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Abstract

This paper obtains logarithmic asymptotics of moderate deviations of the stochastic pro-
cess of the number of customers in a many-server queue with generally distributed
inter-arrival and service times under a heavy-traffic scaling akin to the Halfin—Whitt
regime. The deviation function is expressed in terms of the solution to a Fredholm equa-
tion of the second kind. A key element of the proof is the large-deviation principle in the
scaling of moderate deviations for the sequential empirical process. The techniques of
large-deviation convergence and idempotent processes are used extensively.
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1. Introduction

Many-server queues are important in applications, but their analysis beyond Markovian
assumptions is difficult; see, e.g., [2]. Various heavy-traffic asymptotics have been explored
when the arrival and service rates tend to infinity. Of particular interest for applications is the
set-up proposed in [8], where the service time distributions are held fixed, whereas the number
of servers, n, and the arrival rate, A, grow without bound in such a way that \/n(1 — p) —
B € R, with p representing the traffic intensity: p = A/(nu), where u represents the reciprocal
mean service time. With Q(¢) denoting the number of customers present at time ¢, assuming
the initial conditions are suitably chosen, in a fairly general situation the sequence of processes
(Q(t) — n)/+/n, considered as random elements of the associated Skorokhod space, converges
in law to a continuous-path process; see [1, 8, 11, 21, 23]. Unless the service time distribution
is exponential, the limit process is a process with memory, depends in an essential way on the
service time cumulative distribution function (CDF), and is not well understood.

In order to gain additional insight, the paper [20] proposed the study of moderate deviations
of Q(f) and conjectured a large-deviation principle (LDP) for the process (Q(f) — n)/(bu/1)
under the heavy-traffic condition /n/b,(1 — p) — B, where b, — 0o and b, /+/n — 0. (It has
been observed that moderate-deviation asymptotics may capture exponents in the distributions
of corresponding weak convergence limits; cf. [18].) The deviation function (a.k.a. rate func-
tion) was purported to solve a convex variational problem with a quadratic objective function.
In this paper we verify the conjecture and prove the LDP in question. Furthermore, we express
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2 A. PUHALSKII

the deviation function in terms of the solution to a Fredholm equation of the second kind, and
we propose a framework for evaluating it numerically.

The proofs are arguably of methodological value, as they systematically use weak con-
vergence methods and the machinery of idempotent processes. As in [17, 19, 22], the LDP
is viewed as an analogue of weak convergence, the cornerstone of the approach being the
following analogue of the celebrated tightness theorem of Prokhorov: a sequence of probabil-
ity measures on a complete separable metric space is exponentially tight if and only if every
subsequence of it admits a further subsequence that satisfies an LDP (Theorem (P) in [16]).
Consequently, once exponential tightness has been proved, the proof of the LDP is accom-
plished by proving the uniqueness of a subsequential large-deviation limit point. In order to
take full advantage of weak convergence methods, it is convenient to recast the definition of
the LDP for stochastic processes as large-deviation convergence (LD convergence) to idem-
potent processes; see [19] and Appendix A for more detail. With tools for the study of weak
convergence properties of many-server queues in heavy traffic being well developed, this paper
derives the moderate-deviation asymptotics by using similar ideas. The main limit theorem
asserts LD convergence of the process (Q(t) — n)/(by/n) to a certain idempotent process,
which is analogous to the stochastic-process limit in [21]. A key element of the proof is an
LD limit for the sequential empirical process (see Lemma 1), a result that complements devel-
opments in [12] and in [21] and may be of interest in its own right. It identifies the limit
idempotent process through finite-dimensional distributions. Whereas in weak convergence
looking at second moments usually suffices to establish tightness, establishing the stronger
property of exponential tightness calls for more intricate arguments and necessitates working
with exponential martingales. In addition, a study of idempotent counterparts of the standard
Wiener process, the Brownian bridge, and the Kiefer process is carried out. The properties of
those idempotent processes are integral to the proofs.

The paper is organised as follows. Section 2 provides a precise specification of the model as
well as the main result on the logarithmic asymptotics of moderate deviations of the number-
in-the-system process. An added feature is the moderate-deviation asymptotics of the number
of customers in an infinite-server queue in heavy traffic, which is also stated in the form of
an LDP. The proofs of the LDPs in Section 2 are presented in Section 3. The techniques of
LD convergence are employed. Section 4 is concerned with evaluating the deviation functions
by reduction to solving Fredholm equations of the second kind. For the reader’s convenience,
Appendix A gives a primer on idempotent processes and the use of weak convergence methods
for proving LD convergence. Appendix B is concerned with the absolute continuity of the
solution to a nonlinear renewal equation which is needed in Section 4.

2. Trajectorial moderate-deviation limit theorems

Assume as given a sequence of many-server queues with unlimited waiting room indexed
by n, where n represents the number of servers. Service is performed on a first-come-first-
served basis. If, upon a customer’s arrival, there are available servers, then the customer starts
being served by one of the available servers, chosen arbitrarily. Otherwise, the customer joins
the queue and awaits her turn to be served. When the service is complete, the customer leaves,
relinquishing the server.

Let Q,(?) denote the number of customers present at time 7. Of those customers, Q,(¢) A n
customers are in service and (Q,(f) — n)™ customers are in the queue. The service times of
the customers in the queue at time 0 and the service times of customers exogenously arriving
after time O are denoted by 71, 12, ... (in the order in which they enter service) and come
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Moderate deviations of many-server queues 3

from a sequence of independent and identically distributed (i.i.d.) positive unbounded random
variables with continuous CDF F. It is thus assumed that

F(0)=0, F(x) < 1, forall x.

1

The mean service time p= " = fooo xdF(x) is assumed to be finite. The residual service times

(OISO

of customers in service at time 0 are denoted by ,”, ,”, . .. and are assumed to be i.i.d. with
CDF Fy, which is the CDF of the delay in a stationary renewal process with inter-renewal CDF
F. Thus,
X
R = [ (1= FO)ay @1
0

Let A, (#) denote the number of exogenous arrivals by time ¢, with A,(0) = 0. It is assumed
that the process A,(¢) has unit jumps. The entities Q,(0), {ngo), néo), ...} {n1, m, ...}, and
A, = (A1), teR,) are assumed to be independent. All stochastic processes are assumed to
have right-continuous paths with left-hand limits. Let A,(t) denote the number of customers
that enter service after time 0 and by time ¢, with 121"(0) =0. Since the random variables »;
are continuous, the process An = (An(t), t € Ry) has unit jumps almost surely. Balancing the

arrivals and departures yields the equation

An(s)

0n(1) = 0 (1) + (Qn(0) — m)* + An(1) — / / Lis<n d Zl{n,<x}, 22)

where
0n(0)AR

o= Y 1.0 2.3)

{n; " >1}°
i=1

which represents the number of customers present at time ¢ out of those in service at time 0,
and
n(g) (t)

/ / {x+s<t} d Z 1{771<x} Z 1{'71+fn1<l} ’

which represents the number of customers that enter service after time 0 and leave by time 7,
with 7, ; denoting the ith jump time of An, ie., T, ;= inf{t: A,,(t) > i}. In addition, since each
customer that is either in the queue at time O or has arrived exogenously by time ¢ must either
be in the queue at time ¢ or have entered service by time ¢,

(Qu(0) = )" + An(t) = (Qu(H) = )" + A, (0). (2.4)

For the existence and uniqueness of a solution to (2.2)—(2.4), the reader is referred to [21].

Given r, — 00, as n — 00, a sequence P, of probability laws on the Borel o -algebra of
a metric space M, and a [0, oo]-valued function I on M such that the sets {y e M: I(y) < y}
are compact for all y > 0, the sequence P, is said to obey the LDP for rate r, with deviation
function /, also referred to as a rate function, provided lim, . 1/, InIP,(W) = — infycw 1(y),
for all Borel sets W such that the infima of I over the interior and the closure of W agree.

We now introduce the deviation function for the number-in-the-system process. For T >
0 and meN, let D([0, T], R™) and D(R, R™) represent the Skorokhod spaces of right-
continuous R"”-valued functions with left-hand limits defined on [0, T] and R, respectively.
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These spaces are endowed with metrics rendering them complete separable metric spaces; see
[6, 9] for more detail. Given g = (¢(?), t e Ry) e D(R4, R) and xp € R, let

1 00 00 1
I)%(q):linf{ / Wox)? dx + / w(t)? dt + / / k(x, 1) dxdt}, (2.5)
2 0 0 o Jo

the infimum being taken over w®= w'(x), x € [0, 1]) e D([0, 1], R), w=(w(r), 1€ R;) e
DRy, R), and k= ((k(x,n,x<[0,1]), € R;) e DR, D([0, 1], R)) such that w’(0)=
wo(l) =0,w(0)=0,k(x,0)=k(0,)=k(1,t)=0; w?, w, and k are absolutely continuous with
respect to the Lebesgue measures on [0, 1], Ry, and [0, 1] x R, respectively; and, for all ¢,

t
g =(1 = F())xg — (1 = Fo())xy — BFo() + /0 q(t — )™ dF(s) + w'(Fo(1))

t
+ / (1= F(t —5))o w(s)ds + / . 1rs<r) k(F(x), us) dF(x) ds, (2.6)
0 R%

where x;, = (— x0)t, and wO(x), w(r) and k(x, 1) represent the respective Radon—Nikodym
derivatives. If w9, w, and k as indicated do not exist, then IxQo(q) = 00. Note that I)% (99 =00
unless g(0) = xg and ¢() is a continuous function, as the right-hand side of (2.6) is a continu-
ous function of ¢. It is proved in Lemma 8 that if F is, in addition, absolutely continuous with
respect to Lebesgue measure, then g(f) in (2.6) is absolutely continuous too. By Lemma B.1 in
[21], the equation (2.6) has a unique solution g(¢) in the space of essentially locally bounded
functions.
Let the process X, = (X, (¢), t € R;) be defined by

ﬁ(Qn(t)_l)'

Xn(D) ==\ = 2.7)

n

The next theorem verifies and refines Conjecture 1 in [20]. Its proof is presented in
Section 3.

Theorem 1. Suppose, in addition, that A, is a renewal process of rate ,,. Let p, = L, /(nw),
BeR, xgeR, and o > 0. Suppose that, as n — o0,

\b/—ﬁ(l —Pn) = B (2.8)

and the sequence of random variables /n/b, (Q,(0)/n — 1) obeys the LDP in R for rate
b% with deviation function Iy (y) such that I,,(xo) =0 and I,(y) = oo, for y # xqo. Suppose
that the sequence of processes ((A,,(t) — Ant)/(bur/N), t € R+) obeys the LDP in D(R4, R)
for rate bﬁ with deviation function I (a) such that I*(a) = 1/(202) fooo c't(t)2 dt, provided a =
(a(t), t € Ry) is an absolutely continuous function with a(0) = 0, and I (a) = oo, otherwise. If,
in addition,

pn/ti=1 5 0, 2.9)

then the sequence X, obeys the LDP in D(R,., R) for rate b,zl with deviation function I)% (@.

