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Abstract

Derived equivalences of twisted K3 surfaces induce twisted Hodge isometries between
them; that is, isomorphisms of their cohomologies which respect certain natural lattice
structures and Hodge structures. We prove a criterion for when a given Hodge isometry
arises in this way. In particular, we describe the image of the representation which
associates to any autoequivalence of a twisted K3 surface its realization in cohomology:
this image is a subgroup of index 1 or 2 in the group of all Hodge isometries of the
twisted K3 surface. We show that both indices can occur.

1. Introduction

Let X be a K3 surface. Although the diffeomorphism group of X remains a mysterious object, it
is partially understood via its cohomology representation. To elaborate, the intersection pairing
gives a lattice structure of signature (3, 19) on H2(X,Z). Denote by O(H2(X,Z)) the orthogonal
group of this lattice. We obtain a representation

Diff(X) → O(H2(X,Z))

by associating to each diffeomorphism its action on cohomology.
Results of Borcea and Donaldson [Bor86, Don90] completely describe the image of this

representation. Let V ⊂ H2(X,R) be a maximal positive-definite subspace. Composing an
isometry ϕ ∈ O(H2(X,Z)) with the orthogonal projection onto V gives an isometry of V . We call
ϕ signed if it induces orientation-preserving isometries on one, or equivalently every, maximal
positive-definite subspace of H2(X,R); cf. Definition 2.3. The image of Diff(X) → O(H2(X,Z))
is the group of signed isometries, which we denote by O+(H2(X,Z)).

Let D(X) be the bounded derived category of coherent sheaves on X. Mirror symmetry
suggests a similar picture for the group of autoequivalences of D(X); cf. [Sze01, Conjecture 5.4].
From here on, assume that X is projective, in which case every autoequivalence of D(X) is a
Fourier–Mukai transform [Orl97, Theorem 2.2].

In [Muk87], Mukai finds an analog of the above cohomology representation for Aut(D(X)).
The Mukai lattice of a K3 surface X is the pure Hodge structure of weight 2,

H̃(X,Z) := H0(X,Z)(−1)⊕H2(X,Z)⊕H4(X,Z)(1),

together with a lattice structure of signature (4, 20) given by the Mukai pairing

〈φ, ψ〉 :=

∫
X

(φ2 ∧ ψ2 − φ0 ∧ ψ4 − φ4 ∧ ψ0).
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Mukai constructs a representation

Aut(D(X)) → O(H̃(X,Z)),

which associates to every Fourier–Mukai equivalence ΦP ∈ Aut(D(X)) a cohomological
realization ΦH

P . Work by various authors [HLOY04, Plo05, HMS09] shows that the image of

this representation is the group O+(H̃(X,Z)) of signed Hodge isometries, which is defined as
before. See [Huy16, § 16.3] for details.

The setup
A twisted K3 surface is a pair (X,α), consisting of a K3 surface X and a torsion class
α ∈ H2(X,O∗X). From the viewpoint of mirror symmetry, it is natural to try to extend the
previous results to twisted K3 surfaces; cf. [Căl00, Conjecture 5.5.5] and [HS05, Conjecture 4.9].
Huybrechts and Stellari [HS05] generalize Mukai’s construction to a twisted cohomology
representation

Aut(D(X,α)) → O(H̃(X,B,Z)),

again using cohomological realizations of twisted Fourier–Mukai functors. We briefly introduce
the objects that appear in this representation and refer once more to [Huy16, ch. 16] for details.

An α-twisted sheaf on X is, loosely speaking, a generalized sheaf which satisfies the cocycle
condition up to a twist by α. We denote by D(X,α) the bounded derived category of the abelian
category of α-twisted coherent sheaves. To define a twisted version of the Mukai lattice, we pick
a B-field lift of α; that is, a class B ∈ H2(X,Q) such that exp(B0,2) = α. The B-twisted Hodge
structure H̃(X,B,Z) has the same underlying lattice as H̃(X,Z). Its Hodge structure of weight 2
is the image of Mukai’s Hodge structure under multiplication by exp(B) := 1 +B+ (B ∧ B)/2.
Two different B-field lifts of α induce isometric twisted Hodge structures.

Our results

In this paper we describe the image of Aut(D(X,α)) → O(H̃(X,B,Z)). As in the untwisted
case, every autoequivalence is of Fourier–Mukai type [CS07, Theorem 1.1]. Thus, it suffices to
describe the cohomological realizations of twisted Fourier–Mukai equivalences. We do this more
generally for possibly different Fourier–Mukai partners.

For every K3 surface X and B ∈ H2(X,Q), we can make natural choices of compatible
orientations on all maximal positive-definite subspaces of H̃(X,B,R); see Example 2.2. An
isometry between two twisted Hodge structures is called signed if the induced map on positive-
definite subspaces is orientation-preserving; see Definition 2.3. Huybrechts and Stellari show that
every signed Hodge isometry lifts to a twisted Fourier–Mukai equivalence [HS06, Theorem 0.1].
We prove the converse.

Theorem A. Let (X,α) and (X ′, α′) be two complex, projective twisted K3 surfaces withB-field
lifts B ∈ H2(X,Q) and B′ ∈ H2(X ′,Q). Let ΦP : D(X,α)

∼−→ D(X ′, α′) be a twisted Fourier–
Mukai equivalence. Then the induced Hodge isometry ΦH

P : H̃(X,B,Z)
∼−→ H̃(X ′, B′,Z) is signed.

In particular, Theorem A gives a new argument for the untwisted statement, which was
treated in [HMS09]. It avoids the passage to rigid-analytic varieties and instead relies on the
twisted theory. The proof of Theorem A, which makes up the bulk of this paper, is outlined
below. It is essential to the proof that we allow for different Fourier–Mukai partners. Theorem A
and [HS06, Theorem 0.1] together imply the following strong form of the derived global Torelli
theorem for twisted K3 surfaces.
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Theorem B. In the notation of Theorem A, a Hodge isometry ϕ : H̃(X,B,Z)
∼−→ H̃(X ′, B′,Z) is

the cohomological realization of a twisted Fourier–Mukai equivalence ΦP : D(X,α)
∼−→ D(X ′, α′)

if and only if ϕ is signed.

As a corollary, we obtain a complete description of the image of the cohomology
representation of Aut(D(X,α)).

Corollary C. The image of Aut(D(X,α)) → O(H̃(X,B,Z)) is the subgroup of signed Hodge
isometries O+(H̃(X,B,Z)).

In another direction, we discuss in § 2 the index of the image in Corollary C. In the untwisted
setting, the index of O+(H̃(X,Z)) in O(H̃(X,Z)) is always 2 because id(H0⊕H4)(X,Z) ⊕−idH2(X,Z)

is a non-signed Hodge isometry; see Example 2.4. The twisted setting is more involved:
even though O+(H̃(X,B,Z)) is still of index at most 2 in O(H̃(X,B,Z)), the isometry
id(H0⊕H4)(X,Z) ⊕ −idH2(X,Z) does not generally preserve twisted Hodge structures.

In Lemma 2.7 we formulate a sufficient condition for the existence of a non-signed Hodge
isometry. If X has Picard rank at least 12, this condition is satisfied and the index is 2; see
Corollary 2.8. However, Theorem D below shows that the index is often 1 for small Picard rank.
The integral cohomology of any K3 surface is isometric to the K3 lattice Λ. Thus, after the choice
of a marking θ : H2(X,Z)

∼−→ Λ, any B ∈ ΛQ induces a B-field on X.

Theorem D. There exist d ∈ Z>0 and B ∈ ΛQ such that every very general marked, primitively
d-polarized K3 surface X admits only signed B-twisted Hodge isometries.

In fact, we can do better: in Theorem 2.14, we state an explicit, lattice-theoretic condition for
when a givenB ∈ ΛQ satisfies the conclusion of Theorem D. For concrete choices ofB, many of the
computations involved in checking this condition can be read from [MM09, Theorem VII.12.1–4].

Outline of the proof of Theorem A
In [HMS08, Corollary 3.19], Theorem A is proved under the additional assumption that D(X,α)
and D(X ′, α′) do not contain any object E with Ext∗(E,E) ' H∗(S2,C). Such objects are called
spherical. We reduce Theorem A to this special case. To do so, we find in § 5 a deformation of
(X ′, α′) whose very general fiber does not have any spherical objects. After passage to an étale
neighborhood on the base, we can construct deformations of (X,α) and P ∈ D(X×X ′, α−1�α′)
which match the deformation of (X ′, α′); see §§ 3 and 4.1. Finally, we observe that the induced
Hodge isometries on the fibers of these deformation families stay locally constant (§ 4.2) and
use [HMS08, Corollary 3.19] to conclude.

To obtain the deformation of (X ′, α′), we use the moduli space Md[n] of primitively d-
polarized K3 surfaces with level-n structure. For every B′ ∈ ΛQ, there exists an n� 0 such that
B′ determines a Brauer class on the universal family of Md[n] over an étale neighborhood of X ′;
see § 5.2. With a suitable choice of B′, the universal family together with this Brauer class is a
deformation of (X ′, α′). However, for some B′ the twisted derived category of every K3 surface
in this family contains spherical objects. For instance, when B′ = 0, the structure sheaf is a
spherical object in the untwisted derived category of every K3 surface. Thus, we cannot expect
to find ourselves in the situation of [HMS08, Corollary 3.19] after a single deformation process.

We get around this problem by performing two deformations. Fix a level structure on X ′

and B′ ∈ ΛQ such that the induced Brauer class on X ′ is α′. First, we construct infinitely many
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Bm ∈ ΛQ and infinitely many distinct reduced, effective divisors Zm on Md[n]. On each K3

surface which corresponds to a point of Zm, the Brauer classes induced by B′ and Bm are equal.

Furthermore, the Bm induce Brauer classes on the universal family for which a very general

fiber does not have any spherical objects. As the union
⋃
Zm is Zariski dense in Md[n], it meets

every étale neighborhood of the initial surface X ′. Thus, we can reach it using the deformation

of (X ′, α′). From there, we perform a second deformation with some Bm to arrive at a twisted

K3 surface whose twisted derived category does not contain any spherical objects. For details,

see § 5.3.

