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Abstract 1In this work, we are interested in studying the following class of problems:

—Au = fy(z,u,v) in Q
—Av = T, U,V in Q
g#( ) ] (,PAM)
0Zu>0,0Zv>0 in Q
u=v=0 on Of)

where Q is a bounded domain in RN, A >0, 4 >0, t — fy(,t,t) and t — g, (z,t,t) have concave-convex
type nonlinearities. We present results related to the existence and non-existence of solutions for problem

(PAM)~
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1. Introduction

To contextualize our work, we will begin by discussing the scalar case (a single equation),
which serves as motivation for the system addressed in our research. Let us consider the
following problem:

{ —Au = a(z)u? + b(z)u? in Q (Py)

u=20 on Of).

Here, Q C RY is a bounded domain, a,b € L=(Q), A>0and 0 < ¢ < 1 < p. When
a = b = 1, Ambrosetti, Brézis and Cerami in [4] studied this problem. The authors
showed that there exists A > 0 such that (P,) has a positive solution when 0 < A < A,
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2 J.P. Pinheiro Da Silva

and there is no positive solution when A > A. Moreover, if p+1 < 2* := 2N/(N —2), then
the solutions of (P,) correspond to critical points of the functional I € C'(Hg(Q),R)
defined by

A 1
Ly(u) = / R —— / i — / .
Q qg+1Jg p+1 /g

Using variational methods and techniques introduced by Brézis and Nirenberg in [12],
they showed the existence of a second positive solution for 0 < A < A (it is necessary to
demand some regularity for the domain in order to guarantee the existence of the unit
exterior normal vector to 9€2. See, for example, [4, Lemma 4.1]). From a purely math-
ematical perspective, problems with concave-convex type nonlinearities have received
great interest since the seminal work [4]. The list of references is extensive, among which
we highlight [6-8, 10, 28-30, 34, 39, 44, 45, 47]. Recently, there has been considerable
interest in problems with indefinite weights, that is, problems where the weight func-
tions a() or b(-) may change sign. De Figueiredo, Gossez and Ubilla in the work [25,
Corollary 2.2 and Corollary 2.7] showed existence and non-existence results for (Py)
when a(-) and b(-) satisfy certain conditions, including the possibility of a(-) and b(-)
changing sign. More specifically, they showed that there exists Ag > 0 and ¢ > 0 such
that (P») admits two solutions when p < 2* — 1 and 0 < A < Ag and admits no solution
if p<2*—1and A > ¢ In a later work [26, Theorem 4.1 and Theorem 4.2], assuming
certain conditions, including: a, b € L>°(Q), 0 # a(z) > 0 in Q, and infp, a(x) > 0 for
some ball B; C 2, the same authors recovered the results obtained by Ambrosetti et al.
[4], that is, they showed that there exists 0 < A < oo such that: If 0 < ¢ < 1 < p, the
problem (P,) has at least one solution when 0 < A < A and admits no solution when
A>A#400. If0<g<1<p<2—1, the problem (Py) admits at least two solutions
when 0 < A < A.

The results provided by the works [4, 26] include nonlinearities with supercritical
growth. In the context of the Laplacian operator, when 2 is bounded, the problem
—Au = f(z,u) in Q and v =0 on 912, is said to have supercritical growth when there is no
C >0 such that |f(z,t)] < C(1+ [t} 1), ae. z € Q and t € R, where 2* = 2N/(N — 2)
is the critical exponent of the Sobolev Embedding and N > 3. In this sense, the problem
(P) has supercritical growth when p > 2* — 1 and N > 3.

The literature concerning problems with concave-convex type nonlinearities, as can be
seen in the works we mentioned earlier, is rich in problems whose nonlinearity can have
supercritical growth. For problems with supercritical growth and nonlinearities that are
not concave-convex type, see for example [3, 5, 15, 16, 21]. To the best of our knowledge,
very few existence results have been determined for elliptic systems with supercritical
growth (see [17, 22]).

Consider the following system:

—Au = fy(z,u,v) and — Av = g,(x,u,v) in Q, u=1v =0 on IN. (1.1)

Although there is a substantial literature related to scalar problems involving concave-
convex type nonlinearities, to this day the results of Ambrosetti et al. [4] have not been
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fully recovered for systems of type (1.1) in which:

{ In(z, t,t) = Xa(x)tD + c(z)tP1 and g, (z,t,t) = pb(x)t92 + d(x)tP2 (1.2)

a,bye,d € L*(0), 0< ¢ <1 <p;.

To date, issues such as non-existence of solution, as well as the existence of solutions for
systems with nonlinearities exhibiting supercritical growth (i.e. p; > 2* — 1 in Equation
(1.2)), have not been addressed in the current literature. In general, research involv-
ing Equations (1.1)—(1.2) as well as its generalizations is almost entirely restricted to
gradient-type systems, a concept we will explain next. Consider the following system:

1.3
u; =0 on 09, (1.3)

{ —Liu= ¢;(w,ur,up) in QCRN i=1,2
it will be called a gradient-type system if there exists G(z,-,-) € C1(R?) a.e. in €, such
that ¢;(x,t1,t2) = Gy, (x,t1,12). The importance of this type of system lies in the fact
that it is possible to associate to them an Euler-Lagrange functional.

As far as we know, Wu in [46] was the first author to consider a system with nonlin-
earities of type (1.2) and Dirichlet boundary condition. The author studied the following
gradient-type system: Equation (1.3) with £; = A and ¢;(z,u1,u2) = Gy, (7, u1,v2)
where

Aa(z)
qg+1

b
|u1|lI+1 + L(m)|U2|Q+1 + ﬂ
(0%

o1 |ug|*|uzl”.

G(x7u17u2) =

When 0 < ¢ < 1,2 < a+f8 < 2% at(z) := max{a(x),0} # 0, b" (z) := max{b(z),0} # 0,
and ¢ € C°(Q) with 0 # c(z) > 0 in Q, using variational methods and assuming cer-
tain conditions on the weight functions, the author provided results on existence and
multiplicity of non-negative solutions, provided that A >0 and p >0 are sufficiently
small.

There are many works dealing with the existence or multiplicity of non-negative solu-
tions for systems with concave-convex nonlinearities of type (1.2), or even for systems
involving the p-Laplacian operator and nonlinearities that generalize Equation (1.2).
However, the approach we encounter in these works, in general, is the same as that used
to address the problem (P,) from a variational perspective, so they are restricted to
cases where the system is of gradient type and the nonlinearities exhibit subcritical or
critical growth, i.e. p; < 2* in Equation (1.2). Furthermore, the results are limited to
local cases, in the sense that the existence of a solution is guaranteed only if the parame-
ters A >0 and x>0 in Equation (1.1) are sufficiently small. The same applies to systems
that generalize Equation (1.1) to more general operators. Regarding gradient-type sys-
tems (1.2)—(1.1), as well as their generalizations involving the operators: p-Laplacian (in
this case 0 < ¢; < p— 1 < p;), fractional Laplacian and p&g¢-Laplacian, we refer to the
following works and the references contained therein [2, 3.2, 9, 18, 19, 32, 38, 42, 48] (see
also [14, 41] for nonlinearities on 9f2).
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As mentioned earlier, the current literature involving Equations (1.1)—(1.2) and their
generalizations is almost entirely restricted to gradient-type systems. This implies that
the exponent p; appearing in Equation (1.2) is bounded by a power associated with the
space in which the Euler-Lagrange functional is well-defined.

Some works involving systems require additional comments. In [22], the author of the
present work studied the system (1.1)—(1.2) with:

Mz, u,v) = da(z)u? — re(z)u® o8 (1.4)
gu(z,u,v) = pb(x)ve2 — dd(z)uvf1 '

where A\, 1,8, 7 > 0,0 < ¢ < 1, a™(-) £ 0, b7(-) Z 0 in Q and c¢(z) = d(z) > 0 in
Q. In said work, we showed the existence of a solution (u, v) such that 0 £ « > 0 and
0 v >0inQ, provided that «, 8 > 1 and a+ 8 > 2 (in this case p; = a+5—1 < 4+00).
This system, although only of gradient type for specific values of 7> 0 and 6 > 0, can be
converted into a gradient-type system for all 7,9 > 0 (see [22, Proof of Theorem 1.1 ]).
However, the approach of this work cannot be applied to systems that do not have the
specific form (1.4) or for cases where ¢(-) or d(-) in Equation (1.2) may change sign, or
for cases where ¢(-) # d(-) in .

