" ™2 — 1] is an integer. It follows from

Proposition 3.12(i), (v), and (vi) that

,7_(:'L,u(R7 A, atmr/q") _ (peA(n—no)(Fe(n—no)(Tng,u(R’ A, atq"*”Omr/qno)))

e

C (pz(n*no) (Fe(n—no) (aamsTgo,U(R’ A, Cllto))).

Similarly, we have

TenJrl,u(R’ A, atms/qn_no) _ goeA(n*no)(Fe(nfng)(TeTLoJrl,U(R’ A, atq”—”OmS)))

S goeA(n_nO)(Fe(n_nO)(aamsT:0+1’u<R, A, alto)».

On the other hand, it follows from the definitions that

Tg_nO_Z’Q(R, A, Cl751.(15’/(1"*"0*2) _ (PeA(n—no) (Fe(n—no) (aamq2 (s/_l)T(R, A)))
> (peA(nfno) (Fe(n—no) (aams+MOT(R, A))).

By combining them with the assumption (iv), we have the inclusion (7).

Step 4. In this step, we will show the inclusion

n—np—2
TP 22(ROA alm® /Y C T

e C
It follows from the induction hypothesis that
n-l
fjng’"’“(R, A,at;m) > fjné’”_"o_Z“(R,A, at;m) - ( Z qZ>
i=n—ng—2
Therefore, we have the inequality

s - s+ My - r/q™ —emb(R) — 1 + M

gn—o—2 7 gn—no Z qn—mo
] —emb(R) — 14 M,
— il " (R, A, oy m) + (qn)_no
n—1
S N —emb(R) — 1+ M
> f]né’n no 2,u(R, A, at; m) — < Z qz> + qn—no

i=n—ng—2

> fjné’”_”O_Q’“(R, A, at;m).
Since we have u > 2, It follows from Proposition 3.12(vii) that

_ _ !/ mn—ng—2 _ _ !/ m—ng—2
T 22(RA, aftm /7T C 70RO A, afm /T C T

Step 5. It follows from Proposition 3.12(i) that

(R, A a'm /) g T
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Combining it with the inclusions (7) and (8), we have

TPHLRA, atm®/ ) ¢

Hence, we have

finf (R Al im) > 2
< r/q" —emb(R) — 1
= gn—o
b(R) + 1
= fjn£7n’u(Rv Aa at; m) - emqrg—zo—i_

N
> fjn£7n7u(R7 Au at; m) R

qn
which completes the proof of the proposition. |

COROLLARY 5.5. Suppose that (X = Spec R, A,a') is a triple such that t > 0 is a rational
number and (p® —1)(Kx +A) is Cartier for some integer e > 0, and I C R is an m-primary ideal.
Then, there exist integers €', ug, N > 0 such that for every u > ug, (R, A, a', I, ¢/, u, N) satisfies
Condition (x). In particular, there exists an integer N' > 0 such that if we write q := p¢, then

fin (R, A, 195 m) > fin! (R, A, alm95m) — N'/q"
for every integer n = 0.

Proof. Take an integer m > 0 such that g := p®" satisfies the assumptions (i), (ii), and (iii) in
Proposition 5.4. Set I = t) and ¢y := ¢?/(q — 1). Then it follows from Proposition 2.6 that there
exists an integer ng > 0 such that

T(R, A’ a(lto>no»q) — T(R, A, a<lt0>(no+1)qq).

Set € := em, ug := stAaT)(R,A, a;e’) and N := ¢™*3 . emb(R). Then the first assertion follows
from Proposition 5.4.
Set N/ := N + 1. Then the second assertion follows from Remark 5.3. O

PROPOSITION 5.6. Suppose that (R, A,at) is a triple, I C R is an m-primary ideal, and q = p°,
u and N are integers which satisfy all the conditions of Proposition 5.4. We further assume that
q > URr(R/I)+ ur(a) + emb(R). Then for every n > 1, we have

fing ™" (R, A, a';m) = fin[ ™" (R, A, b';m),
where b :=a+m? N, In particular, for every n, we have
(R, A,a") C T if and only if 7%“(R, A, b") C I.

Proof. Set M := ¢**2. N, M’ := ¢"t' . N, s,, := fin/"*(R, A, a*;m), and 6, := ¢"s, for every
integer n. By Proposition 3.16(ii), we have §,, € N. It is enough to show the following claim.