Let us offer a small glimpse of the methods involved in finding the matching deformations of

(X,α) and P , which generalize the methods of [LO15]. Let sTwX ′/C be the coarse moduli space

of simple, α′-twisted complexes on X ′; see § 3.1. In § 3.2, we reinterpret P as an open immersion

µ̄P : X ↪→ sTwX ′/C. Any given deformation of (X ′, α′) over a base scheme S formally produces a

deformation of sTwX ′/C over S. As µ̄P is an open immersion, it has canonical deformations over

each infinitesimal neighborhood in S. After changing the Fourier–Mukai partners in an initial

reduction (§ 5.1), we can use the algebraicity of a suitable Hilbert stack (§ 3.3) to deform µ̄P over

an étale neighborhood U → S; see § 4.1.

Notation and conventions

Throughout the paper we work over the ground field C. We denote the category of perfect

complexes on a scheme X by D(X); the same notation is used for twisted schemes, algebraic

spaces, algebraic stacks, complex manifolds, and differentiable manifolds. We denote a Fourier–

Mukai transform with kernel P by ΦP .

We now introduce some lattice-theoretic notation. The precise definitions of all following

objects can be found in, say, [Huy16, ch. 14]. A lattice L is a free Z-module of finite rank

together with a non-degenerate symmetric bilinear form with values in the integers. We say that

L is even if (x.x) ∈ 2Z for all x ∈ L. The dual lattice of L is L∨ := Hom(L,Z). The discriminant

group of L is AL := L∨/L, which is equipped with a finite quadratic form qL : AL → Q/2Z when

L is even. We denote the orthogonal group of L by O(L) and the kernel of the natural map

O(L) → O(AL) by O](L).

For any a ∈ Zr{0}, we denote the lattice of rank 1 with intersection matrix (a) by 〈a〉. The K3

lattice is Λ := E8(−1)⊕2 ⊕ U⊕3, a direct sum of hyperbolic planes U and twists of the E8-lattice.

We denote the canonical basis vectors of the three copies of U by ei and fi, for i = 1, 2, 3. The

extended K3 lattice Λ̃ := Λ ⊕ U contains an additional hyperbolic plane with basis vectors e

and f . The period domain associated with Λ is D := {x ∈ P(ΛC) | (x.x) = 0, (x.x̄) > 0}.
For any d ∈ Z>0, we obtain d-polarized versions of the above notions by intersecting with the

orthogonal complement of the primitive integral class ` := e1+d·f1 ∈ Λ. Concretely, Λd := Λ ∩ `⊥,

Λ̃d := Λ̃ ∩ `⊥, and Dd := D ∩ P(`⊥) are the d-polarized K3 lattice, the d-polarized extended K3

lattice, and the d-polarized period domain, respectively.
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We define the following ring structure on Λ̃ to mimic the cup product on singular cohomology:

(λe+ x+ µf) · (λ′e+ x′ + µ′f) := λλ′e+ (λx′ + λ′x) + (λµ′ − (x.x′) + λ′µ)f.

The ‘exponential’ of a given B ∈ ΛC is exp(B) := e+B − ((B.B)/2)f ∈ Λ̃C. It acts on Λ̃C via
multiplication. For a subset S ⊆ Λ̃C, let SB := (expB)(S). This applies in particular to ΛB, ΛBd ,

and ΛBdC. As expB descends to an automorphism P(expB) of P(Λ̃C), an analogous definition

can be made for subsets S ⊆ P(Λ̃C). For instance, DB
d = P(expB)(Dd).

2. Hodge theory of twisted K3 surfaces

This section describes the Hodge structures and Hodge isometries that can arise on twisted K3
surfaces. Since it is, by and large, independent of the rest of the paper, the reader who is mainly
interested in the proof of Theorem A may jump directly to § 3 and refer back as needed. We
begin by reviewing the necessary lattice theory.

2.1 Lattice-theoretic preliminaries
Let L be a lattice with intersection form ( . ). The real vector space LR := L⊗Z R comes with
an inner product whose signature we denote by (s+, s−). When s+ > 0, the positively oriented
Grassmannian

Gr+
s+(LR) := {W ⊂ LR positive-definite, oriented subspace of dimension s+}

has two connected components.

Definition 2.1. A positive sign structure on L is a choice of a connected component of
Gr+

s+(LR).

In other words, given two positive-definite subspaces W , W ′ of LR of maximal dimension
s+, the orthogonal projection W → W ′ is an isomorphism. A positive sign structure is a choice
of orientation on each such subspace W that is compatible with these isomorphisms.

Example 2.2. Let (X,α) be a twisted K3 surface. Let B ∈ H2(X,Q) be a B-field lift of α.
Choose a holomorphic 2-form σ ∈ H2,0(X) and a Kähler class ω ∈ H1,1(X). The natural positive
sign structure on H̃(X,B,Z) is the connected component of Gr+

4 (H̃(X,B,R)) that contains the
positive-definite, oriented subspace with ordered basis

(Re(exp(B)σ), Im(exp(B)σ),Re(exp(B + iω)), Im(exp(B + iω))).

Here, exp(τ) := 1 + τ + (τ ∧ τ)/2 for any τ ∈ H̃(X,B,C) and exp(B) acts on H̃(X,B,C) via the
cup product. The natural positive sign structure is independent of the choices of σ and ω.

Definition 2.3. An isometry σ : L
∼−→M of lattices with chosen positive sign structures is signed

if σ carries the positive sign structure of L into the positive sign structure of M . It is non-signed
otherwise.

Likewise, an isometry σ : L
∼−→ L of a lattice L is signed if and only if σR preserves the two

connected components of Gr+
s+(LR). Set

O+(L) := {σ ∈ O(L) | σR is signed}.
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In the literature, positive sign structures are also called orientations of the positive directions
and signed isometries are those that preserve the orientation of the positive directions. The next
example is crucial for § 5.1.

Example 2.4. Let X be a K3 surface with holomorphic form σ ∈ H2,0(X), Kähler class
ω ∈ H1,1(X), and B-field B ∈ H2(X,Q). Then the isometry

idH0⊕H4 ⊕−idH2 : H̃(X,B,Z)
∼−→ H̃(X,−B,Z)

relates the basis vectors of the natural positive-definite, oriented subspaces from Example 2.2 as
follows:

Re(exp(B)σ) 7→ −Re(exp(−B)σ), Im(exp(B)σ) 7→ −Im(exp(−B)σ),

Re(exp(B + iω)) 7→ Re(exp(−B + iω)), Im(exp(B + iω)) 7→ −Im(exp(−B + iω)).

Thus, idH0⊕H4 ⊕ −idH2 is non-signed.

We now give an alternative description of O+(L).

Definition 2.5. Let K be a field of characteristic not equal to 2, V a vector space over K, and
( . ) a symmetric bilinear form on V . For v ∈ V with (v.v) 6= 0, let τv : w 7→ w − 2((w.v)/(v.v))v
be the associated reflection. Set

spin(τv) = (v.v) ∈ K×/(K×)2.

By the Cartan–Dieudonné theorem, every isometry is a composition of reflections. We can extend
spin uniquely to a homomorphism

spin: O(V ) → K×/(K×)2,

which we call the spinor norm; it is well defined by [O’Me00, § 55].

If K = R, we identify R×/(R×)2 ' {±1}. Then for any lattice L,

O+(L) = {σ ∈ O(L) | det(σ) · spin(σR) = 1}.

Denote by O](L) ⊆ O(L) the group of isometries that act trivially on the discriminant group
AL = L∨/L. We later need to check when O](L) ⊆ O+(L) (cf. Theorem 2.14). Proposition 2.6
below reduces this to a purely local computation. Before we can state the precise criterion, we
need to introduce additional notation.

For all primes p ∈ N, let

Γp,0 := {±1} × Z×p /(Z
×
p )2 ⊂ Γp := {±1} ×Q×p /(Q

×
p )2.

Furthermore, let

ΓA,0 :=
∏

p prime

Γp,0 ⊂ ΓA :=

{
(dp, sp) ∈

∏
p prime

Γp

∣∣∣∣ (dp, sp) ∈ Γp,0 for almost all p

}
.

The inclusions O(L) ⊂ O(LQp) induce maps

(det, spinp) : O(L) → Γp,
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which combine to

(det, spinA) : O(L) → ΓA.

For any prime p, set

Σ]
p(L) := (det, spinp)(O

](LZp)) and Σ](L) :=
∏

p prime

Σ]
p(L).

By [MM09, Theorem VII.12.1–4], Σ]
p(L) ⊆ Γp,0 and Σ](L) ⊆ ΓA,0. Put

ΓQ := {±1} ×Q×/(Q×)2 ⊂ ΓA.

Let Γ+
Q ⊂ ΓQ be the preimage of {(−1,−1), (1, 1)} under the natural homomorphism

ΓQ = {±1} ×Q×/(Q×)2
→ {±1} ×R×/(R×)2 ' {±1} × {±1}.

Lastly, set

Γ0 := ΓQ ∩ ΓA,0 = {±1} × {±1}

and define

Γ+
0 := Γ+

Q ∩ Γ0 = {(−1,−1), (1, 1)} ⊂ Γ0 and Σ]
0(L) := Σ](L) ∩ Γ0.

The next proposition is known to some experts.

Proposition 2.6. Let L be a non-degenerate, indefinite, even lattice of rank at least 3. Then
O](L) ⊆ O+(L) if and only if Σ]

0(L) ⊆ Γ+
0 .

Proof. To show necessity, assume O](L) ⊆ O+(L). Let ((dp, sp))p ∈ Σ]
0(L). By definition of

Σ](L), there are σp ∈ O](LZp) such that (det, spinp)(σp) = (dp, sp). They induce in particular an
isometry A(σp) of the discriminant form AL.

