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Abstract. We prove that the conditions R- R =0 and R - S = 0 are equivalent
for hypersurfaces of a 5-dimensional semi-Riemannian space form N°(c). This solves
a problem by P.J. Ryan in the case of hypersurfaces of dimension 4 in semi-Rie-
mannian space forms.

1. Introduction. A semi-Riemannian manifold (M, g),dim M > 3, is called
semisymmetric [17] if

R-R=0 (1)

holds on M. It is well known that the class of semisymmetric manifolds includes the
set of locally symmetric manifolds (VR = 0) as a proper subset. A semi-Riemannian
manifold (M, g), dim M > 3, is said to be Ricci-semisymmetric if the following con-
dition is satisfied

R-S=0 )

Again, the class of Ricci-semisymmetric manifolds includes the set of Ricci-sym-
metric manifolds (V.S = 0) as a proper subset. It is clear that every semisymmetric
manifold is Ricci-semisymmetric. However, the converse statement is not true, as
can be seen for instance from material in [5].

Although the conditions (1) and (2) do not coincide for manifolds in general, it
is a long-standing question whether the conditions R-R=0 and R-S =0 are
equivalent for hyper-surfaces of Euclidean spaces; cf. Problem P 808 of [16] by P.J.
Ryan, and references therein. More generally, one can ask the same question for
hypersurfaces of semi-Riemannian space forms.
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Whereas the conditions R- R =0 and R - S = 0 are equivalent on any 3-dimen-
sional semi-Riemannian manifold, for n > 3 we have the following results. It had
been proved in [18] that (1) and (2) are equivalent for hypersurfaces which have
positive scalar curvature in a Euclidean space E"*!', n > 3. In [15] this result was
generalized to hypersurfaces of a Euclidean space E'*!, n>3, which have non-
negative scalar curvature and also to hypersurfaces of constant scalar curvature. [15]
also proves that (1) and (2) coincide for hypersurfaces of Riemannian space forms
with nonzero constant sectional curvature. Further, in [13] it was proved that (1)
and (2) are equivalent for hypersurfaces of an Euclidean space E"*!, n > 3, under the
additional global condition of completeness. In [3] it was shown that (1) and (2) are
equivalent for Lorentzian hypersurfaces of a Minkowski space E’{“, n >4, [3] also
proves that (1) and (2) are equivalent for para-Kéhler hypersurfaces of a semi-
Euclidean space Ef,’”“, m > 2. In [2] we proved that (1) and (2) are equivalent for
hypersurfaces in a 5-dimensional Euclidean space E°.

In this paper, we generalize this last result to all 4-dimensional hypersurfaces of
a semi-Riemannian space form. We prove the following

THEOREM. For hypersurfaces of a semi-Riemannian space form N>(c), the condi-
tions R- R=0and R- S = 0 are equivalent.

The paper is organized as follows. In section 2 we fix the notations and give
precise definitions of the used symbols. Since our proof will rely on results for
pseudosymmetric manifolds, we also introduce and comment on some elements of
pseudosymmetry. In section 3, and for later use in the proof, we derive several
identities valid for 4-dimensional hypersurfaces of a 5-dimensional semi-Riemannian
space form; we also prove some technical lemmas. In section 4, we prove the theorem.

2. Preliminaries. Let (M, g) be an n-dimensional, n > 3, semi-Riemannian
connected manifold of class C*°. We denote by V, S and «, the Levi-Civita connec-
tion, the Ricci tensor and the scalar curvature of (M, g), respectively. We define on
M the endomorphisms R(X, Y), X A Y and C(X, Y) by

R(X, V)Z = [Vx, VY|Z — ViynZ. (X A V)Z = g(Y, 2)X — g(X, Z)Y,

ClX, V) = R(X, Y) = R(X, Y)+L(LXA Y-~ (XASY+SXA Y))
n—2\wn-—1

respectively, where X, Y, Z € E(M), E(M) being the Lie algebra of vector fields on
M, and the Ricci operator S of (M, g) is defined by S(X, Y) = g(X, SY). The (0,4)-
tensor G is defined by G(X|, X2X3, X4) = g((X1 A X2)X3, Xy). The Riemann curva-
ture tensor R and the Weyl curvature tensor C of (M, G) are defined by

