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In this article, we study the following Schrédinger equation

—Au — #u +u = f(u), in RN\{0},
Jen |ul?dz =a, we HYRY),

2
where N > 3, a >0, and p < (NZZ)

‘inverse-square potential’), A is a Lagrange multiplier, and the nonlinearity function f
satisfies the general Sobolev critical growth condition. Our main goal is to
demonstrate the existence of normalized ground state solutions for this equation

2
when 0 < p < %. We also analyse the behaviour of solutions as u — 07 and
derive the existence of normalized ground state solutions for the limiting case where
p=0. Finally, we investigate the existence of normalized solutions when p <0 and

analyse the asymptotic behaviour of solutions as p — 0~

. Here # represents the Hardy potential (or
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1. Introduction

In recent decades, significant attention has been directed towards the exploration of
standing wave solutions in the context of the time-dependent Schrédinger equation,
which is formulated as follows

iD+ AP+ g (|02 D=0,1t>0, z€R",

(1.1)
Jen [9)?dz = a.

In this context, i represents the imaginary unit, N > 3, ¢ >0, and ¢ : [0,00) — Ris
a nonlinear term. The function ®(¢, z) : R x RY — C is the wave function. Equation
(1.1) arises naturally in the time-dependent Cauchy problem given by

i® + AD + g (|P°) = 0,

(1.2)
B(-,0) = o € L2 (RV) \{0}.

The L?-normalization condition in Eq. (1.1) stems from the conservation of the
L?-norm in Eq. (1.2). Indeed multiplying Eq. (1.2) by &, integrating, and tak-
ing the imaginary part leads to % f]RN |®|?dz = 0 and therefore we can define
Jen [812dz = [on |@ol?dz = a, see [12]. The pursuit of solutions with prescribed
L?-norms holds profound significance from both physical and mathematical vantage
points. From a physical perspective, the search for solutions characterized by a pre-
determined L?-norm is intricately linked with the principle of mass conservation,
carrying fundamental physical interpretations across diverse domains. For instance,
in the field of nonlinear optics, the L?-norm corresponds to the power magnitude,
while in Bose-Einstein condensates, it encapsulates the particle count and assumes
a pivotal role in delineating the system’s behaviour (refer to [1, 20, 48]). From a
mathematical stance, the examination of solutions with prescribed L?-norms con-
tributes invaluable insights into the characteristics and dynamics of these solutions,
thereby fostering a deeper comprehension of stability and instability phenomena
(refer to [8, 15]).

Consider the standing wave solution denoted as ®(t,x) = eMu(z) in Eq. (1.1),
where u : RV — R. Subsequently, we transform Eq. (1.1) into a new form

~Au+ A u= f(u), in RV,

(1.3)
Jen ul?dz = a,

where f(u) = g (Jul?) u. Equation (1.3) characterizes the steady-state behaviour of
the wave function. In order to analyse Eq. (1.3), we introduce the energy functional

g5 [ IVuPde— [ P,
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where F(u) = [ f(7)dr, and & belongs to the class C' on H' (RY). A critical
point of £ under the mass constraint S,

Se = {ue H'(RY) :/ |u|2dﬂc:a}7
RN

known as the normalized solution, is a solution of Eq. (1.3).

In the case of Eq. (1.3) with f(u) = plu|7%u + [u[P72u, 2 < ¢ < p < 2%, the
exploration of normalized ground state solutions for Eq. (1.3) was undertaken by
Soave in [43, 44]. Building upon the foundational contributions of Soave, subsequent
scholarly endeavours have further engaged with Eq. (1.3), as exemplified by works
such as [2, 29, 36, 49]. For the general nonlinear terms f, it is noteworthy to mention
the investigation carried out by Jeanjean in [27], who assumed that f : R — R
satisfies
(H1) f € C(R,R) and odd.

(H2) There exist «, 8 € R satisfying 2 + % <a<pB<2*= % such that

aF(t) < f(t)t < BF(t) for any t € R\ {0}.
(H3) The function F(t) := f(t)t — 2F(t) is of class C' and satisfies

~ 2N +4 ~
F'(t)t > + F(t) for any t # 0.

and established the existence of normalized ground state solutions to Eq. (1.3) for
any N > 1. Subsequently, for N > 2, Bartsch and de Valeriola in [4] obtained
an infinite number of radial normalized solutions for Eq. (1.3), provided (H1) and
(H2). Furthermore, Jeanjean and Lu [31] revisited Eq. (1.3) under the following
assumptions:
(H4) f: R — R is continuous.

f(s) —0.

