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Abstract

In this paper we prove a number of results on Cauchy transforms of generalized type given by Borel
measures supported on the class of analytic functions mapping the unit disc into the unit disk. We also
give a BMOA characterization using these families.
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1. Introduction

Let A={ze€C:|z] <1}, T = {x : |x| = 1} and let .# denote the sets of
complex-valued Borel measures on I'.

For z € A and @ > 0, let F, denote the family of functions f for which there
exists a measure u € . such that

1
—d f 0;
/; AT wix) or o >

(1.1 f@= 1
/log —dux)+f(0) for a«=0.
r 1 —-xz

These families are known as families of Cauchy transforms and have been well studied
in [4, 3, 8, 10].
The class F, is a Banach space with respect to the norm

inf ||| for a > 0;

1.2 =
(12) If {infll#ll+lf(0)l for o =0,
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where 1 varies over all measures in .# for which (1.1) holds and where ||| denotes

the total variation norm of .
It is known from [5, 6] that

o F, C Fz, whenever0 <o < 8.

e F, is Mdbius invariant for o > 0.
e feF,ifandonlyif f' € Fi,,.
If NlF.. < klf llr, for some k > O.

We now define generalized families of Cauchy transforms by extending I" and .4 .
We extend T to B, the set of analytic selfmaps ¢ mapping the open unit disc A into
itself and such that ¢ (0) = 0. We also extend .# to .4/, the sets of complex-valued
Borel measures on B. B is equipped with the topology of uniform convergence on
compact subsets. Here .# is equivalent to the subset of 4" consisting of all those
measures supported on the set {xz : |x| = 1}.

Forz € A and o > 0, let A, denote the family of functions f for which there
exists a measure . € 4 such that

1
/B A=~ du(d) or a>0;

1
/Blog 1—% du@)+f(©) for a=0.

(1.3) f@=

The class A, is a Banach space with respect to the norm

inf ||| for a > 0;

1.4 =
(1.4) If IlAa {mf flull +1f©0) for a =0,

where p varies over all measures in 4.

Clearly the classes F, are subsets of A, when the measures u in (1.3) are in ..
Furthermore, for f € F,, ||f llr, = IIf |la,. It is also known from [1] that for ¢ > 1,
F, =A,.

We show in this paper that for0 < a < 8,

(1.5) A, CAg and |If lla, = IS la.-

This generalizes similar results for F, (see [7, 9]).
We also show that A = BMOA and that the norm || - |4, is equivalent to well
known BMO norms. Furthermore, we show that, foralln > 1l anda > 0
z" |, <k

a —

where the constant k is independent of n and «.
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2. The classes A,

In this section we establish for 0 < o < B the relationship between A, and A; as
well as their respective norms.

THEOREM 2.1. If0 < a < B, then A, C Agand ||f la, < IIf lla,-

PROOF. Note that since A, = F, fora > 1,[1},and for0 < o < B, F, C Fp and
If e, < If s [7], then all we have to prove is the case 0 < < 8 < 1.
(i) Let f € A,, where 0 < a < B, then we can write

1
2.1 = ——d .
@.1) f@ fB To@yr W)
Since 1/(1 — z)* € F, C F4, we can write
(2.2) ! —/ ! dv(x)
‘ (I1—22  Jr(1=Xx2)%
and
N R
. (1_2)41 FB_ (l_z)a Fa—

Now by replacing z in (2.2) by ¥ (z) and putting the result in (2.1) we get

1
(2.4) F@) = fB fr s W ).

Suppose without loss of generality that v is a positive measure and let

n

Vi
gn(2) = Z A5

k=1

Then by (2.1)
/ gn(Y)du(y)
B

converges locally uniformly to

1

Let 0, (¥) = 24y vt (), then

1
= [ —— dnw),
[ e = [ G dnw)
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where ||n,]| < |lvillix] for all n. Hence by compactness, there exists a measure o
such that

1
. =] ———d ,
2.5) f@ /a(l v Q) o(¥)

which shows that f € Ag. Furthermore, ||o ]| < ||v]|||x]l. Consequently,

I lla, < lloll < llpelillvil for all p.

However, since p and v are arbitrary measures that give (2.1) and (2.2), then

If N, < inf{]lzell} inf{}ivi}.