Remark 1. In order that the LDP for ((A,,(t) — Anl)/(bur/n) t > 0) in the statement hold, it
suffices that E(n&,) — 1/, Var(n&,) — o /u>, and that either sup,E(n&,)>+¢ < oo, for some

https://doi.org/10.1017/apr.2024.62 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.62

Moderate deviations of many-server queues 5

€ >0, and v/Inn/b, — oo, or sup,E exp (a(n&,)’) < co and n‘s/z/bﬁ_‘S — 00, for some o > 0
and § € (0, 1], where &, represents a generic inter-arrival time for the nth queue; see [18].

Remark 2. The condition (2.9) implies that bg /n—> 0, so that the condition that b,,//n— 0
necessarily holds. On the other hand, if bg /nl_E — 0 for some € > 0, then (2.9) holds.

As suggested by a referee, the next statement provides a version for the case of infinitely
many servers. Consider a GI/GI /oo queue with renewal arrival process A, of rate A, =nh.
All the assumptions and notation concerning the service times are the same as in Theorem 1.
The arrival process, the initial number of customers, and the service times are independent.
With @n(t) denoting the number of customers present at time ¢, the equations (2.2) and (2.3)
are replaced with the respective equations

Apn(s)

0,(0=0"() + Aut) — / / Lsssan d Z Loy 2.10)
and B
O 0,(0)
0, ()= 21: Lo, (2.11)
Given qo € Ry, let
4 = qo(1 — Fo(0)) + At — & /0 (=) dF() 2.12)
and
X, (1) = Z(Q’;(” c‘](l))- 2.13)

Theorem 2. Suppose that the sequence of processes ((An(t) — Anl)/(bur/1), t € R+) obeys the
LDP in the hypotheses of Theorem 1. Given xo € R, suppose that the sequence X,(0) obeys
the LDP with deviation function I xo(y) such that 1 xo(xo) =0and I xo(y) 0o, for y #xo. If,
in addition, (2.9) holds then the sequence X, obeys the LDP in D(R,, R) for rate b2 with

deviation function 2 qo.x0(@) given by the right-hand side of (2.5), provided
t
q(H) = (1 — Fo(t)xo + MWO(FQ(I)) + f (l —F(— s))o w(s) ds
0

4 / ooy MEG). 25 dF(0) A ds,
R

+

and equals oo otherwise.

Remark 3. The parameter g arises as a law-of-large-numbers limit for the scaled initial num-
ber of customers. The corresponding parameter for the many-server queue in Theorem 1
equals 1.

3. Large-deviation convergence and proofs of Theorems 1 and 2

It is convenient to recast Theorem 1 as a statement on LD convergence. Introduce

A,
Yalt) = % (2

3.1
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and let ¥, = (Y, (¢), t € R,). For the statement and proof of the next theorem, Appendix A is
recommended reading.

Theorem 3. Suppose that, as n — oo, the sequence X,,(0) LD converges in distribution in R
at rate b,zl to an idempotent variable X(0), the sequence Y,, LD converges in distribution in
DR+, R) at rate bﬁ to an idempotent process Y with continuous paths, and (2.9) holds. Then
the sequence X, LD converges in distribution in D(R4, R) at rate b% to the idempotent process
X = (X(1), t € Ry) that is the unique solution to the equation

1
X(1)= (1 = F)X(0)* = (1 = Fo())X(0)™ + / X(t = sy* dF(s) + WO(Fo(1))
0

t t ot
+Y() — / Y(t—s)dF(s) + / / 1ts<n) K(F(x), us) dF(x) uds, (3.2)
0 0 JO

where WO =(W%x),x€[0,1]) is a Brownian bridge idempotent process and K =
(K(x, 1), (x, 1) € [0, 1] x Ry) is a Kiefer idempotent process, X(0), Y, W, and K being
independent.

Theorem 1 is obtained as a special case. Suppose A, is a renewal process of rate A,, the
condition (2.8) holds, and the sequence ((A,(f) — Aut)/(by/n) , t € Ry) LD converges in dis-
tribution in D(R4, R) at rate bﬁ to oW, where 0 >0 and W =(W(r), t € Ry) is a standard
Wiener idempotent process. Then, in the statement of Theorem 3, Y(¢) = o W(¢) — But, so that
the limit idempotent process X solves the equation

t
X(1)= (1 = F@)X(0)" — (1 = Fo(1)X(0)~ — BFo(1) + f X(1— )" dF(s)
0

t t t
A WD) + [ (1= F=)a Wordst [ [ Nyacy R, o) i s,
0 0 JO

with X(0), W, W°, and K being independent. The assertion of Theorem 1 follows on
observing that exp (— I9(y)), with y e D(R,, R), is the deviability density of the idempo-
tent distribution of X. To see the latter, note that the mapping (W°, w, k) — ¢, as specified
by (2.6), is continuous when restricted to the set {(w°, w, k):TIV"W-Kw0 w, k) > a}, where
IV WEWO w, k) = TV WOV (w)[TK (k) and a € (0, 1], so that X is strictly Luzin on
(]D)([O, 1], R) x DR, R) x D(R4, D(R4, R)), HWO’W’K); see Appendix A for the definition
and properties of being strictly Luzin. Therefore,

¥(g) = WK (X = g) = sup(0.0.00: 3.2 hotas T WOTTY () ITK (k).

It is noteworthy that the limit idempotent process in (3.2) is analogous to the limit stochastic
process on p. 139 in [21].

The proof of Theorem 3 relies on an analogue of the weak convergence of the sequential
empirical process to the Kiefer process; see, e.g., [12]. Let random variables ¢; be independent
and uniform on [0, 1]. Define the centred and normalised sequential empirical process by

Lnt)
K,(x, 1) = ™G 2(1{59} —x), (3.3)
n i=1

https://doi.org/10.1017/apr.2024.62 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.62

Moderate deviations of many-server queues 7

and let
|nt] .
1 Ny
B,(x, )= —— 1 — — ), 34
0 bnﬁ;:( = /0 1—y> G
where x € [0, 1] and 7 € R... It is a simple matter to check that
* K,(y, t
Ko(x, 1) = — / 1’(y ) dy+ By(x. ). (3.5)
0 -y

Let K, = ((Kn(x, 1, xel0,1]),te R+) and B, = ((Bn(x, 1, xel0,1]),re R+). Both pro-
cesses are considered as random elements of D(R., D([0, 1], R)). Let B=((B(x, t), x €
[0, 1]), t e Ry) represent a Brownian sheet idempotent process, which is the canonical coor-
dinate process on D(R., D([0, 1], R)), endowed with deviability IT. Let K = ((K(x, t), x €
[0, 1]), t € R;) be defined as the solution of the equation

K(x, )= — / TKOD et B, (3.6)
o l—y

It is a Kiefer idempotent process by Lemma 7.

Lemma 1. Under (2.9), the sequence of stochastic processes (K, B,) LD converges at rate b,zl
in D(R4, D([0, 1], R)?) to the idempotent process (K,B).

Proof. The proof draws on the proof of Lemma 3.1 in [12]; see also [9,
Chapter IX, §4c]. Given teRy, let K,(r)=(K,(x, 1), x€[0,1]) e DO, 1], R),
B,(t)=(B,(x, 1), x€[0, 1]) e D([0, 1], R), K@) =(K(x, 1), xe[0, 1]) e D([0, 1], R),
and B()=(B(x, 1), xe[0,1]) e D0, 1], R). We prove first that, for 0<
H<bh<...<tx, the sequence of D([0, 1], R)Zk—valued stochastic ~ processes
((Kn(11), Ba(11)), (Kn(t2), Bu(12)). - . ., (Ku(1), Ba(12))) LD converges to the I)([0, 1], R)*-
valued idempotent process ((K(t1), B(t1)), (K(t2), B(t2)), . .., (K(ty), B(tk))) in D([0, 1], R)2k,
as n — o0. Since both the stochastic processes ((K,(?), B, (1)), t € R1) and the idempotent pro-
cess ((K(1), B(?)), t € R} ) have independent increments in ¢ (see Lemma 7), it suffices to prove
convergence of one-dimensional distributions, so we work with ((K,(x, 1), Bn(x, 1)), x € [0, 1])
and ((K(x, 1), B(x, 1)), x € [0, 1]), holding ¢ fixed. By (3.4) and [9, Chapter II, §3c], the
stochastic process (By(x, ), x € [0, 1]) is a martingale with respect to the natural filtration with
the measure of jumps

Lnz]

1"B(10, x1. T) = 11y, ymer) D L=y -
i=1

the predictable measure of jumps

|nt] BING dy

v"’B([O, x], )= 1{1/(b,,ﬁ)el"} Z/O l_y’
i=1
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and the predictable quadratic variation process

B0 = [ By di = o 0.0, (1,
0o JrR byn

n

53 / R + Lk (x, 1) Lp (x, 1, 3.7
= — — =X+ —F= X, t) — ——= B,(x, 1), .
o l—y Bn" by/n " buy/n "

nt =g
where ' C R\ {0}.