On the other hand, as L is indefinite of rank at least 3, (det, spin) : O(LQ) → ΓQ is surjective;
cf. [Kne56b, Satz A]. Thus, there is ρ ∈ O(LQ) with (det, spinA)(ρ) = ((dp, sp))p. By the strong
approximation theorem for spin groups [Kne56a, Approximationssatz], we can find ψ ∈ O(LQ)
such that (det, spinA)(ψ) = (1, 1),

ψQp(LZp) = ρ−1
Qp
◦ σp(LZp) = ρ−1

Qp
(LZp)

for all p, and the induced morphism on discriminant groups is A(ψp) = A(ρ−1
Qp
◦σp).

Set ϕ := ρ ◦ψ. Then ϕ(LZp) = LZp for all p, and so ϕ ∈ O(L). Moreover, Aϕ = A(σp) = idAL

because σp ∈ O](LZp). Therefore, ϕ ∈ O](L) with (det, spinA)(ϕ) = (det, spinA)(ρ) · (det,

spinA)(ψ) = ((dp, sp))p. However, since O](L)⊆O+(L), it follows that (det, spinA)(ϕ) /∈ {(−1, 1),
(1,−1)}. Thus, ((dp, sp))p ∈ Γ+

0 .

For sufficiency, assume Σ]
0(L) ⊆ Γ+

0 . Let ϕ ∈ O](L). Then (det, spinA)(ϕ) ∈ Σ](L) ∩ ΓQ.
As Σ](L) ⊆ ΓA,0, we have

Σ](L) ∩ ΓQ = Σ](L) ∩ ΓA,0 ∩ ΓQ = Σ](L) ∩ Γ0 = Σ]
0(L) ⊆ Γ+

0 .

Hence, (det, spin)(ϕR) ∈ {(−1,−1), (1, 1)} and ϕ ∈ O+(L). 2
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2.2 Large Picard rank
Twisted Hodge structures of K3 surfaces with Picard rank at least 12 always admit a non-signed
Hodge isometry.

Lemma 2.7. Let X be a K3 surface and B ∈ H2(X,Q). Assume there exists a hyperbolic plane

U ⊂ H̃
1,1

(X,B,Z). Then H̃(X,B,Z) admits a non-signed Hodge isometry.

Proof. As H̃
1,1

(X,B,Z) = U ⊕ U⊥, we find the non-signed isometry idU⊥ ⊕ −idU of

H̃
1,1

(X,B,Z). Since idU⊥ ⊕ −idU acts trivially on A
H̃

1,1
(X,B,Z)

, it can be extended to a

non-signed Hodge isometry of H̃(X,B,Z); see [Nik79, Corollary 1.5.2]. 2

Corollary 2.8. Let X be a K3 surface of Picard rank ρ(X) > 12. Let B ∈ H2(X,Q). Then
H̃(X,B,Z) admits a non-signed Hodge isometry.

Proof. If ρ(X) > 12, then NS(X) ⊂ H̃
1,1

(X,B,Z) contains a hyperbolic plane by the proof
of [Kov94, Lemma 4.1]. 2

We will see now, however, that the converse of Lemma 2.7 does not hold.

Proposition 2.9. Let L be an even, non-degenerate lattice of rank 3 6 rkL 6 12 and signature
(2, rkL − 2). Assume there exists x ∈ L with (x.x) = 0. Then we can find a K3 surface X and

B ∈ H2(X,Q) such that H̃
1,1

(X,B,Z) ' L.

Proof. As rkL6 12 = 1
2 ·rk Λ̃, there exists a primitive embedding L ↪→ Λ̃ [Nik79, Theorem 1.12.4].

Since the signature of L is (2, rkL− 2), we can choose p ∈ Λ̃C such that

(p.p) = 0, (p.p̄) > 0, and L ⊆ p⊥.

Using the Baire category theorem, we can even ensure that L = p⊥ ∩ Λ̃. This defines the following
Hodge structure of K3 type on Λ̃:

Λ̃2,0 := C · p, Λ̃0,2 := C · p̄, and Λ̃1,1 := (Λ̃2,0 ⊕ Λ̃0,2)⊥.

Let y ∈ L with (x.y) 6= 0. Then the sublattice spanned by x and (x.y)y − ((y.y)/2)x is

a twisted hyperbolic plane with intersection matrix
(

0 (x.y)2

(x.y)2 0

)
. Thus, [Huy17, Lemma 2.6]

shows that there is a complex K3 surface X and B ∈ H2(X,Q) for which H̃(X,B,Z) is isometric

to the Hodge structure on Λ̃ defined above. In particular, H̃
1,1

(X,B,Z) ' L.

For some a ∈ Z>0, there is an immersion Z·(a, aB, 0) ⊕ NS(X) ⊕ H4(X,Z) ↪→ H̃
1,1

(X,B,Z)
of finite index. Therefore, we can find M ∈ Pic(X) with (M)2 > 0. As a consequence of Grauert’s
ampleness criterion for surfaces, X is projective. 2

Remark 2.10. Any even, non-degenerate lattice L of rank 56 rkL6 12 and signature (2, rkL−2)
satisfies the assumptions of Proposition 2.9 by Meyer’s theorem.

Example 2.11. By Proposition 2.9, there is a K3 surface X and B ∈ H2(X,Q) such that

H̃
1,1

(X,B,Z) ' 〈4〉 ⊕ U(2). As 〈4〉 ⊕ U(2) contains no (+2)-classes, there is no primitive

embedding U ↪→ H̃
1,1

(X,B,Z). Nevertheless, the non-signed isometry id〈4〉 ⊕ −idU(2) of

H̃
1,1

(X,B,Z) acts trivially on A
H̃

1,1
(X,B,Z)

and therefore induces a Hodge isometry of H̃(X,B,Z).
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2.3 Small Picard rank
Finally, we consider very general twisted K3 surfaces. Denote the standard basis vectors of a
hyperbolic plane in Λ by e1 and f1. Fix d ∈ Z>0 and set ` := e1 + d · f1 and Λd := Λ ∩ `⊥.

A marked, primitively d-polarized K3 surface is a triple (X,A, θ), consisting of a projective
K3 surface X, an ample line bundle A, and a marking θ : H2(X,Z)

∼−→ Λ such that θ(c1(A)) = `.
From here on, we suppress the ample line bundle from the notation. All marked, primitively
d-polarized K3 surfaces are parameterized by a fine moduli space Nd, which is a 19-dimensional
complex Hausdorff manifold. Thanks to the local and global Torelli theorem, we can describe
Nd explicitly using periods. Let Dd := {p ∈ P(ΛdC) | (p.p) = 0, (p.p̄) > 0} be the period domain
associated with Λd. By identifying (X, θ) with its period [θ(H2,0(X))] ∈ P(ΛdC), we get

Nd = Dd r
⋃
δ∈Λd

(δ.δ)=−2

P(δ⊥)

inside P(ΛdC). See, for example, [Huy16, ch. 6] for details.
Now we bring twists into play. Fix B ∈ ΛQ and set ΛBd := (expB)(Λd) ⊂ Λ̃Q. For every

marked K3 surface (X, θ), we obtain the twisted Hodge structure H̃(X, θ−1(B),Z).

The marking θ can be extended uniquely to an isomorphism θ̃ : H∗(X,Z)
∼−→ Λ̃ which maps

1 ∈ H0(X,Z) to the additional basis vector e ∈ Λ̃; with the ring structure on Λ̃ from § 1, θ̃ is
multiplicative. Under this extended marking, H̃(X, θ−1(B),Z) is determined by the B-twisted
period P(expB)([θ(H2,0(X))]) ∈ P(ΛBdC). If the B-twisted period does not lie on any of the

projective hyperplanes P(δ⊥), for δ ∈ ΛBd ∩ Λ̃, then H̃
1,1

(X, θ−1(B),Z) is isometric to

LBd := (ΛBdC)⊥ ∩ Λ̃.

Write B = B̃ + η1e1 + η2f1 with (B̃.e1) = (B̃.f1) = 0 and η1, η2 ∈ Q, and put B′ := B − η1`.

Lemma 2.12. The intersection matrix of the lattice LBd is given by2b c a
c 2d 0
a 0 0

 ,

where a := per(B′) = min{k ∈ Z>0 | kB′ ∈ Λ} is the period of B′, b := (aB′.aB′)/2, and
c := (aB′.`) = a(η2 − dη1).

Proof. Denote the standard basis vectors of U in the decomposition Λ̃ = Λ ⊕ U by e and f .
Then

LBd = (ΛBdC)⊥ ∩ Λ̃

= expB(C · e+ C · `+ C · f) ∩ Λ̃

=

(
C ·
(
e+B − (B.B)

2
f

)
+ C · (`− (B.`)f) + C · f

)
∩ Λ̃

= (C · (e+B′) + C · `+ C · f) ∩ Λ̃

= Z · (ae+ aB′) + Z · `+ Z · f.

Using this basis, we obtain the intersection matrix in the statement. 2
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Remark 2.13. All possible combinations of a ∈ Z>0 and b, c ∈ Z can occur. Indeed, if e2 and f2

denote the standard basis vectors of a second hyperbolic plane in Λ, then a given set of such
a, b, and c is attained by B := (c · f1 + e2 + b · f2)/a.

In what follows, we say that a property holds for a very general point of a complex manifold
if it holds outside countably many closed submanifolds of positive codimension.

Theorem 2.14. Let B ∈ ΛQ. The following are equivalent.

(1) A very general point of Nd corresponds to a marked K3 surface (X, θ) for which all twisted
Hodge isometries ϕ : H̃(X, θ−1(B),Z)

∼−→ H̃(X, θ−1(B),Z) are signed.

(2) Σ]
0(LBd ) ⊆ Γ+

0 , where Σ]
0(LBd ) and Γ+

0 are the groups from § 2.1.

Proof. Let ψ ∈ O(Λ̃). Then ψ induces a linear map P(ψ) on P(Λ̃C). We denote the set of fixed
points of P(ψ) by Fix(P(ψ)).