CrAaM. For every n > 1 and every ideal q C mmax{0,"-0n —M'} . T7(R,A), we have

(R, A at) = 7R, A, bY) (mod I).
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In fact, if the claim holds, then it follows from Proposition 3.12(iv) that

(R, A B M) = (R, A, a'm®™ ) (mod T)
=0 (mod )

for every real number 0 < € < 1/¢". Therefore we have
finl (R, A, al;m) > finl™ (R, A, b'; m).
Similarly, if s,, > 0, then we have

TR, A, btm®) = 7R, A, alm®*) (mod I)
# 0 (mod I),

which shows finl™“(R, A, a*;m) < finl™*(R, A, b*;m). Since this inequality also holds when
snp = 0, we complete the proof of the proposition. O
Proof of Claim. We use induction on n.

Step 1. We first consider the case when n = 1. It follows from Proposition 3.12(iii) that
o (R A ) = 770 (R, AL 6Y) (mod 717 (R, A)).

Since we have q-m™ C ma"[a(tr(E/D+emb(R)—11. (R A), it follows from Proposition 3.12(ii),
(iv) and (v) that
T (R, A) € mfR D €
Therefore, the assertion holds when n = 1.

Step 2. From now on, we consider the case when n > 2. Set ¢ := @Z(Ff(at(n)'quq)) and q" :=
04 (Fe(b!"1"q)). Then it follows from Proposition 3.12(ix) that

Tgélu(R’ A’ Clt) — TZ;LU(R, A, at) <9)
Similarly, by Proposition 3.13(ii), we have

TR, AL bY) = 7 (R, AL B, (10)

Step 3. In this step, we will show the equation

TZ;LU(R,A,at) =" VR, A, ab) (mod I). (11)

"
ezq

Set J := 4 (F¢(mMq)), then we have q’ = q” (mod J). By Proposition 3.12(iii), it is enough to
show that
PR A ) C T

Since we have d,, > qd,_1 — ¢N, it follows from Lemma 2.13 that

J C @i (m? MM (R A))
C m(q“6n+M—M’)/q—emb(R) . 7_(}%7 A)

Cmi"n-1. (R, A).
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Therefore, it follows from Proposition 3.12(ii) and (iv) that
TQ;l,u(R’A’ at) g T:_I’U(R,A, atms"*l"'(l/qn_l)) g I,

which shows the equation (11).
Step 4. In this step, we will show the equation
T (R A ) = 7R, AL bY) (mod 1), (12)
As in Step 3, we have
4" € G (F(mmOa MY (R, A)))
C mmax{0,¢" 10, —(M'/q)—emb(R)} . 7(R,A)

C mmax{O,q“énfl—M/} . T(R, A)

By induction hypothesis, we get the equation (12).
By combining the equations (9)—(12), we complete the proof of the claim. O

COROLLARY 5.7 (Theorem 1.4). Let (X = Spec R, A) be a pair such that (p¢ — 1)(Kx + A) is
Cartier for some integer e > 0, let I C R be an m-primary ideal, let [, ng > 0 and v > 2 be integers,
and let t > 0 be a rational number such that p®(p® — 1)t € N. We set | := t®), ty := p**/(p® — 1)
and My = (p*™0+6) —1).emb(R)/(p® —1). Then there exists an integer ny > 0 with the following
property. For any ideal a C R such that:

(i) p® > pr(a)+ g(R/I)+ emb(R); and
(11) 7_;10+1,u(R’A’ alto) +mM() X T(R, A) ») Tgo,u(R7A7 Cllto),
we have

(R, A,a") C T if and only if 7"V%(R,A,a') C T

e

for every integer n > nj.

Proof. By Propositions 5.4 and 5.6, b := a + md" 0P emb(R) gatisfies
TR, A ab) C T if and only if 72%(R, A, b") C 1.

for every integer n.

On the other hand, it follows from Proposition 3.17 that there exists an integer ny > 0 which
depends only on p := g — emb(R) — 1, M := ¢ emb(R), e,u, and t such that for every
integer n > ni, we have

TR, ALY C T if and only if 7*(R, A, b") C I,

e

which completes the proof. O

By using the method of ultraproduct, we can apply Corollary 5.7 to infinitely many ideals
simultaneously.

PROPOSITION 5.8. Let (X = Spec R, A) be a pair such that (p®—1)(Kx +A) is Cartier for some

integer e > 0, let I C R be an m-primary ideal, let {a,, }men be a family of ideals of R, let t > 0
be a rational number, and let 31 be a non-principal ultrafilter. Assume that:
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(i) 7(R,A) is m-primary or trivial;
(ii) p® > pr(am) +Ur(R/I) + emb(R) for every m; and
(iii) p(p® — 1)t € N.

