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1. Reflection Coefficient 

Intensive development of the radar method of investigating meteors and connected 
phenomena in the Earth's atmosphere required studying interaction of radio waves 
with ionized meteor trails. Approximate solutions of the problem of radio reflection 
by ionized meteor trails have been obtained in a number of papers (Feinstein, 1950; 
Herlofson, 1951; Kaiser and Closs, 1952; Manning, 1953, 1963; Eshleman, 1955; 
Brysk, 1958, 1959). 

The meteor trail is considered to be a narrow plasma cylinder of infinite length. 
A plane electromagnetic wave of random polarization falls on the cylinder normal 
to its axis. The trail expands radially under the action of ambipolar diffusion. Radio 
reflection is mainly from the electrons. 

As a consequence of diffusion there is established a Gaussian distribution of 
electron density N along the cylinder radius 

N = N 0 e x p [ - ( ^ ) ] = 4 ^ ; + i o ) e x p [ - 4 - c ( ; J

+ i J . („ 

where r = distance from cylinder axis, r 0 = cylinder radius (the distance from the axis 
at which electron density is less by 1 /e)9 a = electron-line density of the trail, D = ambi­
polar diffusion coefficient, / = time, t0 = r^/4D, rH = initial trail radius. 

The problem of radio reflections by an ionized cylinder can be reduced to a formal 
electrostatic problem (Stratton, 1941; Kaiser and Closs, 1952; Ginsburg, 1960). 
If the x-axis lies in the direction of incident wave propagation and the >>-axis 
along the cylinder, then the incident electric vector E=E0 e~iwt and the magnetic one 
H=H0 e~lwt will be normal to the x-axis. 

Complex permittivity of the cylinder is 

4 ^ 2 , x r 
1 + i 

w 
(2) 

where k = 2njX = wavenumber, X = wavelength, e, m = electron charge and mass, 
c = light velocity, co = kc, v = frequency of electron collisions in the trail. 

When the incident wave interacts with the cylinder there appears a reflected wave. 
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dp2+p 

ldPn f , „ n2~\ 
- - " + s / c r 0

2 - - 2 k = 0 , 
P dP L PA 

(6. 

E = Ez=) P„cosnO, H = He = - - Y P„'cos n0 , p = - - , n = 0, + 1, ± 2 , . . . 
U >k Li >'o 

In the case of transverse polarization H=H« =HZ, Hx=Hy = 0, and determination 
of E and H reduces to the solution of the following equations: 

d 2T„ 

dp 2 + 
1 e'\dTm T , " 21 

(7) 

T n c o s n 0 , £ = £ e = - - - \ T„ 'cosn0. 
iek £ j 

o o 

The corresponding reflection coefficients A« and AL are determined from the 
boundary conditions for e = 1: 

" P'JK - kJ'P„ 
An = T T - —7TT— TTTT C O S n0, (8) 

A T Jn1n KJnAn n / m 

A i = ) T n r ttt\— costtfl, (9) 
f - hI»t; + kH:™Tm 

where T = 1 for « = 0, T = 2 for « ^ 0 , /„ = J„(A:p) = the Bessel function of the first kind, 
HJl

l) = Jn(kp) + iNn(kp) = the Hankel function of the first kind, 0=180° . Total reflec-

Field inside the cylinder is described by Maxwell equations which reduce to equations 

r o t H = - iekE d ivB = 0 , 
r o t E = / / c H d ivD = 0 , ( 3 ) 

where D = eE, B = / i H , // = magnetic permeability (in our case /n=U Ginsburg, 1960). 
Equations for E and H are obtained from (3) 

1 1 
grad - x r o t H + •- rot r o t H = /c 2 H, (4) 

£ e 

r o t r o t E = £/c 2E. (5) 

E and H can be found more easily in two particular cases: (1) electric field parallel, 
and (2) normal to the cylinder axis. Let us introduce Ep HL and El9 Hp respectively. 
We shall solve the problem in cylindrical coordinates r, 0, z. 

In the case of parallel polarization E=E^=EZ, Ex = Ey = 0, and determination of 
E and H reduces to the solution of the following equations: 
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tion coefficients and g± are determined as moduluses of complex values and 
A± (Morse and Feshbach, 1953). 