Let X be a primitively d-polarized K3 surface with marking θ : H2(X,Z)
∼−→ Λ. Let

p := P(expB)([θ(H2,0(X))]) ∈ P(ΛBdC) be its B-twisted period. The morphism

H̃(X, θ−1(B),Z) ' Λ̃
ψ−−−−→ Λ̃ ' H̃(X, θ−1(B),Z)

is a Hodge isometry if and only if p ∈ Fix(P(ψ)).
Put DB

d := P(expB)(Dd) and NB
d := P(expB)(Nd). We have an eigenspace decomposition

Fix(P(ψ)) =
⊔
λ

P(Eig(ψC;λ)),

where λ runs through all eigenvalues of ψC. Hence, the locus of B-twisted periods for which
ψ is a Hodge isometry is

⊔
(NB

d ∩ P(Eig(ψC;λ))). As Dd ⊂ P(ΛdC) is a smooth quadric,
DB
d ∩ P(Eig(ψC;λ)) ⊆DB

d is of positive codimension exactly when ΛBdC * Eig(ψC;λ). Moreover,

NB
d is the complement of countably many hyperplane sections in DB

d and O(Λ̃) is countable.

Thus, (1) holds if and only if ΛBdC * Eig(ψC;λ) for all non-signed isometries ψ ∈ O(Λ̃) and all
eigenvalues λ of ψC.

On the other hand, whenever ΛBdC ⊆ Eig(ψC;λ) for some ψ and λ, we have λ = ±1 because

ψ ∈ O(Λ̃) and ΛBdC is non-isotropic. Since −id
Λ̃

is signed, (1) holds if and only if every ψ ∈ O(Λ̃)
with ψC�ΛB

dC
= idΛB

dC
is signed. By [Nik79, Corollary 1.5.2, Theorem 1.6.1],

{ψ ∈ O(Λ̃) | ψC�ΛB
dC

= idΛB
dC
} = {ψ ∈ O(Λ̃) | ψ�

ΛB
d ∩Λ̃

= id
ΛB
d ∩Λ̃
} ' O](LBd ).

Therefore, (1) is equivalent to O](LBd ) ⊆ O+(LBd ). The statement now follows from
Proposition 2.6. 2

Remark 2.15. For non-polarized K3 surfaces, Theorem 2.14 has an even simpler counterpart.
Let B ∈ ΛQ. Set a := per(B) and b := (aB.aB)/2. The lattice LB := (ΛB)⊥ ∩ Λ̃ has intersection
matrix

(
2b a
a 0

)
.

Given a marked complex K3 surface (X, θ), we can still define the twisted Hodge structure

H̃(X, θ−1(B),Z). When (X, θ) is very general, H̃
1,1

(X, θ−1(B),Z) ' LB. Classical theory of
isotropic binary quadratic forms (see, for example, [Cas78, ch. 13.3]) shows that such an X
admits only signed Hodge isometries if and only if neither 2 | a nor b ≡ 1 mod a.
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For any prime p, let Σ]
0(LBd ⊗Z Zp) be the preimage of Σ]

p(LBd ) under the natural map

Γ0 → Γp,0. As Σ]
0(LBd ) =

⋂
p Σ]

0(LBd ⊗Z Zp), the criterion of Theorem 2.14 reduces the question
as to whether a very general marked, primitively d-polarized K3 surface admits a non-signed
B-twisted Hodge isometry to the purely local computations of the Σ]

0(LBd ⊗Z Zp). Those have
been carried out in [MM09, Theorem VII.12.1–4] for all indefinite lattices of rank at least 3.

Theorem D. There exist d ∈ Z>0 and B ∈ ΛQ such that every very general marked, primitively
d-polarized K3 surface X admits only signed B-twisted Hodge isometries.

Proof. Since the invariant factors of the intersection matrix of LBd from Lemma 2.12 are

g1 = gcd(a, 2b, c, 2d), g2 =
gcd(a2, ac, 2ad, 4bd− c2)

g1
, and g3 =

2a2d

g1 · g2
,

the discriminant group of LBd is ALB
d

= Z/g1Z ⊕ Z/g2Z ⊕ Z/g3Z.

If there is a prime p such that p | g1 and p≡ 3 mod 4, [MM09, Theorem VII.12.1] implies that

Σ]
0(LBd ⊗Z Zp) = {(1, 1)}. Hence, Σ]

0(LBd ) = {(1, 1)} ⊂ Γ+
0 . In that case, Theorem 2.14

shows that a very general marked, primitively d-polarized K3 surface does not admit any
non-signed twisted Hodge isometries. Remark 2.13 yields the assertion. 2

3. The moduli space of twisted perfect complexes

The next two sections set up the deformation theory for the Fourier–Mukai kernel P from
Theorem A. First, we discuss some preliminaries.

3.1 Twisted complexes and gerbes
Let X be a noetherian algebraic space and α ∈ H2(X,Gm). We recall one possible construction
of the category of α-twisted sheaves on X. Choose a Gm-gerbe X over X whose associated
cohomology class is α. The inertia stack of X induces a Gm-action on every sheaf F on X . When
F is quasi-coherent, it has a weight decomposition

F =
⊕
m∈Z
F (m),

where Gm acts on F (m) via the character λ 7→ λm; cf. [SGA3, Exp. I, Proposition 4.7.3].
Consequently, the category of quasi-coherent sheaves on X has an orthogonal decomposition

into full subcategories of sheaves of pure weight. Passing to derived categories, we obtain a similar
orthogonal decomposition of D(X ) into subcategories of perfect complexes of pure weight. An
α-twisted (or X -twisted) quasi-coherent sheaf is a quasi-coherent sheaf F on X with F = F (1);
similarly for perfect complexes.

Work by Toën and Vaquié [TV07] and Toën [Toë12] shows that twisted perfect complexes
are parameterized by a locally geometric, locally finitely presented derived stack. In order to
avoid derived objects, we restrict to complexes without higher automorphism groups.

Definition 3.1. Let S be a noetherian scheme and f : X → S be a smooth and proper morphism
of schemes. Let X be a Gm-gerbe over X whose associated cohomology class in H2(X,Gm) is
torsion. We define TwX/S to be the fibered category of X -twisted perfect complexes: its fiber
TwX/S(T ) over a scheme T → S consists of all perfect complexes E ∈ D(X × T ) such that

(i) E has pure weight 1; and

(ii) Exti(Et, Et) = 0 for all i < 0 and all points t ∈ T , where Et denotes the fiber of E over t.
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As explained above, the Ext groups computed in the category of twisted perfect complexes

and in the category of all perfect complexes on X are equal.

Theorem 3.2 ([Toë12, Remark 5.6], [TV07, Corollary 3.21]). The fibered category TwX/S
from Definition 3.1 is a locally finitely presented algebraic stack. We call it the moduli space of

X -twisted complexes.

Remark 3.3. Strictly speaking, [Toë12, Remark 5.6] mentions µn-gerbes, not Gm-gerbes.

However, as the cohomology class associated to X is torsion, the category of (quasi-)coherent

sheaves twisted by X is equivalent to the category of (quasi-)coherent sheaves twisted by a

suitable µn-gerbe, and likewise for perfect complexes; cf. [Lie08, Lemma 3.1.1.12].

Remark 3.4. The results in [Toë12, Remark 5.6] and [TV07, Corollary 3.21] are only formulated

for affine S. Nonetheless, when S is arbitrary, we can choose an affine open cover S =
⋃
Si and

bootstrap the statement for
∐

TwXSi
/Si

to that for TwX/S ; cf. [Sta, Tag 06DC].

Remark 3.5. In place of (ii) in Definition 3.1, [TV07] demands that

Exti(EU , EU ) = 0

for all i < 0 and all affine morphisms g : U → T . Yet, the following argument shows that (ii)

implies this seemingly stronger condition.

As Exti(EU , EU ) = Hi(U,RfU,∗RHom(EU , EU )), it suffices to deduce from condition (ii)

that RfU,∗RHom(EU , EU ) is concentrated in non-negative degrees. Since E is perfect, [SGA6,

Exp. I, Proposition 7.1.2] and base change for (untwisted) complexes along Tor independent

maps show that

RfU,∗RHom(EU , EU ) = RfU,∗Lg
∗
XRHom(E,E) = Lg∗RfT,∗RHom(E,E).

Via [Sta, Tag 0BCD], the assertion reduces to RfT,∗RHom(E,E) ⊗L κ(t) ∈ D>0(κ(t)) for all

t ∈ T . By the reverse argument, this is tantamount to Exti(Et, Et) = 0 for all i < 0 and all t ∈ T .

Remark 3.6. The diagonal of TwX/S is quasi-compact. This follows directly from [TV07, § 3.3].

We focus on a substack of complexes that is fibered as a Gm-gerbe over an algebraic space.

Definition 3.7. A complex E ∈ TwX/S(T ) is called simple if the natural map of fppf sheaves

Ga,T → End(E) is an isomorphism. We denote the full subcategory of TwX/S whose objects

are all simple complexes by sTwX/S .

By the infinitesimal lifting criterion, the inclusion sTwX/S ⊂ TwX/S is étale and hence

an open immersion. Let I → sTwX/S be the inertia stack of sTwX/S . As the natural map

Gm × sTwX/S → I is an isomorphism, rigidification [ACV03, Theorem 5.1.5] makes sTwX/S
into a Gm-gerbe sTwX/S → sTwX/S over an algebraic space sTwX/S , the coarse moduli space

for sTwX/S ; cf. also [TV07, Corollary 3.22].
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3.2 Fourier–Mukai kernels as open immersions
Let (X,α) and (X ′, α′) be two smooth, projective twisted varieties. Let ΦP : D(X,α) → D(X ′, α′)
be a fully faithful twisted Fourier–Mukai transform. We generalize [LO15, § 5] to interpret the
Fourier–Mukai kernel P as an open immersion from X into the moduli space of α′-twisted perfect
complexes on X ′.

First, choose Gm-gerbes X → X and X ′ → X ′ that represent α−1 and α′. Just as in § 3.1, P
can be identified with a perfect complex of weight (1, 1) on the Gm×Gm-gerbe X×X ′ →X×X ′.