R(X1, X2, X, X4) = g(R(X1, X2)X3, X3), C(X1, X2, X3, Xy) = g(CEXl» X2)X;, X4)

respectively. Further, for a symmetric (0,2)-tensor field 4 on M, we define the
endomorphism X A4 Y of E(M) by XAy VNZ=A(Z, V)X — A(Z,X)Y, where
X, Y, Z e E(M). Evidently, we have X A, Y = X A Y. For a (0,k)-tensor field 7 on
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M,k > 1, and a symmetric (0,2)-tensor field 4 on M, we define the (0, k + 2)-tensor
fields R- T and Q(4, T) by

R-T)(X1,.... X X, Y) = —T(R(X, ))X1, X2, ..., Xp)
= T(X1, .., Xim1, RIX, V)X,
o4, DXy, ..., Xis X, Y) = —T(X Ag V)X, Xas s X))

-t T(le"'vkalv(X/\A Y)Xk)"

Let M be a nondegenerate hypersurface of a semi-Riemannian manifold
(N, g),dim N > 4, and let g be the induced metric tensor on M from the metric g. If
the ambient space is a semi-Riemannian space of constant curvature N"*!(c), and let
E denote the (0,4)-tensor on M defined as E(X1, X3, X3, X4) = H(X1, X49)H(X?, X3)
—H(X,, X3)H(X>, X3,), then the Gauss equation can be written shortly in the form

R=¢E+ G 3)

K
n(n+1)

where & is the scalar curvature of N"*!(¢), and & = g(£, £), with £ a unit normal. The
shape operator A and the second fundamental tensor H are related by
g(A(X)Y) = H(X, Y), where X, YeE(M); H is defined by means of

VyY = VyY + H(X, Y)e

Furthermore, for k> 1 we also define that H*(X, Y) = g(A*X, Y), and thus
tr(H*) = tr(A").
Contracting (3) we obtain

(n— )&

S = e(tr(H)H— H2) +n(n T l)g

4)

For the proof of the theorem, we will rely on results for certain generalizations of
the semisymmetric and Ricci-semisymmetric manifolds, namely the pseudosym-
metric and Ricci-pseudosymmetric manifolds, respectively.

A semi-Riemannian manifold M is said to be pseudosymmetric if at every point
of M the following condition is satisfied (*) the tensors R - R and Q(g, R) are linearly
dependent.

This condition is equivalent with the existence of a real-valued function Lg,
defined on the set U = {x e M | R — ﬁG # 0 at x}, such that

R-R=LrQO(g, R) (%)

holds on Ug. The class of pseudosymmetric manifolds contains the semisymmetric
manifolds as a proper subset [5].

A semi-Riemannian manifold A is said to be Ricci-pseudosymmetric if at every
point of M the following condition is satisfied (**) the tensors R - S and Q(g, S) are
linearly dependent.
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This condition is equivalent with the existence of a real-valued function Lg,
defined on the set Us = {x € M | S —£g # 0 at x}, with S the Ricci tensor, such that

R-8§=Ls0(g.9) (6)

holds on Ug. Again, the class of Ricci-pseudosymmetric manifolds includes the set
of Ricci-semisymmetric manifolds as a proper subset [4]. It is clear that every pseu-
dosymmetric manifold is Ricci-pseudosymmetric. However, the converse statement
is not true [4].

For more detailed information on the geometric motivation for the introduction
of pseudosymmetric manifolds, and for a review of results on different aspects of
pseudosymmetric spaces, see e.g. [S] and [9]. In particular, [1] studies the conditions
of pseudosymmetry and Ricci-pseudosymmetry, realized on hypersurfaces of semi-
Riemannian spaces of constant curvature. [1] gives extrinsic characterizations of
pseudosymmetric and Ricci-pseudosymmetric hypersurfaces of semi-Riemannian
spaces of constant curvature in terms of the shape operator.