. f(s _ 3
H5) limg_ \sﬂ%ﬂ\’ =0 and lim,_, i (NF2)/(N—2)

|5|2+4/N
H7) f(s)s < 25 F(s) for all s € R\ {0}.

F(s)

(
(H6) lims— 00 ) R
(
(H8) The function s +— PN is strictly decreasing on (—o0,0) and strictly

increasing on (0, +00).

Due to (H4)—(H8), which do not require F' € C, the authors established the exis-
tence of normalized ground state solutions by adapting the argument and employing
techniques from Szulkin and Weth [45, 46]. Subsequently, the authors extend the
results of Jeanjean [27] regarding the existence of normalized ground state solutions.
For readers interested in exploring normalized solutions of Eq. (1.3), we recommend
further investigations into works such as [6, 11, 25, 28, 30, 32, 33, 38, 42, 51], along
with the references they provide. These works offer deeper insights and additional
research pertaining to this subject.
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In a parallel vein of research, certain scholars have introduced an external
potential V in Eq. (1.3), i.e.
—Au+V(x)u+ = f(u) inRY,
(1.4)
Jan |ul?dz = a.

For the case where f(u) = |u[P~2u with 2 < p < 2*, Pellacci et al. [40] considered
the existence of normalized solutions for Eq. (1.4) if V possesses a non-degenerate
critical point, who employed the Lyapunov—Schmidt reduction approach to estab-
lish the existence of normalized solutions for Eq. (1.4), contingent on the condition
that a is sufficiently large and p < 2 + %, or ¢ is suitably small and p > 2 + %.
Simultaneously, Bartsch et al. [5] employed min-max arguments to establish the
existence of normalized solutions for Eq. (1.4) with 2+ + < p < 2* and V(z) > 0
tends to zero at infinity.

Subsequently, the authors in [39] obtained the existence of normalized solutions
for Eq. (1.4), when 2+ 4 < p < 2*, V(2) < 0 satisfies V(z) < limsup V(z) < +o0,

|z|—=+o0
and

max {\W|N ) |V|¥} < M, for some M € RY, where W(z) = V(z)|z|.

For the general nonlinearity terms f in Eq. (1.4), Ding and Zhong [18] assumed
that f satisfies (H1), (H2), and (H3'):
(H3") The functional F(s) = f(s)s — 2F(s) is of class C' and

F'(s)s > aF(s), for any s € R,

and V satisfies

(V3) |x|1£§oo V(z) = sup,pn V(7) = 0 and there exists some oy € {O, %)

such that

< 01|Vul3, for any u € H' (RV).

/]RN V(2z)udx

(V4) VV (x) exists a.e. in RY and coincides to the weak gradient of V, put W (z) :=
1(VV(z),z). There exists some 0 < oy < min{w -1, % - %} such
that

W (z)u*da
RN

(V5) VW (z) exists a.e. in RY and coincides to the weak gradient of W, put

< 02|Vul3, for any u € H' (RV).

Y(z) = (J;]a - N) W(z) + (VW (), 2),

Jen Y (z)uPdz is well-defined for all uw € H* (RY) and there exists some o3 €
[0, %a — N — 2) such that

/N Y, (z)udx < o3|Vul3, for any u € H! (RN) .
R
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Under (H1), (H2), (H3') and (V3)—(V'5), the authors proved the existence of nor-
malized solutions for Eq. (1.4) for any given a > 0. Li and Zou [35] recently studied
the case where V(z) = —# and f(u) = |u/? ~2u + v|uP~2u, with 2 < p < 2%, in

Eq. (1.4), which can be expressed as:

—Au— oy = M+ [u? 2w+ vfu[p2, N >3,
||

(1.5)
Jen ul?dz = a, ue H' (RY),
and then found several existence results of normalized ground state solutions when
v > 0 and non-existence results when v < 0. Furthermore, they also consider the
asymptotic behaviour of the normalized solutions as y— 0 or v — 0. For further
findings on Eq. (1.4), please refer to [26, 52] and the corresponding references. We
also note that Bieganowski, Mederski, and Schino [12] obtained the existence of
normalized solutions for the following singular polyharmonic equation

(—A)™u + ly"ému +du=gu), == (y,z)€RExRN-K
fRN |u|2dac =p> 07

where ¢ is Sobolev subcritical growth at infinity.