Equations (6) and (7) are not solved analytically. The behaviour of functions P 
and T as well as and gL was investigated at various limitations by Lovell and 
Clegg (1952). It was shown by Herlofson (1951) that in case of r0<A and electron 
density close to critical one, the phenomenon of resonance was possible, that is the 
ratio gjg\\ sharply increased. For a trail with low electron-line density a<^2-4x 10 1 2 

c m " 1 (so-called underdense trails) reflection coefficients were determined under the 
assumption that the reflected wave was a superposition of partial waves scattered 
independently and coherently by electrons (Herlofson, 1951; Kaiser and Closs, 1952; 
Lovell and Clegg, 1952). 

For trails with a < 2 - 4 x l 0 1 2 c m " 1 and |e(A:r 0 ) 2 |< l Kaiser and Closs (1952) 
obtained values of g^ and gL using the approximate numerical solution of 
Equations (6) and (7) for n=\ and n = 0. The ratio gjg\\ reached the maximum 
value gjg\\=2 when e = —1-4 on the cylinder axis. For trails with a > 2 - 4 x 1 0 1 2 c m " 1 

(so-called overdense trails) the assumption of scattering by individual electrons is 
unusable. In this case, for \e(kr0)2\> 1, Kaiser and Closs (1952), Eshleman (1955) 
and others determine reflection coefficients supposing that the trail reflects radio 
waves like a metallic cylinder. The effect of radio-wave refraction in the outer cylinder 
parts was taken into account by Manning (1953, 1963). Kaiser and Closs (1952) 
obtained curves of g^ and g± change in the transitional area a « 1 0 1 2 c m " 1 by 
joining smoothly the two solutions for ranges a < 2 - 4 x 1 0 1 2 c m - 1 , |e(A:r 0) 2 | < 1 and 
a > 2 - 4 x l 0 1 2 c m " 1 , \e(kr0)2\>\. 

Exact values of g^ and g± for a = 1 0 n c m " 1 in the range of kro = 0-0\ to 1 and 
for a = 1 0 1 5 c m - 1 in the range of kr0 0-1 to 2 were obtained by Keitel (1955) by 
numerical integration of Equations (6) and (7). It was assumed that v/co= 10~ 4 . The 
results obtained confirmed the validity of the electron-scattering model, for g^ at 
a = 10 1 1 c m " 1 and of the metallic cylinder model at a = 1 0 1 5 c m - 1 . A t a = 1 0 n c m _ 1 

the existence was confirmed of a resonance maximum found by Kaiser and Closs 
when they analysed the behaviour of g± on the basis of an approximate numerical 
solution of Equation (7) for n— 1. However, preliminary estimates of and g± at 
a = 1 0 1 3 c m - 1 point to the existence of a small resonance (gjg\\ is of the order of 
1-5). This is inconsistent with the assumption made by Kaiser and Closs of no reso­
nance in the case of trails with a > 2 - 4 x 1 0 1 2 c m " 1 . At present, mainly meteors with 
a = 1 0 1 1 to 1 0 1 3 c m " 1 are recorded by the radar method. In this connection it is very 
interesting to determine more exactly the limits in which the Kaiser and Closs theory 
is applicable and to investigate the behaviour of g^ and gL in the transitional region 
between underdense and overdense trails. For this purpose we numerically integrated 
Equations (6) and (7) with the help of an electronic computer 'Minsk-2' and computed 
g± and g]{ values for various a in the range 1 0 1 0 — 1 0 1 3 c m " 1 and kr0 in the range 
0-001 to 4 at two v/o) values: 1 0 " 4 and 0-07 (which correspond to the height range 
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80-100 km and wavelength range 4-16 m) including orders n from 0 to 7. The Runge-
Kutta method was used. Integration was performed with automatic choice of step. 
The Bessel functions Jn(kp) of the first kind are taken as initial conditions for Pn and 
Tn. The values of Pn and Tn were computed from 1 0 " 7 to 6. The step was 0-1. In this 
range the program ensured exactness of integration to 1 0 " 4 . 

Equations (7) in the range 8 = 0 have a discontinuity which is however avoided 
during integration owing to a finite value of v/co, but the integration step here becomes 
small. 

Reflection coefficients for parallel and transverse polarization and g± were 
computed with the help of Equations (8) and (9) for e = l - 1 0 ~ 6 (p values in this 
case reached 3-5 depending on a and kr0). 