We show next that

lim lim sup P(supye(o.11|Ba(x, )] > r)'/2 =0, (3.8)

-0 n 00

Since the process

X
exp(bﬁBn(x, 1 — /(‘) /R(eb'%” —1- bﬁu)v"’B(dy, du))

|nt] X
b N g
_ 2 N n y
=exp <ann(x, 1 —(e -1-—) Z/ _)
V= Jo  1-y

is a local martingale with respect to x (see, e.g., [19, Lemma 4.1.1, p. 294]), for any stopping
time 7,

by LN gy
E exp <b53n(r, 1) — (/v 1 — ﬁ) Zfo 1—_y> <.
i=1

Lemma 3.2.6 on p. 282 in [19] implies that, for » > 0 and y > 0,

|nt] X
2 2 20, bn &i dy b2
]P’(sup 0.1 ean,,(x,t) > ebnr) < eb,l()/ r) + IF’(exp <<ebn/\/z _1_ _) / A 2y
x€[0,1] «/ﬁ izg < Jy 1= y

b2()/ 7) b2y]E< b /ﬁ bn %J: Gi dy
<emtT V4 e exp((e" —1——) / —))
Vn) &y 1—y

— =1 4 e—bﬁy(l — (eI bn/\/ﬁ))*L”’J,

with the latter equality holding for all n large enough because e’/ vi_q_p, /a/n— 0.
Hence, assuming that ebn/vn 1 — bu//n < 1/2, we have

P(supxe(o 1]eb%B,l(x,t) > ebﬁr)l/bg <oV 4oVl
Since n/ bfl — 00, it follows that

lim lim sup P(supqe(o.11Ba(x, £) > 1% = 0. (3.9)

r—>0 n-sec0
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A similar convergence holds with —B,,(x, r) substituted for B, (x, f). The limit (3.8) has been
proved.
We next prove that, similarly,

lim lim sup P(supqefo.11|Kn(x, 0] > r)/% = 0. (3.10)

r—->0 n-seco

Since, by (3.3), (K, (x, 1), x € [0, 1]) is distributed as (— K,(1 — x, 1), x € [0, 1]), it suffices to
prove that

lim lim sup P(supye(o, 1 /211 Kn(x, )] > 1)'/% = 0. (3.11)

=% p—soo

By (3.5) and the Gronwall-Bellman inequality,

SUpeqo.1/211 Kn(x, D] < €*supxero.1/211Ba(x, )1, (3.12)

so that (3.11) follows from (3.9).
By (3.7), (3.8), and (3.10), for x € [0, 1],

lim P(|b2(B,)(x, 1) — tx] > €)1/ =0, (3.13)
n— 00

If we extend it past x=1 by letting B,(x, 1) = B,(1, 1), the process (B,(x,1),xeR;) is a
square-integrable martingale with predictable quadratic variation process ({B,)(x A 1, 1), x €
R,), so, by (3.13) and Theorem 5.4.4 on p. 423 in [19], where one takes By = bu/n,
ap=n,and ry = b,%, the sequence of the extended processes (B,(x, 1), x € R;) LD converges
in D(R4, R) to the idempotent process (B(x A 1, £), x € Ry). By (3.5), (3.6), and the contin-
uous mapping principle, for 0 <x; <...<x; <1, the (K,(x;, 1), By(x;, 1)), i€ {1,2,...,1})
LD converge in R? to (K(x;, 1), B(x;, 1)), i € {1,2, ..., 1}). Since K,,(1, ) =0 and K(1, 1) =0
(see Appendix A), the latter convergence also holds if x; = 1.

We now show that the sequence (K, (x, ), x € [0, 1]) is C-exponentially tight of order b,zl in
D([0, 1], R). (The definition and basic properties of C-exponential tightness are reviewed in
Appendix A.) By Theorem 8, (3.10) needs to be complemented with

. . 2
lim lim sup supyeio, 11P(supyefo,s1 1 Kn(x + ¥, £) — Ku(x, )] = m) /o =0, (3.14)
— 00

§—>0 pn

for arbitrary n > 0, where Kn(ﬁ, t) =0 when x > 1. We use an argument iimilar to that used in
the proof of (3.10). Defining K, (x, ) = —K,,(1 — x, f) for x € [0, 1] and K,,(x, 1) =0 forx > 1,
we have by (3.3) that

supxe(0,11P(Supyefo,8] | Kn(x +y, 1) — Kn(x, 1) > 1)

< supxeo,1/21P(Supye(o,5) | Kn(x + ¥, 1) — Kn(x, )| = 1)
+ supxe[1/2,1-51P(supyefo,s11Kn(x + ¥, 1) — Kyu(x, )| > 1)
+ supxef1—s, 1P(SUpyefo,511Kn(x +y, 1) — Ky (x, D] = 1)
< supxe(o,1/21P(supyefo,s11Kn(x + ¥, 1) — Ky (x, )] > 1)

+ supxe(s, 1/21P(supyefo,s)|Kn(1 —x+y, 1) — Kx(1 — x, )| = 1)
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+ P(supyeri—s, 111Kn(u, )] = n/2) < supxepo, 1/21P(supyefo,s)1Kn(x +y, 1) — Ku(x, )] = 1)

+ supxe(s, 1/21P(supyefo,6] | Kn(x — y, 1) — Kn(x, )| > 1)

+ P(supucio,] [ Kn(u, )] = 1/2)

=< supxe(o,1/21P(Supyeo,511Kn(x +y, 1) — Ky(x, D] = )

+ supxe(o,1/21P(supyeo,5) Kn(x + v, 1) — Ku(x, 1) = 1)

+ P(supucio,s11 Knlu, ) = 1/2). (3.15)

Since the random variables ¢; are independent and uniformly distributed on [0,1], K, has the
same finite-dimensional distributions as K},, so that

supxepo, 1P(supyepo,511Kn(x + y, 1) — K (x, D] = 1)

< 2supxefo,1,21P(supyefo,s11 Kn(x +y, ) — Ky (x, )] = ) + P(supye(o,511Kn (1, )| = 1/2).
(3.16)

Since x +y <2/3 when x € [0, 1/2] and y € [0, §] provided § is small enough, by (3.5), for
x € [0, 1/2] and § small enough,

Supye(0,8]1Kn(x +y, 1) — Ku(x, )| <
38supuero, 11 Kn(u, )| + supyejo,s11Bu(x +y, 1) — Bu(x, 1)]. (3.17)

Similarly,

Supuefo,s11Kn(ut, )| < supuefo,1]1Kn(u, )| + supyeo,s11Bnlu, 1. (3.18)

1-6
By (3.16), (3.17), (3.18), and the fact that B, (f) LD converges to B(?),

. 2
lim sup supxeqo, 11P(supye0,5] Kn(x + ¥, £) — Kn(x, )] > 1)!/"n

n—oo

. 2
< lim sup P(38supyeqo, 111 Kn(u, 1) > 1/2)1/0n

n— oo

. ) 2
+ lim sup P( supuefo, 111K (u, )] = 1/4)"/"n

n—00 1-6
+ T1(supxe(o,1/215UPyef0,5]|1B(x + y, 1) — B(x, 1)| = n/2)
+ H(supuefo,s)1B(u, N = n/4). (3.19)
By (3.10),

L 2
lim lim sup supxeo, 17P(supyefo.s11Kn(x + ¥, 1) — Ky(x, )] = m)!/"n

8—>0 nooo

< Sh_r)r}) TT(supxefo,1/215UPyefo,5]1B(x +y, t) — B(x, t)| = /2)

+ ;l_% T(supueio,s1|B(u, 0 = n/4). (3.20)
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The idempotent process B = ((B(x, t), x € [0, 1]), r € R}) has trajectories from the space
of continuous functions C(R4, C([0, 1], R)); see Appendix A. Since the collections
of sets {be CRy, C([0, 11, R)): supsefo,1/215pyeio.01lb(x + v, 1) — b(x, D] = n/2} and (b e
C(R4, C([0, 1], R)): supxefo.s11b(x, )| > n/4} are nested collections of closed sets as § | O,
the limit on the right of (3.20) is (see Appendix A)

TT(supxe(o,1/218UPyef0,01| B(x +y, 1) — B(x, )| = n/2) + Il(supye(o,01|1Bu, )| = n/4) =0,

which concludes the proof of (3.14).

Since the sequence of stochastic processes ((K,(x, 1), Bu(x,1)),x€[0,1]) LD con-
verges to the idempotent process ((K(x, 1), B(x, 1)), x€[0,1]) in the sense of finite-
dimensional distributions and is C-exponentially tight, the LD convergence holds in
([0, 1], R?); see Theorem 7 in Appendix A. It has thus been proved that the sequence of
stochastic processes (((Kn(x, t1), Bu(x, 1)), x€ [0, 1]), ..., (Ku(x, t7), Bu(x, 1)), x € [0, 1]))
LD converges in D([O, 1], R?) to the idempotent process (((K(x, t1), B(x, 1)), x €
[0, 1], ..., (K(x, t7), B(x, t;)), x € [0, 1])), for all 11 <1, <...<#t. The proof of the lemma
will be complete if the sequence ((Ky(x, ), By(x, 1)), x € [0, 1]), t € R}) is shown to be C-
exponentially tight of order b% in D(R,, D([0, 1], R?)). The definition of exponential tightness
implies that it is sufficient to prove that each of the sequences {K,,n> 1} and {B,, n > 1}
is C-exponentially tight of order b,zl in D(R4, D([0, 1], R)). By (3.10) and Theorem 8, the
C-exponential tightness of {K},, n > 1} would follow if, for all L > 0 and > 0,

. . 2
lim lim sup supse(o,)P(SUPre[0,515UPxefo, 1] Kn(x, s + 1) — Ku(x, )| = )" /P7 = 0. (3.21)

>0 n—oo
Since, in analogy with the reasoning in (3.15),
P(supre(0,s15upxef0, 111 Kn(x, 1+ 5) — Kn(x, $)| = 1)
< P(sup;efo,515upxe[0,1/211Kn(x, t +5) — Kn(x, 5)| > 1)
+ P(supse0,518upxef1/2,111Kn(x, 1+ 5) — Ku(x, 5)[ = 1)
= P(supye0,515Upxef0,1/2] | Kn(x, t + 5) — Ky (x, $)| > 1)
+ P(supyefo,515UPxefo, 17211 Kn(x, £+ 5) — Ku(x, $)| = 1)
= 2IP(sup;e0,515UPxe(0,1/2] | Kn(x, t + 5) — Ky (x, $)| > 1),
(3.21) is implied by
lim Tim sup supse(o..1P(suprefo.s15uPxel0.1 /21 Kn(x. 14 ) = Ku(x, )| 2 /P =0,
(3.22)

By (3.3), with x being held fixed, the process (K, (x, t + s) — K, (x, 5), t € R} ) is a locally
square-integrable martingale, so (supxe(o,1,2](Kn(x, t +5) — K, (x, 5)), € Ry), is a submartin-
gale; hence by Doob’s inequality [14, Theorem 3.2, p. 60],

P(suprefo,s15upxe(o,1/2) 1 Kn(x, t +5) — Ky (x, $)| > 1)

2
< — Esupueqo,1/21(Kn(x, s +8) — Kn(x, ). (3.23)
)’] n
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As noted earlier, with ¢ being held fixed, the process (B,(x, 1), x € [0, 1]) is a square-integrable
martingale [9, Chapter II, §3c]. Equation (3.5) yields, by the Gronwall-Bellman inequality, as
in (3.12),

Supxef0,1/2) | Kn(x, s + 8) — Ky (x, 8)| < €*Supye(0.1)/Bu(x, s +8) — Bu(x, ). (3.24)

Since (By(x, s + 8) — By(x, s), x € [0, 1]) is a square-integrable martingale, by another appli-
cation of Doob’s inequality (see [9, Theorem 1.1.43] and [13, Theorem 1.9.2]), as well as by
Jensen’s inequality,

Esupye(0,1(Bar. s +8) = Bu(x. ) = (557 ) " E(Bu(1. 54 8) = Bu(1, )%,
n

By (3.4), the fact that 1 — ¢ and ¢ have the same distribution, and the bound (5.6) in the proof
of Theorem 19 in [15, Chapter III, §5],