Motivated by the previous studies, we find ourselves inclined to extend our explo-
ration into the realm of normalized solutions for Eq. (1.4) with Hardy potential.
Specifically, we investigate the following equation

—Au— ity + du = f(u), in RY\{0},

(1.6)
Jen |u’dz = a, u € HYRY),

(N-2)2
4

where N > 3, A € R, ﬁ is the Hardy potential, yu < i := , and f satisfies

the following conditions:
(F1) f € C' (R,R) and odd.

(F2) There exist 3, n such that lilnTs%p‘s;% = f € [0,00) and Il\lin \(ISQ)*S =
S|—r S o0

*n>0

(F3) is strictly increasing on (0, +00), where F(s) = f(s)s — 2F(s).

Is| N
(F4) f(s)s < 2*F(s) for s #0.
(F5) There exist constants 2 +4/N < p < 2* and & > 0 such that

> Zslp.
F(s) > pISI
The primary focus of this problem is not only the Sobolev critical growth nonlinear
term but also the presence of the so-called ‘Hardy potential’ (or ‘inverse-square
potential’) in the linear part. The potential with this rate of decay is critical in
non-relativistic quantum mechanics, as they represent an inter-mediate threshold
between regular potentials (for which there are ordinary stationary states) and
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singular potentials (for which the energy is not lower-bounded and the particle
falls to the centre), for more details see [22]. Besides, it also arises in many other
areas such as nuclear physics, molecular physics, and quantum cosmology (see [9,
14, 23, 41]).

The Gagliardo—Nirenberg inequality is crucial to this study. For 2 < p < 2%, the
inequality is given by:

ul, < Cn | Vull? uls Pfor u € H! (RN 1.7
lulp < Onpl V" lul :
where Cpy, > 0 represents the optimal constant, and 7, = N (%— %)

Additionally, py, > 2 holds if and only if p > p:=2 + %.
We introduce that the corresponding energy functional is of class C'! in H' (RN ):

1 u?
Z,(u) = 3 /]RN |Vul|? — uwdx - /RN F(u)dx.

We say that v € S, is the normalized ground state solution to Eq. (1.6) if it is
a solution of Eq. (1.6) that minimizes the value of Z,, among all the normalized
solutions of (1.6). Namely, if

dZ,|s, () =0 and Z,(v) = inf {zﬂ(v) AT, (u)=0,u € sa} .

Since the functional Z,, remains unbounded from below on S,, we therefore
introduce the manifold

M, (a) = {u € S, : Py(u) =0},

where P, (u) is defined as

2
U N

P.(u) = Vul?> — p—de — — F (u)dz.
) = [ IVuP e =5 [P s
It is a widely acknowledged fact that any critical point of Z,,| s, IS a member of
M, (a), from an implication of the Pohozaev identity. Furthermore, we delve into
the exploration of the minimizing problem

m(a) = _inf | T()

We will now delineate the main result of this article.

. 2
THEOREM 1.1. Assume that N >3, i >pu >0, a>0,1— % > 2°C}, ;6aN, and
(F1) — (F5) hold. Then, there exists k* > 0, such that for any k > K* (k is given
in (F'5)), Eq. (1.6) possesses a normalized ground state solution (u, ), where u> 0

is radial and A > 0.

The solution derived from theorem 1.1 is exponential decay at infinity and
potentially blow-up at the origin. This property is stated in the following
proposition.
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PROPOSITION 1.2. Let (u,\) be the solution obtained in theorem 1.1. Then

(i) u e C? (RM\{0}).
(ii) There exist constants C > 0 and R > 0 such that for |a| < 2,

|D%u(z)| < Cexp (—\/g|x|> ,for |x| > R.

(iii) There exist constants Cy.1 > 0 and Cy2 > 0 depend on a sufficiently small
r > 0 such that

Cralz| VEHVETE < |u(z)| < Crylz|"VAHVEA=E - for 2 € B,\{0}.

In fact, the limiting equation derived from Eq. (1.6) is as follows

—Au+ = f(u) inRY,

Jon [ufPdz =a ue H' (RY) (18)
RN — )

and the associated energy functional Z, : H' (RY) — R for Eq. (1.8) is

Too(u) = %/RN Vul2de — /RN Fu)da.