Lemma 3.8. Let π and π′ denote the projections from X ×X and X ×X ′ onto the first factor,
respectively. Then convolution with P gives a quasi-isomorphism

γ : Rπ∗RHomX×X (O∆X ,O∆X ) → Rπ′∗RHomX×X ′(P, P )

of complexes on X.

Here, we regard O∆X as a sheaf of weight (1,−1) on the Gm ×Gm-gerbe X ×X → X ×X.
Since both internal Hom complexes are of weight (0, 0), we identify them via derived pushforward
with complexes on the underlying coarse spaces.

Proof. It is enough to prove that for each closed point x ∈ X, the induced morphism on fibers
γx is an isomorphism. Fix x ∈ X closed. Let ιx : Xx ↪→ X be the inclusion of the fiber of X over
x. By base change along Tor independent maps, γx is the convolution

RHomXx×X (L(ιx×idX )∗O∆X ,L(ιx×idX )∗O∆X ) → RHomXx×X ′(L(ιx×idX ′)
∗P,L(ιx×idX ′)

∗P ).

The character Gm ×Gm → Gm given by (x, y) 7→ x−1y induces by surjective functoriality
a Gm-gerbe Xx ∧ X → {x} × X together with a morphism Xx × X → Xx ∧ X , which is
the rigidification along the diagonal of Gm ×Gm [Gir71, § IV.2.3.18]. Similarly, the character
Gm × Gm → Gm given by (x, y) 7→ xy produces Xx × X ′ → Xx ∧ X ′, the rigidification
along the antidiagonal of Gm ×Gm. Combining both characters, we obtain Xx ∧ (X × X ′) '
(Xx ∧ X )× (Xx ∧ X ′). Everything is summarized in the diagram below:

Since the gerbe Xx → Spec C has a section, Xx ∧ X and Xx ∧ X ′ still represent α−1 and
α′, respectively [Gir71, § IV.3.3.2]. The kernel Rp′′∗Lpr∗23 P induces ΦP on (Xx ∧X )× (Xx ∧X ′).
Moreover, L(ιx×idX )∗O∆X and L(ιx×idX ′)

∗P are invariant under the diagonal and antidiagonal
action, respectively; κα(x) := Rp∗L(ιx × idX )∗O∆X is the skyscraper sheaf supported on x with
a Gm-action of weight −1 and Rp′∗L(ιx × idX ′)

∗P = ΦP (κα(x)) (using the kernel described in
the previous sentence). Under these identifications, γx becomes the natural map

RHomXx∧X (κα(x), κα(x)) → RHomXx∧X ′(ΦP (κα(x)),ΦP (κα(x)))

induced by functoriality. This is an isomorphism because ΦP is fully faithful. 2
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More conceptually, Lemma 3.8 is a consequence of the existence of twisted Hochschild

cohomology. We now prove a twisted analog of [LO15, Lemma 5.2(i)].

Lemma 3.9. The Fourier–Mukai kernel P defines a morphism µP : X → sTwX ′/C such that for

any f : T → X , the composition µP ◦ f is given by L(f × idX ′)
∗P ∈ D(T ×X ′).

Proof. We must verify that PT := L(f × idX ′)
∗P meets the conditions of Definition 3.1 for any

f : T → X . As P has weight (1, 1), the pullback PT to the Gm-gerbe T × X ′ → T × X ′ has

weight 1. By Lemma 3.8, Exti((PT )t, (PT )t) = 0 for all i < 0 and all t ∈ T closed. Hence, P

induces a morphism X → TwX ′/C. In fact, Lemma 3.8 shows that Ga,T
∼−→ End(PT ) for all

f : T → X , so X → TwX ′/C factors through a unique morphism

µP : X → sTwX ′/C. 2

Since X → X is the coarse moduli space, it is initial for morphisms to algebraic spaces.

Therefore, the composition X µP−→ sTwX ′/C → sTwX ′/C factors through a unique morphism

µ̄P : X → sTwX ′/C.

Definition 3.10. Let x ∈ X be a closed point. After choosing a lift x̃ : Spec C → X , define

Px := L(x̃× idX ′)
∗P.

As the pullbacks under any two such lifts are (non-canonically) isomorphic, Px is a well-defined

element of sTwX ′/C(C).

With this definition, µ̄P (x) = [ΦP (κα(x))] = Px, where, as before, κα(x) denotes the α-twisted

skyscraper sheaf at x.

Lemma 3.11. The map µ̄P : X → sTwX ′/C is an open immersion.

Proof. The proof carries over directly from [LO15, Lemma 5.2(ii)], where it is given in complete

detail. We use the full faithfulness of ΦP to check that µ̄P is an étale monomorphism. For distinct

closed points x, y ∈ X,

Hom(Px, Py) ' Hom(κα(x), κα(y)) = 0.

Hence, µ̄P (x) = Px and µ̄P (y) = Py are not isomorphic and µ̄P is a monomorphism.

Since sTwX ′/C → sTwX ′/C is a Gm-gerbe, we have

T[Px](sTwX ′/C) ' T[Px](sTwX ′/C) ' Ext1(Px, Px)

for any closed point x ∈ X [TV07, Corollary 3.17]. The map on tangent spaces induced by µ̄P
can be identified with the convolution with P ,

TxX ' Ext1(κα(x), κα(x)) → Ext1(Px, Px) ' T[Px](sTwX ′/C),

and is therefore an isomorphism. As X is smooth, µ̄P is étale. 2
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3.3 The Hilbert stack
Quasi-finite morphisms to sTwX ′/C such as µ̄P are classified by a Hilbert stack.

Definition 3.12. Let Y → S be a morphism of algebraic stacks. The Hilbert stack HSY/S of
Y/S is the S-stack whose fiber over a scheme T → S is given by

HSY/S(T ) :=

{
quasi-finite, representable morphisms Z → Y ×S T

such that Z is proper, flat, and finitely presented over T

}
.

The following lemma will later provide a good framework for deforming µ̄P and thus P .

Lemma 3.13. Let S be a noetherian scheme, X → S a smooth and proper morphism of schemes,
and X a Gm-gerbe over X corresponding to a torsion class. Let Y ⊆ sTwX/S be an open subspace.
Then HSY/S is represented by a locally finitely presented algebraic stack.

Proof. It suffices to verify the assumptions of [HR14, Theorem 2] that Y is locally finitely
presented, has affine stabilizers, and its diagonal morphism is quasi-compact and separated.
As Y is an algebraic space, the requirements on affine stabilizers and separated diagonal are
automatic. The locally finite presentation follows from [TV07, Corollary 3.22]. Lastly, note that
Y ×sTwX/S

sTwX/S ⊂ TwX/S is an open substack. Hence, it has quasi-compact diagonal by
Remark 3.6. Quasi-compactness of the diagonal of Y now results from [Sta, 0DQL]. 2

4. Deforming twisted Fourier–Mukai kernels

4.1 Deformations over étale neighborhoods
We return to the setting of Theorem A. Fix two twisted K3 surfaces (X,α) and (X ′, α′), and a
twisted Fourier–Mukai equivalence ΦP : D(X,α)

∼−→ D(X ′, α′). Given a deformation of (X ′, α′),
we will need to find corresponding deformations of (X,α) and P . In view of § 3.2, the deformation
theory of (X,α) and P is closely linked to that of the moduli space of α′-twisted perfect complexes
on X ′. We begin with the latter.

Let f : X′ → S be a projective family of K3 surfaces over a noetherian base scheme S. Let
X ′ → X′ be a Gm-gerbe whose associated class in H2(X′,Gm) is torsion. Any twisted complex
E ∈ sTwX ′/S(T ) has an associated determinant detE [KM76, ch. I], which is a line bundle on
X ′ ×S T of pure weight rkE. Mimicking [Lie07, Definition 2.2.6.26], we now define the open
subspace of sTwX ′/S that corresponds to twisted perfect complexes with trivial determinant.

Let sTwX ′/S(0) ⊂ sTwX ′/S be the open substack of complexes of rank 0 and sTwX ′/S(0) its
coarse moduli space. Since the determinant of any object E of sTwX ′/S(0)(T ) is of weight 0, it is
the pullback of a line bundle on X′ ×S T . This yields a morphism det : sTwX ′/S(0) → PicX′/S
to the Picard stack of X′. The induced morphism on coarse spaces is, by a slight abuse of notation,
again denoted det : sTwX ′/S(0) → PicX′/S .

The algebraic space PicX′/S is unramified over S, essentially because H1(X′s,OX′s) is trivial
for all s ∈ S (see, for example, [Riz06, Proposition 3.1.3]). Thus, the section OX′ : S → PicX′/S
corresponding to the structure sheaf is an open immersion. Define

sTw0
X ′/S := sTwX ′/S(0)×det,PicX′/S ,OX′ S.

This is an open subspace of sTwX ′/S ; its preimage sTw0
X ′/S in the stack sTwX ′/S parameterizes

all twisted perfect complexes with trivial determinant because every such complex has rank 0.
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In Corollary 5.2, we will reduce Theorem A to kernels with fiberwise trivial determinant.
Proposition 4.2 below shows that this significantly simplifies the deformation theory involved.
A natural framework for its proof is provided by derived algebraic geometry; cf. [STV15, § 5.1].
To keep the discussion simple, we isolate the input from derived methods in the following lemma,
which could presumably also be verified directly with a Čech cocycle computation.

Lemma 4.1. The algebraic stack sTwX ′/S has an obstruction theory with the following
properties for any small extension A′ → A of local Artinian C-algebras with residue field C,
any morphism SpecA′ → S, and any object E of sTwX ′/S(SpecA).

(a) The obstruction module for the deformation situation above is Ext2(E0, E0⊗L
C I), where

E0 := E ⊗L
A C is the restriction of E to the special fiber X′0 of X′A and I = ker(A′ → A).

(b) When E is an object of sTwX ′/S(0)(SpecA), the trace morphism tr : Ext2(E0, E0⊗L
C I)

→ Ext2(OX′0
,OX′0

⊗L
C I) ' H2(X′0, f

∗I) maps the obstruction class o(E) to o(detE).