EBu(1, s +8) — Bu(1, )27 < (buy/m) 20 (b2 + 1) (n8 + DE(1 +In £)*n

2
+ 2bi(bﬁ + l)b%eb%-ﬂ(na + l)b% (E(l +In C])z)b"),

(More specifically, the following bound is used. Suppose X1, ..., X,, are i.i.d. with EX; =0.
Then, provided p > 2 and r > p/2,

n
E|Z Xi|P < PrE|Xy P + prf/?e P (EXTP/2.,
i=1

See also [25] for similar results.)
As ¢ is uniform on [0,1], E(In {1)2b3 = (2b£)!, so that, with the use of Jensen’s inequality,

lim sup (EBn(1, 5 + 8) — By(1, 5))%m) 1/

n—oo

2
< lim sup (by/m) > (402263 + 17(2520) "

n—o0

+ (6% + De(ns + DE( + In gl)z),
which implies, via Stirling’s formula, on recalling that b%n!/ bi=1 (), that

b2 1/b;
lim 1im sup supse(o.z] (]E(Bn(l, s+8) — Bu(1, ) ) —0.
=0 n—soo
Recalling (3.23), (3.24), and (3.25) yields (3.22). The proof of the C-exponential tightness of
B, is similar. (It is actually simpler.)
Going back to the set-up of Theorem 3, let

t
H,(f) =Y, (1) — / Y, (t — 5) dF(s), (3.25)
0
X0 = ? (% 0V (1) — (1 = Fo(1))), (3.26)
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An(t)
1
U= ;( Lz — FQ). (3.27)
and
O, =— / 1ot s<ry AUy (x, 5). (3.28)
RY
As, owing to (2.1),
t
1 —Fo(t) 4+ pt — / (t — s)dF(s) =1, (3.29)
0
(2.2), (2.4), and (2.7) imply that
t
X () = (1 — F0)X,(0)T + X 1) + / Xu(t — )T dF(s) + Hu(t) + ©,(1). (3.30)
0
The equation (3.2) is written in a similar way: introducing
t
H{)=Y(@) — / Y(t — 5) dF(s), (3.31)
0
XO(t) = WOFy (1) — (1 — Fo(1)X(0)™, (3.32)
Ulx, f) = K(F(x), ut), (3.33)
and
ClIOEE / Lips<ny dU(x, §) = — / Lpps<ry K(F(x), ps) dF (x) pds (3.34)
R% RZ
yields

t
X =1 —FeXO)t +xO0) + / X(t — s)T dF(s) + H(t) + O(1). (3.35)
0

Let H=(H(:), teR,), H,=(H,@t), teRy), XO=XO@), reRy), X =&, 1€
R+)a U= ((U(xv t)r X € R+)v te R+)a Ul’l = ((Un(xv t)v X € R+)v re R+)a 0= (®(t)v te R+)’
and ©, = (0,(1), 1€ R,).

Theorem 4. As n — oo, the sequence (X,(0), Xf,o), H,, ©,) LD converges in distribution at
rate b2 in R x D(R4, R)? 1o (X(0), X, H, ©).

The groundwork needs to be laid first. Let

An(0) )
1 mAY - dF (u)
L,(x, 1) = E 1) <n — . 3.36
D= g < = /o 1—F(u>) (330

Since the random variables F(7;) are i.i.d. and uniform on [0, 1], in view of (3.3), (3.4), and
(3.27), it may be assumed that

An(t)
n

Ly(x, t) = By(F(x),

) (3.37)
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and that R
( An(t)>
U,(x,t)=K,| F(x), .
n
By (3.5),
_ T Un(y, 1)
Uylx, 1) = /0 1= FOy) dF) + Ly(x, t).
By (3.28),
®n(t) = Jn(t) - Mn(t)a
with
" Unx, t—x)

Ju(?) —/(; 1——F(x) dF(x)

and

Mn(t):/l%z 1{X+S§I} dLn(.x, S).

+

Lemma 2. Under the hypotheses,

lim_Tim sup P(supyejo,|Un(s,  — )| > »'/% =0

=00 psoo

and

lim 1im sup P(supse(o.q |Ma(s)] > 172 =0.

> n-sco

Proof. Note that

At 1/b3
lim lim sup P( n) > r) =0,
n

-0 psc0

A. PUHALSKII

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

which is a consequence of the LD convergence at rate b,% of the Y, to Y (see (3.1)). Similarly,

the LD convergence of X,,(0) to X(0) implies that

0 1/b2
lim lim supP(Q”( ). r) =0.
n

-0 n-sco

By (2.4), An(t) < (04(0) — n)* + A, (1), so that (3.45) and (3.46) imply that

A 1/0;
lim limsupIE”< () >L> =0.

L—o0 psoo n

By (3.38),

(3.46)

(3.47)

An(®
P(supsefo,i|Un(s, t = 8)| >r) < ]P’( ':1 > L) + P(supsefo,z), 1Kn(x, 8)| > ). (3.48)

x€[0,1]
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By the LD convergence of K, to K in Lemma 1, and since the trajectories of K are continuous,

lim 1im sup P(supseqo 1, |Kn(x, ) > 1)'/%n =0,

e x€[0,1]

Combined with (3.47) and (3.48), this proves (3.43).

Lemma 3.1 in [21] implies that the process M, = (M, (), t € R, ) is a local martingale with
respect to the filtration G,, defined as follows. For r € Ry, let Gn(t) denote the complete o-
algebra generated by the random variables 1;z, <5 1{;<x}, Where x +s <7 and i € N, and by

the A,, (s) (or, equivalently, by the 13, .y forie€ N), where s <t. Define Gn(H= ﬂ€>0§';n(t +€)
and G, = (G, (1), t € R;). By (3.36) and (3.42),

An®

1 NiN(E—Tn.i) dF(u)
M, () = 1,02 < — — ). 3.49
O b ;( =i /o 1—F(u)) G4

Thus, the measure of jumps of M,, is

An(®)
100, 11, ) = Ly o, ipery D Linttoi<s) (3.50)
i=1

and the associated G,,-predictable measure of jumps is

A

vu([0, 21, T) = 14y, ymyer
=1

/m/\(t—fn,i) dF(u)

= (3.51)

Note that it is a continuous process. (For A,, being predictable, see Lemma C.1 in [21].) The
associated stochastic cumulant is (see, e.g., [19, p. 293])

An(’) NiN(E—Tn,i) dF
Gn(a’ t) _ (ea/(bn\/ﬁ) 1 o ) Z / (u) (352)
i=1 70

by /1 1—Fu)

By Lemma 4.1.1 on p. 294 in [19], the process (e¥M»(=Gn(@D t € R, ) is a local martingale, so

that Fe*Mn(1)=0n(@.®) < | for arbitrary stopping time 7. Lemma 3.2.6 on p. 282 in [19] implies
that, for y > 0,

abﬁMn(s) > ozb,zlr < ab%(y—r) G,l(ab%,t) > ab%y
P(supsefo,n€ >y < ¢ + P(e 4 )

< eabﬁ(y—r) + P(eén(ozb%,t) > eocb%y)7

where A
An(®)  ap—3
N n,i dF
Gulo, ) = (ea/(bnﬁ) _1_ g ) / i (3.53)
i) =)o T=Fw
Hence, for o > 0,
P(supsefo,iMa(s) = 1'% < 20D 4 P(Gy(abl, 1) = ably)' /o, (3.54)
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On writing

P S BTN R L /ff’—‘ dF(u)
G"(abn’ = <€ 1 \/ﬁ) o Jo —I—F(u) dAn(S)

_ ((butvi _q _ %Pn / I AC)
_(e ﬁ) Antt =) s (359)

and noting that (n/bﬁ)(e“bn/ Vi1 —ab, /+/1n) — & /2, one can see, thanks to (3.47), that
lim P(Gp(ab?, 1) > aby)"/?n =0,
n—oo

provided « is small enough, which proves that

lim lim sup P(supseo,qMn(s) > r)l/bn =0.

r-00 psoo
The argument for sup,e(o,(— M (s)) is similar. The convergence (3.44) has been proved.

Lemma 3. For arbitrary € > 0 and t > 0,

An(s) Vb
hm ]P’(supAE[o 1l — us| > 6) =0.
n

Proof. By (2.4), (2.2), (3.27), and (3.28),

t

1 1 + 1o 1 1
= On(1) = (— 0n(0) — 1) (I=F®)+ =0, (1) + — Au(t) — — f An(t = 5) dF(s)
n n n n n Jo

t
+% / (On(t — 5) —n)" dF(s) + bn On(0). (3.56)
0

Jn
By (3.40), (3.41), (3.43), and (3.44), on recalling that F(¢) < 1, we have

lim lim sup P(supse(o.1|On(s)] > 1'% = 0. (3.57)

r—>0 n-seco

The LD convergence at rate b2 of ¥, to Y implies that, for € > 0,

A 1/b
lim IP(supsE[O,,ﬂ ) _ s> e) —0. (3.58)
n—o0o n

By (2.3), (3.46), and Lemma 1,

. 1 1/b2
lim P(Supse[o,z]l— O (s) — (1 — Fo(s))| > e) =0.
n—o00 n

Recalling (3.29) implies that

_ i i Lo 1/,
lim ]P(supse[o,tﬂ- 0O (s) 4 = Auls) — — / An(s —x)dF(x) — 1| > e) =0.
n— oo n n n Jo
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In addition, the LD convergence of X, (0) to X(0) implies that (3.46) can be strengthened as

follows: ,
0 1/b2
lim supIP’(|Q"—() —1] >6) =0. (3.59)

n—o0 n

Hence, by (3.56) and (3.57),

1 tr1 +
—Qn(t)—1=/ (—Qn(t—s)—1> dF(s) + 6,(1),
n 0 n

where

1 + 1 o 1 1 by
On(1) = <— 0n(0) — 1) (I =F®)+ - 0,7 () + — A1) — = / Ap(t = 5)dF(s) + —= On(1)
n n n n Jo Jn

and ,
1im P(supsefo,/6n(s)| > €)'/ =0,

Lemma B.1 in [21] implies that there exists a function p, which depends only on the function
F, such that
1
Sups€[0,1]|; On(s) — 1| < P(t)supse[o,t]|9n(s)|-

Therefore,
1 1/b;
lim ]P’(supse[o,tﬂ— O,(s) — 1] > e> =0. (3.60)
n—00 n

When combined with (2.4) and (3.58), this yields the assertion of the lemma.

Let L, = ((Ln(x, n,xeRy), te R+) and L= ((L(x, N, xeRy), te R+), with L(x, 1) =
B(F(x), o).
Lemma 4. As n — oo, the sequence (X,(0), X,SO), Uy, L,) LD converges in distribution in R x
DR, R) x DR, DR, R))? to (X(0), XV, U, L).