Analogously to P.J. Ryan’s problem for the conditions (1) and (2), one could
ask a similar question for pseudosymmetric and Ricci-pseudosymmetric hypersur-
faces, respectively. Although the conditions (5) and (6) do not coincide for mani-
folds in general, one could state the problem whether or not the conditions
R-R=Lr0O(g,R) and R- S = LsQO(g, S) are equivalent for hypersurfaces of semi-
Riemannian spaces of constant sectional curvature. But, it is known that this ques-
tion has a negative answer in general by the existence of non-pseudosymmetric,
Ricci-pseudosymmetric hypersurfaces of S"*!(c). Namely, in [8] it was shown that
Cartan hypersurfaces of S"*!(c), n = 6, 12, 24, are such hypersurfaces. This however
does not exclude that the conditions (5) and (6) may be equivalent for hypersurfaces
in some special cases (see Proposition 4.1).

3. Hypersurfaces of V3(c). For later use in the proof, we derive several specific
indentities for 4-dimensional hypersurfaces of a 5-dimensional semi-Riemannian
space form. General identities for hypersurfaces of semi-Riemannian space forms
with arbitrary dimension, can be found in [1].

Thus, we assume now that M is a hypersurface of a 5-dimensional semi-Rie-
mannian space of constant sectional curvature N°(c). Using (3) we can present the
local components Cp; of the Weyl conformal curvature tensor C of M in the fol-
lowing form

K

Chijk = eEp + <6

K 1
+ %) Ghijk — 5 (g Sij + giiSnk — &njSik — &ikShy)- @)

On the other hand, the following identity is satisfied for every 4-dimensional semi-
Riemannian manifold (M, g) [14]:

0 =&hm Clik_/ + 8im Cih/k + 8im Chl/'k + 8Ehj Clikm + 8l Cihkm + &ij Chlkm

)
+ &hk Clijm + 8k Cihmj + ik Chlmj

Substituting (7) in (8) we get
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0 =e(gmmEiixj + &mEinkj + ZimEnjjrc + &niEtikm + &1 Einkm
+ giiEniom + gnicEiimj + g Einmj + ik Enimy)
- ShmGlijk - SlmG[hjk - SimGh/jk - Sthlikm - S[jGihkm
— SiiGhirm — Sk Glimj — St Ginmj — SikGhimj

K K
+ (6 + %) (g hm Gli/’k + g [n1Gih/k + &im Gh[/’k + gl@leikm

+ 81iGinkm + 8iiGhikm + &k Glimj ~+ ik Gitmj + i Ghimy)]-

Transvecting this with H"" = H,,g""g*" we find

0 =tr(H)(Hy Hyj — HpHj) + oG
— (HyHj, + HiHy, — Hy Hy — HyHy)
— g(Hy, — r(H)H}, — BHy) — gu(Hy, — tr(H)H}; — BHyy)
+ gi(Hj — tr(H)Hy, — BHy) + gu(H}; — tr(H)H}, — BH)),

where

a=3 (mm @K - rr(Hz)) + tr(H3>>7

B = (tr(H*) — (trH))*) + %8(23—0/2 - %K).

W —

275

)

(10)

(11)

(12)

LEMMA 3.1. Let M be a hypersurface of a 5-dimensional semi-Riemannian space
of constant curvature N°(c). If a point x € M is not umbilical then the following rela-

tion holds at x.

H* = tr(H)H> + BH* + aH + g, X €R,

(13)

where a and B as defined by (11) and (12), respectively, now in addition also satisfy the

following two relations:

1

o =

(er(HP) = (D) (er(HP) — B)).

W

B =5 (tr(H?) = (tr(H))*).

