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ABSTRACT

Derived equivalences of twisted K3 surfaces induce twisted Hodge isometries between
them; that is, isomorphisms of their cohomologies which respect certain natural lattice
structures and Hodge structures. We prove a criterion for when a given Hodge isometry
arises in this way. In particular, we describe the image of the representation which
associates to any autoequivalence of a twisted K3 surface its realization in cohomology:
this image is a subgroup of index 1 or 2 in the group of all Hodge isometries of the
twisted K3 surface. We show that both indices can occur.

1. Introduction

Let X be a K3 surface. Although the diffeomorphism group of X remains a mysterious object, it
is partially understood via its cohomology representation. To elaborate, the intersection pairing
gives a lattice structure of signature (3,19) on H*(X, Z). Denote by O(H?*(X, Z)) the orthogonal
group of this lattice. We obtain a representation

Diff(X) — O(H*(X,Z))

by associating to each diffeomorphism its action on cohomology.

Results of Borcea and Donaldson [Bor86, Don90] completely describe the image of this
representation. Let V' C H2(X,R) be a maximal positive-definite subspace. Composing an
isometry ¢ € O(H?(X, Z)) with the orthogonal projection onto V gives an isometry of V. We call
@ signed if it induces orientation-preserving isometries on one, or equivalently every, maximal
positive-definite subspace of H?(X, R); cf. Definition 2.3. The image of Diff(X) — O(H?(X,Z))
is the group of signed isometries, which we denote by O (H?(X, Z)).

Let D(X) be the bounded derived category of coherent sheaves on X. Mirror symmetry
suggests a similar picture for the group of autoequivalences of D(X); cf. [Sze01, Conjecture 5.4].
From here on, assume that X is projective, in which case every autoequivalence of D(X) is a
Fourier-Mukai transform [Orl97, Theorem 2.2].

In [Muk87], Mukai finds an analog of the above cohomology representation for Aut(D(X)).
The Mukai lattice of a K3 surface X is the pure Hodge structure of weight 2,

H(X,Z):=H(X,Z)(—1) ® H3(X, Z) ® HY(X, Z)(1),

together with a lattice structure of signature (4,20) given by the Mukai pairing

(6,0) = /X(¢2/\¢2—¢0/\¢4—¢4/\1/10)~
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AUTOEQUIVALENCES OF TWISTED K3 SURFACES

Mukai constructs a representation
Aut(D(X)) — O(H(X, Z)),

which associates to every Fourier-Mukai equivalence ®p € Aut(D(X)) a cohomological
realization ®8. Work by various authors [HLOY04, Plo05, HMS09] shows that the image of
this representation is the group O+(ﬁ(X ,Z)) of signed Hodge isometries, which is defined as
before. See [Huy16, §16.3] for details.

The setup

A twisted K3 surface is a pair (X, «), consisting of a K3 surface X and a torsion class
a € H?(X,0%). From the viewpoint of mirror symmetry, it is natural to try to extend the
previous results to twisted K3 surfaces; cf. [Cal00, Conjecture 5.5.5] and [HS05, Conjecture 4.9].
Huybrechts and Stellari [HS05] generalize Mukai’s construction to a twisted cohomology
representation

Aut(D(X,a)) — O(H(X, B, Z)),

again using cohomological realizations of twisted Fourier—-Mukai functors. We briefly introduce
the objects that appear in this representation and refer once more to [Huy16, ch. 16] for details.

An a-twisted sheaf on X is, loosely speaking, a generalized sheaf which satisfies the cocycle
condition up to a twist by a. We denote by D(X, «) the bounded derived category of the abelian
category of a-twisted coherent sheaves. To define a twisted version of the Mukai lattice, we pick
a B-field lift of o that is, a class B € H*(X, Q) such that exp(B%2?) = a. The B-twisted Hodge
structure ﬁ(X, B, Z) has the same underlying lattice as ﬁ(X, Z). Its Hodge structure of weight 2
is the image of Mukai’s Hodge structure under multiplication by exp(B) := 1+ B+ (B A B)/2.
Two different B-field lifts of o induce isometric twisted Hodge structures.

Our results

In this paper we describe the image of Aut(D(X,a)) — O(H(X, B,Z)). As in the untwisted
case, every autoequivalence is of Fourier—-Mukai type [CS07, Theorem 1.1]. Thus, it suffices to
describe the cohomological realizations of twisted Fourier—Mukai equivalences. We do this more
generally for possibly different Fourier—Mukai partners.

For every K3 surface X and B € H%(X,Q), we can make natural choices of compatible
orientations on all maximal positive-definite subspaces of ﬁ(X,B,R); see Example 2.2. An
isometry between two twisted Hodge structures is called signed if the induced map on positive-
definite subspaces is orientation-preserving; see Definition 2.3. Huybrechts and Stellari show that
every signed Hodge isometry lifts to a twisted Fourier-Mukai equivalence [HS06, Theorem 0.1].
We prove the converse.

THEOREM A. Let (X, «) and (X', ') be two complex, projective twisted K3 surfaces with B-field
lifts B € H*(X, Q) and B’ € H*(X',Q). Let ®p: D(X,a) = D(X',&/) be a twisted Fourier—

Mukai equivalence. Then the induced Hodge isometry @%: H(X,B,Z) = ﬁ(X’, B',Z) is signed.

In particular, Theorem A gives a new argument for the untwisted statement, which was
treated in [HMS09]. It avoids the passage to rigid-analytic varieties and instead relies on the
twisted theory. The proof of Theorem A, which makes up the bulk of this paper, is outlined
below. It is essential to the proof that we allow for different Fourier—-Mukai partners. Theorem A
and [HS06, Theorem 0.1] together imply the following strong form of the derived global Torelli
theorem for twisted K3 surfaces.
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THEOREM B. In the notation of Theorem A, a Hodge isometry ¢: ﬁ(X, B,7Z) > ﬁ(X’, B',Z) is
the cohomological realization of a twisted Fourier-Mukai equivalence ®p: D(X,a) = D(X’, /)
if and only if ¢ is signed.

As a corollary, we obtain a complete description of the image of the cohomology
representation of Aut(D(X, «)).

CorOLLARY C. The image of Aut(D(X, a)) — O(H(X, B, Z)) is the subgroup of signed Hodge
isometries O (H(X, B, Z)).

In another direction, we discuss in § 2 the index of the image in Corollary C. In the untwisted
setting, the index of O (H(X, Z)) in O(H(X, Z)) is always 2 because id (o gy (x,z) © —idpz(x z)
is a non-signed Hodge isometry; see Example 2.4. The twisted setting is more involved:
even though O1(H(X,B,Z)) is still of index at most 2 in O(H(X,B,Z)), the isometry
id (o g 14y (x,z) @ —idp2(x,z) does not generally preserve twisted Hodge structures.

In Lemma 2.7 we formulate a sufficient condition for the existence of a non-signed Hodge
isometry. If X has Picard rank at least 12, this condition is satisfied and the index is 2; see
Corollary 2.8. However, Theorem D below shows that the index is often 1 for small Picard rank.
The integral cohomology of any K3 surface is isometric to the K3 lattice A. Thus, after the choice
of a marking : H?(X,Z) = A, any B € Aq induces a B-field on X.

THEOREM D. There exist d € Z~y and B € Aq such that every very general marked, primitively
d-polarized K3 surface X admits only signed B-twisted Hodge isometries.

In fact, we can do better: in Theorem 2.14, we state an explicit, lattice-theoretic condition for
when a given B € Aq satisfies the conclusion of Theorem D. For concrete choices of B, many of the
computations involved in checking this condition can be read from [MMO09, Theorem VII.12.1-4].

Outline of the proof of Theorem A

In [HMSO08, Corollary 3.19], Theorem A is proved under the additional assumption that D(X, a)
and D(X’, o) do not contain any object E with Ext*(E, E) ~ H*(S2, C). Such objects are called
spherical. We reduce Theorem A to this special case. To do so, we find in §5 a deformation of
(X', a’) whose very general fiber does not have any spherical objects. After passage to an étale
neighborhood on the base, we can construct deformations of (X, a) and P € D(X x X/, a1 Xa/)
which match the deformation of (X’,a/); see §§3 and 4.1. Finally, we observe that the induced
Hodge isometries on the fibers of these deformation families stay locally constant (§4.2) and
use [HMS08, Corollary 3.19] to conclude.

To obtain the deformation of (X', /), we use the moduli space My[n] of primitively d-
polarized K3 surfaces with level-n structure. For every B’ € Aq, there exists an n > 0 such that
B’ determines a Brauer class on the universal family of My[n] over an étale neighborhood of X';
see §5.2. With a suitable choice of B’, the universal family together with this Brauer class is a
deformation of (X', /). However, for some B’ the twisted derived category of every K3 surface
in this family contains spherical objects. For instance, when B’ = 0, the structure sheaf is a
spherical object in the untwisted derived category of every K3 surface. Thus, we cannot expect
to find ourselves in the situation of [HMSO08, Corollary 3.19] after a single deformation process.