The only work we are aware of that deals with a class of systems that are not of
gradient type is [20]; in this work, Chhetri et al. showed the existence of a solution (u, v)
for Equation (1.1) such that u and v are positive in 2, without necessarily requiring the
system to be of gradient type. However, f and g,, by assumption, must have subcritical
growth (see [20, Theorem 2.8 and Condition (H1)]). The conditions on f\ and g, are
more restrictive than those addressed in the present paper; for instance, it is required
that there exists Ry > 0 such that fx(z,¢,s) > A1(Q2)s+1 for every ¢ > 0 and s > Ry, and
gu(x,t,5) > A (Q)t + 1 for every s > 0 and ¢t > Ry (see [20, p. 43]), where A;(Q) is the
first eigenvalue of (—A, H}(2)). In the present work, f\ and g, do not necessarily need
to satisfy the latter condition nor Condition (H1) from [20]; the class of nonlinearities
addressed in this paper is more general and allows for nonlinearities with supercritical
growth.

Candela and Sportelli in [17] considered the following system:

—div(a(z,u, Vu)) + A¢(x, u, Vu) = Gy (z,u,v) in £,
—div(b(z, v, Vv)) + Bi(z,v, Vv) = Gy(z,u,v) in Q, (1.5)
u=v=0 on 012,

where a(z,t,§) = (0gA4,...,0e5A) and b(x,t,§) = (9¢ B,...,0:yB), and the
Euler-Lagrange functional associated with this system is defined on the Banach space
X = (WyPH(Q) N Le(Q)) x (W P2(Q) N L®(Q)) (see [17, (1.6)]). Assuming certain
conditions (see [17, (ho) — (h7) and (go) — (94)]), among which A(x,¢,£) and B(z,t,§)
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grow at least as fast as (1 4 [¢|1P1)[£|P1 and (1 4 [¢]|®2P2)|£|P2 respectively, where p; > 1,
s; > 0, the authors showed that if

(1},15?—5;1(101,)0) m < aymin{A;1,A21} uniformly a.e. in €, (1.6)
where A;; is the first eigenvalue of (—Api,I/VO1 1) and ay > 0 is a constant related to
the growth of A and B (see [17, Theorem 4.1]), then Equation (1.5) admits a non-trivial
solution (see [17, Theorems 1.1 and 4.1]), assuming additional conditions they showed
the existence of infinitely many solutions for Equation (1.5). The notable characteristic
of the work of these authors is that they provided an existence result for the system
(1.5) with the possibility of G(x,u,v) having a supercritical growth, in the sense of, the
exponents ¢; and ¢o that appear in the growth of G, and G, respectively (see [17, (¢g1)]),
satisfy:

1 <q <pj(si+1):=Npi(si +1)/(N - pi). (1.7)

In this case, depending on the choice of s;, it is possible to have p; < ¢; < pi(s; + 1)
where p} is the critical Sobolev exponent associated with VVO1 i (©); the multiplicity
result provided by these authors also allows for supercritical growth for G. However,
no information about the sign of the solutions was given. When A = (1/p1)|£[P1 and

B = (1/p2)|£|P2, the system (1.5) becomes
—Apu=Gy(r,u,v) and — Ap,v = Gy(z,u,v) in Q, u=v =0 ond.

Thus s; = s = 0 and the nonlinearities G, and G, only have subcritical growth (see
[17, Remark 3.1]). Although the techniques we employ in this work are not only directed
at gradient-type systems, our results include nonlinearities that do not satisfy Equation
(1.6). For example, if v1,72 > 0 and 1 + 72 < p; (or v; < p;), condition (1.6) prevents
G, near the origin, from having nonlinearities that grow like |u|"1|v["2 (or |u|"1 + |v|72),
which is a common type of nonlinearity in systems that generalize the results of [4].

The work of Adriouch and El Hamidi [1] arose before [46]. In their work, the authors
consider Equation (1.3) as a gradient-type system with subcritical growth, where £; =
—A, and L5 = —A,. However, the nonlinearity the authors considered is concave-convex
only in one of the equations. For example, when p = ¢ = 2, system (1.3) takes the form
(1.1), the exponents of the nonlinearities in Equation (1.2) satisfy 0 < ¢ < 1 < p; =
p2 <2 and 0 < g2 =1 < p; = po < 2*. That is, the second equation has a linear term
instead of a concave one.

Another fact worth mentioning is that, as in Equation (1.1), in general, the non-
linearity ¢;(z,u,v) of Equation (1.3) also depends on a parameter. Typically, we have
o1(z,u,v) = ¢1.(z,u,v) and ¢o(z,u,v) = ¢2 ,(z,u,v). In all the works we are aware of,
the authors ensure the existence of a solution only if the parameters A >0 and x>0 are
sufficiently small. In other words, regarding the parameters, there are only local existence
results. This raises an important question, for example: when ¢ = ¢1,x and ¢2 = ¢2,
are nonlinearities that generalize Equation (1.2), is the set O = {(\,p) € R%| (1.3)
has a solution (u,v) with u,v > 0 inQ} bounded or unbounded? We will show in this
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work that, surprisingly, this set can be unbounded. In relation to the non-existence of
a positive solutions for Equations (1.1)-(1.2) (as well as for Equation (1.3) equipped
with a condition that generalizes Equation (1.2)), while there is ample literature for the
scalar case, there are no studies involving the non-existence issue for systems. None of
the previously mentioned works addresses the non-existence of solutions for systems.

Although our work is inspired by that of Ambrosetti—Brézis—Cerami, our present con-
tribution addresses interesting cases which, to the best of our knowledge, have not been
considered before, such as non-gradient type systems. We will also consider nonlinear-
ities with supercritical growth and present novel existence results even for critical and
subcritical cases, as well as providing both existence and non-existence results.

In this work, we are dealing with the following systems:

—Au = Aa(x)u? + c(z)u*v® in Q
—Av = pb(x)uP + d(z)uv?  in Q

(P1) .
0£u>0,0Zv>0 in Q
u=v=0 on 0Of)

or
—Au = a(z)u? + Ae(z)u*v® in Q
(P) —Av = b(x)vP + pd(z)ulv?  in Q
) 0£u>0 0£0v>0 in Q
u=v=0 on Of)

where p, ¢ € (0,1), concerning the exponents, throughout this work, we will always
assume that max{a, §} > 1 and max{6, v} > 1. More specifically, we have the following
hypotheses:

(PW;1) a,y>1and 3,0 > 0;
(PWy) 0<a<l<fand0<y<1<é
(PW3) a>1, >0and 0 <y <1<¥6.

We will comment on the differences between (P;) and (Pz2) by comparing them with

their scalar versions. Observe that u is a solution of (Py) if and only if w = AT=q qu is a
—1

solution to (P*) where A = A 1*‘1, and
—Au = a(z)u? + \o(z)uP in Q PN
u=v=0 on OfL.

When a(x) > 0, the global results provided by [26] imply global results for (P*). Here,
global means that it is possible to establish for which parameters A > 0 the problem has
a solution and for which it does not, which contrasts with the local case where existence
can only be established for small parameters. However, when b(z) > 0 and a(z) change
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sign, we cannot derive global results for (P*) from the results of [26]. Global results for
(P*) were obtained by De Paiva in [27] when b(x) >0 and 1 < p < 2* — 1.

Now, suppose that (o — 1)(y — 1) # 6. Then, for all A\ > 0 and 7z > 0, the following
system has a solution

Ing

{(al)x+ﬂy = In\ (1.8)
Oz + (v — 1)y

~y—1

_ a=1 B 6
Then, X :=e*1=9 > 0 and p = e?1P) > 0 satisfy N\ =AT-a TP and m= AT-apu1-p.
1 —1

Setting t = AT-¢ and s = u1-P, we see that u and v are solutions for (P;) with A, x> 0
if and only if @ = tu and T = sv are solutions for (Ps) with A, 7z > 0. Therefore, the global
results for (P;) with certain hypotheses on the weights yield global results for (P2) with
the same hypotheses.

But when the system (1.8) has no solution, this approach does not work. Therefore,
even in the case that all weights are non-negative, we cannot obtain a solution (uz,v2) to
(P2) with ug = tu; and vy = sv; for some t, s > 0 and (u1,v1) solution to (P;). This does
not happen in the scalar case, since when the weights are non-negative, global results for
(Py) guarantee global results for (P*).