N =

Proof. Contracting (10) with g, we obtain

((r(H)?—tr(H?) 4+ 2B) Hig + (3 — tr(HP) + tr(H) (er(H?) + B)) g = 0.

https://doi.org/10.1017/5S0017089599970969 Published online by Cambridge University Press

(14)

(15)

(16)


https://doi.org/10.1017/S0017089599970969

276 F. DEFEVER ET AL.

Since x is not an umbilical point of M, (16) implies (14) and (15). Next, transvecting
(10) with Hﬁl and symmetrising the resulting equality in 4, i, we get

0(g, H* — tr(H)H’ — BH* — aH) = 0,
which implies (13), completing the proof.

LEMMA 3.2. Let M be a hypersurface of a S-dimensional semi- Riemannian space
of constant curvature N°(c). If at a point x € M the relations: H*> — tr(H)H* — BH = 0
and o = 0 are satisfied then the equality Q(H?, E) = 0 holds at x, with E as defined in
section 2 and a given by (11).

Proof. By our assumptions, (10) reduces to
tr(H)Eje = Fiyge, (17)

where Fi = HyHj, + Hy Hj; — Hy Hy — HyHy. From (17) there follows that
tr(H)Q(H, E) = Q(H, F) holds at x, where F is the (0,4)-tensor at x with local com-
ponents Fjj. Since the tensor Q(H, E) vanishes identically, we get Q(H, F) = 0. On
the other hand, it is easy to check that Q(H, F) = —Q(H?, E). Hence the tensor
Q(H?, E) vanishes at x. But this completes the proof.

PropPOSITION 3.1. [7] (Lemma 1) Let (M, g) be a hypersurface of a semi-Rie-
mannian space of constant sectional curvature N'*'(c),n > 3. If the shape operator A
of M satisfies at a point x € M the condition

AP =aA+Bld, o B, cR, (18)

then the following relation is fulfilled at x

R-R= (m _ eﬂ)Q(g, R. (19)

Let M be a hypersurface of a semi-Riemannian space of constant curvature
N3(c). In addition, we assume that x is a point of M at which the following relation
is satisfied

K
=-g 2
S 18 (20)

Substituting (20) into (4) and (9), respectively, we obtain

Hﬁm = tr(H)Hhm + EThm (21)

and
ghmEl[jk + glmEihjk + gimEhljk + ghjElikm + gleihkm
+ ZiiEhitm + Ehic Etimj + i Eimj + it Enimg

1 (22)
+ 3¢ ©(€rm Gk + &imGinjk + &imGijc + i Glikm

+ gleihkm + githlkm + glszlimj + glkGihmj + gi/cGh/mj) = 0,
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where
T=—K—~— (23)

Let V" be the local components of a vector V e T (M) such that p = g V'V £ 0.
Transvecting (21) and (22) with V", we get, respectively

W'H,,, = tr(H)W,, + 1V, (24)

and

Vi Epji + etGr) + Wi(guHjj + giHy — giHix — giHyy)
+ V/‘(E[ikm + STGlikm) + W_/(mesz + gikHlm - glkHim - gimH/k) (25)
+ Vlc(Elimj + STGlimj) + Wk(gleim +gimHlj - glmHij - ginlm) =0,

where W; = V'Hy;, W' = g" W, and V; = g;;J". Further, transvecting (24) and (25)
with V", we find, respectively

p=W'W,=t(H)p+etp, where p= V"W, (26)

and
PEj +(ViW; + ViW; — pginHix + (ViWi + Vi Wi — pgu)Hy;
—(ViWi + ViW, — pgu)Hy — (ViW; + V;W; — pgi) Hy
+ gii(eTViVic + WiWi) — gii(etViVic + WiWi) — gu(etViVi+ Wi W)
+ gi(etViVi+ WiW)) + etpGje = 0.