We get around this problem by performing two deformations. Fix a level structure on X’
and B’ € Aq such that the induced Brauer class on X’ is . First, we construct infinitely many
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By, € Aq and infinitely many distinct reduced, effective divisors Z,, on Mjy[n]. On each K3
surface which corresponds to a point of Z,,, the Brauer classes induced by B’ and B,, are equal.
Furthermore, the B,, induce Brauer classes on the universal family for which a very general
fiber does not have any spherical objects. As the union |J Z,, is Zariski dense in My[n], it meets
every étale neighborhood of the initial surface X’. Thus, we can reach it using the deformation
of (X', ). From there, we perform a second deformation with some B, to arrive at a twisted
K3 surface whose twisted derived category does not contain any spherical objects. For details,
see §5.3.

Let us offer a small glimpse of the methods involved in finding the matching deformations of
(X, «) and P, which generalize the methods of [LO15]. Let sTw y /c be the coarse moduli space
of simple, o/-twisted complexes on X’; see §3.1. In §3.2, we reinterpret P as an open immersion
fip: X = sTwyr/c. Any given deformation of (X ' o) over a base scheme S formally produces a
deformation of sTWy//c over S. As jip is an open immersion, it has canonical deformations over
each infinitesimal neighborhood in S. After changing the Fourier-Mukai partners in an initial
reduction (§5.1), we can use the algebraicity of a suitable Hilbert stack (§3.3) to deform fip over
an étale neighborhood U — S; see §4.1.

Notation and conventions

Throughout the paper we work over the ground field C. We denote the category of perfect
complexes on a scheme X by D(X); the same notation is used for twisted schemes, algebraic
spaces, algebraic stacks, complex manifolds, and differentiable manifolds. We denote a Fourier—
Mukai transform with kernel P by ®p.

We now introduce some lattice-theoretic notation. The precise definitions of all following
objects can be found in, say, [Huyl6, ch. 14]. A lattice L is a free Z-module of finite rank
together with a non-degenerate symmetric bilinear form with values in the integers. We say that
L is even if (z.z) € 2Z for all x € L. The dual lattice of L is LY := Hom(L, Z). The discriminant
group of L is Ay, := LV /L, which is equipped with a finite quadratic form qr,: A, — Q/2Z when
L is even. We denote the orthogonal group of L by O(L) and the kernel of the natural map
O(L) = O(Ay) by Of(L).

For any a € Z~{0}, we denote the lattice of rank 1 with intersection matrix (a) by (a). The K3
lattice is A := Eg(—1)%2 @ U®3, a direct sum of hyperbolic planes U and twists of the Eg-lattice.
We denote the canonical basis vectors of the three copies of U by e; and f;, for ¢ = 1,2,3. The
extended K3 lattice A := A @ U contains an additional hyperbolic plane with basis vectors e
and f. The period domain associated with A is D := {z € P(A¢) | (z.x) =0, (z.Z) > 0}.

For any d € Z~(, we obtain d-polarized versions of the above notions by intersecting with the
orthogonal complement of the primitive integral class £ := e;+d- f; € A. Concretely, Ay := AN ¢+,
Ag:=AN¢t and D;:=DnN P(¢+) are the d-polarized K3 lattice, the d-polarized extended K3
lattice, and the d-polarized period domain, respectively.
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We define the following ring structure on A to mimic the cup product on singular cohomology:
Ae+az+puf) - Net+a' +4'f)=Ne+ (\' + Na)+ W\ — (x.2') + Np)f.

The ‘exponential’ of a given B € Ac is exp(B) :=e+ B — ((B.B)/2)f € Ac. It acts on Ac via
multiplication. For a subset S C Ag, let SP := (exp B)(S). This applies in particular to AZ, Ag,
and AZ,. As exp B descends to an automorphism P(exp B) of P(Ac), an analogous definition
can be made for subsets S C P(Ag). For instance, D? = P(exp B)(Dy).

2. Hodge theory of twisted K3 surfaces

This section describes the Hodge structures and Hodge isometries that can arise on twisted K3
surfaces. Since it is, by and large, independent of the rest of the paper, the reader who is mainly
interested in the proof of Theorem A may jump directly to §3 and refer back as needed. We
begin by reviewing the necessary lattice theory.

2.1 Lattice-theoretic preliminaries

Let L be a lattice with intersection form ( . ). The real vector space Lgr := L ®z R comes with
an inner product whose signature we denote by (s4,s_). When s; > 0, the positively oriented
Grassmannian

Gr;(LR) := {W C Lg positive-definite, oriented subspace of dimension s }
has two connected components.

DEFINITION 2.1. A positive sign structure on L is a choice of a connected component of
GI‘;’;(LR).

In other words, given two positive-definite subspaces W, W’ of Lr of maximal dimension
s+, the orthogonal projection W — W’ is an isomorphism. A positive sign structure is a choice
of orientation on each such subspace W that is compatible with these isomorphisms.

Ezample 2.2. Let (X,a) be a twisted K3 surface. Let B € H*(X,Q) be a B-field lift of a.
Choose a holomorphic 2-form o € H?9(X) and a Kihler class w € HY(X). The natural positive

sign structure on H(X, B, Z) is the connected component of Gr (H(X, B, R)) that contains the
positive-definite, oriented subspace with ordered basis

(Re(exp(B)o), Im(exp(B)o), Re(exp(B + iw)), Im(exp(B + iw))).

Here, exp(7) := 1+ 7+ (r A 7)/2 for any 7 € H(X, B, C) and exp(B) acts on H(X, B, C) via the
cup product. The natural positive sign structure is independent of the choices of o and w.

DEFINITION 2.3. An isometry o: L — M of lattices with chosen positive sign structures is signed
if o carries the positive sign structure of L into the positive sign structure of M. It is non-signed
otherwise.

Likewise, an isometry o: L — L of a lattice L is signed if and only if og preserves the two
connected components of Gr;’;(LR). Set

Ot (L) := {0 € O(L) | oR is signed}.
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In the literature, positive sign structures are also called orientations of the positive directions
and signed isometries are those that preserve the orientation of the positive directions. The next
example is crucial for §5.1.

Ezample 2.4. Let X be a K3 surface with holomorphic form o € H?%(X), Kihler class
w € HYY(X), and B-field B € H*(X, Q). Then the isometry

idgo ¢ 1t @ —idye : H(X, B,Z) > H(X, ~B, Z)

relates the basis vectors of the natural positive-definite, oriented subspaces from Example 2.2 as
follows:

Re(exp(B)o) — —Re(exp(—B)o), Im(exp(B)o) — —Im(exp(—B)o),
Re(exp(B +iw)) — Re(exp(—B +iw)), Im(exp(B + iw)) — —Im(exp(—B + iw)).

Thus, idyo s @ —idy2 is non-signed.
We now give an alternative description of O (L).

DEFINITION 2.5. Let K be a field of characteristic not equal to 2, V' a vector space over K, and
(.) a symmetric bilinear form on V. For v € V' with (v.v) # 0, let 7,: w — w —2((w.v)/(v.v))v
be the associated reflection. Set

spin(7,) = (v.v) € K*/(K*)?.

By the Cartan—Dieudonné theorem, every isometry is a composition of reflections. We can extend
spin uniquely to a homomorphism

spin: O(V) — K /(K*)?,
which we call the spinor norm; it is well defined by [O’Me00, § 55].
If K = R, we identify R*/(R*)? ~ {&1}. Then for any lattice L,
OT(L) = {o € O(L) | det(o) - spin(or) = 1}.

Denote by O*(L) € O(L) the group of isometries that act trivially on the discriminant group
Ap = LV /L. We later need to check when Of(L) € O*(L) (cf. Theorem 2.14). Proposition 2.6
below reduces this to a purely local computation. Before we can state the precise criterion, we
need to introduce additional notation.

For all primes p € N, let

Tpo:={+1} x ZX/(Z))* C T, = {£1} x Q) /(Q))*.

Furthermore, let

Cap:= H FpoCTla = {(dp, sp) € H I'y | (dp,sp) € T'pp for almost all p}.

p prime p prime

The inclusions O(L) C O(Lq,) induce maps

(det,spin,): O(L) — T'p,
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which combine to
(det,sping): O(L) — T'a.

For any prime p, set

SE(L) = (det,spin,)(O*(Lg,)) and SHL):= [ ZH(L).

p prime
By [MMO09, Theorem VII.12.1-4], Eg(L) CT,oand X¥(L) CTap. Put
FQ = {:l:l} X QX/(QX)Q CTA.

Let Fa C I'q be the preimage of {(—1,—1),(1,1)} under the natural homomorphism
Igq = {£1} x Q*/(Q*)* — {£1} x R*/(R*)? = {£1} x {*1}.

Lastly, set
I'p:=TqNTao={£1} x {£1}

and define
If =T NTo={(-1,-1),(1, 1)} CTy and Zf(L):=X*(L)NTy.
The next proposition is known to some experts.