Proof. Fix a µn-gerbe Y ′ → X′ whose cohomology class maps to the class of X ′ under the natural
morphism H2(X′, µn) → H2(X′,Gm) induced by the inclusion. It suffices to prove the statement
for sTwY ′/S instead of sTwX ′/S ; cf. Remark 3.3. For ease of notation, set sTw := sTwY ′/S .

Since sTw is an algebraic stack locally of finite type over S, its cotangent complex
LsTw/S endows it with a canonical obstruction theory [Ols06, Remark 1.7]; for any deformation
situation as above with corresponding morphism νE : SpecA → sTw, the obstruction module
is Ext1

A(Lν∗ELsTw/S , I). On the other hand, in their proof of Theorem 3.2, [TV07, Toë12] realize

sTw as the truncation of a locally finitely presented derived Artin stack sTwder. The closed
immersion j : sTw ↪→ sTwder induces a morphism Lj∗LsTwder/S → LsTw/S and thus by [STV15,

Proposition 1.2] an inclusion Ext1
A(Lν∗ELsTw/S , I) ↪→ Ext1

A(Lν∗ELj∗LsTwder/S , I). Since the latter
is naturally isomorphic to

Ext1
C(Lν∗E0

Lj∗LsTwder/S , I) ' Ext1
C(RHom(E0, E0)∨[−1], I) ' Ext2(E0, E0 ⊗L

C I),

by the adjunction between scalar extension and scalar restriction and [TV07, Corollary 3.17],
this defines an obstruction theory on sTw satisfying (a).

The construction in [STV15, § 3.1] yields a determinant morphism sTwder
→ Picder

Y ′/S of

derived stacks over S (under the standing assumption that we work over the ground field C).
Via the correspondence between open derived substacks of a derived stack and open substacks of
its truncation [STV15, Proposition 2.1], it restricts to a morphism detder : sTwder(0) → Picder

X′/S ,
whose truncation is the morphism det defined earlier. For every deformation situation as before,
we obtain the commutative diagram

By the functoriality of Olsson’s obstruction theory, the left arrow maps o(E) to o(detE). On
the other hand, the tangent map RHom(E0, E0)[1] → RHom(OX′0

,OX′0
)[1] of detder induces the

right arrow. The same proof as for [STV15, Proposition 3.2] shows that it is given by trE0 [1]
if we note that every twisted perfect complex on the special fiber Y ′0 is strictly perfect [Lie07,
Corollary 2.2.7.21]. Property (b) follows. 2
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Proposition 4.2. The moduli space sTw0
X ′/S is smooth over S.

Proof. By [Sta, Tag 0APP], it suffices to test the lifting criterion for formal smoothness for
any small extension A′ → A of local Artinian C-algebras with residue field C, any morphism
SpecA′ → S, and any E ∈ sTw0

X ′/S(SpecA). As before, let E0 := E ⊗L
A C be the restriction

of E to the special fiber X′0 of X′A, and I := ker(A′ → A). Using the obstruction theory from
Lemma 4.1, we must show that the obstruction class o(E) ∈ Ext2

A(E0, E0 ⊗L
C I) vanishes.

Consider the trace morphism tr : RHom(E0, E0) → OX′0
. Grothendieck duality for the

untwisted complex RHom(E0, E0) yields the following commutative diagram:

As E0 is simple, the right arrow, and thereby also the left arrow, is an isomorphism. Since
detE ' OX′A

deforms over A′, the statement now follows from property (b) in Lemma 4.1. 2

Proposition 4.3. Let (X,α), (X ′, α′), and P ∈ D(X × X ′, α−1 � α′) as before. Assume that
rkPx = 0 and detPx ' OX′ for all x ∈ X closed. Let S be a smooth and quasi-compact scheme
over C. Let X′ → S be a projective family of K3 surfaces and X ′ a Gm-gerbe over X′. Assume
there exists s ∈ S with fiber X′s = X ′ such that the class in H2(X ′,Gm) associated to X ′s is α′.

Then there exists a connected étale neighborhood (U, u) → (S, s), together with

(i) a family of K3 surfaces XU → U with fiber (XU )u = X;

(ii) a Gm-gerbe XU over XU whose associated class α−1
U ∈ H2(XU ,Gm) is torsion and pulls back

to α−1 on (XU )u = X; and

(iii) a kernel P ∈ D(XU × X′U , α
−1
U � α′U ) (where X′U := X′ ×S U and α′U ∈ H2(X′U ,Gm) is

the cohomology class associated to X ′ ×S U) with Pu = P that induces a Fourier–Mukai
equivalence on each fiber.

Proof. (i) Let A := OS,s, m ⊂ A its maximal ideal, An := A/mn+1, and Â the m-adic completion
of A. The fiber X ′s represents α′ ∈ H2(X ′,Gm). Choose a Gm-gerbe p : Xs → X that represents
α−1. To lighten notation, define sTwV := sTwX ′V /V for any V → S, and similarly sTwV and

sTw0
V . Since X′ is regular and quasi-compact, H2(X′,Gm) is torsion by a theorem of Grothendieck.

Thus, Theorem 3.2 applies.
As detPx ' OX′ for all x ∈ X closed, the open immersion µ̄P from Lemma 3.11 factors

through some µ̄0 : X ↪→ sTw0
A0

by the seesaw theorem. Moreover, for each n ∈ Z>0, the inclusion
sTw0

A0
⊂ sTw0

An
is given by the pullback of the nilpotent closed immersion SpecA0 ↪→ SpecAn

and is therefore a thickening. Hence, we can extend µ̄0 to a compatible system of open
immersions µ̄n : Xn ↪→ sTw0

An
; cf. [Sta, Tag 05ZP]. Since sTw0

An
is flat over SpecAn by

Proposition 4.2, so too is Xn. Furthermore, Xn is proper over SpecAn because properness
is preserved under infinitesimal deformations of morphisms that are locally of finite type
[Sta, Tag 0BPJ]. Consequently, we obtain a formal object of the Hilbert stack

(µ̄n) ∈ lim
n

HSsTw0
S/S

(SpecAn).

Since HSsTw0
S/S

is a locally finitely presented algebraic stack by Lemma 3.13, the effectivity in

Artin’s axioms guarantees the existence of a ̂̄µ ∈ HSsTw0
S/S

(Spec Â) restricting to (µ̄n). We then
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use Artin approximation to find an étale neighborhood (U, u) → (S, s) and µ̄U ∈ HSsTw0
S/S

(U)

such that µ̄U |SpecA0 ' ̂̄µ|SpecA0 = µ̄0. Put differently, there is a proper, flat, and finitely presented
algebraic stack XU over U , and a quasi-finite, representable morphism

which restricts to µ̄0 over u.
As µ̄U is representable and sTw0

U is an algebraic space, so too is XU . Since the fiber of XU
over u is a K3 surface, f : XU → U becomes, upon replacing U by an open neighborhood of u,
a family of K3 surfaces: the proof of this fact for the universal family over the Hilbert scheme
given in [Huy16, Proposition 5.2.1] applies unchanged to any flat and proper morphism of locally
noetherian algebraic spaces. Finally, we can pass to a further open neighborhood of u to ensure
that U is quasi-compact and connected.

(ii) Define
XU := XU ×sTwU

sTwU .

As sTwU → sTwU is a Gm-gerbe, so too is XU → XU . Let α−1
U ∈ H2(XU ,Gm) be its

associated cohomology class. By the algebraic space version of Grothendieck’s theorem [Lie08,
Corollary 3.1.3.4], H2(XU ,Gm), and hence α−1

U , is torsion. Since P is a complex on Xs × X ′s of
weight (1, 1), the map (p, µP ) : Xs → X ×sTwC

sTwC = (XU )u is a morphism of Gm-gerbes over
X, thus an equivalence. As the identification of isomorphism classes of Gm-gerbes with second
cohomology classes of Gm is functorial in the base space [Gir71, Corollary V.1.5.3], α−1

U pulls
back to α−1 on (XU )u.

(iii) The projection XU → sTwU corresponds to a simple, perfect complex P on XU × X ′U .
The Gm-gerbe structure on sTwU is such that the inertial action of XU on P comes from the
natural map Gm → Aut(P). Thus, P is of weight 1 with respect to XU . As P is, by definition,
also of weight 1 with respect to X ′U , we conclude P ∈ D(XU × X′U , α

−1
U � α

′
U ).

Let πXU
and πX′U denote the projections from XU×X′U onto XU and X′U , respectively. Consider

the complexes

Q := P∨ ⊗L π∗X′U
ωX′U/S

[2] and R := P∨ ⊗L π∗XU
ωXU/S [2]

in D(X′U ×XU , (α
′
U )−1�αU ). By Grothendieck duality, the associated Fourier–Mukai transforms

ΦQt : D((X′U )t) → D((XU )t) and ΦRt : D((X′U )t) → D((XU )t) are left-adjoint and right-adjoint to
ΦPt : D((XU )t) → D((X′U )t), respectively, for all closed t ∈ U . In the discussion preceding [LO15,
Proposition 3.3], Lieblich and Olsson explicitly describe the corresponding adjunction maps. All
steps in their constructions can be carried out for twisted sheaves and base scheme U and
commute with base change to fibers over closed points of U . We obtain morphisms of complexes

η : RπXU×XU ,∗(Lπ
∗
XU×X′U

P⊗L Lπ∗X′U×XU
Q) → R∆∗OXU

and

ε : R∆∗OXU
→ RπXU×XU ,∗(Lπ

∗
XU×X′U

P⊗L Lπ∗X′U×XU
R)

whose fibers over all closed t ∈ U determine counit and unit of the above adjunctions. The same
argument as in [LO15, Proposition 3.3] then shows that ΦPt is an equivalence if and only if ηt
and εt are isomorphisms. After replacing U with an open subscheme, we may therefore assume
that P induces fiberwise equivalences. 2
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4.2 Action on cohomology

We continue to work in the setup of Proposition 4.3. Via GAGA for algebraic spaces, we associate

to U a connected complex manifold Uan and to XU and X′U smooth, proper families of complex

K3 surfaces fan : Xan
U → Uan and f ′ an : X′ an

U → Uan. We further associate analytic torsion classes

αan
U ∈ H2(Xan

U ,O∗Xan
U

) and α′ an
U ∈ H2(X′ an

U ,O∗X′ anU
) to αU and α′U . Analytification for separated

Deligne–Mumford stacks locally of finite type over C [Toë99, ch. 5] produces a perfect complex

Pan ∈ D(Xan
U ×Uan X′ an

U , (αan
U )−1 � α′ an

U ). Following a common abuse of notation, we will from

here on omit the superscript ‘an’.