@27)

From (27), by transvection with W/, we obtain

or(H)((oWi — pViOHy — (oW — pV)Hy + (W Vi = Wi VW) =0 (28)

PROPOSITION 3.2. Let M be a hypersurface of a semi-Riemannian space of con-
stant curvature N°(c). If at a point x € M we have: R#L£G and S=14g (ie.
x € Ugr — Us) then

tr(H) =0 (29)
holds at x.
Proof. We suppose that ¢r(H) is nonzero at x. Now (28) turns into
(Wi — pVi)Hy; — (oW — pVj)Hy + (WiVie = Wi V) W; = 0. (30)
Transvecting (30) with W* and using (24) and (26) we find
(pp — PV Hj = (ptr(H) — D)WW — eptViVy + ept(WiVi+ WiV). (1)

We note that the vector Z, with local components Z; = oWy — pV; must be nonzero.
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Indeed, if we had pW; — pV; = 0, then would also

Vi Hy — /é)ghk) =0 (32)

hold at x. Since V is an arbitrary nonzero vector at x, with p = g; V'V # 0, (32)
implies that the tensor H is proportional to g at x. Now (3) yields R = {5G, a con-
tradiction.

Let X’ be the local components of a nonzero vector X € T(M) orthogonal to
the vectors V" and W (with local components W"). Transvecting (30) with X7 we find
(oWx — pVi)X' Hy = 0, whence

XH;=0. (33)
Furthermore, transvecting (3) with X” and using (33), we obtain

hp K . o _ h
X" Ry = %(ngu — Xigix), X = g X"

Contracting this with g¥ and using (20) and (23) we get 7X; =0, whence 7 = 0.
Now, by the last equality, (31) reduces to

(0 — P H; = (ptr(H) — D)WiWj. (34)

We note that pp = p>.

Indeed, if we had pp # p° then (34) gives rank H <1 and (3) again reduces to
R = {5G, a contradiction.

Thus (34) turns into

(ptr(H) — p)W; = 0. (35)
But from the equality W; = V*H; =0 it follows that H vanishes at x, a contra-

diction.
Thus (35) must reduce to

plr(H) = l(_)’ (36)

whence it follows that 5 must be nonzero. Transvecting (27) with X’ and using (33)
we get

1 1
Xi(Hj — E WiWy) = Xi(Hj; — 5 WiWw)).

Without loss of generality we can choose the vector X in such a way that
X*X, # 0. The last equality, by transvection with X7, yields

: 1
X X;(Hy. — F; WiW) =0,
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whence Hj, =1 W; W}, which reduces (3) to R = {5 G, a contradiction. Thus we see
that (29) holds at x, which completes the proof.
From the last proposition we immediately deduce the following

COROLLARY 3.1. Let M be an Einsteinian hypersurface of a semi-Riemannian
space of constant curvature N°(c). If the set Ur — Us C M is a dense subset of M then
the mean curvature of M vanishes identically on M

4. Proof of the theorem. In this section, we prove the theorem that the condi-
tions R- R =0and R-S = 0 are equivalent for hypersurfaces of a semi-Riemannian
space form N°(c). This generalizes the result of [2] to indefinite space forms.

We first prove that there are no properly Ricci-pseudosymmetric hypersurfaces
in a 5-dimensional semi-Riemannian space form. Otherwise stated, we prove that
the conditions (*) and (**) are equivalent for 4-dimensional hypersurfaces of a semi-
Riemannian space of constant sectional curvature.

PROPOSITION 4.1. Every Ricci-pseudosymmetric hypersurface M of a 5-dimen-
sional semi-Riemannian space of constant sectional curvature N°(c) is pseudosym-
metric.

Proof. In view of Lemma 4.1 of [1], our assertion is true at all points of M at
which the tensor H? is a linear combination of H and g. Let now x be a point of M
at which the tensor H? is not a linear combination of H and g. Thus, in view of
Theorem 3.1 of [1], the relation H° = tr(H)H? 4+ tH, t € R, holds at x. From the last
equality we get H* = rr(H)H® + tH?, r € R. Combining this with (13) we obtain
B=r1and « = A =0, where «, 8 and A are defined by (11), (12) and (13), respec-
tively. Thus we have H> = tr(H)H* + BH. Now Lemma 3.2, together with Theorem
4.1 of [1], completes the proof.