We will see that the conditions (PW7)—(PWs3) affect the set of values A, > 0 for
which the system has a solution (u,v). Before formalizing the concept of the solution
we will employ, it is pertinent to note that since the weight functions lie in L% (),
our optimal expectation is that solutions belong to C*(£2). Thus, we shall consider the
following definition:

Definition 1.1. We will say that (u,v) is a solution to (P;) if, for all s>1,
u, v e W5(Q) N Wy * () N CHQ) and u, v satisfy (P;).

Concerning the existence of solutions, throughout this work, we will assume
that Q@ ¢ RY is a bounded domain such that 0Q € C%!'. Except for the solution
of item (v) of Theorem 1.4, this regularity is sufficient to obtain solutions in
W25(Q) N W,°(2) N CH(Q) for all s > 1. To this end, we will invoke the following classi-
cal results from elliptic regularity theory: Theorems 7.26 and 9.15 of [31], which require
that Q ¢ RY be a domain such that 9Q € C%! and 99 € C!, respectively. Regarding
the non-existence of solutions, we require the existence of Q¢ C Q such that 9Q, € C1!,
so that we can use Green’s identities (which require 9Qy € C') and the results of [31,
Theorems 9.15 and Lemma 9.17] in Proposition 2.7 (which require 9y € C11).

Let Q9 C Q be open and connected. We say that a function h : Q — R satisfies the
condition (Pq) if h(x) > 0 for all z € Qo, and the set {x € Qg | h(x) > 0} has positive
Lebesgue measure. The conditions on the weights are stated below.

(Pl) a, b, c, d € LOO(Q) \ {O}v
(P2) a(xz) >0 and b(z) >0 in Q;

Regarding condition (Py), we do not know if the results of the present work are valid

for the case where the weight functions are in an appropriate LP space. We have not
delved into this issue.
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Certain constants will appear in the form of powers associated with the questions of
existence and non-existence. To better organize the presentation of our first theorem, we
present these constants in the table below.

7’11:%_; 011:% ?11:% 511:%
To1 =1 o021 =0 To1 =0 o1 =1
Ti2 =1 o12 =0 T2 =0 012 =1
Tog =1—7 o922 = f3 Top =0 Tp=1—-«a
Ti3 =1 o13 =0 Ti3 = §=, 513:1%
To3 =1 023 =0 Tz =1—17 T3 = f3

In our first result, we show that there exist 7, 0,7, > 0 satisfying 7+0 > 0,7+ > 0,
and A%, A3 > 0 such that problem (P;) has no solution if A7 > A} or A™u® > Aj. The
same occurs with (Ps). Specifically, we prove the following:

Theorem 1.2 (Non-existence) Consider the system (P;), where Q CRY is a
bounded domain, and suppose that the weights a(-), b(-), c(-), d(-) satisfy the (Pq,) con-
dition for some C%' domain Qo C Q, and that (PW;) holds. Then, there are positive
numbers Aj;; > 0 and A3;; > 0, possibly depending on a(-), b(-), c(-), d(*), a, B, 7, 0,
Qo, Q, such that there are no solutions (u,v) for (P;) in the sense of Definition 1.1, with

u>0 and v>0 in Qo when N %% > Aj, or NG i > A3

In [4], the non-existence of positive solutions to (Py) is a consequence of the simple
inequality: Given ¢ >0, there exists A = A, > 0 such that A\t? 4+ ¢ > ct, Vt > 0 (see
[4, (3.1) with ¢ = A(Q)]). However, even for the case fy = A\t¢ + t*s” and g, =
psP + 957, for all A, u > 0, there is no ¢ > 0 satisfying fi(z,t,s) > ct and g, (z,t,8) > cs
simultaneously for all ¢,s > 0. Hence, the approach for the non-existence of solutions is
different in the context of systems. Lemma 2.1 plays a key role in our proof. It is a slight
adaptation of [4, Lemma 3.3]. (Observe that in the work [4], this lemma is not relevant
to show the result of non-existence.) Our proof is based on technical arguments, and in
some cases, we use the Krein—-Rutman theorem [37].

The problem (Py) is related to (P*). In [27, Theorem 1], the author showed a global
non-existence result when 0 < ¢ <1 < p <2*—1,b(z) > 0in Q, and {z € Q | a(z) > 0}N
{z € Q| a(z) <0} = 0 with other conditions. Therefore, concerning the non-existence
question, Theorem 1.2 complements this result since the hypotheses considered are weaker
than [27, Theorem 1] and we are considering supercritical powers, that is, a+8 > 2* —1
or 0+~ >2*—1in (Ps).

Definition 1.3. We say that (u, v) satisfying (P;), in the sense of Definition 1.1, is a
minimal positive solution when u>0 and v>0 in Q. Moreover, if u* > 0 and v* > 0 in
Q, and (u*,v*) is another solution for (P;), then u < u* and v < v* in .
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In order to present our next theorem, we define the following hypothesis:

(Hy)e(x) > 01in € (Hy)d(xz) > 0 in Q;
(H2)o 2 1; (Hs)y = 1;
(H3)g < o < 1 and igfa(x) >0; (Hg)p<~vy<land igfb(x) > 0.

In our second result, in the main item, we show that there exist 7, 0,7,c > 0 satisfying
T+0>0,7T+7 >0, and A, Az > 0 such that problem (P;) has at least one solution
if ATp% < Ay and A"p” < Ag. The same occurs with (Ps). Specifically, we prove the
following:

Theorem 1.4 (Positive Solution) Consider the system (P;) with Q C RY being a
C*! bounded domain. Suppose that (PW;) and (P1)~(Ps) hold. In regard to the existence
of solutions for (P;) in the sense of Definition 1.1, there are positive numbers Aq;; > 0
and Ag;; > 0, possibly depending on a(-),b(-),c(-),d(-),p, ¢, &, 5,7,6,Q, such that:

(i) Suppose that (H;) and (Hy) hold with 1 <1 <3 and 4 < k < 6. Then (P;) has a
positive solution when X %1 < Ay;; and N9 p%9 < Ag;j;;

(ii) If c(x) > 0 and d(z) > 0 in Q, there evists 0 < Lf; < +oo such that for all
A€ (0,L}), there is 0 < Ay < 400 such that for all p € (0,Ay), problem (P;) has
a minimal positive solution. If i € (Ax,+00), then there is no positive solution for
(Pi). Moreover, LT, = L3, = +00, and L}; < +0o0 for the other cases;

(iii) If c(z) > 0 and d(z) > 0 in €, there exists 0 < M5 < 400 such that for all
p € (0, M), there is Ay, such that for all X € (0,A,), problem (P;) has a minimal
positive solution. If X € (A,,+00), then there is no positive solution for (P;).
Moreover, M{, = M3, = M{s = M35 = +00, and M;; < 400 for the other cases;

(iv) If c(x) > 0 and d(xz) > 0 in Q, and (ur,,vau) %5 a minimal positive solution for
(P;) with the parameters A\, u > 0, then for all0 < Ay < X and 0 < py < p, problem
(Pi) has a minimal positive solution (ux,,.q,Vx;u, ) with the parameters Ay, puy > 0.
Moreover, Unypg < Ung and Uxppg < Uap @0 Q.

(v) Suppose that c(x) > 0 and d(x) > 0 in Q. Then, if «>1 and v>1, we have a
positive weak solution for (P;) when A € (0, L};) and p = Ax. Similarly, we have a
positive weak solution for (P;) when p € (0,L;;) and A = A,,.

With the purpose of exemplifying the previous theorem, let us consider the following
system:

—Au=ud+uv? in Q
—Av = P +ulv?  in Q
u>0,v>0 in Q
u=0v=0 on 0N.