PROPOSITION 2.6. Let L be a non-degenerate, indefinite, even lattice of rank at least 3. Then
O*(L) C OF(L) if and only if $5(L) C T

Proof. To show necessity, assume OF(L) € OF(L). Let ((dp,sp))p € Eg(L). By definition of
Y#(L), there are 0, € O%(Lz,) such that (det, spin, ) (o) = (dp, sp). They induce in particular an
isometry A, ) of the discriminant form Ay,

On the other hand, as L is indefinite of rank at least 3, (det,spin): O(Lq) — I'q is surjective;
cf. [Kneb6b, Satz A]. Thus, there is p € O(Lq) with (det, sping )(p) = ((dp, Sp))p- By the strong
approximation theorem for spin groups [Kneb6a, Approximationssatz], we can find ¢ € O(Lq)
such that (det,spiny )(v) = (1, 1),

vaq,(Lz,) = pg, ©9p(Lz,) = pg, (Lz,)

for all p, and the induced morphism on discriminant groups is Ay, ) = A(pél 0op)’

Set ¢ := pot). Then ¢(Lz,) = Lz, for all p, and so ¢ € O(L). Moreover,pAcp = A(o,) = 1da,
because o, € Oﬁ(sz). Therefore, ¢ € O L) with (det,spina)(p) = (det,spina)(p) - (det,
sping ) () = ((dp, sp))p. However, since OF(L) C OT (L), it follows that (det,spiny )(¢) ¢ {(—1, 1),
(1,—1)}. Thus, ((dp, sp))p € Tg.

For sufficiency, assume EE(L) C I'{. Let ¢ € OF(L). Then (det,spiny)(p) € (L) N Tq.
As Y¥(L) CTap, we have

SHL)NTq = SHL)NTa0NTq =S (L)NTy = X4(L) CT¢.

Hence, (det,spin)(¢r) € {(—1,—1),(1,1)} and ¢ € OF(L). O
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2.2 Large Picard rank
Twisted Hodge structures of K3 surfaces with Picard rank at least 12 always admit a non-signed
Hodge isometry.

LEMMA 2.7. Let X be a K3 surface and B € HQ(X, Q). Assume there exists a hyperbolic plane
UC ﬁl’l(X, B, Z). Then H(X, B,Z) admits a non-signed Hodge isometry.

~1,1 . . . .
Proof. As H" (X,B,Z) = U @ U*', we find the non-signed isometry id;. @ —idy of
~1,1
H ' (X,B,Z). Since idy. @ —idy acts trivially on Aﬁl’l(XBZ)’ it can be extended to a
non-signed Hodge isometry of H(X, B, Z); see [Nik79, Corollary 1.5.2]. O

COROLLARY 2.8. Let X be a K3 surface of Picard rank p(X) > 12. Let B € H?(X,Q). Then

H(X, B,Z) admits a non-signed Hodge isometry.

Proof. If p(X) > 12, then NS(X) C ﬁl’l(X,B,Z) contains a hyperbolic plane by the proof
of [Kov94, Lemma 4.1]. O

We will see now, however, that the converse of Lemma 2.7 does not hold.

PROPOSITION 2.9. Let L be an even, non-degenerate lattice of rank 3 < rk L < 12 and signature
(2,1k L — 2). Assume there exists x € L with (x.x) = 0. Then we can find a K3 surface X and

B € H2(X, Q) such that H" (X, B,Z) ~ L.

Proof. Astk L <12= %-rk A, there exists a primitive embedding L < A [Nik79, Theorem 1.12.4].
Since the signature of L is (2,rk L — 2), we can choose p € Ac such that

(pp)=0, (pp)>0, and LC pt.

Using the Baire category theorem, we can even ensure that L = pt N A. This defines the following
Hodge structure of K3 type on A:

KQ,O =C P, KOQ =C 'ﬁ7 and K]-’l = (K270 D KOQ)J_.

Let y € L with (z.y) # 0. Then the sublattice spanned by x and (z.y)y — ((y.y)/2)z is

a twisted hyperbolic plane with intersection matrix <($21)2 (I’é/)2>. Thus, [Huyl7, Lemma 2.6]

shows that there is a complex K3 surface X and B € H? (X, Q) for which ﬁ(X , B, Z) is isometric
to the Hodge structure on A defined above. In particular, ITIM(X, B,Z)~ L.

~1
For some a € Z~, there is an immersion Z-(a,aB,0) & NS(X) @ HY(X,Z) — H ’1(X, B,Z)
of finite index. Therefore, we can find M € Pic(X) with (M)? > 0. As a consequence of Grauert’s
ampleness criterion for surfaces, X is projective. O

Remark 2.10. Any even, non-degenerate lattice L of rank 5 < rk L < 12 and signature (2, rk L—2)
satisfies the assumptions of Proposition 2.9 by Meyer’s theorem.

Ealccimple 2.11. By Proposition 2.9, there is a K3 surface X and B € H?(X,Q) such that
H' (X,B,Z) ~ (4) ® U(2). As (4) & U(2) contains no (+2)-classes, there is no primitive

embedding U — H' (X, B,Z). Nevertheless, the non-signed isometry id;y @ —idy() of
H " (X, B,Z) acts trivially on Aﬁl,l(X B.7) and therefore induces a Hodge isometry of H(X, B, Z).
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2.3 Small Picard rank
Finally, we consider very general twisted K3 surfaces. Denote the standard basis vectors of a
hyperbolic plane in A by e; and fi. Fix d € Z~o and set £ :=e; +d - f; and Ag:= A N ¢+,

A marked, primitively d-polarized K3 surface is a triple (X, A, #), consisting of a projective
K3 surface X, an ample line bundle A, and a marking §: H?(X,Z) = A such that 6(c;(A)) = £.
From here on, we suppress the ample line bundle from the notation. All marked, primitively
d-polarized K3 surfaces are parameterized by a fine moduli space Ny, which is a 19-dimensional
complex Hausdorff manifold. Thanks to the local and global Torelli theorem, we can describe
Ny explicitly using periods. Let Dy := {p € P(A4c) | (p.p) =0, (p.p) > 0} be the period domain
associated with Ag. By identifying (X,6) with its period [0(H*°(X))] € P(A4c), we get

Ng=Dg ~ |J P
d€y
(8.8)=—2

inside P(Ag4c). See, for example, [Huy16, ch. 6] for details.

Now we bring twists into play. Fix B € Aq and set AF := (exp B)(Aq) C /~\Q. For every
marked K3 surface (X,6), we obtain the twisted Hodge structure H(X, 0 (B), Z).

The marking 6 can be extended uniquely to an isomorphism 0: H*(X,Z) > A which maps
1 e H(X, Z) to the additional basis vector e € K; with the ring structure on A from 51, 0 is
multiplicative. Under this extended marking, H(X,0~(B),Z) is determined by the B-twisted
period P(exp B)([0(H*?(X))]) € P(AL;). If the B-twisted period does not lie on any of the

projective hyperplanes P(61), for § € A N A, then ﬁl’l(X7 0=(B),Z) is isometric to
L% = (A5 nA.
Write B = B + nie1 + no f1 with (E.el) = (E.fl) =0 and 71,72 € Q, and put B’ := B — /.

LEMMA 2.12. The intersection matrix of the lattice LdB is given by

2b ¢ a
c 2d 0],
a 0 O

where a := per(B’) = min{k € Z~ | kB’ € A} is the period of B', b := (aB'.aB’)/2, and
c:= (aB'.l) = a(ne — dm).

Proof. Denote the standard basis vectors of U in the decomposition A=AaU by e and f.
Then

Li= (M) nA
—expB(C-e+C-(+C-f)NA
(B.B) ~
_ (c‘ (e+B—2f> +C-(€—(B.€)f)+C'f) nA
—(C-(e+B)+C-L+C-f)nA
=Z (ae+aBY+Z -(+Z-f.

Using this basis, we obtain the intersection matrix in the statement. O
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Remark 2.13. All possible combinations of a € Z~q and b, ¢ € Z can occur. Indeed, if e and fo
denote the standard basis vectors of a second hyperbolic plane in A, then a given set of such
a, b, and c is attained by B := (c- fi + ea + b fa)/a.

In what follows, we say that a property holds for a very general point of a complex manifold
if it holds outside countably many closed submanifolds of positive codimension.

THEOREM 2.14. Let B € Aq. The following are equivalent.

(1) A very general point of Ny corresponds to a marked K3 surface (X, 0) for which all twisted
Hodge isometries p: H(X,07Y(B),Z) > H(X,07'(B),Z) are signed.

(2) Eg(Lg) CI'{, where Eg(Lg) and I'{ are the groups from § 2.1.

Proof. Let ¢ € O(A). Then v induces a linear map P(v)) on P(Ac). We denote the set of fixed
points of P(¢) by Fix(P(v)).

Let X be a primitively d-polarized K3 surface with marking 6: H*(X,Z) = A. Let
p = P(exp B)([0(H*°(X))]) € P(AZ,) be its B-twisted period. The morphism

H(X,0"Y(B),Z)~ A —— A ~H(X,6"'(B),Z)

12

is a Hodge isometry if and only if p € le(P(w))
Put D? := P(exp B)(D,4) and NP := P(exp B)(N,). We have an eigenspace decomposition

Fix(P(¢)) =| | P(Eig(vc; M),
A

where A runs through all eigenvalues of ¥c. Hence, the locus of B-twisted periods for which
1 is a Hodge isometry is |_|(Nj3 N P(Eig(y¥c; A))). As Dy € P(Age) is a smooth quadric,
DE NP(Eig(1c; A)) € DF is of positive codimension exactly when AZL ¢ Eig(1c; A). Moreover,
N f is the complement of countably many hyperplane sections in Df and O(/~\) is countable.
Thus, (1) holds if and only if A%, & Eig(y)c; A) for all non-signed isometries ¢ € O(A) and all
eigenvalues A of ¢c.