We now explain how the action of the Fourier–Mukai kernel P on cohomology still exists

in this relative, complex setting. First, as R3f∗Z = 0 and αU is torsion, we can choose B ∈
H0(U,R2f∗Q) such that the image of B under the fiberwise exponential map H0(U,R2f∗Q) →

H0(U,R2f∗O∗XU
) coincides with the image of αU under the edge morphism H2(XU ,O∗XU

) →

H0(U,R2f∗O∗XU
). We choose B′ ∈ H0(U,R2f ′∗Q) in the same way.

Let g : XU ×X′U → U be the structure morphism. Next, we define a twisted Chern character

ch−B�B
′

U (P) ∈
⊕

i H0(U,Rig∗Q), which agrees with the one from [HS05, Proposition 1.2] on each

fiber. Let t ∈ U . Pick an analytic neighborhood V of t such that (−B�B′)|V is represented by

a class βV ∈ H2(XV × X′V ,Q). After shrinking V if necessary, we may assume that exp(βV ) =

α−1
V �α

′
V . As in [HS05, Proposition 1.2], βV determines an α−1

V �α
′
V -twisted, differentiable line

bundle L on XV × X′V because the sheaf C∞ is fine and therefore acyclic.

By [SGA6, Exp. I, Corollary 4.19.1], P ⊗ L−1 is a perfect complex on the C∞-topos of

XV ×X′V . After we replace V by a relatively compact, open neighborhood of t if necessary, [SGA6,

Exp. II, Proposition 2.3.2.c)] shows that P ⊗ L−1 admits a global resolution by a bounded

complex of locally free sheaves. In particular, ch(P ⊗ L−1) is well defined. Let ch−B�B
′

V (P) be

its image under
⊕

i Hi(XV × X′V ,Q) →
⊕

i H0(V,Rig∗Q). By construction, the germ at each

point of V is the twisted Chern character from [HS05, Proposition 1.2] on that fiber. Thus, the

various ch−B�B
′

V (P) for open V ⊆ U only depend on −B � B′ and glue to a global section

ch−B�B
′

U (P) ∈
⊕

i H0(U,Rig∗Q).

Let T(XU×X′U )/U be the relative holomorphic tangent bundle. Define the relative Todd class

tdU (XU ×X′U ) as the image of td(T(XU×X′U )/U ) under the edge morphism
⊕

i Hi(XU ×X′U ,Q) →⊕
i H0(U,Rig∗Q). Then the relative twisted Mukai vector of P is

v−B�B
′

U (P) := ch−B�B
′

U (P) ·
√

tdU (XU × X′U ) ∈
⊕
i

H0(U,Rig∗Q).

In fact, since XU → U and X′U → U are families of K3 surfaces, v−B�B
′

U (P) ∈
⊕

i H0(U,

Rig∗Z); this can be checked on fibers, where it follows from the discussion preceding [HS05,

Proposition 4.3].

Pullback of sections induces a unique map of δ-functors

π∗XU
: Rif∗Z → Rig∗π

−1
XU

Z ' Rig∗Z.

Moreover, by Verdier duality, pullback along πX′U admits a dual pushforward map

πX′U ,∗ : Rig∗Z → Ri−4f ′∗Z.
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The cohomological twisted Fourier–Mukai transform ΦH
P associated to P is given by

It reduces to the usual twisted Fourier–Mukai transform for Pt over each t ∈ U .

Proposition 4.4. The fiberwise cohomological realizations

ΦH
Pt

: H̃((XU )t,Bt,Z)
∼−→ H̃((X′U )t,B

′
t,Z)

are either signed for all t ∈ U or non-signed for all t ∈ U .

Proof. Let H̃ :=
⊕

i Rif∗R ⊗R C∞U be the relative cohomology bundle for XU → U and

Gr+
4 (H̃) → U its associated Grassmann bundle of positive-definite, oriented, four-dimensional

subspaces. Let H̃′ and Gr+
4 (H̃′) → U be the corresponding bundles for X′U → U . As ΦH

P is

compatible with the relative Mukai pairings (
⊕

iR
if

(′)
∗ R) ⊗ (

⊕
iR

if
(′)
∗ R) → R4f

(′)
∗ R ' R, it

induces an isomorphism of bundles

ΦGr
P : Gr+

4 (H̃)
∼−→ Gr+

4 (H̃′).

Choose a base point u ∈ U . The long exact sequence of homotopy groups for the fibration
Gr+

4 (H̃) → U ends in

π1(U) → π0(Gr+
4 (H̃((XU )u,R))) → π0(Gr+

4 (H̃)) → π0(U).

The first map is induced by the monodromy representation ρ : π1(U) → O(H̃((XU )u,R)).
As, in the notation of Definition 2.3, im(ρ) ⊆ O+(H̃((XU )u,R)) (see, for example, [Huy16,
Proposition 7.5.5]), π1(U) → π0(Gr+

4 (H̃((XU )u,R))) is trivial. Since U is connected, Gr+
4 (H̃)

must have two connected components, which correspond to the two connected components
of Gr+

4 (H̃((XU )u,R)). Any Kähler class on a fiber (XU )t deforms differentiably over a small
neighborhood of t [KS60, Theorem 15] and both the holomorphic forms σt and the B-fields Bt

vary differentiably with t. Thus, there is one connected component of Gr+
4 (H̃) which in every

fiber picks out the connected component of Gr+
4 (H̃((XU )t,Bt,R)) defining the natural positive

sign structure. The same holds for X′U . Hence, ΦH
Pt

is either signed for all t ∈ U or non-signed for

all t ∈ U , depending on whether ΦGr
P maps the connected components of Gr+

4 (H̃) and Gr+
4 (H̃′)

that determine the respective positive sign structures into each other or not. 2

5. Proof of Theorem A

We conclude with the proof of Theorem A, which establishes the strong form of the derived
global Torelli theorem for twisted K3 surfaces (Theorem B).

Theorem A. Let (X,α) and (X ′, α′) be two complex, projective twisted K3 surfaces withB-field
lifts B ∈ H2(X,Q) and B′ ∈ H2(X ′,Q). Let ΦP : D(X,α)

∼−→ D(X ′, α′) be a twisted Fourier–
Mukai equivalence. Then the induced Hodge isometry ΦH

P : H̃(X,B,Z)
∼−→ H̃(X ′, B′,Z) is signed.

The strategy of the proof is explained in § 1. Note that whether or not ΦH
P is signed does not

depend on the choice of B-field lifts.
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5.1 Initial reduction
In order to employ the deformation theory of § 4, we must first use [HS06, Theorem 0.1] to reduce
to the case when rkPx = 0 and detPx ' OX′ for all x ∈ X closed.

Lemma 5.1. Let (X,α) and (X ′, α′) be two complex, projective twisted K3 surfaces with B-field
lifts B ∈ H2(X,Q) and B′ ∈ H2(X ′,Q). Let ΦP : D(X,α)

∼−→ D(X ′, α′) be a twisted Fourier–
Mukai equivalence. If the induced Hodge isometry ΦH

P : H̃(X,B,Z)
∼−→ H̃(X ′, B′,Z) is non-signed,

then there is another Fourier–Mukai equivalence ΦQ : D(X ′, α′) → D(X ′, α′−1) such that

ΦH
Q = idH0⊕H4 ⊕−idH2 : H̃(X ′, B′,Z)

∼−→ H̃(X ′,−B′,Z).

Recall that idH0⊕H4 ⊕ −idH2 is always non-signed by Example 2.4.

Proof. The Hodge isometry

ψ : H̃(X,B,Z)
ΦH

P−−→
∼

H̃(X ′, B′,Z)
idH0 ⊕H4 ⊕−idH2

−−−−−−−−−−−→
∼

H̃(X ′,−B′,Z)

is signed. By [HS06, Theorem 0.1], we can thus find a Fourier–Mukai equivalence ΦR :
D(X,α)

∼−→ D(X ′, α′−1) with ΦH
R = ψ. The composition ΦQ := ΦR ◦ (ΦP )−1 is another Fourier–

Mukai equivalence [HS05, p. 917] whose induced action on cohomology is ΦH
Q = idH0⊕H4 ⊕−idH2 .

2

Corollary 5.2. It suffices to prove Theorem A in the case where rkPx = 0 and detPx ' OX′
for all closed x ∈ X.

Proof. Arguing by contradiction, suppose ΦH
P is non-signed. By Lemma 5.1, we may assume that

ΦH
P = idH0⊕H4 ⊕−idH2 : H̃(X ′, B′,Z)

∼−→ H̃(X ′,−B′,Z).

For all x ∈ X, this implies v−B
′
(Px) = ΦH

P (vB
′
(κα(x))) = ΦH

P ((0, 0, 1)) = (0, 0, 1), where Px is
as in Definition 3.10 and κα(x) denotes the α-twisted skyscraper sheaf at x. As v−B

′
(Px) =

ch−B
′
(Px) ·

√
td(X) = ch−B

′
(Px) · (1, 0, 1), we deduce ch−B

′
(Px)0 = 0 and ch−B

′
(Px)2 = 0.