Then for any sufficiently large integer u > 0, there exist an integer n; and T € i such that
TR, A al ) C T if and only if 7'VY(R, A, al,) C 1

e

for every integer n > ny and m € T.

Proof. Set tg := p*¢/(p® — 1). Since p®(p® — 1)t € N, there exists an integer 0 < I < p® such that
t(") = for every n > 2. By Corollary 5.7, it is enough to show that for any sufficiently large
integer u > 0, there exist an integer ng and T' € 4 such that for every m € T, we have

TR, A1) mMo - r(R,A) D 70N (R, A, o),
where My := (p(™0+6) — 1)emb(R)/(p¢ — 1).
Let (R4, my) be the catapower of (R, m), Ay be the flat pullback of A to Spec Ry and a
be the ideal [a,,];m C Ry. It follows from Lemma 2.17 that for all integers u,n > 0 we have
Temu(R#’ Ay, alof)o) = [r"(R, A, a%o)]m.
By Proposition 2.6, there exists an integer ng > 0 such that

T(R#7 A#v a<<>lo.t0>n07q) = T(R#a A#, Cl(<>l<;t0>(no+l),q).

On the other hand, by Proposition 3.12(viii), there exists an integer ug such that for all
integers u > ug and n > 0, we have

TS’“(R#, A#, ag(t)o) _ T(R#, A#, a&to)u,q).
Therefore, we have
(722 (R, A, 00 = (72T (R A, a0l € Ry

Since mMo . 7(R,A) C R is an m-primary ideal, it follows from Lemma 2.21 that there exists
T € 3 such that for every m € T, we have

VMR, A, allo) C ot YR A a0y + mMo 1 (R, A),
which completes the proof. O
THEOREM 5.9 (Main theorem). Let (X = Spec R, A) be a pair such that 7(R,A) is m-primary

or trivial and that (p® — 1)(Kx + A) is Cartier for some integer e > 0, and let I C R be an
m-primary ideal. Then, the set

FIN!(R,A) := {fin!(R,A;a) | a C R}

satisfies the ascending chain condition.
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Proof. We assume the contrary. Then there exists a family of ideals {a,,}men such that the
sequence {fin! (R, A; a,,) }men is a strictly ascending chain. Set t := lim,, o fin’ (R, A; a,,). Tt
follows from Proposition 2.6 and Theorem 4.7 that t € Q.

Let 4 be a non-principal ultrafilter, let Ry be the catapower of R, let Ay be the flat
pullback of A to Spec Ry, and as := [ap]m € Ry. Take elements fi,..., fi € Ry such that

oo = (f1,-.., f1). Since the natural map [ [, .y &m — [@m]m is surjective, there exists fp,; € a,,
for every m € N such that f; = [fm.ilm
Set ay, == (fm1,---, fmi) € 6. Since we have [a],];, = to, it follows from Theorem 4.7

that sh(ulim,, fin!(R,A;a),)) = t. On the other hand, since we have fin!(R,A;d,,) <
fin? (R,Aj;a,,) < t, by replacing by a subsequence, we may assume that the sequence
{fin (R, A;d’ )} is a strictly ascending chain. By replacing a,, by o, , we may assume pg(d,) <!
for every m.

By enlarging e, we may assume that ¢ = p° satisfies the following properties:

(i) ¢(¢ — 1)t € N; and
(il) ¢ > Ulr(R/I)+ 1+ emb(R).
It follows from Proposition 5.8 that there exist integers u,ny > 0 and T € 4 such that
(R, A, al ) C T if and only if 77V%(R, A, af,) C 1

for every integer n > n; and m € T'. By enlarging u, we may further assume that u > stab(R#,
Ay, 0005 €). For every m € N and for every sufficiently large n > 0 we have

R, Aab ) C (R, A, alm) C T

Therefore we have 7. (R, A, al ) C I for every m € T
On the other hand, since (), 4 < t = fin” ™ (Ry, Ay;as), we have

[re (R, A, )] = 700 (R, Ay, 0l

(B)n1.q

= T(Ry, Ay, a00™)
Z1-Ry.
Therefore, there exists a set S € 4 such that
(R A el ) Z T
for every m € S. Since S N'T # @, we have contradiction. O

reg

COROLLARY 5.10 (Theorem 1.2). Fix an integer n > 1, a prime number p > 0 and a set Dy,
such that every element of Dy is an n-dimensional F-finite Noetherian regular local ring of
characteristic p. The set

Tes = {fpt(4;a) | A € DE%,a C A},
satisfies the ascending chain condition.

reg

Proof. We assume the contrary. Then there exists a sequence {A;,}men in Tpnp and ideals

ay, © Ay, such that the sequence {fpt(A4,,; a,,)} is a strictly ascending chain.