On the other hand, whenever Agc C Eig(tc; A) for some ¢ and A\, we have A = +1 because
¥ € O(A) and A5 is non-isotropic. Since —idy is signed, (1) holds if and only if every ¢ € O(A)
with ¢ [Agcz idAfc is signed. By [Nik79, Corollary 1.5.2, Theorem 1.6.1],

e O( ) [ Yel AR = 1dAB }={ve O( ) [l ABRR= 1dABmA} Oﬁ(Ld)

Therefore, (1) is equivalent to Of(LY) C O%(LE). The statement now follows from
Proposition 2.6. O

Remark 2.15. For non-polarized K3 surfaces, Theorem 2.14 has an even simpler counterpart.
Let B € Aq. Set a := per(B) and b := (aB.aB)/2. The lattice L? := (A®)1 N A has intersection
matrix (208).

Given a marked complex K3 surface (X, ), we can still define the twisted Hodge structure
H(X,0"Y(B),Z). When (X,6) is very general, ITIM(X, 0=Y(B),Z) ~ LB. Classical theory of
isotropic binary quadratic forms (see, for example, [Cas78, ch. 13.3]) shows that such an X
admits only signed Hodge isometries if and only if neither 2 | @ nor b = 1 mod a.
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For any prime p, let Eg(LdB ®z Zp) be the preimage of Zg(LdB) under the natural map
Ip— Tpo. As Eg(Lf) =M, Eg(Lg ®z Zy), the criterion of Theorem 2.14 reduces the question
as to whether a very general marked, primitively d-polarized K3 surface admits a non-signed
B-twisted Hodge isometry to the purely local computations of the Zg(LdB ®z Zp). Those have
been carried out in [MMO09, Theorem VII.12.1-4] for all indefinite lattices of rank at least 3.

THEOREM D. There exist d € Z~y and B € Aq such that every very general marked, primitively
d-polarized K3 surface X admits only signed B-twisted Hodge isometries.

Proof. Since the invariant factors of the intersection matrix of Lg from Lemma 2.12 are

d(a?, ac, 2ad, 4bd — ¢ 2a*d
g1 = ng(a7 2b7 ¢, 2d)7 g2 = & (a 46, 200 ‘ )7 and g3 = ? )
g1 g1 - 92
the discriminant group of L7 is AL(?’ =Z/nZ ® Z)g2Z © Z]g3Z.

If there is a prime p such that p | g1 and p =3 mod 4, [MMO09, Theorem VII.12.1] implies that
Zg(LC]lg ®z Zp) = {(1,1)}. Hence, Eg(LdB) = {(1,1)} c TJg. In that case, Theorem 2.14
shows that a very general marked, primitively d-polarized K3 surface does not admit any
non-signed twisted Hodge isometries. Remark 2.13 yields the assertion. O

3. The moduli space of twisted perfect complexes

The next two sections set up the deformation theory for the Fourier—Mukai kernel P from
Theorem A. First, we discuss some preliminaries.

3.1 Twisted complexes and gerbes

Let X be a noetherian algebraic space and o € H2(X, G,,,). We recall one possible construction
of the category of a-twisted sheaves on X. Choose a Gy,-gerbe X over X whose associated
cohomology class is a. The inertia stack of X induces a G,,-action on every sheaf F on X'. When
F is quasi-coherent, it has a weight decomposition

F=Fm,

meZ

where G,, acts on F(™ via the character A — \™: cf. [SGA3, Exp. I, Proposition 4.7.3].

Consequently, the category of quasi-coherent sheaves on X has an orthogonal decomposition
into full subcategories of sheaves of pure weight. Passing to derived categories, we obtain a similar
orthogonal decomposition of D(&X') into subcategories of perfect complexes of pure weight. An
a-twisted (or X-twisted) quasi-coherent sheaf is a quasi-coherent sheaf F on X with F = F(1);
similarly for perfect complexes.

Work by Toén and Vaquié [TV07] and Toén [Toél2] shows that twisted perfect complexes
are parameterized by a locally geometric, locally finitely presented derived stack. In order to
avoid derived objects, we restrict to complexes without higher automorphism groups.

DEFINITION 3.1. Let S be a noetherian scheme and f: X — S be a smooth and proper morphism
of schemes. Let X be a G,,-gerbe over X whose associated cohomology class in H*(X, G,,) is
torsion. We define Jwy /g to be the fibered category of X-twisted perfect complexes: its fiber
Jwys(T) over a scheme T'— S consists of all perfect complexes £ € D(X x T') such that

(i) E has pure weight 1; and
(ii) Ext’(Ey, F;) = 0 for all i < 0 and all points ¢t € T, where E; denotes the fiber of E over ¢.
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As explained above, the Ext groups computed in the category of twisted perfect complexes
and in the category of all perfect complexes on X are equal.

THEOREM 3.2 ([Toé12, Remark 5.6], [TV07, Corollary 3.21]). The fibered category Jwyx/g
from Definition 3.1 is a locally finitely presented algebraic stack. We call it the moduli space of
X -twisted complexes.

Remark 3.3. Strictly speaking, [Toél2, Remark 5.6] mentions pu,-gerbes, not G,,-gerbes.
However, as the cohomology class associated to X is torsion, the category of (quasi-)coherent
sheaves twisted by X is equivalent to the category of (quasi-)coherent sheaves twisted by a
suitable u,-gerbe, and likewise for perfect complexes; cf. [Lie08, Lemma 3.1.1.12].

Remark 3.4. The results in [Toé12, Remark 5.6] and [TV07, Corollary 3.21] are only formulated
for affine S. Nonetheless, when S is arbitrary, we can choose an affine open cover S = JS; and
bootstrap the statement for [[ Jwx, /g, to that for Jwy,g; cf. [Sta, Tag 06DC].

Remark 3.5. In place of (ii) in Definition 3.1, [TV07] demands that
Ext'(Ey, Ey) =0

for all i < 0 and all affine morphisms g: U — T. Yet, the following argument shows that (ii)
implies this seemingly stronger condition.

As Ext'(Ey, Ey) = H(U,Rfy.RHom(Ey, Ey)), it suffices to deduce from condition (ii)
that R fyRHom(Ey, Ey) is concentrated in non-negative degrees. Since E is perfect, [SGAG,
Exp. I, Proposition 7.1.2] and base change for (untwisted) complexes along Tor independent
maps show that

RfyRHom(Ey, Ey) = RfyLgyRHom(E, E) = Lg*R fr .RHom(E, E).

Via [Sta, Tag 0BCD], the assertion reduces to Rfr.RHom(E, E) @ k(t) € D*°(k(t)) for all
t € T. By the reverse argument, this is tantamount to Ext’(E;, Fy) =0 for alli <0 and all t € T

Remark 3.6. The diagonal of Jwy /s 18 quasi-compact. This follows directly from [TVO07, §3.3].
We focus on a substack of complexes that is fibered as a G,,-gerbe over an algebraic space.

DEFINITION 3.7. A complex £ € Jwys(T) is called simple if the natural map of fppf sheaves
Gor — End(E) is an isomorphism. We denote the full subcategory of Jwy s whose objects
are all simple complexes by s 7wy s.

By the infinitesimal lifting criterion, the inclusion sJwy 5 C Jwy /s is étale and hence
an open immersion. Let 7 — sJwy /g be the inertia stack of sJwy,g. As the natural map
Gy, X sTwy s — T is an isomorphism, rigidification [ACV03, Theorem 5.1.5] makes s Twy /g
into a Gp-gerbe s Jwy g — sTwy g over an algebraic space sTwy g, the coarse moduli space
for s Jwy g; cf. also [TV07, Corollary 3.22].
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3.2 Fourier—Mukai kernels as open immersions
Let (X, ) and (X', ') be two smooth, projective twisted varieties. Let ®p: D(X, ) - D(X’, o)
be a fully faithful twisted Fourier-Mukai transform. We generalize [LLO15, §5] to interpret the
Fourier—-Mukai kernel P as an open immersion from X into the moduli space of o/-twisted perfect
complexes on X'.

First, choose G,-gerbes X — X and X’ — X’ that represent ! and o’. Just as in §3.1, P
can be identified with a perfect complex of weight (1, 1) on the G;;, X G,,-gerbe X' x X’ — X x X'.

LEMMA 3.8. Let m and " denote the projections from X x X and X x X' onto the first factor,
respectively. Then convolution with P gives a quasi-isomorphism

v: Rm.BRHomxyxx (O, Oa,) = R, RHomyxx/ (P, P)

of complexes on X.

Here, we regard Oa, as a sheaf of weight (1, —1) on the G;, X Gy,-gerbe X x X — X x X.
Since both internal Hom complexes are of weight (0, 0), we identify them via derived pushforward
with complexes on the underlying coarse spaces.