(1.9)

Supposing that p,q € (0,1) and A, u > 0. Regarding existence, Theorem 1.4-(i) ensures
the existence of A; > 0 such that:
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(E1) Assuming that o >1,v>1, 8> 0, 6 > 0, then Equation (1.9) has a solution if:

a=1 B fold §
Al—apl=-p <Ay and Al-apl-P <Ay

(E2) Assuming that 0 < @ < 1 < fand 0 < v < 1 < 6, then Equation (1.9) has a
solution if:

A<A; and p <Ay

(Es) Assuming that o« > 1, >0, and 0 < v < 1 < 6, then Equation (1.9) has a
solution if:

a—1 8
A< Ay and A TSI < A,

Note that if a@>1 or y>1, then the result of (E;) ensures that the set & :=
{(A\, 1) € R] (1.9) has a solution } is unbounded. Furthermore, if & > 1, then the result of
(E3) also implies that £ is unbounded. These results contrast with the scalar case, since
{N € R4 | (Pa) has a solution} = (0,A] and A < +oo for the case where the weight
functions of (P,) are constants.

To prove Theorem 1.4, we use the sub-super solution method. The way we define the
concept of sub-super solution for systems is somewhat different than in the scalar case.
For example, a solution of (P;) may not be a sub-solution or a super-solution for (P;)
(see Remarks 3.1 and 3.5).

The super-solutions are obtained by solving the systems Equation (3.1) and (3.2). The
greatest difficulty lies in obtaining solutions when one of the parameters A > 0 or > 0 can
be arbitrarily large. The sub-solutions come in two types of functions. To obtain the first,
we use the theory of principal eigenfunction for operators with indefinite weight functions.
For that, we choose an appropriate weight function (see, for instance, Equation (3.4)).
To obtain the second sub-solution, we solve an auxiliary problem employing variational
techniques (see Proposition 3.6).

The novelty of this theorem lies in the fact that we solve the problem of the existence
of a solution for a more general class of systems (not just gradient systems and not
just with critical or subcritical growth powers), and we prove that the set of solutions
O; := {(A\, u) € R% | (P;) has solution } is unbounded in some cases. To prove (v), we
use the same approach as in [4, p. 528]. However, the same idea does not work when a < 1
or v < 1, although we believe that this statement holds for other cases. Unfortunately,
we cannot prove it. Despite this, in [23], we have a complete proof for when the system
is of the gradient type.

Originally, this work contained a study involving the multiplicity of solutions for
gradient-type systems, as well as analyzing cases where all weights change sign and the
nonlinearities have supercritical growth terms. However, we decided to address this in
another paper [23]. The issue of local minimization for functionals with two variables was
also addressed in another paper [24]. However, the question of multiplicity for a system
that is not of the gradient type remains open. A major difficulty is that if the system
cannot be studied via variational methods, we do not know how to approach the issue of
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multiplicity. Unfortunately, we were unable to answer some other questions. For example,
can we have the maps p +— A, and A — Ay continuous? Is it possible that Ay;; = Am
and Ag;; _AQzJ Ifo< A= L* < 400, can we have Ay > 07 If0 < u = M;; < 400, can
we have A, > 07

After the introduction, this work is divided into three other sections. The second section
is dedicated to the question of non-existence of solutions for (P;). In the third section,
we present the method of sub-super solution, and finally, in the fourth and last section,
we present the proof of Theorem 1.4.

2. Non-existence results

This section is dedicated to non-existence issues for the problems (P;) and (P3). The
proof of the following lemma is an adaptation of [4, Lemma 3.3].

Lemma 2.1. Let Qy C RN be a C' bounded domain, m € L>(Qy) which satisfies
0 < m(x) # 0 in Qo, assume that f(t) is a function such that t=' f(t) is decreasing for
t>0. Suppose that ¢, o € W?*(Qq) N C*(Qy) and Q > —\1() satisfies

{A90+Q<P2m(x)f(so), refy ¢>¢;+Q¢Sm<x>f<¢>, e
et T ¢:0, z € 0Q

then ¢ > ¢ in .
Proof. Let © € C'(R) be a nondecreasing function such that ©(t) = 0 for t < 0 and

O(x) =1 for t > 1. Setting O.(t) = ©(%), as Qp is a C'! bounded domain, we can then
invoke the Green’s formula and proceed as in [4, Lemma 3.3] to get

fog mi@ioe |12 - 1D 616 o) < -, But0 - 910

where O,(t) := fg sO.(s)ds. Since 0 < ©(t) < ¢, then

os/ﬂom@)w {fEf)fﬂ @5(¢cp)dx§5</QOA¢)>.

Since t~1f(t) is decreasing for ¢ >0, taking ¢ — 0% in the above expression, we obtain

that

where Q1 = {2 € Qg | ¢(z) > p(z)} CC Qo, which is an open set. Since t~1f(¢) is
decreasing for t > 0, if 1 # @), we have that m(z) = 0 Vz € Q1,50 —A(p—¢)+Q(p—¢) >
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0in 27 and ¢ — ¢ = 0 on 9. Thus, ¢ > ¢ in Q;, which is a contradiction. Therefore,
Q1 = 0, and the lemma, is proved. O

Remark 2.2. Let Q be a C1'! bounded domain and m € L*(Q) with m*(x) # 0 in
Q. From [33], we can define \1,,,(Q) and @1, respectively as the principal eigenvalue
and first eigenfunction to the problem

{ —Ap=Am(x)p ,x€N

p=0 ,x € 0N
Moreover,
1 m(z)w? dz
0< = sup 7f9 ( )2
A1m () weHl (@) Jo IVw|? dz

and @1, > 0 in 2. Observe that by the standard regularity theory, we have p1.0 €
W25(Q) N Wy*(2) N CHQ) for s> 1.

In what follows, for the set Qo C Q and m € L*>°(Q) with m™(z) # 0 in Qy, we will
write A1y, and @1, instead of Ao, and p1ma,. We will also consider throughout this
work that [|¢1m|lcc = 1.

Corollary 2.3. Suppose that for some Cj bounded domain Qo C Q, we have —Aw >
tm(x)w” in Qo, where w € W25(Q)NCLQ), t>0,0<r <1, 0<m(z) Z0, z € Qo,
and w>0 in Q. Then we have

1
t 1—r
Im

t

)\1m
tg(z)@Y,,, so the corollary is a direct consequence of Lemma 2.1. O

1
—r
Proof. It is easy to verify that $y,,(x) = ( ) v1m(z) satisfies —Ap,,, <

The following two propositions will provide sufficient conditions for systems (P;) and
(P5) to have no solution, in the sense of Definition 1.1. In this section, 2 C RY is a
bounded domain, and Qg C Q is a domain whose boundary will have regularity C* or
Cchl.

The only requirement we will impose on the signs of the weight functions is that they
must satisfy condition (Pq,), where o C €. That is, these functions must be non-
negative and non-zero in 3. Outside of )y, we are not imposing any specific behavior
regarding the sign; in other words, the functions may or may not have an indefinite sign
in Q.

Proposition 2.4. Suppose that for some C' domain Qo C Q, the weights a(-), b(-),
c(+), d(-) satisfy the condition (Pa,), and o > 1, B, v, € >0. Then there is a number
AT = Al(a(')vb(')ac(')vd(')vp»(baaﬁ) > 0 such that:
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a=l B
(i) There are no solutions for (P1) with AT=a u1-p > Aj;

(ii) There are no solutions for (P2) with A > Aj.

Proof. In what follows we will consider x € €.
Case (i): Since —Au > Aa(z)u? and —Av > pb(x)v? by Corollary 2.3, we have

1 1

A\ To¢ =

u > () ! Y1q and v > (H) : ©1p- (2.1)
)\1(1 )\1b

a=1 _B_

Since —Au > ¢(x)u®v? by Equation (2.1), we get —Au > A 1=4 =P ¢(z)u, where ¢(z) :=

l—a =0 a=1 B
A AP @‘f‘;l(aé)wfb(x)c(x) s0 —p1zAu > N1=9 1P ¢(x)p1zu, a simple computation

a-1l B
provides A 1-a p1-p < Az
=1 =1

Case (ii): In this case, we have u > )\11;‘1 Y14 and v > /\11;” ©1p, since —Au > Ae(z)u*v?

then —Awu > A\é(x)u, as in the last case we have A < Ajz. OJ

Remark 2.5. Suppose that (PW;) holds, and a(-), b(-), c(-) and d(-) satisfy the (Pq,)
condition,for some C'! domain Q¢ C Q. From Proposition 2.4, there are numbers A > 0,
1 =1, 2, such that:

~y—1

a=l B 0
(i) There is no solution (u,v) for (Py) with AT=¢ pT=P > AT or pl-PAI-9 > Aj;
(ii) There is no solution (u, v) for (Pz) with A > A] or u > Aj.