Since test ideals commute with completion [HT04, Proposition 3.2], we may assume that
Apm = k1, ..., 2,]] for some F-finite field k,,. Take an F-finite field k such that k,, C k for
every m. Let (A, m4) be the local ring k[[z1, . .., z,]]. Then we have fpt(A4; (a,,A)) = fpt(Am; am)
by Lemma 2.11. Therefore, we have fpt(A,,;a,,) € FJN™4(A,0) for every m, which contradicts
to Theorem 5.9. |
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Let (R,m, k) be a Noetherian local ring of equicharacteristic. Then (R, m) is said to be a
quotient singularity if there exist a regular affine variety U = Spec A over k, a finite group G with
a group homomorphism G — Aut(U), and a point = of the quotient V = U/G := Spec(A%)
such that there exists an isomorphism R 6-‘/\36 as rings. Moreover, if |G| is coprime to char(k),
then we say that (R, m) is a tame quotient singularity.

LEMMA 5.11. Let (R,m, k) be a tame quotient singularity of dimension n. Then, there exists a
finite group G C GL,, (k) with the following properties.

(i) The number |G| is coprime to char(k).
(ii) The natural action of G on the affine space A} has no fixed points in codimension 1.
(iii) Let V := A}}/G be the quotient and x € V be the image of the origin of A}'. Then we have
R Oy,.

Proof. The proof follows as in the case when char(k) = 0 (see [dFEM10, p. 15]), but for the
convenience of reader we sketch it here.
Since R is a tame quotient singularity, there exists a regular affine variety U, a finite group G

which acts on U such that |G| is coprime to char(k), and a point z € V such that R = 6-‘/\95 Take
a point y € U with image z. By replacing G by the stabilizer subgroup G, C G, we may assume
that G acts on the regular local ring (A,m4) := (Oyy,my). Since |G| is coprime to char(k),
it follows from Maschke’s theorem that the natural projection my — my/ m%l has a section as
k[G]-modules. This section induces k[G]-algebra homomorphism Gry, , (A) — A, where Gry, , (A)
is the associated graded ring of (A, m4). Therefore, by replacing U by Spec(Grm, (A4)), we may
assume that U = A} and G C GL, (k).

Let H C G be the subgroup generated by elements g € G which fixes some codimension
one point of U. Since |G| is coprime to char(k), it follows from the Chevalley—Shephard—Todd
theorem (see for example [Ben93, Theorem 7.2.1]) that U/H = A}. By replacing U by U/H and
G by G/H, we complete the proof of the lemma. O

uot

PROPOSITION 5.12 (Theorem 1.3). Fix an integer n > 1, a prime number p > 0 and a set Dy,
such that every element of D%g,?t is an n-dimensional F-finite Noetherian normal local ring of
characteristic p with tame quotient singularities. The set

Tt = {fot(R;a) | R € DIY*,a C Ris an ideal}

n?p ’

satisfies the ascending chain condition.

Proof. The proof is essentially the same as [dFEM10, Proposition 5.3]. Let (R, m, k) be a local
ring such that R € D{'y", and let a C R be an ideal of R. Let G, V, and z be as in Lemma 5.11.
Consider the natural morphism 7 : U := Al — V. Since G is a finite group, the morphism 7
is a finite surjective morphism with deg(m) coprime to char(k). Since G acts on U with no fixed
points in codimensi(ln one, the morphism 7 is étale in codimension one.

Set W := Spec(R) and U’ := U xy W. Since U is a regular scheme and W — V is a regular
morphism, each connected component of U’ is a regular scheme. Fix a connected component
U" C U’. Since the morphism 7 : U” — W is finite surjective, étale in codimension 1 and deg7

is coprime to p, it follows from [HT04, Theorem 3.3] that

fpt(W; a0y ) = fpt(U”; aOpnr).
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On the other hand, since the test ideals commute with completion [HT04, Proposition 3.2],
we have
fpt(R; a) = fpt(W; aOw).

Therefore, it follows from Corollary 5.10 that the set 7,5 satisfies the ascending chain
condition. O

We conclude with a natural question as below.

Question 5.13. Does Theorem 1.2 give an alternative proof of [dFEM10, Theorem 1.1]7
Moreover, does Theorem 5.9 imply that the set of all jumping numbers of multiplier ideals
with respect to a fixed m-primary ideal on a log Q-Gorenstein pair over C satisfies the ascending
chain condition?

We hope to consider this question at a later time.
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