Proof. Let
|nt]

; (L0 = (1= Fo()), (3.61)

X0, 1) =

b/

X0 = &P, 1), xeRy) and X =& (1), teR,). By the hypotheses of Theorem
3, X,(0) LD converges to X(0), by Lemma 1 and because Fy is strictly increas-
ing, and 5(5[0) LD converges to ((f((Fo(x), 1),xeR;), teRy), where K represents a
Kiefer idempotent process that is independent of (X(0),K, B). Also (K,, B,) LD con-
verges to (K, B). By independence assumptions, these convergences hold jointly; cf.
Appendix A. Since Q,(0)/n — 1 and An(t)/n—> ut super-exponentially in probability by
(3.59) and (3.58), respectively, ‘Slutsky’s theorem’ (Lemma 6) yields joint LD conver-
gence of (X,(0), X4, Ky, By, Qn(0)/n, (An(t)/n. t € R1)) to (X(0), (K(Fo(x). 1), x € Ry), t €
R4), K, B, 1, (ut, t € R})). In addition, by (2.3), (3.26), and (3.61),

XO(r) =x0 <z, @ A 1) — (1 = Fo(£))X,(0)~.
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In order to deduce the LD convergence of (X,,(0), X,(P) , Uy, Ly) to (X(0), X©, U, L), it remains
to recall (3.32), (3.33), (3.37), and (3.38); note that, by Lemma 7, (k(t, 1),t€[0, 1)) is
a Brownian bridge idempotent process; and apply the continuous mapping principle, the
associated composition mappings being continuous at continuous limits. (See [24] for more
background on continuous functions in the Skorokhod space context.)

Lemma 5. The sequence {®,,, n € N} is C-exponentially tight of order bﬁ in DRy, R).
Proof. Let

"U(x, t —x)
J(@) /0 I Foo dF(x). (3.62)
By Lemma 4, (3.41), (3.62), and the continuous mapping principle, J, = (J,(7), t € Ry)
LD converges to J =J(7), t € R}), so the sequence J, is C-exponentially tight. By (3.40),
it remains to check that the sequence M, is C-exponentially tight, which, according to
Theorem 8, is implied by the following convergences:

lim lim sup P(supseo,i1|Mn(s)| > r)l/b" =

=00 n 500

and

lim lim sup supse[o,,]IP’(sups/e[O 51 |My(s +5") — My(s)| > e)l/b% =0, (3.63)
— 00 !

§—0
where >0 and € > 0. The former convergence has already been proved; see (3.44). The
proof of (3.63) proceeds along similar lines. Since, with « € R, the process (exp(a(Mn(s +

§') — My(s)) — (Gp(at, s +5") — Gy(a, s))), s" € Ry) is a local martingale, so that, for arbitrary

stopping time t,
Eea(Mt1(5+T)*Mn(S))*(Gn(a’5+f)*Gn(0‘;S)) < 1’

by Lemma 3.2.6 on p. 282 in [19], for arbitrary y > 0, in analogy with (3.54), for b, > 1, we
have

P(supy o 5)Mn(s + ) = Ma(s))
> )1/ < 20 L P(Gy(ebl, 5+ 8) — Gu(ab?. 5) = ab2y)! /P,
By (3.55) and Lemma 3,

dF(u)

Gn(abnvt)%_ﬂ\/. (t—u )1—F( )

b

super-exponentially in probability at rate b,%. The fact that the latter super-exponential conver-
gence in probability is locally uniform in ¢, as the limit is a monotonic continuous function
starting at 0, implies that, for § small enough, depending on «,

1im sup supse(o.nPSUP /o 51 (Mu(s’ +5) — Ma(s)) = €)'/00 < 2=,

n—00 €l0.3]

Now, one chooses y <¢ and sends o — co. A similar convergence holds with —M,(s")
substituted for M;,(s’). The limit (3.63) has been proved.
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Lemma 6. The sequence (X,,(0), X,(,O) , Hy, Ju, Ly, Uy, ©p) LD converges in distribution in R x
DR, R)? x DR, DR, R))? x DR, R) o (X(0), XV, H,J, L, U, ©), as n — co.

Proof. Let
CRIOES f 1(x, $)dUp(x, 5), (3.64)
R
where
0]
I ()C S) - Z 1{.&6(3(21 A(l)]} 1{x€[0,t73‘521]} ’
for some 0= sg) < s(ll) ... such that s(l) — 00, as I — oo, and sup,>1(s(l) (l) Z)—0, as

| — oo. Evidently,

o
I} ) I}
OV =~ WUt =515 = Ut =51 520 Lo .
i=1

Similarly, let

o
00 =— /R i 100, $)dUG, )= (U =521 s = U =5 5P )) Lo
+ i=1
By the LD convergence of Y, to Y in the hypotheses of Theorem 3, Lemma 4,
(3.25), (3.31), (3.41), (3.62), and the continuous mapping principle, the sequence
(X,,(O),Xflo),H,,,J,,,Ln,Un) LD converges to X(0), X9 H. J L U). Hence, the
sequence (X,(0), X, Hy, Jy, Ly, Up, ®7) LD converges to (X(0), X©, H,J, L, U, @D).
In addition, by Lemma 5, the sequence ®, is C-exponentially tight. Since
the idempotent processes XO H J L ,U are seen to have continuous trajecto-
ries, the sequence (Xﬁ,o) s Hy, Iy, Ly, Uy, ©,) is C-exponentially tight. That a limit
point of (X,(0), Xf,o),Hn,Jn,Ln, Uy, ®,) has the same idempotent distribution as
(X(O),X(O), H,J,L,U, ®) would follow from the LD convergence of finite-dimensional
distributions of (X,(0), Xf,o),Hn,Jn,Ln, U,, ®,) to finite-dimensional distributions of
(X(0), X9, H,J, L, U, ®). Owing to (3.33),

0D () = — f i 1P, HK(F(x), ps) dF(x) pds,
R+
which implies, by (3.34) and the Cauchy-Schwarz inequality, that ©@® — @ locally
uniformly, as [/ — oo. Since the sequence (Xn(O),X,(,O),H,,,Jn,Ln, U,) LD converges to
(X(©0), X9 H, J, L, U, to prove the finite-dimensional LD convergence it suffices to prove
that
lim lim sup P(10L (1) — ©,(1)] > €)'/%n = 0. (3.65)

[->00 p—soo

Let

60, n =

,2\,,( e’}
1
ba /1 ; Z 0120 Yeieo?,, “)}(l{n,-e(t—fn.i,r—s;?.]}

— (F(t—5{0)) = F(t = #,))).
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By (3.28) and (3.64),
0,1 — 0V (1) =6, 1. (3.66)

Let F(s) represent the complete o-algebra generated by the random variables 7, ; A

and ;.3 o),

((:),(f)(s, 1), s € Ry)is an [F,-locally square-integrable martingale. Its measure of jumps is

T Ano+1
where j € N. By Part 4 of Lemma C.1 in [21], with ¢ held fixed, thenprocess

An(s) o0

u
(UBREDD Z 1 s <) L, e s (Lo s )= F(t—2,,0)/(bu/mET)
i=1 j=1

O |

(ni€t=tnit=s 1 T H(—(F =5\ )= F(=2,,)/(ba/M)ET’} l{n,-¢<t—fn,,-,z—s}l_>1]})’

where I' C R\ {0}. Accordingly, the IF,,-predictable measure of jumps is
A (s) oo

O _
(10,1 )= 3 Z Lo < Ve, (1{<1—(F(t—s§’_)])—F(t—fn,i)>/<hnﬁ>er}
i=1 j=I ’

(F(t — <l> D -Fa—t)+ 1 (CF—sD = F— 50 ) DT (1 - (F(t—s(l)l)_F(t—‘l:n )

For o € R, as on p. 214 in [19], define the stochastic cumulant

S
G(a, 5)= f / (e — 1 — axP(ds', dx)
0 JR

W 1=F—sP )~ Fi b
Z s <1) L, e s (¢~ I=s)=F =T 00 (/)
i=1 j=1 5
« (l> (,)
-7 ﬁ( —(F(t—s5;2)) = F(t = T )))(F(t — 5, 1) — F(t — T,3))
n

(et )= FU— )/ /i) _

(F(t =5\ ) = F(t = 2, )1 — (F(t — s\ ) = F(t — 2,.)))).  (3.67)

n\/_
The associated stochastic exponential is defined by
0] O, 7
EP(, 5)=e @) T 1+ AG (@, s)e 20 @), (3.68)
0<s/§s

where AGY(s") represents the jump of GP(s") with respect to s~ evaluated at s/ = and
the product is taken over the jumps. By Lemma 4.1.1 on p. 294 in [19], the process

5b _ . . .
(e""’rzfo" (‘”))E,,(ozbﬁ, )7l se R+) is a well-defined local martingale, so that, for any stopping
time T,

B2OP @) oD p2 =1
Ee®onOn D eDgp2 )= < 1.
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Lemma 3.2.6 on p. 282 in [19] and (3.68) imply that, for ¢ > 0 and y > 0,
P(supsero, 1O (s, 1) > €) < ¥ L PED (@b}, 1) > i)

< obilr=e) 4 PGP (ab?, 1) > ab?y). (3.69)

By (3.67),

R , b
GPab?, 1) <A, (Supy§1 (g“bny/ V- a%) sup; (F(r — s;.lj D= Fe—s")

b
. _abny/ﬁ _ _n
+ sup]supye[F([_SJ(_1>)’FU_SJ<_QI)] (e l+a ﬁy>>

As n/b2(e®PnyINT — 1 — abyy//n) — a?y?/2 uniformly on bounded intervals, A, (r)/n — ur
super-exponentially as n — oo, and supj(s; - s]l._l) — 0 as [ — oo, it follows that

lim lim sup P(GP (b2, 1) > ab?y)/P =0,

=00 p—soo

which implies, thanks to (3.69), that

. . A 2 -
lim sup lim sup ]P’(supse[o,f]®£f)(s, 1> e)l /b < =),
[— o0 n—o00
Picking y < € and sending « to oo shows that the latter left-hand side equals zero. A similar
argument proves the convergence

lim lim sup P(supsefo,i1(— O (s, 1) = €)'/ = 0.

[->00 p—soo
Recalling (3.66) yields the convergence (3.65).

Theorem 4 has thus been proved. In order to obtain the assertion of Theorem 3, note that
—K has the same idempotent distribution as K and invoke the continuous mapping principle in
(3.30), which applies by Lemma B.2 in [21].