Before we present the next non-existence theorem, we will present a version of the
Krein-Rutman theorem [37]. The proof of this result can be found in [40] or [11, Problem
41, p. 499]. This theorem plays a crucial role in the proof of our non-existence theorem.

Theorem 2.6 (Krein—Rutman) Let E be a Banach space and let P be a convex
cone with verter at 0, i.e. A\u+ uv € P, YA, 4 > 0, Vu, v € P. Assume that P is closed,
IntP # 0 and P£E. Let T : E — E be a compact operator such that T(P\ {0}) C IntP.
Then there exists some ug € intP and some \g > 0 such that Tug = Agug.

Proposition 2.7. Suppose that (PWy) holds, and for some CY' bounded domain
Qo C Q, the weights a(-),b(-), c(-), d(-) satisfy the (Pq) condition. Then there are positive
numbers Af := A (a(-),b(:),c(-),d(-),p,q, @, B,0,7) such that:

(i) There is no solution (u,v) for (P1), in the sense of Definition 1.1, with u(x), v(x) >
0, Vo € Qo, and A > A} or p > A%;

(if) There is no solution (u, v) for (Pz), in the sense of Definition 1.1, with u(z),v(x) >
0, Vo € Qo, and \7pP > A5 or Npl= > Aj.

Proof. In what follows, we will consider = € ).
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Case (i): Suppose that (u, v) is a solution for (P) with u(z),v(z) > 0, Va € Q. From
Corollary 2.3, we have

1

A\ I-¢

U > ()\ ) Pla- (22)
la

Since —Av > d(x)u’v? by Equation (2.2), we get

0
—Av > AT=ao(z)v”

—0

where o(z) := A}, “d(x)¢f,(x). Since 0 < < 1, from Corollary 2.3, we obtain

—1

0
o(@) 2 AT AT o1, (2). (23)
Since —Au > c(x)u®v?, Equations (2.2) and (2.3) provide
—Au > \N"loqy(z)v (2.4)

—a =(B=1)
where o1 (z) = AL, TN 7 e(@)pd, (2)pi (@) and 7 = 5+ (19(5_1) ;- Once again

(1-9)(1-7)
using —Awv > d(z)uv? with Equations (2.2) and (2.3), we get

—Av > A209(x)u (2.5)

1-6 -
where oa(z) = AL AL T d(x) ], (2)0, () and T = f—:; + u_(gﬁ.
Claim: There is a principal eigenvalue A;o > 0 and principal eigenfunctions ¢, ¢ >

0, Vz € Qg belonging to W2*(2) N W&’S(QO) NCY(Q), Vs > 1 for the problem:

_A¢1 = )\120—1(1.)(;527 QO (EP)
—A¢py = Aao2(x)d1, Qo.

From Equation (2.4), we get

)\12/ oo (x)ugy da = / —ulAgodx > — doAudx > A1 / o1(x)ves da.
Q0 Q0

Q0 Q0
Therefore,
)\12/ UQ($)U¢1 dx 2 A1 / Ul(x)v¢2 dz. (26)
Q0 Q0
Similarly, we get
)\12/ o1(x)vpgdx > N2 / oo (x)ugy dz. (2.7)
Q0 Q
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Follows from Equations (2.6) and (2.7) that AT17™2 < A2, so it is enough to consider

A = Tl+T2 . Now we will prove the Claim. Let E = C(Qo) N H () and P = {u €
E | u(x ) >0, xz € Qp}. It is known that

intP{uEE|u(x)>07$€Qo7 %
14

<O,IIZ€890}.

For i = 1,2, we set the operators T; : E — E by Ti(u) = v, where v € W25(Qp) N
Wy () N C(Q) is the unique solution of the problem

—Av =o;(x)uin Qo, v(xz) =0 on 9Ny,

from [31, Theorems 7.26, 9.15 and Lemma 9.17], we have that T; is well-defined and
T:=T,0T) is a compact operator. Moreover, utilizing the maximum principles [31,
Theorems 8.1 and 8.19] along with Hopf’s lemma [35] (see also [31, Lemma 3.4] and
Remark 2.8), we have T'(P \ {0}) C int P; therefore, Theorem 2.6 provides ug € int P
and \g > 0 such that Tug = A\gug, hence A5 = )\61/2, o1 = /\al/QTluo and ¢9 = ug are
solutions for (LP). In a similar way, we prove that for some A%, there are no solutions
for 1 > A3.

Case (ii): In what follows, we consider x € §g. Suppose that (u, v) is a solution for (Ps).
Since —Awu > a(x)u? and —Av > b(z)vP, we have

71 -1
u > /\ 101, and v > /\lb O1p- (2.8)

Since —Au > Ae(x)u®v? and —Av > pd(z)uv?, we have

—Au > Ao(z)u® and — Av > pa(x)v”, (2.9)
=B —0
where o () = A{, Pe(x)l, (x) and 7 (x) = AMd(z)@?, (). By Equation (2.9), we get
— =
u> | — Y10 and v > o V15 (2.10)
)\10 )\IE

From Equations (2.8) and (2.10), —Au > Ae(z)u®v? and —Av > pd(x)u’v?, we obtain

-1 (2.11)

1—6 —
where 7(z) = AL AL P o6, (2)6 (p)e(x) and d(a) = AL AL ol (26, (2)d(r).
From Equation (2 11) We can proceed as in the proof of Case (i) to obtain A% such that

g 1 6=1 _0 « 0 1—a
(Ag)lfa Z)\lfa)\lfalu:)\lfaﬂ eSS A3 > A W .

In a similar way, we get A} > 0 such that A} > A1=7uP. O
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Remark 2.8. Traditionally, the Hopf Lemma [35] is presented for functions of class
C?. However, this result can be easily extended to functions in W2#(Q) N C1(Q) with
9Q € CY1. Indeed, although the proof given in [31, Lemma 3.4] is for functions in
C?(9), it essentially employs comparison principles for functions in C?()NC?(2). Since
00 € O, ) satisfies the interior sphere condition, ensuring that the proof of this result
remains unchanged if we use the comparison principles for functions in W12(€2) (see
[31, Theorems 8.1 and 8.19], and also [31, Sections 9.7-9.9] for maximum principles for
functions in W2V (Q)).

Following the same idea of Proposition 2.4, part (i), and Proposition 2.7, part (ii), we
have

Corollary 2.9. Suppose that a(-), b(+), c(-), d(-) satisfy the (PQO) condition for some
CY domain Qo C Q, and (PW3) holds. Then there are Af > 0, i = 1,2,3,4, satisfying:

a—1 B
(i) There is no solution (u,v) for (P1) with A\ > A} or ANT=a uI-P > A};
(ii) There is no solution (u,v) for (Pa) with X > A§ or X! =7uf > Aj.

Proof of Theorem 1.2: The proof of this theorem is a direct consequence of
Proposition 2.4, Proposition 2.7 and Corollary 2.9. g

3. The sub-supersolution method

In this section, we write ¢* () := max{0,£¢(z)} and ||¢]oc = |¢|ro0(0). We always
assume that Q C R” is a bounded domain with 9Q € C*!. The following notation is of
fundamental importance for the definition of sub and super-solutions: If ¢ € L>°(Q), we
set

[0,0] :={w e LT (Q)| 0 <w(x) < @(x)} .

We define (w,7) as a supersolution for (P;) if, for all s>1, w,7 € W>*(Q)N
Wy *(2) N CH(Q), and T, T satisfy:

—Au > fa(z,z,w) in Q, Vze[0,q], Yw e [0,7]
—AT > g, (x, ) in Q, Vze€[0,q], Yw € [0,7] (Sxn)
T, 7> 0 in Q a
u=v=0 on 0f)

where fy(z,2,w) = Aa(z)29 + c(z)z*w? and g,(z,z,w) = pb(x)w? + d(z)zw? for
(P1), and fi(z,2,w) = a(x)z? + Ae(z)2*w? and g, (x,z,w) = b(z)wP + pd(x)z0w?
for (P2).

Remark 3.1. When all weight functions a,b,c,d € L>(f2) are non-negative, then a
solution (u, v) to (P;) with A, u > 0 is also a super-solution satisfying (S»,). However,
if at least one of the weight functions changes sign in €2 or is negative on a set of positive
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measure, then a solution (u, v) to (P;) may not be a super-solution satisfying (S,). This
is a very relevant difference for the concept of super-solutions for systems, since in the
scalar case, a solution is always a super-solution.