Proof. Tt is enough to prove that for each closed point z € X, the induced morphism on fibers
v, is an isomorphism. Fix z € X closed. Let ¢, : X, — X be the inclusion of the fiber of X over
x. By base change along Tor independent maps, 7, is the convolution

RHomXxXX(L(Lx Xid){)*oAX,L(/,m Xidx)*OAX) — RHOHIXIXX/(L(LQ; Xid/y/)*P, L([,I Xidxl)*P).

The character Gy, X Gy, — Gy, given by (z,y) — o~y induces by surjective functoriality
a Gp-gerbe X; AN X — {x} x X together with a morphism X, x X — X, A X, which is
the rigidification along the diagonal of G,, x Gy, [Gir71, §IV.2.3.18]. Similarly, the character
G, x G, = Gy, given by (z,y) — zy produces X, x X' — X, A X', the rigidification
along the antidiagonal of G,, X G,. Combining both characters, we obtain X, A (X x X’) ~
(X AX) X (X AX'). Everything is summarized in the diagram below:

Xy X X x X'
Pria lp// Pri3
(X ANX) X (X ANX) X, x X'
X NX X N X

Since the gerbe A, — SpecC has a section, X, A X and X, A X’ still represent a~! and
o, respectively [Gir71, §IV.3.3.2]. The kernel Rp;Lprs, P induces ®p on (X A X) x (X A X').
Moreover, L(i; xidx)*Oa, and L(i, xidy/)* P are invariant under the diagonal and antidiagonal
action, respectively; k*(z) := Rp.L(ty X idx)*Oa, is the skyscraper sheaf supported on = with
a Gy-action of weight —1 and Rp,L(t, x idy/)*P = ®p(k*(x)) (using the kernel described in
the previous sentence). Under these identifications, 7, becomes the natural map

RHomy, x (k%(z), 5% (z)) - RHomu, par (®p(£% (7)), Pp (k% (2)))

induced by functoriality. This is an isomorphism because ®p is fully faithful. O
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More conceptually, Lemma 3.8 is a consequence of the existence of twisted Hochschild
cohomology. We now prove a twisted analog of [LO15, Lemma 5.2(i)].

LEMMA 3.9. The Fourier-Mukai kernel P defines a morphism pp: X — sJwy /¢ such that for
any f: T — X, the composition up o f is given by L(f x idy/)*P € D(T x X’).

Proof. We must verify that Pp := L(f x idy/)*P meets the conditions of Definition 3.1 for any
f: T — X. As P has weight (1,1), the pullback Pr to the G,,-gerbe T'x X’ — T x X' has
weight 1. By Lemma 3.8, Ext!((Pr):, (Pr);) = 0 for all i < 0 and all ¢ € T closed. Hence, P
induces a morphism X — Jwy/c. In fact, Lemma 3.8 shows that G, r 5 End(Pr) for all
f:T — X, 50 X - Jwy:c factors through a unique morphism

,up:X—)SyU}X//C. d

Since X — X is the coarse moduli space, it is initial for morphisms to algebraic spaces.
Therefore, the composition X i sTwyrc — sTwyr ¢ factors through a unique morphism
pp: X — STWX//C.

DEFINITION 3.10. Let x € X be a closed point. After choosing a lift : Spec C — X, define
P, :=L(Z x idy/)*P.

As the pullbacks under any two such lifts are (non-canonically) isomorphic, P, is a well-defined
element of sTwy/,c(C).

With this definition, fip(z) = [®p(k%(z))] = Py, where, as before, £*(x) denotes the a-twisted
skyscraper sheaf at x.

LEMMA 3.11. The map pip: X — sTwyr/c is an open immersion.

Proof. The proof carries over directly from [LO15, Lemma 5.2(ii)], where it is given in complete
detail. We use the full faithfulness of ®p to check that jip is an étale monomorphism. For distinct
closed points z,y € X,

Hom(P,, P;) ~ Hom(x*(x),x“(y)) = 0.

Hence, fip(z) = P, and fip(y) = P, are not isomorphic and fip is a monomorphism.
Since s Fwyr )¢ — sTWyr /¢ is a Gp-gerbe, we have

T[pz](STWX//C) ~ T[pz](sgw/y//c) ~ Eth(Px, Px)

for any closed point = € X [TV07, Corollary 3.17]. The map on tangent spaces induced by fip
can be identified with the convolution with P,

T,X ~ Ext!(k%(z), k%(z)) = Ext!(P,, P,) ~ Tip, ) (sTwyr /),

and is therefore an isomorphism. As X is smooth, jip is étale. a
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3.3 The Hilbert stack
Quasi-finite morphisms to sTWy//c such as fip are classified by a Hilbert stack.

DEFINITION 3.12. Let ) — S be a morphism of algebraic stacks. The Hilbert stack iSy/S of
Y/S is the S-stack whose fiber over a scheme 7' — S is given by

HSy) o (T) = quasi-finite, representable morphisms Z — ) xg T
=2Y/S\E) 7 I such that Z is proper, flat, and finitely presented over T'[ °

The following lemma will later provide a good framework for deforming jip and thus P.

LeEMMA 3.13. Let S be a noetherian scheme, X — S a smooth and proper morphism of schemes,
and X a Gy,-gerbe over X corresponding to a torsion class. Let Y C sTwy 5 be an open subspace.
Then HSy /s 1s represented by a locally finitely presented algebraic stack.

Proof. 1t suffices to verify the assumptions of [HR14, Theorem 2] that Y is locally finitely
presented, has affine stabilizers, and its diagonal morphism is quasi-compact and separated.
As Y is an algebraic space, the requirements on affine stabilizers and separated diagonal are
automatic. The locally finite presentation follows from [TV07, Corollary 3.22]. Lastly, note that
Y XsTwy s sTwy,s C Jwy,s is an open substack. Hence, it has quasi-compact diagonal by
Remark 3.6. Quasi-compactness of the diagonal of ¥ now results from [Sta, 0DQL]. |

4. Deforming twisted Fourier—Mukai kernels

4.1 Deformations over étale neighborhoods
We return to the setting of Theorem A. Fix two twisted K3 surfaces (X, a) and (X', /), and a
twisted Fourier-Mukai equivalence ®p: D(X,a) = D(X’,a’). Given a deformation of (X', /),
we will need to find corresponding deformations of (X, a) and P. In view of § 3.2, the deformation
theory of (X, a) and P is closely linked to that of the moduli space of o/-twisted perfect complexes
on X'. We begin with the latter.

Let f: X’ — S be a projective family of K3 surfaces over a noetherian base scheme S. Let
X' — X' be a G,,-gerbe whose associated class in H?(X/, G,,) is torsion. Any twisted complex
E € sTwy,5(T) has an associated determinant det £ [KM76, ch. I], which is a line bundle on
X" xg T of pure weight rk E. Mimicking [Lie07, Definition 2.2.6.26], we now define the open
subspace of sTWw /s that corresponds to twisted perfect complexes with trivial determinant.

Let sTwy/5(0) C sTwyr/g be the open substack of complexes of rank 0 and sTw y1,5(0) its
coarse moduli space. Since the determinant of any object £ of s 7wy /5(0)(T') is of weight 0, it is
the pullback of a line bundle on X’ x5 T'. This yields a morphism det: s Fwyr/g(0) — Picy /g
to the Picard stack of X’. The induced morphism on coarse spaces is, by a slight abuse of notation,
again denoted det: sTwyr/g(0) — Picy/g.

The algebraic space Picy//g is unramified over S, essentially because HY(x, Oy is trivial
for all s € S (see, for example, [Riz06, Proposition 3.1.3]). Thus, the section O : S — Picy//g
corresponding to the structure sheaf is an open immersion. Define

0 o
STWX//S = STWX//S(O) Xdet,PiCxl/S,O:{/ S'

This is an open subspace of sTw y//g; its preimage syw%, /s in the stack s 7wy, 5 parameterizes
all twisted perfect complexes with trivial determinant because every such complex has rank 0.
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In Corollary 5.2, we will reduce Theorem A to kernels with fiberwise trivial determinant.
Proposition 4.2 below shows that this significantly simplifies the deformation theory involved.
A natural framework for its proof is provided by derived algebraic geometry; cf. [STV15, §5.1].
To keep the discussion simple, we isolate the input from derived methods in the following lemma,
which could presumably also be verified directly with a Cech cocycle computation.

LEMMA 4.1. The algebraic stack sJwyr/g has an obstruction theory with the following
properties for any small extension A’ — A of local Artinian C-algebras with residue field C,
any morphism Spec A" — S, and any object E of s Twxs(Spec A).

(a) The obstruction module for the deformation situation above is Ext?(Ey, Eg ®g I), where
Ey := E ®@% C is the restriction of E to the special fiber X}, of X'y and I = ker(A’ — A).

(b) When E is an object of s w1 ,5(0)(Spec A), the trace morphism tr: Ext?(Ey, Eg ®% 1)
— ExtQ((’)%, Ox; ®g I) ~ H%(X), f*I) maps the obstruction class o(FE) to o(det E).