The proof of Theorem 2 proceeds along similar lines. First we prove an analogue of
Theorem 3 to the effect that if the random variables X,(0) LD converge to an idempotent
variable X(0), then the processes X, LD converge to the idempotent process X that solves the
following analogue of (3.2):

t
X(1) = (1 = Fo(t)X(0) + /g0 WO(Fo(1) + /0 (1= F(t—9)o W(s)ds

+ / . Lixsszy K(F@), ) dF() 1 ds. (3.70)
R

+

The proof is a simpler version of the proof of Theorem 3. Essentially, one replaces A, with
A, and p with L. A key element of the proof of Theorem 3 is the property, asserted in the
statement of Lemma 3, that A,(7) /n— ut super-exponentially in probability. This property
takes some effort to establish. Its counterpart for the infinite-server queue is that A, (¢)/n — At
super-exponentially in probability; this is a direct consequence of the hypotheses.
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In some more detail, since, in analogy with (2.2),

An(s)

t t
0,(0) = QY (D) + An(t) — fo /0 Lrsznd ) Lipiza).
i=1

grouping terms appropriately and recalling (2.12) yields
11— _ 11— 1 78!
- 0,(1) —q(1) = P 0,(0) —qo)(1 — Fo(1)) + - Ap(t) — At —/O - An(t —8) — At — 5))dF(s)

| 0,,(0) An(s)
+ ; ZI: (1{n§0)>t} — (1 = Fo(0)) — /]Rz 1pts<n d Z(l{’hfx} — F(x)).
1=

+ i=1

On introducing

Y = ;f—ﬁ <m - xz>,

n

—® 1 0,(0)

Xy 0= p—= ; (L0, =1 =Fo@)).
t

Holt) = Folt) — / Tolt — 5) dF(s),
0

B 1 An(1)

Ontr. )= 3= Y (=g —FW),
n i=1

and

On(t) = — /2 1{x+s§t} dvn(xa s),
R+
we obtain the following analogue of (3.30):

Xu(t) = (1 — Fo(t))Xn(0) + X (1) + Ha(t) + O (). 3.71)

The hypotheses imply that Y, LD converges to oW, with the notation of the proof of
Theorem 3 being reused. Since, in analogy with (3.38), U,(x, ) = K,(F(x), A,(f)/n) and

A,(f)/n converges to At super-exponentially in probability, the process U, LD converges

to U, where U(x, t) = K(F(x), At). Furthermore, similarly to Lemma 4, it is proved that
(X,(0), X\, Ty, L) LD converges to (X(0), X, T, L), where X' (1) = /goW (Fo(1)) and
L(x, t) = B(F(x), At). Put together, these properties imply the analogue of Theorem 4: that
(X,(0), )_(;O) ,H,, ©,)LD converges to X(0), )_((O) , H, ©), where

t t
H(t):aW(t)—o/ W(l—s)dF(s):aW(t)—o/ (1 — F(t — s)) W(s) ds
0 0

and

o) =— /RZ 1its<n) dU(x, s) = — /RZ 1ts<n K(F(x), As) dF(x) Ads.
+

+
An application of the continuous mapping principle to (3.71) concludes the proof.
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4. Evaluating the deviation functions

This section is concerned with solving for Ix% (g) and 7(% x(@)-

Theorem 5. Suppose that the CDF F is an absolutely continuous function and Ix% (g) < oo
Then q is absolutely continuous, (q(t) — fot 4(s) Ligsy=0y F'(t — s) ds, t e Ry) € Lo(Ry), the
infimum in (2.5) is attained uniquely, and

t

L[, . . _
12@=3 /O P () — /0 30 Vgo0) F'(t — 5) ds + (B — x)Fo/ () di,
where p(t) represents the unique Ly(R4)-solution p(t) of the Fredholm equation of the second
kind

t

(w40 )p(t) = (1) — /o 4(5) Liges)=0y F'(t — 8) ds + (B — x5 )Fo'(1)

o0 o0 SAL
+02f F'(Is — t)p(s) ds — 02/ f F'(s—r)F(t—r)ydrp(s)ds, (4.1)
0 0 0
with g, Fo/, and F’ denoting derivatives.
Proof. Writing

. t F(—s)
/R , Lips<s kK(F(x), pus) dF(x) pds = /0 /0 k(x, ws) dx u ds, 4.2)

+

we see that the equation (2.6) is of the form

t
q(t) =f(0) + / q(t — )" dF(s), 1 € Ry,
0

with the functions f(¢) and F(¢) being absolutely continuous. The function ¢(¢) is absolutely
continuous by Lemma 8. In addition, (4.2) implies that, almost everywhere (a.e.),

d

t
= Vys<ny k(F(x), ps) dF(x) pds = [ k(F(s), ju(t — 5))F'(s) pds. (4.3)
t R2+ 0

The infimum in (2.5) is attained uniquely by coercitivity and strict convexity of the function
being minimised; cf. [5, Proposition II.1.2]. Differentiation in (2.6) with the account of (4.3)
implies that, a.e.,

t t
WOFo()Fo/ (1) + o w(t) — / F'(t — 5)o w(s)ds + / k(F(s), u(t — $))F'(s) u ds
0 0

t
- <Q(t) — /o q(s) Ligsy=0y F'(t — s)ds + (B —XJ)FO'(I)> =0.

Introduce the map

t

o: (W0, w, k) —> (WO(FO(I))FO’(I) + 0o Ww(t) — f F'(t — 5)o w(s) ds
0

t
+ / k(F(s), u(t — s)F'(s) uds, t € R+>.
0
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Since Fy'(f) is bounded by (2.1), ® maps V =1L,([0, 1]) x Lo(R1) x Lo([0, 1] x Ry) to
L, (R ). For instance, using the fact that fooo F'(s)ds =1, we have

o0 t o0 t o
/ ( / F'(t — s)W(s) ds)zdts / [ F/(t — s)w(s)? ds dt = / V(s)? ds < oo
0 0 0 0 0

and

oo t o0 t
[0 ( /0 k(F(s), u(t — $)F'(s) uds)zdtf /O /O k(F(s), u(t — $))°F'(s) u>ds dr

00 I
= /L2 / / k(x, t)zdx dt < 0.
0o Jo

The method of Lagrange multipliers, more specifically, [5, Proposition II1.5.2] with ¥ =
L,(R4) and the set of nonnegative functions as the cone C, yields

19(g) = : Lty o L R
xo((f])—suppeJLz(RH inf D) W) dx 45 W dt
0O kel (0,1 2 Jo 2 Jo

xLo(R4)xLo([0,1]xR )

1 [e'¢) 1 00
+ 3 / / kCx, 1) dx dt + f p(t)(c'](t) + F/(t)xar + (B — x5 )Fo' (1)
0 0 0
t t
— / 4(s) Lig(s)>0y F'(t — 5) ds — WO(Fo(0))Fo/ (1) — o w(t) + / F'(t — s)o w(s) ds
0 0
t
— fo k(F(s), u(t — s)F'(s) u ds) dt). “4.4)

Minimising in (4.4) yields, with (vA'vo(t), vA'v(t), lAc(x, 1)), being optimal,
A0 —1 _
w(x) — p(Fy (x) =0,
. o0
w(@) —op(t)+o / p(t+$)F'(s)ds =0,
0
A t
k(x, 1) — p(— + F~'(x)) =0.
u
(For the latter, note that

o0 t o0 o0
/0 p() /0 k(F(s), u(t — $))F'(s) uds dt = /0 / POK(F(s), j1(t — $))F'(s) 11 dt ds

o) 00 00 1
= / / p(t + k(F(s), u)F'(s) wdt ds = / / p(i + F Y (x)k(x, 1) dx dt.)
0 0 0 0 n

https://doi.org/10.1017/apr.2024.62 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.62

Moderate deviations of many-server queues 25

Hence,

t

1)%(11) = SuppeLz(R+)</0 p(0)(4() —/0 4(s) Lgsy=0y F'(t — 5) ds + (B — x5 )Fo' (1)) dt

_l< /00 () Fo/(s) ds + /""(ap(t)_g /mp(tJrs)F’(s) dsdi
2\ A i

+u / / p(t+s)2F’(s)dsdt>).
0 0

Noting that

/ ()2 Fo/(s)ds + / / p(t+ ) F(s)dsdt=p / p(s)? ds (4.5)
0 0 0 0

yields

o0 t
1)%(61) = SuppeLZ(R+)</() p() (fl(t) —/0 q(s) Ligs)>0y F'(t —s)ds + (B — xo)Fo’(f)> dt

- l(u f ” p(s)* ds + / ” (op(t)—o / h p(t+ $)F (s) ds)* dt)). (4.6)
2 0 0 0

The existence and uniqueness of a maximiser in (4.6) follows from Proposition II.1.2 in [5]
because the expression in the supremum tends to —o0 as ||pl|lL,@®,) —> o©. Varying p in (4.6)
implies (4.1). As the maximiser in (4.6) is unique, so is an Ly(R)-solution of the Fredholm
equation.

It is noteworthy that the integral operator on ILp(R ) with kernel

SAL
I~('(t,s)=F’(|s—t|)—/ F'(s—r)F'(t—r)dr
0

is not generally either Hilbert—Schmidt or compact, so the existence and uniqueness of p() is
not a direct consequence of the general theory.

The numerical solution of Fredholm equations, such as (4.1), is discussed at quite some
length in the literature; see, e.g., [3] and references therein. For instance, the collocation
method with a basis of ‘hat’ functions may be tried: for i€ N and n€ N, let f; =i/n and
Li() =1 — |t — t;]) 1{s,_, <r<s;)» With fo = 0. Then an approximate solution is

2

Pa®) =" pult)i(t).

i=1
where the p,(t;),i=1, ..., n?, satisfy the linear system

2

n n2
(1 +Dpa(t) — 0> palty) /0 K(ti, );(s) ds

J=1

1
— i) — /0 45) Ligsy=0) /(1 — 5) ds + (B — x; )Fo' (1),

For more background, see [3].
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. =0 . . o .
The evaluation of 1, . is carried out similarly:

1! 1 [®
7(% (@) = SUPpeL,(R,) inf (— / W) de+ = / W(n)? dt
: 00w kelaqo,1) N2 Jo 2 Jo

xLo(R4)x L ([0, 1]xR )

1 [ rl. o0
TS /0 fo Je(x, 1) dox di + /0 PO((1) + x0Fo' (1) — /qow (Fo(0))Fo/ (1) — o (7)
t t
“r/ F/(I—S)U w(s) ds—/ k(F(s), )‘(I—S))F/(s)kds) dt).
0 0

The infimum is attained at (i7(¢), 3(7), k(x, 7)) such that
=0 _
W (x) — /qop(Fy ' (x) =0,

Ww(t) —op(t) +o / ” p(t+5)F'(s)ds =0,
0

= t
ko 0 =p(- + F ')y =o0.
Consequently, taking into account (2.1) and (4.5), we have

_ oo l o0
Ig%,xo(Q) = SuppeLz(R+)(/O p)(q(t) + xoFo/ (1)) dt — E(CIOM/O p(s)* (1 — F(s)) ds

+ A [ p(s)>F(s)ds + / (op(t) — o f p(t+ $)F'(s) ds)* dr))
0 0 0

1 o0
=3 /0 P(G(1) + xoFy' (1)) dt,

with p(¢) being the Lo (R )-solution p(¢) to the Fredholm equation of the second kind
0 ~
(qou(1 — F(1) + MF(t) + o2)p(t) = (1) + x0F (1) + o> fo K(t, )p(s) ds.