In the scalar case (Py) with a = b = 1, the authors of [4] obtained the first solution via
the method of sub-super solutions. The super-solution for (Py) provided by these authors
takes the form Me, where e € C%(Q) N C(Q) satisfies —Ae =1 in Q and e =0 on 9. For
this super-solution to exist, it is sufficient that the inequality M > AM1||e||%, + MP|e||%,
admits a solution M = M(A) > 0 (see [4, Lemma 3.1]). In our approach, the super-
solutions take the form @ = Xe and v = Ye, where X = X(A\, ) >0and Y =Y (A, ) >0
are real numbers, which depending on (P;) or (P2), satisfy one of the following systems:

X > MX14CXeYP

Y > uBY? 4 DXOY" (3.1)
X>0,Y>0

X > AX94NCX°YP

Y > BYP+uDX%Y" (3.2)
X>0,Y >0,

where A, B,C,D € R, p,q € (0,1), o, 8,7,0 > 0, max{a, 8} > 1 and max{v,6} > 1. For
which values of A >0 and x>0 do the systems (3.1) and (3.2) have a solution (X, Y)?
In Lemma 3.3, we will delve into this question; however, it should be noted that systems
(3.1) and (3.2) always have a solution when A>0 and g >0 are sufficiently small. We
will register this fact in a brief remark.

Remark 3.2. If we look for solutions of type X = Y > 0, since p,q € (0,1),
max{ca, 8} > 1, and max{f,~} > 1, it is easy to see that

1 1
X =Y = max{(24\) T4, (2Bu) 77}

1 1 —1 -1
with max{(24AX\)1-¢,(2Bu)1-7} < min{(2C)o+6-1 (2D)0+7-1} satisfies Equation
(3.1) and

1 -1
X =Y = min{(2\C) >+t5-1 (2uD)0+r-1}

—1 —1
with max{(QA)lilq, (2B)ﬁ} < min{(2\C)a+6-1 (2uD)f+7-1} satisfies Equation
(3.2). Then, there is A > 0 such that Equations (3.1) and (3.2) always have solutions
for all A\, u € (0,A], so we are interested in analyzing cases where A >0 or u>0 can be
arbitrarily large.

Lemma 3.3. Suppose that A, B, C, D > 0, then there are Ap;; = Aij(A,B,C,D,
a, B,7,0) > 0 such that
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(i) If (PW1) holds, then the system (3.1) has a solution (X, Y) if

(PW7) holds, then the system (3.2) has a solution if A < Aj21 and p < Agor;
(PW3) holds, then the system (3.1) has a solution if A < Aj12 and p < Asgia;
(PWQ) holds, then the system (3.2) has a solution if N'=Vuf < Aj9o and
Pt < Agog; L

(v) If (PWs3) holds, then the system (3.1) has a solution if A < Aj1z and X1=a p1-p <

As13;
(vi) If (PW3) holds, then the system (3.2) has a solution if X < Ayaz and \~7pP <
Asas.

If
If
If
A 0

Proof. The Case (ii) and Case (iii) follow from Remark 3.2.
1
Case (i): It is enough to take X = (2AMN)T-¢ and ¥V = (23/1,) -
a—1
(X/2) = MAX? and (Y/2) = pBYP. On the other hand, if AT=apuT-P < Ayy; :=

—(a—1) —f
(24) T=a (2B)T-72(2C)~! and

. Thus, we have
L

~1 (-1
AT=a qul P < Agpp = (24) T4 q(2B) =p (2D)~ 1,

then (X/2) > CX*Y” and (Y/2) > DX%Y7, and therefore X and Y satisfy Equation
(3.1).
Case (iv): If

—1

X = ((2D)P(20) =\ 7P ) BO-(1=a)(1=7)

and
=1
Y = ((2D)! 7 (20) N pt 7o) Bo-(1ma) =)

then we see that X/2 = A\CX*Y? and Y/2 = uDX°Y 7. Since 80 — (1 — a)(1 —~) > 0,
we can choose Ajgy > 0 and Aggs > 0 such that A'=7uf < Ajge and Nop' = < Aggy
imply X/2 > AX? and Y/2 > BY?. Therefore, X and Y satisfy Equation (3.2). Case

1 0
(v): If we take X = (24\) = and Y = max{(2Bu)1-P, (2D(2AX)1-4)1-7 “/} then we
have X/2 = MAX% and Y > uBY? + DX?Y". Now we choose A113 > 0 and Agisz > 0,

a=1 B
in such a way that for A < Ay5 and AT-apuT-P < Ays we have X/2 > CX°Y?, and

therefore X and Y satisfy Equation (3.1).
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Case (vi): First of all, take B = B(B,~,p) such that Y > BY? = Y > 2BYP. Then,
the solutions of the system

AX94+NCXOYP
BY" 4 2uDX%Y" (3.3)
X >0,Y >0,

X
Y

AV

are solutions of Equation (3.2). Since o > 1, there are Aj1a3 > 0 and Aga3 > 0 such that,

B 1
for all A < Ajo3 and Apl-7 < A;;; (A7 < Aga3), there is X > 0 satisfying

B _8 B BB B0
X > AX94+ X2TA BT CX™ 4 A\uT-72T7 (2D) T  CX* T 17,

So

X—AXe __B_[_ B B BN B
Soxa 2277 (131—7 + (2Du)ﬁX1w> > (B +2uDX%)T-7 .

Hence, if we take Y >0 in such a way

X — AX14 — B
2 7 S>yP>(B+2uDX?) T
soxe 2 Y0z (B2ubXT),

then X >0 and Y > 0 satisfy Equation (3.3). O

Corollary 3.4. (Existence of super-solution) Lete € W2*(Q) N W, *(Q) N C'(Q)
be the unique positive solution of the problem —Ae =1 in Q, where e=0 on 98 (see [31,
Theorems 7.26 and 9.15]). Define A = ||a||o|lell%, B = [|bllsollellZ, C = |lclsolle]|%H?
and D := ||d||c|le||27. For Ayi; found in Lemma 3.3, in each of the cases (i) — (vi),
where \, i > 0 satisfy these conditions, there are W, 7 € W25(Q) N Wy*(Q) N C1(Q)
satisfying (Sx,)-

Proof. If X >0 and Y >0 are solutions for Equation (3.1) or (3.2), then we see that
U= Xe and U = Ye satisfy (Sy,). O

In a manner akin to the definition of a super-solution, we define (u,v) as a sub-solution
for (P;) subordinate to @, 7 € L>°(R2) \ {0} when u,v € W25(Q) N W,*(2) N C1(Q) for
all s >1 and u,v satisfy:

—Au < fa(z,u,w) in Q, Yw € [0,7]

—Av < gu(z,z,v) in Q, Vz€[0,1]

v, v>0 in Q (Sxn)
u=v=0 on 0f)

uZzE0, v#0 in .

Remark 3.5. A similar observation to that in Remark 3.1 holds for sub-solutions.
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The sets A := {z € Q|a(z) > a1 = |la]|w/2} and B := {z € Q| b(x) > b =
I6]|s0/2} have positive Lebesgue measure. Furthermore, Q2 \ A and Q \ B can have zero
Lebesgue measure, despite that we can set h, r € L>(Q) by

h(x) _ aq , X € A 7”(.13) _ b1 s, I S B (34)
-1, z€Q\A -1 , z€Q\B

We will see that in some cases, for a small € >0, we have sub-solutions of the type
u = epipo and v = epi.q. However, this approach does not work when ¢~ (z) # 0,
d=(z) #£0,g< a <1, orp<~vy <1 In order to overcome this obstacle, we will obtain
another type of sub-solution. For that, we will use the variational method.

Proposition 3.6. Let m € L>(Q)\ {0} with m(z) >0 in Q. For all0 <r; <rq <1,
K >0, and € >0, the auxiliary problem (P:):

—Au =em(z)u — Ku™2 in
0Zu>0 in Q (P.)
u=0 on 0f),

has a solution u € W25(Q) N W, *(Q) N CY(Q), for all s>1. Moreover, we have u <

1 —
eT=71 Me in Q, where e € W5(Q) N W, *(Q) N CH(Q) is the unique solution of —Ae =1
in Q, and M = M (ry, [|ml|oo, [[€]lo)-

Proof. Let I. : H}(Q) — R, I. € C! given by

1 2K A
I (u) := 5/9 (|Vu|2 + - 1|u|’“2+1) dz — ] /Qm(nc)\url'H dz.