Proof. Fix a py,-gerbe )’ — X’ whose cohomology class maps to the class of X’ under the natural
morphism H2(¥', u,) — H2(X', G,,) induced by the inclusion. It suffices to prove the statement
for s Jwy /g instead of s Twyr,g; cf. Remark 3.3. For ease of notation, set s 7w 1= s Jwy»/g.

Since sZJw is an algebraic stack locally of finite type over S, its cotangent complex
L;2w/s endows it with a canonical obstruction theory [Ols06, Remark 1.7]; for any deformation
situation as above with corresponding morphism vg: Spec A — sZw, the obstruction module
is Extly (LviLg 7, /s> I). On the other hand, in their proof of Theorem 3.2, [TV07, Toé12] realize
sJw as the truncation of a locally finitely presented derived Artin stack s.Zw. The closed
immersion j: s 7w <> s 7w induces a morphism Lj*L, 7, der /8 = Lis 75 and thus by [STV15,
Proposition 1.2] an inclusion Extl, (LvgLszw/s, 1) = EXt}LX(LVELj*L&qwder/S, I). Since the latter
is naturally isomorphic to

Exte (L, Li* L gyaer /5, ) ~ Extg(RHom(Ey, Eo)¥[—1], I) ~ Ext?*(Ey, Eo ®¢ I),

by the adjunction between scalar extension and scalar restriction and [TV07, Corollary 3.17],
this defines an obstruction theory on s. 7w satisfying (a).

The construction in [STV15, §3.1] yields a determinant morphism s.Zw4er

— 32’2‘031}31; of
derived stacks over S (under the standing assumption that we work over the ground field C).
Via the correspondence between open derived substacks of a derived stack and open substacks of
its truncation [STV15, Proposition 2.1], it restricts to a morphism detd®: s 7w (0) — ﬁicdx‘,’;s,
whose truncation is the morphism det defined earlier. For every deformation situation as before,
we obtain the commutative diagram

Exty (L Ly 7u(0)/8, 1) —— Exty (LvpLi* L gyae )5, 1) —— Ext*(Eo, By ©g 1)

| l !

Ext)y (Lo, gLzic,, 51 1) —— Exth (Lvz, EL]’*L(@Z.C(;I./S J5: 1) —= Ext?*(Ox;, Oz @6 I)

By the functoriality of Olsson’s obstruction theory, the left arrow maps o(E) to o(det E'). On
the other hand, the tangent map RHom(Ey, Eo)[1] > RHom(Ox;, O, )[1] of det®® induces the
right arrow. The same proof as for [STV15, Proposition 3.2] shows that it is given by trg,[1]
if we note that every twisted perfect complex on the special fiber ) is strictly perfect [Lie07,
Corollary 2.2.7.21]. Property (b) follows. O
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PROPOSITION 4.2. The moduli space STWOX,/S is smooth over S.

Proof. By [Sta, Tag 0APP], it suffices to test the lifting criterion for formal smoothness for
any small extension A’ — A of local Artinian C-algebras with residue field C, any morphism
Spec A’ — S, and any E € sTwOX,/S(Spec A). As before, let Ey := E ®ﬁ C be the restriction
of E to the special fiber X, of X/;, and I := ker(A’ — A). Using the obstruction theory from
Lemma 4.1, we must show that the obstruction class o( F) € Ext%(FEo, Eo ®% I) vanishes.

Consider the trace morphism tr: RHom(Eo, Ey) — Ogx;. Grothendieck duality for the
untwisted complex RHom(Ey, Ey) yields the following commutative diagram:

Ext?(Fy, Ey ®g I) —— Hom(Hom(Ey, Ey), I)

b |

H?(Xy, f*I) ——— Hom(H"(X{, Ox), 1)

As Ey is simple, the right arrow, and thereby also the left arrow, is an isomorphism. Since
det B ~ (93624 deforms over A’; the statement now follows from property (b) in Lemma 4.1. O

PROPOSITION 4.3. Let (X,a), (X’,a'), and P € D(X x X',a~! K /) as before. Assume that

rk P, =0 and det P, ~ Ox for all x € X closed. Let S be a smooth and quasi-compact scheme

over C. Let X' — S be a projective family of K3 surfaces and X’ a G,,-gerbe over X'. Assume

there exists s € S with fiber X = X’ such that the class in H*(X', G,,) associated to X! is o/,
Then there exists a connected étale neighborhood (U,u) — (5, s), together with

(i) a family of K3 surfaces Xy — U with fiber (Xy7), = X;
(ii)) a Gy,-gerbe Xy over Xy whose associated class a&l € H2(Xy, G,,) is torsion and pulls back
toa~! on (Xp)y = X; and
(ili) a kernel P € D(Xpy x X, apt B al,) (where X, := X' xg U and o, € H*(X};,G,y,) is
the cohomology class associated to X' xg U) with 3, = P that induces a Fourier—Mukai
equivalence on each fiber.

Proof. (i) Let A := Ogg, m C A its maximal ideal, A,, := A/m"*1 and A the m-adic completion
of A. The fiber X! represents o € H*(X’, G,,). Choose a G,,-gerbe p: X; — X that represents
a~!. To lighten notation, define sJwy = s.Jw X1,V for any V' — S, and similarly sTwy and

sTw?,. Since X is regular and quasi-compact, H? (X', G;,) is torsion by a theorem of Grothendieck.
Thus, Theorem 3.2 applies.

As det P, ~ Ox for all x € X closed, the open immersion fip from Lemma 3.11 factors
through some jig: X — STW%0 by the seesaw theorem. Moreover, for each n € Z~q, the inclusion
sTw%0 C sTw%n is given by the pullback of the nilpotent closed immersion Spec Ag < Spec A,
and is therefore a thickening. Hence, we can extend [ig to a compatible system of open
immersions fi,: X, < STW%H; cf. [Sta, Tag 05ZP]. Since STW%n is flat over Spec A, by
Proposition 4.2, so too is X,. Furthermore, X,, is proper over Spec A, because properness
is preserved under infinitesimal deformations of morphisms that are locally of finite type
[Sta, Tag 0BPJ]. Consequently, we obtain a formal object of the Hilbert stack

(fin) € liTan HS 7,0 /5(Spec Ap).

Since iSsng /s 1s alocally finitely presented algebraic stack by Lemma 3.13, the effectivity in

Artin’s axioms guarantees the existence of a i € HSop0, 5(Spec A) restricting to (fin). We then
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use Artin approximation to find an étale neighborhood (U,u) — (5,s) and fy € HS 0 1s(U)

such that fig7|spec 4, ﬁ\spec A, = ito. Put differently, there is a proper, flat, and finitely presented
algebraic stack Xy over U, and a quasi—ﬁnite, representable morphism

%U —> STWU = STWS Xg U

which restricts to fig over w.

As [y is representable and STWOU is an algebraic space, so too is Xy. Since the fiber of Xy
over u is a K3 surface, f: Xy — U becomes, upon replacing U by an open neighborhood of u,
a family of K3 surfaces: the proof of this fact for the universal family over the Hilbert scheme
given in [Huy16, Proposition 5.2.1] applies unchanged to any flat and proper morphism of locally
noetherian algebraic spaces. Finally, we can pass to a further open neighborhood of u to ensure
that U is quasi-compact and connected.

(ii) Define

XU = }:U XsTwy Swa.

As sTwy — sTwy is a Gy,-gerbe, so too is Xy — Xpy. Let oz(;l € H?(Xy,G,,) be its
associated cohomology class. By the algebraic space version of Grothendieck’s theorem [Lie08,
Corollary 3.1.3.4], H*(Xy, G,,), and hence a&l, is torsion. Since P is a complex on X5 x X! of
weight (1, 1), the map (p, up): Xs = X Xgrwe $Twe = (Xy)y is a morphism of Gy,-gerbes over
X, thus an equivalence. As the identification of isomorphism classes of G,,-gerbes with second
cohomology classes of G, is functorial in the base space [Gir71, Corollary V.1.5.3], a(}l pulls
back to a~! on (Xp)y.

(iii) The projection Xy — sZwy corresponds to a simple, perfect complex P on Ay x Y.
The G,,-gerbe structure on sZwy is such that the inertial action of Xy on P comes from the
natural map G,, = Aut(P). Thus, P is of weight 1 with respect to Xy. As B is, by definition,
also of weight 1 with respect to X{,, we conclude P € D(Xy x X7, ozUl X ap;).