Appendix A. Large-deviation convergence and idempotent processes

This section reviews the basics of LD convergence and idempotent processes; see, €.g.,
[19]. Let E represent a metric space. Let P(E) denote the power set of E. The set function
IT1: P(E) — [0, 1] is said to be a deviability if TI(E) = supyeeI1({y}), E C E, where the func-
tion I1(y) = IT({y}) is such that supycgI1(y) = 1 and the sets {y € E: I1(y) > y} are compact for
all y € (0, 1]. (One can also refer to IT as a maxi-measure or an idempotent probability.) A devi-
ability is a tight set function in the sense that infgcxcg) TI(E \ K) =0, where K(E) stands for
the collection of compact subsets of E. If E is a directed set and F¢, § € E, is a net of closed
subsets of E that is nonincreasing with respect to the partial order on E by inclusion, then
IT(Ngeg Fe) =limgeg TI(Fg). A property pertaining to elements of E is said to hold IT-a.e. if
the value of IT of the set of elements that do not have this property equals 0.
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A function f from E to metric space E’ is called an idempotent variable. The idempo-
tent distribution of the idempotent variable f is defined as the set function ITof~1(I') =
I1(f eT), T CE'. If f is the canonical idempotent variable defined by f(y) =y, then it has
IT as its idempotent distribution. The continuous images of deviabilities are deviabilities; i.e.,
if f:E — E’ is continuous, then ITof~! is a deviability on E’. Furthermore, this property
extends to the situation where f: E — E’ is strictly Luzin, i.e., continuous when restricted
to the set {y € E: [1(y) > y}, for arbitrary y € (0, 1]. Thus, the idempotent distribution of a
strictly Luzin idempotent variable is a deviability. More generally, f is said to be a Luzin
idempotent variable if the idempotent distribution of f is a deviability. If f = (f1, f>), with
fi assuming values in E], then the (marginal) idempotent distribution of fi is defined by
iG) =1 =y) = SUpy. £, (y)=y, [1(»). The idempotent variables f; and f; are said to be
independent if TI(f; =y, f2 =y,) = I1(fi =y)DII(f2 =y,) for all (y},y,) € E| x E}, so the
joint distribution is the product of the marginal ones. Independence of finite collections of
idempotent variables is defined similarly.

A sequence Q,, of probability measures on the Borel o -algebra of E is said to large-deviation
(LD) converge at rate r,, to deviability IT if for every bounded continuous non-negative function
fonE

L/
Tim_ < fE Fy" Qn(dx)> = Superf (W) TT(Y).

Equivalently, one may require that lim,,_, o, Q,(I")!/"» = II(T") for every Borel set I such that
IT of the interior of I and IT of the closure of I' agree. If the sequence Q, LD converges
to T, then TI(y)=lims_o liminf, oo (Qu(Bs(y)"/™ =1lims_.o lim sup,,_, o, (Qu(Bs(y)"/"™,
for all ye E, where Bs(y) represents the open ball of radius & about y. (Closed balls
may be used as well.) The sequence Q, is said to be exponentially tight of order r, if
infgexcg) lim sup,,_, o, On(E\ K)!/" = 0. If the sequence Q, is exponentially tight of order
ra, then there exists a subsequence Q , that LD converges at rate r,/ to a deviability. Any such

deviability will be referred to as a large-deviation (LD) limit point of Q,. Given E C E, the
sequence Q, is said to be E-exponentially tight if it is exponentially tight and TT(E \ E) =0,
for any LD limit point IT of Q,,.

It is immediate that IT is a deviability if and only if I(x) = — In [1(x) is a tight deviation
function, i.e., the sets {x € E: I(x) < y} are compact for all y >0 and inf,cg /(x) =0, and that
the sequence O, LD converges to I at rate r,, if and only if it obeys the LDP for rate r, with
deviation function /, i.e., lim inf, o (1/7,,) In 0,,(G) > — inf,¢g I(x) for all open sets G, and
limsup,,_, o, (1/rn) In Qn(F) < — infxer I(x) for all closed sets F.

LD convergence of probability measures can be also expressed as LD convergence in distri-
bution of the associated random variables to idempotent variables. A sequence {X,, n € N} of
random variables with values in E’ is said to LD converge in distribution at rate r;, as n — oo to
an idempotent variable X with values in E’ if the sequence of the probability laws of the X,, LD
converges at rate r, to the idempotent distribution of X. If the random variables X;, and X;, are
independent, X/, LD converges to X°, and X], LD converges to X”, then the sequence (X, X))
LD converges to (X’,X”’) and X’ and X are independent. If a sequence {Q,, n € N} of proba-
bility measures LD converges to a deviability I, then one has LD convergence in distribution
of the canonical idempotent variables. A continuous mapping principle holds: if the random
variables X,, LD converge at rate r, to an idempotent variable X and f: E' — E” is a contin-
uous function, then the random variables f(X,,) LD converge at rate r, to f(X), where E” is a
metric space. The following version of Slutsky’s theorem holds; see, e.g., [19, Lemma 3.1.42,
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p- 275]. Certainly, a direct proof along the lines of the argument in [4, Chapter 1, Theorem 4.1]
is possible.

Theorem 6. Suppose that E' and E' are separable metric spaces. Let Y,, be random variables
with values in B, and let a € E. If the sequence X,, LD converges to X and Y, — a super-
exponentially in probability for rate ry, i.e., P(d(Y,, a) > €)'/ — 0 for arbitrary € > 0, then
the sequence (X,, Y,) LD converges at rate r, to (X,a) in E' x E'', where d denotes the metric
onE".

A collection (X;, t € R;) of idempotent variables on E is called an idempotent process. The
functions (X;(y), t € R;) for various y € E are called trajectories (or paths) of X. Idempotent
processes are said to be independent if they are independent as idempotent variables with val-
ues in the associated function spaces. The concepts of idempotent processes with independent
and/or stationary increments mimic those for stochastic processes. Since this paper deals with
stochastic processes having right-continuous trajectories with left-hand limits, the underlying
space E may be assumed to be a Skorokhod space D(R ., R™), for suitable m.

Suppose X, = (X,(1), t € Ry) is a sequence of stochastic processes that assume values in
metric space E’ with metric d” and have right-continuous trajectories with left-hand limits. The
sequence X, is said to be exponentially tight of order r,, if the sequence of the distributions of
X, as measures on the Skorokhod space D(R, E') is exponentially tight of order r,. It is said
to be C-exponentially tight if any LD limit point is the law of an idempotent process with
continuous trajectories, i.e., IIM(Ry, E")\ C(R4, E)) =0, whenever IT is an LD limit point
of the laws of X,.

The method of finite-dimensional distributions for LD convergence of stochastic processes
is summarised in the next theorem [16]. The proof mimics the one used in weak convergence
theory.

Theorem 7. If; for all tuples t| <t <...<t; with the t; coming from a dense subset of R,
the sequence (X,(t1), - .., Xn(#;)) LD converges in R! at rate r, to X(t1), ..., X(t7) and the
sequence X, is C-exponentially tight of order ry,, then X is a continuous-path idempotent
process and the sequence X,, LD converges in D(R,., E') at rate r,, to X.

The form of the conditions in the next theorem, which is essentially due to [7], is at odds
with what is common in weak convergence theory, so a proof is warranted, although the
argument is standard.

Theorem 8. Suppose E' is, in addition, complete and separable. The sequence X, is C-
exponentially tight of order r,, if and only if the following hold:

(1) the sequence Xy (t) is exponentially tight of order ry, for all t from a dense subset of R,
and

(i) foralle >0and L > 0,

lim lim sup supic(o, 1 P(suPsefo.51d' Xn( + ), Xo(10) > €)'/ =0. (AD)

n—oo

Proof. The necessity of the conditions follows from the continuity of the projection map-
ping and the continuous mapping principle. The sufficiency is proved next. For L > 0, § > 0
and X from the Skorokhod space D(R.., E), let

wr(X, 8) = supy se[o,L): 1—s|<sd (X (1), X(5)).
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Since
LL/8]
P(wr(Xn, 8) > €) <P( | {3supreris. i+ 1s1n10.1d Xn2), Xn(i8)) > €})
i=0
LL/3]
= Z P3supsefis, i+ sinio,L1d Xn(1), Xn(i8)) > €)
i=0

L €
< (LEJ + 1)Supte[O,L]]P)(Supse[t,t+§]d/(Xn(S)v X, () > g)»

the hypotheses imply that

lim lim sup P(wz(X,,, 8) > €)'/ = 0. (A.2)
=0 p—oo
Let
wi (X, 8) = ()=t0<zli£f<tk=L: max supuvely; apd (X(@w), X(v)).

li—tj-1>8

Since W’L(X, 8) <wr(X, 268), provided § < L/2, by (A.2),

lim lim sup P(w;'(X,,, 8) > €)/" = 0. (A.3)

=0 p—oo

As each X, is a member of the Skorokhod space D(R, E),

alin%) Pwr'(X,, 8§) > €)=0,

s0, by (A.3),
lim sup,P(w} (X,,, 8) > €)'/ =0.
§—0

Let {z1, 2, . . .} represent a dense subset of R such that X, (¢1), X,,(#2), . . . are exponentially
tight of order r;,. Since E’ is complete and separable, every probability measure on E’ is tight,

so it may be assumed that there exist compact subsets K1, K>, . . . such that, for all n,
€
POX(t) ¢K)'/" < 57, €N