Figures 1-6 give curves of gp gjg^ <P|t and q>± (<p = arc tg AimIATe, where Aim 

and ATe are imaginary and real parts of A) as a function of kr0 for two v/o values: 
1 0 " 4 , 0 0 7 and for a number of a values; ( 0 ) - 1 0 1 0 , ( l ) - 5 x l 0 1 0 , ( 2 ) - 2 x l O n , 
( 3 ) - 5 x l O n , ( 4 ) - 1 0 1 2 , ( 5 ) - 2 x l 0 1 2 , ( 6 ) - 3 x 10 1 2 , ( 7 ) - 5 x l 0 1 2 , ( 8 ) - 1 0 1 3 c m " 1 . 
Curves (Figures 1-2) calculated according to the formulas for underdense trails with 
a<^2 x 1 0 1 2 c m " 1 (Kaiser and Closs 1952; Kaiser, 1955) are drawn by the broken line. 
Curves (9) for a metallic cylinder with the radius kr0 are alsp given for comparison 
(Frank and Mises, 1930-35; King and Wu, 1959). Figure 7 shows the maximum 
value of gjgu as a function of a. 
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FIG. 1. 
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As it is seen from the figures, curves and gjg\\ for two chosen v/co values 
practically coincide. Calculated values of g± and g^ give a sharp resonance peak 
in that range of a and kr0 change where e = —1-4 on the cylinder axis at a close to 
2-3 x 1 0 1 2 c m " 1 . Resonance does not disappear at a > 2 - 4 x 1 0 1 2 c m " 1 and (AT* 0 ) 2 > 1, 
and gjg\\ value can considerably exceed 2 . This contradicts the Kaiser and 
Closs conclusions that resonance disappears at a > 2-4 x 1 0 1 2 c m " 1 and (kr0)2> l , and 
that the gjg^ value does not exceed 2 in the case of a Gaussian distribution of the 
electron concentration along the cylinder radius. Kaiser and Closs ascribed the values 
of resonance ratio gjg\\ higher than 2 observed by Clegg and Closs ( 1 9 5 1 ) to the 
anisotropy of ambipolar diffusion coefficient D caused by the magnetic field of the 
Earth. The exact solution of the problem shows that resonance ratio gjg^ can exceed 
2 for trails with a = 1 0 1 2 — 1 0 1 3 c m " 1 , even under isotropic diffusion. 

Resonance appearance in case of slightly overdense trails and those of a transi­
tional kind is confirmed by observational results (Billam and Browne, 1 9 5 5 ; Sidorov 
et al., 1 9 6 5 ) . 

The amplitude of the signal reflected by a meteor trail (Kajser, 1 9 5 5 ; Kasceev and 
Lebedinec, 1 9 6 1 ) is 

where g(s) = reflection coefficient for the given trail point, s = distance from the 
specular point on the trail to the given point along the trail axis reckoned in the 
direction of meteor movement; s0 = coordinate s for the trail head; G = antenna gain; 
Rbx = input resistance of the receiver; and R = distance from radar to the given point 
on the trail. 

Trail parts close to the specular point for which s<^R and R changes very little, 
contribute mostly to Er. Therefore one can approximate 

2. Diffraction Patterns 

( 1 0 ) 

where R0 is a distance from radar to the specular point. Assuming that 

jRo^ 4TTR 2 2 
we find 

( 1 1 ) 
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Here g = g(kr0), (kr0)2 = (krH)2 + A(x0- x), A =(SnD^/R0)/(vX3/2), v is meteor veloc­
ity. 

For underdense trails in the case of parallel polarization according to Kaiser (1955) 

g = n J ~ - 2 ) e - ^ 2 . ( 1 2 ) 
\mc J 

Then (Kasceev and Lebedinec, 1961) 
Xq 

f /2nr0\2 inx2 

x e \ x ) e - d ( x ° - x ) e 2 dx, (13) 

where 

G2k2 / e2 ^2 

W° ' \6n2R4\mc2 

and the power of the echo from all the trail is 

G 2 A V / e2 V - ? ( 2 n r " 
3^M2R3\fnc 

where 
xo 

1 
J = \~r e1^ e-A(x°-x)dx\. (15) 

— 00 

Positions of diffraction pattern maxima and minima calculated from (13) can be 
used for meteor velocity determination. 

It was Herlofson who pointed first to the possibility of meteor-velocity measure­
ments from observations of Fresnel diffraction of radio waves by meteor trails (Lovell 
and Clegg, 1952). This idea was developed by Davies and Ellyett (1949). Theoretical 
diffraction patterns E(x0) for the case of parallel polarization were obtained by 
Kaiser (1953) by numerical integration. Values of reflection coefficients presented by 
Kaiser and Closs (1952) were used. Figure 5 of Kaiser (1953) shows qualitatively 
the change in E(x0) for various A values. For underdense trails Brysk (1958) derived 
analytical expressions for E(x0) and diffraction patterns from them. A table of posi­
tions of diffraction pattern maxima was also given. Kasceev and Lebedinec (1961) 
numerically integrated Equation (15) and compared for the first time calculated 
results with observed diffraction patterns for underdense trails. 