As in § 4.2, the B-field −B′ determines an α′−1-twisted, differentiable line bundle L such that
ch−B

′
(Px) = ch(Px⊗L−1). In particular, ch−B

′
(Px)0 = rk(Px) and ch−B

′
(Px)2 = c1(Px⊗L−1) =

c1(detPx ⊗ L−rkPx). Hence, rkPx = 0 and c1(detPx) = 0. As X ′ is a K3 surface, this yields
detPx ' OX′ . 2

5.2 The deformation family
We now use the moduli space of primitively polarized K3 surfaces with level structure to construct
a deformation family for (X ′, α′). Fix d ∈ Z>0, ` = e1 + d · f1 ∈ Λ, and a marking θ′ : H2(X ′,Z)
∼−→ Λ such that (θ′)−1(`) is ample. For the notation surrounding the K3 lattice Λ, see § 1. Using
θ′, we identify the B-field B′ with an element of ΛQ, which we still call B′. For some n ∈ Z>0,
the pair (X ′, θ′) determines a point o of the moduli space Md[n] of primitively d-polarized K3
surfaces with level-n structure. We briefly recall the construction of Md[n] and refer to [Huy16,
ch. 6] for details.

As in § 2.3, we use the period map to identify the moduli space of marked, primitively
d-polarized K3 surfaces as

Nd = Dd r
⋃
δ∈Λd

(δ.δ)=−2

P(δ⊥)
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inside P(ΛdC), where Dd = {p ∈ P(ΛdC) | (p.p) = 0, (p.p̄) > 0} is the period domain associated

with Λd. We can choose n ∈ Z>0 such that the period

per(B′) := min{k ∈ Z>0 | kB′ ∈ Λ}

divides n and the congruence subgroup

Γ(n) := {g ∈ O(Λd) | ḡ = id ∈ O(AΛd
) and g ≡ id modn} ⊂ O(Λd)

is torsion-free [Bor69, Proposition 17.4]. Here, AΛd
denotes the discriminant group of Λd and ḡ

denotes the automorphism of AΛd
induced by g. In that case, the natural action of Γ(n) on Nd

is free and properly discontinuous; see, for example, [Huy16, Remark 6.1.10, Proposition 6.1.12].

The quotient

Md[n] := Γ(n) \Nd

is the moduli space of primitively d-polarized K3 surfaces with level -n structure. By the Baily–

Borel theorem [BB66], it is a smooth, quasi-projective algebraic variety. Moreover, it is equipped

with a universal family f ′ : X′ → Md[n], a relatively ample line bundle on X′, and a universal

level-n structure θ : R2f ′∗µn
∼−→ Λ/nΛ, which, as before, is compatible with all structures.

Since per(B′) | n, the element B′ ∈ ΛQ determines a class B′ ∈ (1/n)Λ/Λ ' Λ/nΛ. Let

b′ := θ−1(B′) ∈ H0(Md[n],R2f ′∗µn). As

(R2f ′∗µn)o = colim
(S,s)→(Md[n],o)

étale

H2(X′S , µn),

there exist an étale neighborhood ρ : (S, s) → (Md[n], o) and β′S ∈ H2(X′S , µn) such that the image

of β′S under the edge morphism H2(X′S , µn) → H0(S,R2f ′S,∗µn) is ρ∗b′. The inclusion µn ↪→ Gm

induces a homomorphism χ : H2(X′S , µn) → H2(X′S ,Gm). Set α′S := χ(β′S) ∈ H2(X′S ,Gm).

5.3 Conclusion

We remain in the setup of § 5.2. First, we construct infinitely many reduced, effective divisors

Zm on Md[n]. Fix k ∈ Z>0 such that ((B′ + k · f2) . e2) > 0. For each m ∈ Z>0, define

Bm := (4m+ 3)d · e2 +
1

(4m+ 3)d
· f3.

Write B′ + k · f2 −Bm = η · `+ ζm for some η ∈ Q and ζm ∈ ΛdQ. Put

Z̃m := Dd ∩P(ζ⊥m) ⊂ Dd,

where the orthogonal complement is taken in ΛdC. This is the period domain associated with

ζ⊥m ∩ Λd. The intersection Z̃m ∩ Nd parameterizes all marked, primitively d-polarized K3 surfaces

whose rational Picard group contains ζm; in particular, B′ and Bm induce the same Brauer class.

Let Zm be the image of Z̃m ∩ Nd in the quotient Md[n] = Γ(n) \Nd. When m� 0, this is a

so-called special divisor ; cf. [Kud13, §§ 2, 4].

Lemma 5.3. For m� 0, the Zm are reduced, effective divisors on Md[n], and infinitely many of

them are pairwise distinct.
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Proof. When m� 0,

(ζm . ζm) = (B′ + k · f2 − η · `)2 − 2(4m+ 3)d · ((B′ + k · f2) . e2)− 2

(4m+ 3)d
· (B′ . f3)

is negative. In that case, the lattice ζ⊥m ∩ Λd ⊂ Λd has signature (2, 18), so Z̃m is a closed
submanifold of Dd of codimension 1.

On the other hand, let λm denote the coefficient of f3 in ζm and choose ζ̂m ∈ Λd primitive such
that Q· ζ̂m = Q·ζm. By construction, λm 6= 0 for m� 0; moreover, (ζ̂m . ζ̂m) 6 λ−2

m (ζm . ζm) < −2
because the sequence (λm) is bounded and limm→∞(ζm . ζm) = −∞. Since any δ ∈ Λd with

(δ . δ) = −2 is primitive as well, Q · ζ̂m 6= Q · δ, and thus P(ζ⊥m) is not contained in P(δ⊥). In
particular,

Z̃m ∩Nd = (Dd ∩P(ζ⊥m)) r
⋃
δ∈Λd

(δ.δ)=−2

P(δ⊥)

is a closed submanifold of Nd of codimension 1.
Fix m� 0. The group generated by the reflections associated to γ(ζm), where γ ranges over

Γ(n), is a discrete subgroup of O(ΛdR); hence, it acts properly discontinuously on Nd. In other
words, every x ∈ Nd has an open neighborhood V such that s(V ) ∩ V = ∅ for all but finitely
many such reflections s. Therefore, V meets only finitely many Nd ∩ P(γ(ζm)⊥). That is, the set
of these hyperplane sections is locally finite. In particular, the orbit Γ(n) · (Z̃m ∩ Nd) is closed
in Nd and Zm is a reduced, effective analytic divisor on Md[n].

Let Γ(n)ζm be the stabilizer subgroup of Γ(n) with respect to ζm. The map Z̃m ∩ Nd → Zm
factors through the quotient

Z ′m := Γ(n)ζm \ (Z̃m ∩ Nd).

The connected components of Z̃m are bounded symmetric domains of type IV, so Z ′m is a smooth,
quasi-projective variety [BB66]. As the map Z ′m → Md[n] is algebraic [Bor72, Theorem 3.10], its
image Zm is constructible. Since Zariski and analytic closure coincide for constructible subsets,
Zm is Zariski closed.

Lastly, limm→∞(ζm . ζm) = −∞ and the boundedness of (λm) guarantee that the sequence

((ζ̂m . ζ̂m)) has a strictly decreasing subsequence ((ζ̂mj . ζ̂mj )). The corresponding orbits Γ(n) ·
(Z̃mj ∩ Nd), and hence the divisors Zmj , must be pairwise distinct. 2

Proof of Theorem A. By Corollary 5.2, we may assume that rkPx = 0 and detPx ' OX′ for all
closed x ∈ X. We use the deformation family constructed in § 5.2. By Proposition 4.3 applied to
X′S → S, we can refine ρ by a further connected étale cover (U, u) → (S, s) and obtain

(i) a family of K3 surfaces XU → U with (XU )u = X;

(ii) a torsion class α−1
U ∈ H2(XU ,Gm) with (α−1

U )u = α−1; and

(iii) a kernel P ∈ D(XU ×X′U , α
−1
U �α

′
U ) (where X′U and α′U are the base changes of X′S and α′S

to U) with Pu = P which induces an equivalence on each fiber.

We now prove Theorem A in two steps.

Step 1. We make the additional assumption that the twisted derived category of a K3 surface
which corresponds to a very general point ofMd[n] (with twist induced by b′) does not contain any
spherical objects. Since the image of ρ : (U, u) → (Md[n], o) is open, we can find t ∈ U for which
D((X′U )t, (α

′
U )t) has that property. As ΦPt is an equivalence, D((XU )t, (αU )t) does not contain

any spherical objects either. By [HMS08, Corollary 3.19], ΦH
Pt

is signed. Thus, Proposition 4.4

shows that ΦH
P = ΦH

Pu
must also be signed.
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Step 2. We reduce the general case to that of step 1. As the union of infinitely many distinct,
reduced, effective divisors is Zariski dense and ρ(U) is Zariski open, we can choose z ∈ U and
m ∈ Z>0 such that ρ(z) ∈ Zm. In particular, we can find a marking θz on the K3 surface (X′U )z
for which θ−1

z (B′ + k · f2 − Bm) ∈ Pic((X′U )z) ⊗Z Q. Hence, the B-fields θ−1
z (B′) and θ−1

z (Bm)
induce the same Brauer class on (X′U )z.

On the other hand, whether an isometry between twisted Hodge structures is signed is
independent of the chosen B-field lifts. By Proposition 4.4, ΦH

P = ΦH
Pu

is signed if and only if

ΦH
Pz

is so. It therefore suffices to prove Theorem A for the Fourier–Mukai kernel Pz and the
B-field Bm in place of P and B′.

As (Bm . `) = (Bm . Bm) = 0, the discussion before Lemma 2.12 shows that the (1, 1)-part of
the Bm-twisted Hodge structure of a very general marked, d-polarized K3 surface is

LBm
d =

 0 0 (4m+ 3)d
0 2d 0

(4m+ 3)d 0 0

 .

But LBm
d does not represent −2: when d > 2, use the fact that the intersection form takes values

in 2dZ, and when d = 1, observe that −1 is not a square modulo 4m + 3 by the quadratic
reciprocity law for a prime factor which is 3 modulo 4. Since the Mukai vector of a spherical
object is a (−2)-class, the Bm-twisted derived category of a very general point of Md[n] cannot
contain any spherical objects. 2
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