Let my,, and Tx1, denote the projections from Xy x X}, onto Xy and X7, respectively. Consider
the complexes

in D(X}; x Xy, (af;) "' Ray). By Grothendieck duality, the associated Fourier-Mukai transforms
Py, : D((X7):) > D((Xv)¢) and Pw, : D((X}):) — D((Xv):) are left-adjoint and right-adjoint to
Py, : D((Xy):) = D((X},)1), respectively, for all closed ¢ € U. In the discussion preceding [LO15,
Proposition 3.3], Lieblich and Olsson explicitly describe the corresponding adjunction maps. All
steps in their constructions can be carried out for twisted sheaves and base scheme U and
commute with base change to fibers over closed points of U. We obtain morphisms of complexes

n: RW%UxxU,*(LW;UXxb&B QL Lﬂ;bxxuﬂ) — RA,Ox,
and

e: RAOx, — RW%UX%U:*(LW;UXX’Ug’B QL LW;E,U R)

X:{U

whose fibers over all closed ¢ € U determine counit and unit of the above adjunctions. The same
argument as in [LO15, Proposition 3.3] then shows that ®g, is an equivalence if and only if 7,
and g; are isomorphisms. After replacing U with an open subscheme, we may therefore assume
that P induces fiberwise equivalences. O

929

https://doi.org/10.1112/50010437X19007176 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007176

E. REINECKE

4.2 Action on cohomology

We continue to work in the setup of Proposition 4.3. Via GAGA for algebraic spaces, we associate
to U a connected complex manifold U*" and to Xy and X7, smooth, proper families of complex
K3 surfaces f*": X' — U and f'*": X" — U*". We further associate analytic torsion classes
adh € H%( aUn,Og‘%n) and off® € H2 (X}, ;,Uan) to ay and of;. Analytification for separated
Deligne-Mumford stacks locally of finite type over C [Toé99, ch. 5] produces a perfect complex
P € D(XI Xpan X2, (02) 71 K o). Following a common abuse of notation, we will from
here on omit the superscript ‘an’.

We now explain how the action of the Fourier—-Mukai kernel B on cohomology still exists
in this relative, complex setting. First, as R3f,Z = 0 and oy is torsion, we can choose B €
H%(U,R2f.Q) such that the image of 9B under the fiberwise exponential map H(U,R2f.Q) —
H(U, R2f*O§U) coincides with the image of oy under the edge morphism Hz(%U,O’;eU) —
HO(U,R?f.0%,). We choose B’ € HO(U,R?f/Q) in the same way.

Let g: Xy x X}; = U be the structure morphism. Next, we define a twisted Chern character
Ch&%ﬁ%l(m) € @, H°(U,R'g.Q), which agrees with the one from [HS05, Proposition 1.2] on each
fiber. Let t € U. Pick an analytic neighborhood V' of ¢ such that (—8B H %B’)|y is represented by
a class By € H2(Xy x X1/, Q). After shrinking V' if necessary, we may assume that exp(fy) =
a‘jl X ay,. As in [HS05, Proposition 1.2], By determines an a(/l X oy, -twisted, differentiable line
bundle L on Xy x Xj, because the sheaf C* is fine and therefore acyclic.

By [SGAG6, Exp. I, Corollary 4.19.1], B ® L~! is a perfect complex on the C*°-topos of
Xy x X/,. After we replace V by a relatively compact, open neighborhood of ¢ if necessary, [SGAG,
Exp. II, Proposition 2.3.2.c)] shows that 8 ® L~! admits a global resolution by a bounded
complex of locally free sheaves. In particular, ch(p ® L) is well defined. Let ch;%m%,(%) be
its image under @, H'(Xy x X,,Q) — @, H(V,R%g.Q). By construction, the germ at each
point of V' is the twisted Chern character from [HS05, Proposition 1.2] on that fiber. Thus, the
various ch‘_/%aa%l(iﬁ) for open V' C U only depend on —95 H B’ and glue to a global section
chy " (P) € @, H(U. R'g.Q).

Let Tix, xxt,)/U be the relative holomorphic tangent bundle. Define the relative Todd class
tdy (Xu x X{;) as the image of td(T{x, xx;,)/v) under the edge morphism €, H'(Xy x X7, Q) —
@, H°(U,R'g.Q). Then the relative twisted Mukai vector of SR is

va%m%l(‘p) = ChE%EE‘B/ (B) - \/m € @HO(U’ Rig*Q).

In fact, since Xy — U and X}, — U are families of K3 surfaces, va%ﬁ%l(‘p) e @,H(U,
R’g.Z); this can be checked on fibers, where it follows from the discussion preceding [HS05,
Proposition 4.3].
Pullback of sections induces a unique map of d-functors
W;UZ R'f.Z — RigﬂraE;Z ~ Rig,Z.

Moreover, by Verdier duality, pullback along Txy, admits a dual pushforward map

mx, i R'g.Z — R fIZ.
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The cohomological twisted Fourier—Mukai transform @% associated to P is given by

UU[;%EB%, (S’B)

D Rig.Z2 —/—= D, Rig.Z

*
<I)H

P, R f.Z ¥ » @, R fLZ

It reduces to the usual twisted Fourier—-Mukai transform for 9B, over each t € U.

PROPOSITION 4.4. The fiberwise cohomological realizations
Y, : H(Xw)i, B, Z) = H((XY)r, BY, Z)
are either signed for all t € U or non-signed for all t € U.

Proof. Let H o= &P, R'f,R ®gr Cir be the relative cohomology bundle for Xy — U and
Gri(ﬁ) — U its associated Grassmann bundle of positive-definite, oriented, four-dimensional
subspaces. Let #' and Gri(?—N[’ ) = U be the corresponding bundles for X, — U. As ‘I%% is
compatible with the relative Mukai pairings (,R’ f*l)R) ® (PR’ f,E/)R) — R? ffl)R ~ R, it
induces an isomorphism of bundles

OF: Grf (H) > Grf(H).

Choose a base point u € U. The long exact sequence of homotopy groups for the fibration
Grj (H) — U ends in

w1 (U) = mo(CGry (H((X0)u, R))) = 70(Grf (H)) — mo(U).
The first map is induced by the monodromy representation p: 71 (U) — O(H((Xy)u, R)).

As, in the notation of Definition 2.3, im(p) C Ot (H((Xy)u, R)) (see, for example, [Huy16,
Proposition 7.5.5]), 71 (U) — mo(Grj (H((Xp)u, R))) is trivial. Since U is connected, Gr} (H)
must have two connected components, which correspond to the two connected components
of Grj (H((Xy)u, R)). Any Kihler class on a fiber (Xy); deforms differentiably over a small
neighborhood of ¢ [KS60, Theorem 15] and both the holomorphic forms o; and the B-fields 9B,
vary differentiably with ¢. Thus, there is one connected component of Gri(?—l) which in every
fiber picks out the connected component of Grj(ﬁ((%y)t, B+, R)) defining the natural positive
sign structure. The same holds for X7,. Hence, @%t is either signed for all ¢ € U or non-signed for

all t € U, depending on whether @%f maps the connected components of Gr} (%) and Grf (H')
that determine the respective positive sign structures into each other or not. O

5. Proof of Theorem A

We conclude with the proof of Theorem A, which establishes the strong form of the derived
global Torelli theorem for twisted K3 surfaces (Theorem B).

THEOREM A. Let (X, «) and (X', ') be two complex, projective twisted K3 surfaces with B-field
lifts B € H*(X, Q) and B' € H*(X',Q). Let ®p: D(X,a) = D(X',&/) be a twisted Fourier—
Mukai equivalence. Then the induced Hodge isometry ®%: H(X, B, Z) — H(X', B',Z) is signed.

The strategy of the proof is explained in § 1. Note that whether or not q)lli is signed does not
depend on the choice of B-field lifts.
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5.1 Initial reduction
In order to employ the deformation theory of § 4, we must first use [HS06, Theorem 0.1] to reduce
to the case when rk P, = 0 and det P, ~ Ox for all x € X closed.

LEMMA 5.1. Let (X, ) and (X', ') be two complex, projective twisted K3 surfaces with B-field
lifts B € H*(X,Q) and B’ € H*(X',Q). Let ®p: D(X,a) = D(X',d/) be a twisted Fourier—
Mukai equivalence. If the induced Hodge isometry ®%: H(X, B,Z) = H(X', B, Z) is non-signed,
then there is another Fourier-Mukai equivalence ®g: D(X', /) — D(X',o/~1) such that

O = idyo o1 @ —idye: H(X', B, Z) S H(X', -B',Z).
Recall that idyo s @ —idy2 is always non-signed by Example 2.4.

Proof. The Hodge isometry

o
¢: H(X,B,Z) 5 H(X',B',Z)

idgo g ppa @ —idy2  ~

H(X',—-B',Z)

~

is signed. By [HS06, Theorem 0.1], we can thus find a Fourier—Mukai equivalence ®p:
D(X,a) = D(X’,a'71) with ®% = 1. The composition &g := & o (Pp)~! is another Fourier—
Mukai equivalence [HS05, p. 917] whose induced action on cohomology is @g =idyo g s & —idye.

g

COROLLARY 5.2. It suffices to prove Theorem A in the case where tk P, = 0 and det P, ~ Ox
for all closed x € X.

Proof. Arguing by contradiction, suppose @I]i is non-signed. By Lemma 5.1, we may assume that
Y = idpo o e @ —idppe: H(X', B, Z) 5 H(X', - B/, Z).