Since Hg(2) < L™171(Q), then for some R >0, we have

1
2
I.(u) >0, forall |u]:= Hu||H01(Q) = </Q |Vu|2dx> = R. (3.5)

Choosing ¢ € H}(Q) with [, m(z)pdz > 0, we see that lim, 1 ¢t~ "1+ (tp) < 0,
then we get

co = inf {I.(u) |u € H}(R) and [Jul| < R} <0.

A standard compactness argument provides uy € Hg () with |lugl| < R such that
I.(up) = ¢o < 0, so ug # 0. Since I.(up) = I.(|Jug|), we will suppose uy > 0.
From Equation (3.5), we get ||ug|]| < R. Then Il(ug) = 0, hence ug is a weak solu-
tion for (P.). From [43, Lemma B3, p. 270], we obtain uy € L*(2) for all s>1 (since
ro < 1, this can also be derived using a bootstrap argument). By [31, Theorems 7.26
and 9.15], it follows that uo € W25(Q) N Wy* () N C1(Q) for all s>1. Now observe
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1 1
that for t = 1771 (|m|oo|le]|cd) =71, we have —A(te) > em(z)(te)™ in Q. Since

—Aug < em(x)u,' in ©Q, we can invoke Lemma 2.1 to obtain ug < te. O

Remark 3.7. Although we do not know if the solution ug is positive, observe that
the set Qo := {x € Q|ug(z) =0} has empty interior. Otherwise, if there is B, C Qo,
then we can take ¢ € C°(Q) with supp ¢ C B,. Therefore, for a small ¢ >0, we obtain
I (up + to) = I.(up) + I (t@) < I.(ug), which is a contradiction.

Remark 3.8. If m( := infgm(z) > 0, since r > r1, then we get for M >0 large
—Au = em(z)u" — Ku" > emou't — Ku™ > —Mu in 2, so the strong maximum
principle provides « >0 in € (see [31, Theorem 8.19]).

Lemma 3.9. (Existence of sub-solutions) Let (4,7) = (ux,,0xu) be the super-
solution obtained in Corollary 3.4 under the conditions (i)-(vi) of Lemma 3.3. Suppose
that (P1)—(P2) hold. Consider the following hypotheses:

(Hy)e(z) > 0in Q; (Hg)d(x) >0 in Q;
(Hy)a > g; (Hq)y > p-

If (Hy) or (H,) holds and if (Hs) or (H,) holds, then there are w and v satisfying
(§Au)'

Proof. Without loss of generality, we will only obtain sub-solutions to (P;). To illus-
trate the other cases, let us initially consider that &> 1 and 7 > 1. Let h and r be defined
in Equation (3.4). We set @15 := @10 and @1, := ¢1,0. We can choose ¢ >0 small in
such a way:

ednpin < Aar(epin)? — [lellso(ep1n) 05, o€ A

—ngin < —lellos (E010)° 112 re )\ A 3.6)
i < ubi(Epn)? = ldloclTl (e01,) @€ B
Aoty < —|dlllfTl (1) reQ\B

Taking u = ep1;, and v = gy, in view of Equation (3.6), we have that u and v satisfy

(§)\/_L)'
If g < a < 1for e >0, we set u. as the solution of the problem (P.) with K = ||c||o||7]|2,
(see Proposition 3.6), r; = ¢, and ro = a.. Then for £ > 0 sufficiently small, we have

—Au, = ea(x)ul — Ku® < \a(x)ul + c(z)ulw®, Yw € [0,7).

Since u, < EﬁMe in 2, then for € >0 sufficiently small, we have u. < u, so we set
u=u.. If p <~ <1, in the same way we set 0 < v, € W25(Q2) N W, *(Q) N CH(Q) as
the non-trivial solution of the problem —Awv, = eb(z)vP —IA(U;Y with K = ld|| o 7|2, - So,
we set v = v for a sufficiently small e > 0. If ¢(z) > 0 in Q, then it is easy to check that
ep1a0 satisfies the first inequality of (S, ,) for € >0 sufficiently small. If d(z) > 0 in Q,
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then g1 satisfies the second inequality of (S u)' In short, we have that u assumes one
of the following forms: ep140, €011, U, and v assumes one of the following forms: ep1p0,
EP1r, Vs ]

Remark 3.10. Let w and ¥ be obtained in Corollary 3.4, and u and v be obtained in
Lemma 3.9. By the maximum principle, we can take ¢ > 0 sufficiently small in such way
u<wand v <7.

4. Existence of positive solution: global and local results

This section is devoted to the proof of Theorem 1.4.

Proof of Theorem 1.4-(i): Suppose that (PW;) holds and take Aq;;, Ao > 0
given by Lemma 3.3 with A = ||a|lec + 1, B = [|bl|oc + 1, C = ||¢/|sc and D = ||d||so.
Under conditions (H;) and (Hy), we will get positive solutions for the problem (P;)
when A™7p71 < Ay;; and X727 41727 < Ag;;. We will obtain the solutions by an iteration
argument. In order to do this, for @ >0 we define

Fa(z,u,v) = Qu+ fa(z,u,v)
Gu(z,u,v) = Qu+gulz,u,v),

where fy and g, were defined in §3. The main difficulty here is that if x € Q satis-
files a(z) = 0, ¢ < a < 1, ¢(z) < 0 and v(z) > 0, then for all @ >0 the function
t — Fa(z,t,v(z)) is strictly decreasing for ¢ >0 close to zero, while if a(z) > 0 and
v(z) > 0, for all tyg > 0 there is @ >0 large such that the function ¢ — Fy(z,t,v(z))
is non-decreasing for ¢>0 in [0,%p]. The same phenomenon occurs with the function
t — Gu(x,u(z),t). In this situation, we cannot guarantee that the functions are non-
decreasing uniformly in « € Q2. Therefore, the iteration argument does not work. In order
to get around this problem, we defined ay(z) := a(zx) + 1/k and b(x) := b(z) + 1/k.
The functions f§(z,u,v) and gf(x,u,v) are the functions fx(x,u,v) and g, (z,u,v)
with ai(z) and bg(x) instead of a(z) and b(z). In view of our choice of A, B,C, D,

Corollary 3.4 provides @, 7 € W5(Q) N Wy *(2) N C*(Q) for all s > 1, satisfying (giu)

where
—Au > fi(z,2,w) in Q, Vzel0,u), we 0,7
—AT > gF i U T _
for all ke N AT > gi(x, 2, w) ?n Q, Vze[0,ul, we|0,7] (820)
w, v>0 in €
u=v=0 on 0f.
O

Since (H)) and (H,) hold, then (H, ) and (H,,) hold for some /; € {1,2} and Iy €
{3,4}. Then we are under the hypotheses of Lemma 3.9. Therefore, there are u < @
and v < T satisfying (S,,) (now we are considering the problem with f\(x,u,v) and
gu(x,u,v)). For all @ >0, we define
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Fi(x,u,v) = Qu+ fi(z,u,v)
gﬁ(x,’u,l)) = QU‘i’gﬁ(l’,U,U)-

If ¢(x) > 0 (i.e. (H;) holds), then 9, F¥(z,t,s) > 0 for all Q > 0. If (H,) holds, then a > q.
Therefore, for all t, > 0 and so > 0, for @ > 0 sufficiently large, we have 9, F¥(z,t,s) > 0
for x € O, t € [0,t0] and s € [0, sg]. Analogously, we can suppose for the same @ >0 that
9:G(x,t,5) > 0 for z € Q, t € [0,t9] and sg € [0, 50]. The last two expressions give us
for some @ >0

0 <s1 <352 < |T]loo

0<t; <ty < 7o _. )os< F(w,s1,t) < Fi(x,s2,1) (41)

0<s < [l 0<Gh(x,s,t1) < GE(x,s,t)

0<t< |l

We define the monotone iteration for n > 0, with ug = u and vy = v as follows:

—Atp i1 + Qupt1 = F¥(z,up,v,) in Q
—Avpt1 + Qupyr = gﬁ(:c,un,vn) in Q (UK, )
Up+1, Ung1 >0 in Q a
Up4+1 = Up41 = 0 on Of).