Theoretical diffraction patterns derived by Kasceev and Lebedinec (1961) are close 
to the results of Brysk (1958). Tables for v determination were made by Davies and 
Ellyett (1949) and in more details by Simek (1964), the effect of trail-diffusion expan­
sion being left out of account. Simek (1966) calculated diffraction patterns of the 
echo, taking into account diffusion effect for a great number of A values. But ap-
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parently some mistakes were made in calculations, which results, for example, in the 
fact that transition from the specular reflection to the head echo did not occur with 
increase in A. This transition, according to Brysk (1958) and Kasceev and Lebedinec 
(1961) occurs at A&2. Positions of the first maximum of diffraction patterns in 
Table I of Simek (1966) are also erroneous at A ̂ 0 - 5 . 

By numerical integration we obtained the value of 

for parallel (g = g\\) and transverse (g = g±) scattering at 0 < x 0 < 4 1 0 for a number 
of A and krH values in the ranges 0<A<4 and 0<krH<2. The Gaussian method 
was used. Tables of / values were calculated in the same ranges of x0 and A. 

Theoretical diffraction patterns obtained in such a way for trails which are under-
dense or of a transitional type at parallel scattering (cf. Figures 8-10, where 1, 2, 3, 
4, 5, show the diffraction curves at A values: 0 0 0 1 , 0*5, 10 , 1*5 and 2 0 , respectively) 
confirmed conclusions drawn by Brysk, and Kasceev and Lebedinec, that the first 
maximum of the diffraction pattern is noticeably shifted with increasing A and posi­
tions of the other extremes changed considerably less. Conclusions made by Kasceev 
and Lebedinec (1961) that at A ^ 2 the diffraction pattern disappears and only the 
head echo is observed, are also confirmed. The obtained curves show that it is possible 
to use Equation (15) for velocity calculations for the case of trails which are under-
dense or of a transitional type up to <x= 1 0 1 2 at parallel scattering. The error does 
not exceed 2 or 3% and is of a random character. At transverse scattering and 
a > 5 x 10 1 1 , as a result of resonance, the errors in velocity calculations increase and 
can sometimes reach 6-12% (cf. Tables 1, 2, 3). In these tables distances between 
the various extremes of diffraction curves calculated from (15) are denoted by ACkk, 
AEkk, and so on, and those calculated from (11) are denoted by AC, AE9 and 
so on. 

An initial radius of ionized meteor trails can be calculated with the help of (15) 
from results of simultaneous radar observations of the same underdense trails at two 
different wavelengths X x,k2 (Kasceev and Lebedinec, 1961). Diffraction patterns obtain­
ed by us allow evaluation of the error in determination of an initial radius rH by this 
method if trails of a transitional type are observed. Figure 11 shows rH cJrHin as a 
function of a for a number of krH values. Here rHcal denotes the value of an initial 
radius, rH, calculated according to the method described by Kasceev and Lebedinec 
(1961), rHin denotes the true value of rH. 

From Figure 11 it is seen that already at a = 5 x 10 1 1 c m - 1 the rH value determined 
from simultaneous radar observations of the same trails at two wave-lengths can be 
underestimated by 30-70%. This result was predicted by Lebedinec (1963). Diffraction 
patterns of echoes from trails of a transitional type do not differ in appearance from 

— OO 
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FIG. 8. 
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FIG. 11. 

those of echoes from underdense trails at parallel scattering. Approximately ex­
ponential time decrease of radio-echo amplitude from underdense trails, which follows 
from Equation (15), is often used for determination of ambipolar diffusion coefficient 
D and atmospheric density p a . Figure 11 represents Acal values defined according to 
exact diffraction patterns by finding the exponent which is in best agreement with E 
time variations, values a, kjuH being different and A true value being 0-5. It is evident 
that with a > 1 0 n D values determined from observations are underestimated and 
p a is overestimated. Thus, trails of a transitional kind with a > 1 0 1 1 should not be used 
for determination of D and p a . So far only trails with a > 1 0 n were used for this 
purpose. The same calculations were made by us for a large quantity of values a, A and 
k\iH. It follows that value A can be estimated most precisely from observations of 
trails with a < 10 1 1 when 0-2 < A <0-8. Using trails of a transitional kind, while deter­
mining ambipolar diffusion coefficient D from exponential decrease of echo amplitude 
with time, can lead to considerable underestimation of the value of D. 
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