For all z € X, this implies v~ 5 (P,) = ®R (v (k%(z))) = ®%((0,0,1)) = (0,0, 1), where P, is
as in Definition 3.10 and x“(z) denotes the a-twisted skyscraper sheaf at . As v~ 5 (P,) =
ch B (P,) - td(X) = ch B (P,) - (1,0,1), we deduce ch~P'(P,)g = 0 and ch~P'(P,)s = 0.
Asin §4.2, the B-field — B’ determines an o/~ !-twisted, differentiable line bundle L such that
ch~ P (P,) = ch(P,® L™1). In particular, ch= 5 (P,)o = rk(P;) and ch ™5 (P,)y = c1 (P, @ L™1) =
ci(det P, ® L™™%Fs), Hence, rk P, = 0 and cy(det P,) = 0. As X’ is a K3 surface, this yields
det P, ~ Ox. O

5.2 The deformation family
We now use the moduli space of primitively polarized K3 surfaces with level structure to construct
a deformation family for (X', /). Fix d € Zwo, { = e; +d - fi € A, and a marking §': H*(X', Z)
5 A such that (¢)71(¢) is ample. For the notation surrounding the K3 lattice A, see § 1. Using
¢’, we identify the B-field B’ with an element of Aq, which we still call B’. For some n € Zo,
the pair (X’,0") determines a point o of the moduli space My[n] of primitively d-polarized K3
surfaces with level-n structure. We briefly recall the construction of My[n] and refer to [Huy16,
ch. 6] for details.

As in §2.3, we use the period map to identify the moduli space of marked, primitively
d-polarized K3 surfaces as

Ngy=Dg~ |J P(6h)

0€Ny
(6.8)=—2
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inside P(Ag4c), where Dy = {p € P(A4c) | (p-p) =0, (p.p) > 0} is the period domain associated
with Ay. We can choose n € Z~( such that the period

per(B’) := min{k € Z¢ | kB’ € A}
divides n and the congruence subgroup
I'(n):={g€0O(Ag) | g=1id € O(Aj,) and g = id modn} C O(Ay)

is torsion-free [Bor69, Proposition 17.4]. Here, Ay, denotes the discriminant group of A4 and g
denotes the automorphism of Ay, induced by g. In that case, the natural action of I'(n) on Ny
is free and properly discontinuous; see, for example, [Huy16, Remark 6.1.10, Proposition 6.1.12].
The quotient

Md[n] = F(n) \Nd

is the moduli space of primitively d-polarized K3 surfaces with level-n structure. By the Baily—
Borel theorem [BB66], it is a smooth, quasi-projective algebraic variety. Moreover, it is equipped
with a universal family f’: X’ — My[n], a relatively ample line bundle on X’, and a universal
level-n structure 6: R2f.u,, — A/nA, which, as before, is compatible with all structures.

Since per(B’) | n, the element B’ € Aq determines a class B’ € (1/n)A/A ~ A/nA. Let
b’ == 0~1(B') € HY(My[n], R?flp,). As

2 g : 2t
(R fibtn)o = (S,s)g)(l]l\/[r?[n],o)H (X', fin),
étale

there exist an étale neighborhood p: (S, s) — (My[n],0) and 8% € H*(Xy, 1) such that the image
of B% under the edge morphism H?(X%, u,,) — H°(S, R2fé7*un) is p*b’. The inclusion u, — G,
induces a homomorphism y: H?(XY, un) — H?(XY, Gy). Set oy := x(8%) € H* (XY, Gpy).

5.3 Conclusion
We remain in the setup of §5.2. First, we construct infinitely many reduced, effective divisors
Zm on Mg[n]. Fix k € Z>o such that ((B' + k- f2).e2) > 0. For each m € Zx, define

1

By, =4 3)d - —_—
(4m + 3) 62+(4m+3)d

LR
Write B’ + k- fo — By, = 0+ £ 4 (p, for some n € Q and ¢, € Agq. Put

Zpm = DgNP(CH) C Dy,
where the orthogonal coml)lement is taken in Ayc. This is the period domain associated with
(7# N Ag4. The intersection Z,, N Ny parameterizes all marked, primitively d-polarized K3 surfaces
whose rational Picard group contains (,,; in particular, B’ and B,, induce the same Brauer class.

Let Z,, be the image of Z,, N Ny in the quotient My[n] = I'(n) \ Ng. When m > 0, this is a
so-called special divisor; cf. [Kud13, §§2, 4].

LEMMA 5.3. For m > 0, the Z,, are reduced, effective divisors on My[n|, and infinitely many of
them are pairwise distinct.
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Proof. When m > 0,
2
)= (B +k-fo—n-0>=24m+3)d- (B +k-f2).e2) = =~
(Gn-Gn) = (B = o= 0)% = 24m 4 8)d - (B + - o) e0) = (ot
is negative. In that case, the lattice ;- N Agq C Ay has signature (2,18), so Zm is a closed
submanifold of D; of codimension 1. R

On the other hand, let A, denote the coefficient of f5 in ¢, and choose (;, € A4 primitive such
that Q-(m = Q- (- By construction, A, # 0 for m >> 0; moreover, (Cm - Gn) < A2 (Cm - Cm) < —2

(B'. f3)

because the sequence (\.,) is bounded and limy,— oo (G - Gn) = —00. Since any 0 € Ag with
(6.9) = —2 is primitive as well, Q - (m # Q- 6, and thus P(¢L) is not contained in P(64). In
particular,
Zn 0Ny = (D P~ | PO
Sehy
(6.6)=—2

is a closed submanifold of N; of codimension 1.

Fix m > 0. The group generated by the reflections associated to v((y,), where v ranges over
I'(n), is a discrete subgroup of O(Ag4r); hence, it acts properly discontinuously on Ny. In other
words, every z € Ny has an open neighborhood V' such that s(V) NV = @ for all but finitely
many such reflections s. Therefore, V meets only finitely many Ny N P(v(()t). That is, the set
of these hyperplane sections is locally finite. In particular, the orbit I'(n) - (Zm N Ny) is closed
in Ny and Z,, is a reduced, effective analytic divisor on My[n].

Let I'(n),, be the stabilizer subgroup of I'(n) with respect to (,,. The map Zm N Ny = Zpm
factors through the quotient B

Z;n = F(”)Cm \ (Zm N Nd).

The connected components of Zm are bounded symmetric domains of type IV, so Z/ is a smooth,
quasi-projective variety [BB66]. As the map Z;, — My[n] is algebraic [Bor72, Theorem 3.10], its
image Z,, is constructible. Since Zariski and analytic closure coincide for constructible subsets,
Zm 1s Zariski closed.

Lastly, limy,—00(Gm - Gn) = —o0 and the boundedness of ()\,;,) guarantee that the sequence
((@n . Zm)) has a strictly decreasing subsequence ((EmJ EmJ)) The corresponding orbits I'(n) -

(Zm; M Ng), and hence the divisors Zy,,;, must be pairwise distinct. O

Proof of Theorem A. By Corollary 5.2, we may assume that rk P, = 0 and det P, ~ Ox for all
closed x € X. We use the deformation family constructed in §5.2. By Proposition 4.3 applied to
X'y — S, we can refine p by a further connected étale cover (U,u) — (S, s) and obtain

(i) a family of K3 surfaces Xy — U with (Xy), = X

(ii) a torsion class aj;' € H*(Xy, Gyn) with (apt)y = a7t

; and
(iii) a kernel p € D(Xp x X};, a;;' K aj;) (where XJ; and of; are the base changes of X'y and a/s
to U) with 9B, = P which induces an equivalence on each fiber.

We now prove Theorem A in two steps.

Step 1. We make the additional assumption that the twisted derived category of a K3 surface
which corresponds to a very general point of My[n] (with twist induced by b’) does not contain any
spherical objects. Since the image of p: (U,u) — (Mjy[n], o) is open, we can find ¢ € U for which
D((X7)t, (agy)e) has that property. As ®g, is an equivalence, D((Xy)s, (o ):) does not contain
any spherical objects either. By [HMS08, Corollary 3.19], (Df%t is signed. Thus, Proposition 4.4

shows that CD% = @%u must also be signed.
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Step 2. We reduce the general case to that of step 1. As the union of infinitely many distinct,
reduced, effective divisors is Zariski dense and p(U) is Zariski open, we can choose z € U and
m € Z such that p(z) € Zp,. In particular, we can find a marking 6, on the K3 surface (X7;).
for which 01(B’' + k- fo — By,) € Pic((X};).) ®z Q. Hence, the B-fields 67 1(B’) and 0 (B,,)
induce the same Brauer class on (X7)..

On the other hand, whether an isometry between twisted Hodge structures is signed is
independent of the chosen B-field lifts. By Proposition 4.4, ®!l = @%u is signed if and only if
(I)f%z is so. It therefore suffices to prove Theorem A for the Fourier—Mukai kernel 3, and the
B-field B,, in place of P and B’.

As (B, . 0) = (B, . Bp,) = 0, the discussion before Lemma 2.12 shows that the (1, 1)-part of
the B,,-twisted Hodge structure of a very general marked, d-polarized K3 surface is

0 0 (4m+3)d
L = 0 2d 0
(4m+3)d 0 0

But Lf ™ does not represent —2: when d > 2, use the fact that the intersection form takes values
in 2dZ, and when d = 1, observe that —1 is not a square modulo 4m + 3 by the quadratic
reciprocity law for a prime factor which is 3 modulo 4. Since the Mukai vector of a spherical
object is a (—2)-class, the B,,-twisted derived category of a very general point of My[n] cannot
contain any spherical objects. O
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