. <k . . . .
From Equation (4.1), (S,,), (S,,) and the maximum principle, by induction, we get
0<u<u, <upt1 <uwand 0 < v < v, <vpy1 <Tin ). Thus, there are u’/{u, v’f\u S

C5(Q) N W2#(Q) such that u < uf, <@ and v <0, <Tin Q with —Auf, +Quf, =
Fi(a,uf,, 05 ) and —Avy, + Quy, = Gh(x,uf ,,v5 ) in Q. So, we have
k k koook k k koook oy s
—Auy, = f)\(a:,uw,vm) and — Avy, :gu(x,u)\u,v)\u) in Q.
Therefore, we have ||u’§\HH and Hv’)\“MH bounded. Then, for some uy,,, vy, € H (), u’f\u —

uyy, and v’f\u — vy, weakly in H}(Q2) when k& — +oo. Up to a subsequence, we have
u < wuy, <uand v < vy, <Tin Q. For p € C°(Q), we have

/ Vur, Vo = klim / —Auiucp = lim ff(x,u’f\#,v’;#)w = / Ia(@, uxnp, vap)e.
In the same way, we have
/ V’U)\;LVSO = khm _Avlf\#so = lim gﬁ(xvu§p3 v’)\c#)(p = / gll.(xa UAWUA;L)W

So, (uau,vau) are weak solutions for (P;). Since wuy,, v, € L2(S2), from [31,
Theorems 7.26 and 9.15]) one has uy,,, vz, € CH(2) N W25(Q), where C3(Q) := C1(Q)N
H}(€2). To finish the proof, we need to show that solutions are positive. The sub-solution
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u assumes one of the forms ep14,0, €01p, U (see the final comments in Lemma 3.9). In
the first two cases, we have u > 0 in Q. If u = u., by Remark 3.8, we get u > 0 in Q.
Similarly, v > 0 in €2, therefore uy,, va, > 0in Q.

Proof of Theorem 1.4-(ii): We define (wa) as the problem (P;) with A >0 and
©>0. Let

O = {()\,M) € Ri : (P;M) has a solution} .

By statement (i), the set O is nonempty. Let (A, 77) € O and (u,v) be some solution of
(P%ﬁ). We take A, 1 > 0 in such a way that 0 < A < X, 0 < p < fr. From [13], we can set

uxo > 0 and vg, > 0 as the unique positive solutions of

—Au = fy(z,u,0) in Q —Av=g,(z,0,v) in Q

u=20 on 0Of) v=20 on Of).
From Lemma 2.1, we have 0 < uxo <u and 0 < vo, <7 in 2. We define the monotone
iteration for n > 0, with up = uxg and vy = vy, as follows:

—Atpt1 = fu(z,up,v,) in Q
—Avpy1 = gu(®,Uup,vy) in Q (Py)
Up+1, Unt1 >0 in € .
Upy1 = Upy1 =0 on ON).

O

Since all weights a(-),b(:),c(-),d(-) are nonnegative, as in statement (i), by the max-
imum principle and induction on n > 0, we get 0 < uxo < up < Upp1 < W and
0 < voy < vy < Vpg1 < U in Q. Then, (un,v,) converge strongly in H& X H& to some
solution (ux,,vy,) of (Piu). Furthermore, 0 < uxo < uy, <@ and 0 < vg, < vay <7, s0
this solution is a minimal positive solution as defined in Equation (1.3).

If (w,v) is a solution of (’P;:\H), by Lemma 2.1, we have 0 < uxo < @ and 0 < vg, <
v in Q. Therefore, 0 < uxg < u, <@ and 0 < vg, < v, <V in Q, and so we get uy, < U
and vy, < . In this way, we prove the existence of minimal solutions for all (A, u) € O and
(0,A] x (0, ] € O. Now we define O1 :={\ >0 : for some p > 0 we have (A, pu) € O}.
From the last observation, O; is a nonempty interval. Let L}, := sup O;. From statement
(i), we see that Lj; = +o0 if and only if ¢;; > 0 and 7;; > 0, which only holds when
i=j=1andi=j =2 Taking A € (0,L};), we set the nonempty interval O\ =
{p>0: (A u) € O} and Ay := sup Oy. From Theorem 1.2, Ay < 400, and this ends
the proof of (7).

If (w,v) is a solution of (’wa), by Lemma 2.1, we have 0 < uyo < @ and 0 < vy, <
v in Q. Therefore, 0 < uxg < un, <@ and 0 < vy, < v, < in Q, and so we get uy, < U
and vy, < v.In this way, we prove the existence of minimal solutions for all (X, u) € O and
(0, 2] x (0, u] € O. Now we define O := {A >0 : for some p > 0 we have (A, u) € O}.
From the last observation, O; is a nonempty interval. Let Lj; :=sup O;. From statement
(i), we see that Lj; = +o0 if and only if ¢;; > 0 and 7;; > 0, which only holds when
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i=j=1andi=j =2 Taking A € (0,L};), we set the nonempty interval O\ =
{r>0: (A\p) €O} and Ay := sup O,. From Theorem 1.2, A < 400, and this ends
the proof of (7).

Proof of Theorem 1.4-(iii) and (iv): Follows immediately from (7). O

Proof of Theorem 1.4-(v): The proof of the existence of a solution to 0 < A < L;
and p = A is similar to the proof of [4, Lemma 3.5]. We will only deal with the case

related to the system (P;) with ¢ =1, as the case i =2 is quite similar. We will do a very

short proof. For all A>0 and p < Ay, we define A, (z) = )\a(m)ui;l + ac(m)uf\‘glvf#.

Despite the fact that the possibility of Ay, (z) = 400 for some values x € 05, the spectral
theory for —A — A, (x) can still be carried over in H () (see [4, Remark 2.1]). We claim
that vq, the first eigenvalue of (LP), is nonnegative.

{ —A¢p— Ay (2)p=vo in Q (LP)
¢=0 on Of.

O

In fact, suppose that 11 < 0, and let ¢1 > 0 be the first eigenfunction of (LP). Following
the proof of Lemma 3.5 in [4, p. 528], we obtain for a small € > 0:

—A(ury —€01) > fa(w,uny — ed1,vay) in Q.

On the other hand, we have:
—Avy, = g (T, ury, Vap) > gz, ur, — @1, vy,) in Q.
Then, (uy, — £¢1,vy,) satisfies (S»,). The iteration (P,) gives us:
0 <uxo <ury <uxy —€Pr in Q,

which is not possible because ¢ > 0. Therefore, we have 11 > 0. From (LP) we get:

/Q V6P — Apa(2)d? > 0, Vo € HI(Q).

Taking ¢ = uy,, we get:
sl = a [ ate)uls! +a [ claugis,. (42)

Since (uau, vau) is a solution to (P5,), we have

luxal> =X [ a(@)ull + [ e(@)us o], (4.3)
Q Q
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Everything we have done so far works for the case 0 < a < 1. The only moment that we
have used > 1 is now. By Equations (4.2) and (4.3), we get

2 a—p q+1
fonal? < A (S22 [ atonti

Then for some C; > 0, we have

_ o —q
luaull' ™7 < ACq <a — 1) : (4.4)

In the same way, if v >1 we get for some Cp > 0

_ Y—P
ol <y (22)). @5)

Now we will prove the existence of a solution for the case A >0 and p = Ay. In order to
do this, we take a sequence p, < ftnt1 < Ay such that p, — Ax. We define u,, = uxp,
and v, = vy, as the minimal solutions for (P} #n). Moreover, we have

0<uxo <up <uptr and 0 < vy < vy < Vpgq in (4.6)

Since a>1 and > 1, by Equations (4.4) and (4.5), we have that u, and v, are bounded
in H}(Q). Then, we have for some u, v € Hg (),

u, —u and v, —v weakly in H} (). (4.7)
From Equation (4.6), we get

U, <u= lim u, and v, <v= lim v,. (4.8)

It is not hard to see that

lim clx)ulvly = /c(a:)uavﬁcp, Vo € C°(Q)
n—+oo [o Q B

(4.9)
lim dz)ulv)e = / d(z)u’vVp, Yo € CX(Q).
n—+oo Jo Q
Since (un,vy) is a solution for (wan) and p, — Ay, by Equations (4.6)—(4.9), we have
that (u, v) is a weak solution for (’Piu) with 0 < A < Lj; and pp = Ay. The other case is
similar.
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