Any solution u of Eq. (1.6) belongs to the manifold
Moo(a) ={u € S, : Py(u) =0},

where Py (u) is defined as

N ~
_ 2 _ 0
Poo(u) = /R IV - /R  Fuds.

Furthermore, we define

Meo(a) = ue/\i/?f " 7, (u).

We then scrutinize the behaviour of solutions as the parameter yu — 0 and derive

the existence of solutions for the limiting case, i.e. Eq. (1.8).

THEOREM 1.3. Assume that N >3, i >pu >0, a>0,1— % > 2*C§,,ﬁﬂa%, and
(F1)~(F5) hold. Let {(upy,, Ay )} @n theorem 1.1 with p, — 0%, then u,, — u in
H} (RN and X\, = XA >0 as p, — 0. Moreover, (u, ) is a normalized ground
state solution of Eq. (1.8).

Furthermore, we study the existence of solutions for p < 0.

THEOREM 1.4. Assume that N >3, 0> p, a> 0, 1 > 2°C% Ba™ and (F1)~(F5)
hold. Then m,(a) = mos(a) and m,(a) cannot be achieved. Furthermore, if K is
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sufficiently large, Eq. (1.6) admits a mountain pass solution (u,\) € H} (RN) xRT
with u > 0, whose energy is strictly greater than my(a).

REMARK 1.5. In the case without a mass constraint, when p < 0, there is no ground
state, as demonstrated in [37, theorem 1.1].

It is also of significant interest to investigate the asymptotic behaviour of
solutions as p — 0. Consequently, we present the following theorem.

THEOREM 1.6. Assume that N > 3,0 > u, a>0,1> Q*C%ﬁﬁa%, and (F1)—(F5)
hold. Let the positive and radial sequence of solutions {(uu, , A\, )} in theorem 1.4
with pi, — 07, then u,,, — uwin H} (RY) and \,,, — X > 0 as p, — 0~. Moreover,
(u, \) is a normalized ground state solution of FEq. (1.8).

PROPOSITION 1.7. Let u be a solution obtained in either theorem 1.3, theorem 1.4,
or theorem 1.6. Then, it can be inferred that u € C? (RN), and there exist C'> 0
and R> 0 such that for |a| <2,

1
|[D%u(zx)| < Cexp (—\/;|x|> for all |x| > R.

REMARK 1.8. To illustrate the existence of nonlinear functions that satisfy
(F1)-(F'5), we provide the following example:

4 * K
F(s) = Bls|**N +n|s]* + EISI”,

where 24+ 4/N < p < 2*.

The article is structured as follows: In §2, we give a foundation of preliminary
concepts and lemmas that will be invoked in subsequent proofs, including the proof
of theorem 1.1. The proofs of theorems 1.3, 1.4, and 1.6 are delineated in §3, 4, and
5, respectively.

Notation. Throughout the article, we use the following notations:

o H! (RN ) denotes the Sobolev space equipped with the norm

Jull = ([ v +u2>dw)%

H} (RN) = {u e H! (RN) : u 1s the radial function}.
Lp (RN ) (1 < p < o0) denotes the Lebesgue space with the norm

p
ulp = </ |U|pdx> . |uloo =ess sup |u(z)].
RN zeRN

B.(0):={z e RN : [z| <r}.
Spai={ue HRY): [on|u’dz =a}.
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« D12 (RY) = {ue ¥ (RY): 22 € L*(RY),i=1,2,...,N}.

e Rt :={aeR:a>0}
e (' denotes a positive constant and is possibly various in different places.

2. Preliminaries

For any N >3 and u € (0, 1), we define

Jan [Vul? — ﬁqum
S, = inf e YR (2.1)
ueDl:2 (]RN>\{0} (Jn |ul?*dx)

as in [16, 19]. In particular, when p =0, we define

2
d

S = lIlf fRN ‘Vul 5/2* 1)
uepl 2 (]RN)\{O} (Jan |u?*dx)

(2.2)

see [47]. Both (2.1) and (2.2) lead to the formulation of an inequality known as the
Sobolev inequality. For 2 < p < 2*, we recall the Gagliardo—Nirenberg inequality
as

lulp < Cp|VuliPuly P for u € H' (R,

where Cyj, > 0 represents the optimal constant, v, = N (% — %), and py, > 2

holds if and only if p > p =2+ %.