Using the above result we can prove the following

PROPOSITION 4.2. The conditions R- R =0 and R-S =0 are equivalent on the
subset Ug of a hypersurface M of a 5-dimensional semi- Riemannian space of constant
sectional curvature N°(c).

Proof. It is clear that R- R = 0 implies R - S = 0. We assume now that R- S =0
holds at a point x € Us. In view of Proposition 4.1 we have at x

R-R=LO(g R), (37)

for some function L : M* — R. It is clear that this implies R - S = LQ(g, S), which
yields LQO(g, S) = 0. Since the tensor S is not proportional to the metric tensor, L
vanishes at x. Thus (37) reduces to R - R = 0, completing the proof.

Let M be a Ricci-semisymmetric hypersurface of a semi-Riemannian space form
N3(c). The above result states that R - R = 0 holds on the set Us. Furthermore, we
note that (3) reduces on the set M — Ug to R = ”(HLH) G, which implies that R- R =0
is fulfilled trivially on the set M — Ug. To finish the proof of our main theorem, we
must prove that the condition R - R = 0 is fulfilled on the set Ug — Us. Let x be a
point of Ug — Us. From Proposition 4.2 there follows that we can assume without
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loss of generality that there exists a neighbourhood U of x contained in Ug — Us.
Thus the manifold (U, g) is an Einstein hypersurface of the 5-dimensional semi-
Riemannian space of constant sectional curvature N°(c). It is clear that (21) holds on
U. Further, in view of Proposition 3.2, (21) reduces on U to

2
Hhm = EThm-

[10] classifies the possible shape operators A for an Einstein hypersurface in an
indefinite space form. The shape operator A is either diagonalizable or satisfies
either A> =0, or A> = —b*1d(b € R, b # 0). We consider these 3 cases separately.

1. Let the condition A> = —h%Id, b = const., be satisfied on U. [12] gives an
explicit description of the Finsteinian hypersurfaces in semi-Riemannian space
forms with shape operator satisfying A*> = —b%Id, with b = const. # 0. The shape
operator of any such hypersurface is parallel ([12], Proposition 2). Thus in particular
we have

(R-H)(X,X4; X, Y)=0. (38)

But on the other hand, from (3) we get immediately the following identity

(R- R)(X1, X2X3, X4; X, Y) = H(X2, X3)(R - H)(X1, X4; X, Y)
+ H(Xy, X4)(R - H)(X2, X3; X, Y) — H(X2, X4)(R - H)(X1, X35 X, Y)
— H(X1, X3)(R- H)(X2, X4; X, Y),

which by (38) reduces to R-R=0. So, Einsteinian hypersurfaces with shape
operator satisfying A*> = —b?1d, b = const. # 0, are semisymmetric.

2. Let the condition A = 0 be satisfied on U. From Proposition 3.1 it follows
that

= &R (39)

holds on U. [11] considers Einsteinian hypersurfaces in semi-Riemannian spaces of
constant sectional curvature with shape operator satisfying A*=0. [11] proves that
if A has maximal rank (this is rank A = 2 in our case) then ¢ = 0, hence also k = 0.
Note that if rank A < 1 then (3) reduces to R = ”(n ™y G. So, Einsteinian hypersur-
faces with shape operator satisfying A> = 0 also are semisymmetric.

3. Finally, we assume that A% = »?Id, b = const. # 0, holds on U. From [10] it
follows that A must be diagonalizable at every point of U. The Einstein hypersur-
faces with diagonalizable shape operator were classified in [9]. From Theorem 7.1 of
[9] it follows that any such hypersurface is a space of constant curvature or a Car-
tesian product of two spaces of constant curvatures, and thus is semisymmetric.

Summarizing all subcases, we have proved that every Ricci-semisymmetric
hypersurface M of a semi-Riemannian space form N°(c) also satisfies R - R = 0. Our
main theorem is thus proved.

From the above considerations we also immediately have the following result.

COROLLARY 4.1. Any Einsteinian hypersurface of a semi-Riemannian space of
constant curvature N>(c) is semisymmetric
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