Hence by (2.3)
WfNay < I1f la,-
(ii) Now let f € Ap. We want to show that f € A, for any ¢ > 0. By the
definition,
(2.6) f@= / 10g du(e) + f(0).
B ¢( )

Since log(1 — z)~! € Fy C F, see [5], then

1 1
1—z [F 1 —xz) V&)

where v depends only on «. Hence (2.6) becomes

log

1
2.7 = ——d d 0),
2.7 f@ /B/r 0 —%6@)" v(x)du(@) + f(0)

where the integral in (2.7) looks exactly like the one in (2.3) with « replacing 8. Hence
using an argument similar to the one in (i) we get that

1
2.8 = ——d 0
2.8) f@ fB/r(l—w(z))" o) +£(0)

which shows that f € A,. Furthermore, ||o|| < ||v||[|x]l and hence

(2.9) If N, < inf{liull} +1f O = If lla- U
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3. Characterization of A,

It is known from [2, page 248] that ¢ € BMO if and only if there exist functions
¢; and ¢, in L™ such that

¢ =0¢ +é +a,

where both ||¢) |l and ||¢:|lo are less than C||¢|l,, C is a constant and || ||, is the
classical BMO norm.
Consequently f € BMOA if and only if there are analytic functions f, and f> such

that

(3.1) f=fi+fr+a

where || Re fillo < C and || Im f5]lo. < C. If we define on BMOA the norm
(3.2) I 1" = inf{ll Re fillw + I Im f2lles : f = f1 + f2 +a},

then by [2], the norms || f ||* and ||f ||, are equivalent.

Now we have the following proposition which establishes a set equality between
A and BMOA and thus gives a BMOA characterization using generalized families of
Cauchy transforms.

THEOREM 3.1. A, = BMOA.

PROOF. Suppose that f € Ay, then according to (1.3) there exists a measure . € A
such that

3.3 = |1 d 0
3.3) £@ /B"g S @+ )

Assume without loss of generality that x is a probability measure. Then f is subor-
dinate to log(1 — z)~! + f (0) and consequently by (3.1) f € BMOA. The proof of
the other inclusion follows from (3.1) and subordination. ad

THEOREM 3.2. The norms ||-||. and || - || , are equivalent, that is, there exist positive
constants ¢; and ¢, such that

(3.4) allf o = 1f lla, = ellf I

PROOF. Suppose f € BMOA, then f can be decomposed as in (3.1). Let d; denote
[|Re f1ll and d, denote || Im f;|l. Then

b/
< —

3.5) 2

ﬁlmlfl(z)
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and

b 4
< —
-2

T
(3.6) \572 Im f>(2)

for all z € A. Consequently, by subordination

oo 2 _ 1 .

(3.7) ifi@) = = (log o "t T (Z)) +if1(0)

_% ~og
(3.8) f2@) = (log oo Ty (Z)) + £2(0)
forall z € A and ¢, y € B. Therefore,

4
39 I1fllae < ;(dl +dy),
and hence
4

(3.10) W lae =< ;Ilf " < calfi.

which gives the right inequality in (3.4).
Next, we show that the inequality (3.14) holds. Let us write f as in (1.2) and
assume without loss of generality that y is a positive measure. Then

(3.11) [ Im f ()| < ellull,
where ¢ > 1. Thus
(3.12) [ Im f (2)| < cllf lla
and since
(3.13) IImflleo = [ Imf I,
we have
1
(3.14) If 0l <kt Imfll, < kallf la, = C—Ilf o5
1
where ¢; = 1/, and the left inequality in (3.14) follows from [2, page 235]. d

THEOREM 3.3. |24, < kforn > 1.

PROOF. It is enough to show that |[z"]|4, < &k for n > 1. Since we have shown

that || - |l and || - ||4, are equivalent, let us approximate ||z*||.. It is known (see [2,
page 240}]) that
(3.15) lgll? = S‘;/Pff v gl*(1 — lzZ)I¥' () dA,

A
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where ¥ (z) = (z + 20)/(1 + Zoz) is a Mobius transformation. Replace g in (3.15) by
z" and |z| by r to get

= / / IVEE (= A ()] dA
A
< f f (1 — 2|y (2)| dA

- A
2n 1
5/ / n2r"2(1 — r)|y¥'(2)| dr db
0 0
1

27
< 27rn2f r2(1 = rydr, because / W' (2)|d8 < 2n
0 0
! 4 n? 4x
3.16 <2nn’ =2 _ P2y — < —
(3.16) _nn-/;(r r'")dr @D =3
which gives us the desired result and completes the proof. 0

The following corollary is a direct consequence of the previous theorem.

COROLLARY 3.4. If f(z) = Y ooy an2" is analytic and if 3 o, la,| < 00, then
f €Ay foralla = 0.

PROOF. It is sufficient to prove that f € A, since Ag C A,. Toshow that f € Ay
all we have to show is that the norm || f (z)||4, is bounded.

[o o] o0 4” x
If @llag = | D_anz”] =D lanl 2"y < - D laa] < 00,
n=0 Ao n=0 n=0
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