Choose positive d1, 82, . . . such that

1 €
Pove/(Xn, 8) > V" < =, ieN.
The set
. / 1
A= XL (X, 8) < 57, X(@) € K
ieN
has compact closure (see, e.g., [10, Theorem A2.2, p. 563]), and

o0 o0
1
P, ¢ A" <Y PO (X, 8) > 5)”% + ) PX(t) ¢ K'Y < 2e.
=1 i=1
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Thus, the sequence X,, is exponentially tight of order r,, in D(R4, E'). Let IT represent a devi-
ability on D(R.., E’) that is an LD limit point of the distributions of X,,. It is proved next that
I1(X) = 0if X is a discontinuous function. Suppose X has a jump at ¢, i.e., d'(X(¢), X(t — )) > 0.
Let p denote a metric in D(Ry, E’). It may be assumed that if p(X’, X) <8, then there
exists a continuous nondecreasing function A(f) such that sups<.+1d'(X'(A(s)), X(s)) < § and
Sups<+1|A(s) — s| < 8; see, e.g., [6, 9]. Then, assuming that 26 <t and § <1, we have

infs’e[s—a,s+5] d'(X(s"), X(s)) < 8, where s € [0, 1 + 1]. Note that

d'X(1), X(t —)) <d'(X(®), X'(s1)) + dX'(s1), X'(1)) + d' (X' (1), X' (s2))
+d'(X'(s2), X(s3)) + d'(X(s3), X(t —)),

so that, with sy €[t—38,t+38] such that d'(X'(s1), X(¥)) <8, s3€[t—8,¢t] such that
d'(X(s3), X(t —)) < 8, and 55 € [s3 — 8, s3 + 8] such that d'(X'(s2), X(s3)) < 8, we have

d'(X(1), X(t —)) < 38 + 2supsefr—25,1+-51d(X'(5), X' (1)),
which implies that, for § small enough,

d' X, X(t—))

supsefr—2s,+81d (X'(s), X'(1)) > 3

Since

supser—2s.+51d (X'(s), X' (1)) < supse(r,i+51d' (X'(5), X' (1))
+ Supseqi—25.1—51d' (X'(5), X'(1)) + supsef—s.nd' (X'(s), X'(1)
< supyerr,+1d (X'(5), X'(0)) + supsepi—2s,1—s1d (X' (5), X'(t — 25))
+ supse[,_a,,]d/(X/(s), X(@t=8)+d X (t—=28), X (t—28)+2d X (1), X'(t = 9)),
for e =d'(X(1), X(t —))/18,
P(p(Xn. X) < 8) < P(supseqr.r+51d (Xn(s), Xa(8)) > €)
+ P(supseq—25.—51d (Xn(5), Xu(t — 28)) > €)
+ P(supse(r—s.1d (Xu(5), Xu(t — 8)) > €).
Therefore, assuming L >t and r, > 1,
P(p(Xn. X) < 8)"/" < P(supseqr,irs1d (Xn(s), Xn(£) > €)1/
+ P(supse(r—s.0d (Xu(s), Xa(t — 8)) > €)'/
+ P(supsefi—25.1—s1d (Xn(s), Xu(t — 28)) > €)'/

< 3supy ;0.1 P(UPsero.51d Xn(l' + ), Xu(1) > )/
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Since
M1(X) = lim lim inf P(p(X,, X) < 8)!/7,
§—~0 n—>o0

(A.1) implies that IT(X) = 0.

The discussion below concerns the properties of the idempotent processes that feature
prominently in the paper. All the processes assume values in R. The standard Wiener idem-
potent process, denoted by W = (W(r), t € R;), is defined as an idempotent process with

idempotent distribution
1 (0.¢]
n"w)= exp (— — / W(t)? dt),
2 Jo

provided w = (w(?), t € R;) € D(R, R) is absolutely continuous and w(0) = 0, and " w) =
0 otherwise. It is straightforward to show that W has stationary independent increments. The
restriction to [0, 7] produces a standard Wiener idempotent process on [0, ] which is specified
by the idempotent distribution IT}"(w) =exp(~1/2 f;W(s)* ds). The Brownian bridge idem-
potent process on [0, 1], denoted by w0 = (Wo(x), x € [0, 1]), is defined as an idempotent
process with the idempotent distribution

1
HWO(WO) =exp (— % / v'vo()c)2 dx),
0

provided w® = (W(x), x € [0, 1]) € D([0, 1], R) is absolutely continuous and w°(0) = w%(1) =
0, and HWO(WO) =0 otherwise. The Brownian sheet idempotent process on [0, 1] x R4
denoted by (B(x, 1), x € [0, 1], t € R}) is defined as a two-parameter idempotent process with

the distribution
1 .
HB(b) =exp (— — / b(x, 1)2 dx dt),
2 Jlo.xR,

provided b = (b(x, 1), x € [0, 1], t € R,) is absolutely continuous with respect to the Lebesgue
measure on [0, 1] x Ry and b(x, 0) =b(0, 1) =0, and [18(b) =0 otherwise. The Kiefer
idempotent process on [0, 1] x R4, denoted by (K(x, ), x € [0, 1], t € Ry), is defined as a
two-parameter idempotent process with the idempotent distribution

1 .
1'1’<(k):exp(—E / k(x, 0)* dx dr),
[0,11xR4

provided k = (k(x, t), x € [0, 1], € R,) is absolutely continuous with respect to the Lebesgue
measure on [0, 1] x Ry and k(0, ©) =k(1, 1) = k(x, 0) =0, and ITX(k) =0 otherwise. It is
considered as an element of D(R,, D([0, 1], R;)). Furthermore, as the deviabilities that
the idempotent processes W, WO B, and K have discontinuous paths are equal to zero,
these idempotent processes can be considered as having paths from C(R4, R), C([0, 1], R),
CR4, C([0, 11, R)), and C(R4, C([0, 1], R)), respectively. Being LD limits of their stochastic
prototypes, the idempotent processes introduced here have similar properties, as summarised
in the next lemma.

Lemma 7.

(i) For x> 0, the idempotent process (B(x, t)//x, t € Ry) is a standard Wiener idempotent
process.
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(i) For t>0, (K(x,1)//t,x €0, 11) is a Brownian bridge idempotent process. For x €
(0, 1), the idempotent process (K(x, t)//x(1 —x), t e R}) is a standard Wiener idem-
potent process.

(iii) The Kiefer idempotent process can be written as

K, t)=_/0x Ii(i;) dy+B(x. 1), x €0, 1], (A4)

where B(x,t) is a Brownian sheet idempotent process. Conversely, if B(x,t) is a Brownian
sheet idempotent process and (A.4) holds, then K(x,t) is a Kiefer idempotent process.
Similarly,

0
Wo(x)z—/ — 0) dy+W’(x) x€ [0, 1],
0

where W’(x) is a standard Wiener idempotent process.

Proof. Parts 1 and 2 are elementary. For instance,

H((K(x’ D relo 11)—( 0(0), x € [0 1]))
7 X , =w"(x), x ,

= Supk k(x,0)= \[WO(X) xe[0,1] exXp < /I.Q / k(.x S)2 dxds)
+

An application of the Cauchy—Schwarz inequality shows that the optimal k is

k(e 5) = 220 W0,

NG
As for (K(x, t)/+/x(1 —x),t€R,), the optimal trajectory (k(y,1),y€[0,1]) to get to
w(t)+/x(1 — x) at x is
w(t)/x(1 —x Y if y € [0, x],
x
Ko, 1= L
w(t)+/x(1 — x) 7 ifye[x, 1].
To prove Part 3, it suffices to show that if
Y k(y, t
k(x, 1) = — f l(y ) 4y + b, 1), (A.5)
0

with k and b being absolutely continuous and with TT18(b) > 0, then k(1, £) = 0 and

00 1 00 1
/ f kCx, 1) dx dt = / f b(x, 1)? dx dt. (A.6)
0 0 0 0

Solving (A.5) yields, for x < 1,

k(. 1) = (1 — x) / ' bi'(y D (A7)
o 1-y
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where by(y, 1) = fé b(s, y) ds. By the Cauchy—Schwarz inequality,

X p (y, l) X 1 1 \/; .
|/ N dy| < / —_— dy‘// by(y, H)2dy < / b(y, s)? dy ds.
o l—vy VJo (1—y)? o V1T —x\ Jo,nxr,

It follows that k(x, ) — 0 as x — 1, provided 2) > 0.
Let ki(x, t) = fg ic(y, 1) dy. We show first that if l'IB(b) > 0, then, a.e.,

. ki(x, > —> 0asx — 1. (A.8)
— X

Given arbitrary a > 0, by (A.7),

ki(x, 0> * b(y, 1) dy\2 S [F dy \2
1—x —(1—x)<[) 1—y ) =21 =xa (fo l—y)

T ody AP
+2(1 —X)/O a —y)2/0 b(y, " 1jpy p=a) &Y

X
<2(1 —x)|In(1 —x)|2a2 + 2/0 b(y, f)z 1{|j;(y,[)\>a} dy.

Since fol B(y, 1? dy < oo a.e., the latter right-hand side tends to 0 a.e., as x — 1 and a — oo.
Next we prove (A.6). By (A.5),

00 1 ) 1 2
/ / b(x, )% dx dt = / / (k(x, 0% + 2k(x, 1) ki(x, 1) + (k’(x’ D) ) dedt.  (A.9)
0 0 0 0 1—x 1—x

Integration by parts with the account of (A.8) yields, for almost all ¢,

Lo kG ! kG, ) ke 1)
/0 k(x, t) 1 dx-—/o k;(x,t)(l_x +m>dx7

[t g L [
o 7 1—x 7 2Jy a=x2""

so that

Recalling (A.9) implies (A.6).

Appendix B. A nonlinear renewal equation

This section is concerned with the properties of the equation

t
g =f) + / gt —s)T dF(s), teRy. (B.1)
0

It is assumed that f(7) is a locally bounded measurable function and that F(¢) is a continuous
distribution function on R4 with F(0) =0. The existence and uniqueness of an essentially
locally bounded solution g(#) to (B.1) follows from Lemma B.2 in [21].

Lemma 8. Ifthe functions f and F are absolutely continuous with respect to Lebesgue measure,
then the function g is absolutely continuous too.

https://doi.org/10.1017/apr.2024.62 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.62

34 A. PUHALSKII

Proof. Use Picard iterations. Let go(7) =f(¢) and

t
gk() =f(1) +/0 k-1t — )" dF(s). (B.2)

The functions g are seen to be continuous. Let € >0, T>0,and 0 <ty <y <... <5, <T.
Since gy — g locally uniformly (see [21, Lemma B.1]), the function g is continuous and
supksupse(o,7118k(#)| <M for some M > 0. Note that

ti ti—1
| fo gr—1(ti — 8)* dF(s) — fo gr—1(ti—1 — $)* dF(s)|

ti T
< / g1t — )] dF(s) + / Lsmty 11 18t (i — 5) — g1 (o1 — ) dF(s).  (B.3)
i 0

i—

Let

i=1 I=1
By (B.2) and (B.3), for k> 1,

Pi(8) <Y (8) + k-1 (OF(T). (B.4)

Let
!

=1

Suppose that F(T) < 1. Since g — g locally uniformly, as k — oo, ¢r(8) — ¢(5). Letting k —
oo in (B.4) implies that ¢(8) < ¥ (8)/(1 — F(T)), so that ¢(5) — 0, as § — 0. Hence g(¢) is
absolutely continuous on [0, T]. Next, as in [21], write, for ¢ € [0, T],

t

t+T
g(t+T)=f(t+T)+/ g(t+T—s)dF(s)+f gt +T — s5)dF(s).
t 0

By what has been proved, the sum of the first two terms on the right-hand side is an absolutely
continuous function of ¢ on [0, T]. The preceding argument implies that g(¢ + T') is absolutely
continuous in ¢ on [0, T]. Iterating the argument proves the absolute continuity of g(f) on R.
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