LEMMA 2.1. Assume that N > 3, and (F1)—(F5) hold. Then there exists ¢> 0
such that

f(s)s —pF(s) > c|s|2* for all s # 0.
Proof. By [31, lemma 2.3], we have
f(s)s—=pF(s) >0 forall s #0, (2.3)

f(s)s—pF(

where p = 2 + %. We claim that liminf,_,q e 5) 0. Assume, for the sake

f(s)s—pF(s)

- = 0. Since f is an odd function, we can
|s]2 ’

of contradiction, that liminf,_,q
deduce that
i (F()/s7)

d 82* —p

ds

lim in
s—0

=0. (2.4)
From (2.4), it follows that liminf,_, % = 0, which contradicts (F'5). Therefore,
we conclude that

lim inf 7f(5)8 —PF(s)

> 0.
s—0 52*
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This implies there exist ¢; > 0 and 6 > 0, such that

f(s)s =pF(s) _ a

oz > s € (0,0).

a
2 9
Furthermore, by (F'1), (F2), and (2.3), we have

f(s)s — pF(s)

*
52

e C([0,00),R™)
with

f(s)s = PF(s)

lim . = (2" —p)n > 0.

s—00 S

Therefore, there exists ¢ > 0 such that 7"(3)3551:(8) > ¢ on [§,00). Then there
S
exists ¢ > 0 such that

f(s)s — pF(s) > c|3|2* for all s # 0.
This concludes this proof. O
For convenience, we define
N
txu=t2u(tr), foranyzecRY, teR". (2.5)

It is straightforward to verify that [txu|s = |u|2 for every ¢ > 0. Specifically, u € S,
then t xu € S, for any ¢t > 0.

LEMMA 2.2. Assume that N > 3, a>0, i > pu, min{l — %,1} > 2*6%47561%,
and (F1)—~(F'5) hold. Then, for any u € S,,

(a) Zy(t*u) — 0" ast— 0T,
(b) Z,(t *u) = —o0 as t — +00.

Proof. We recall the Hardy inequality as presented in [3, theorem 1.72]:

u? 1
RN [T wJrN

By (F2), for any § >0, there exists Cs, > n such that

F(s) < (64 B) |s|” + Csyls|*, forall s € R. (2.7)

From (1.7), (2.6), (2.7), and (F'5), we derive that
t2

Zu(txu) = 5 min {1, (1 - Z) } IVul2 = (8 + B)t2|ull — Cs.pt® Jul

(; min {1, (1 — Z) } — C%,pa%(é + 5)) t2|Vul2 — Cg7nt2*|u\§:,

Y
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and

t2
T.(t < = L(1-2= 2 Bypwp e,
ey < G {1, (1= ) b vug = Zov

The conclusion can be drawn that, given the condition 7 > u, p > p, and a
sufficiently small 4,

Z,(txu) =0T as t—0" and Z,(txu)— —oco as t— +oo.
This concludes the proof. O

. 2
LEMMA 2.3. Assume that N > 3, i > pu, min{l — 7, } > 2*C'§,jﬂaﬁ, and

(F1)—~(F4) hold. Then, for any uw € S,, there exists a unique t,, > 0 such that
tu *u € M, (a). Moreover, Z,, (t, xu) > L, (t xu) for any t > 0 with t # t,,.

Proof. For any u € S, we have
T (t*u):tz/ |Vu|2—Lu2dx—/ F (t%u)dex,
" 2 RN |$‘2 RN

and

~ N
N F t7u> B
— 42 /N |Vl — Lqux - (Npu|pdx . (2.8)
R S

It is evident that Z, (¢ * u) is of class O, and its derivative can be expressed as

d L N ~ 1
%Iﬂ. (t*u) :t/RN ‘VU|27 W'LLQd - ?t 1/]RNF(t*U)dII:: ;PI,’(t*U)

With the application of (2.6),

t2 |Vu|?> — L w2de >t?min<{ 1,1
RN |z[?

t\\t

}|W|2

By (F4), (F5), and (2.7), one gets

N

5 RNf(t*u)da:<2*/ F (txu)dx

RN

< 9* ((6+[3)t2/R |u\ﬁdx+C’5,nt2*/R |u2*dx>

= 2
=2 (R pa¥ (54 B)E [Vul} + ot |Vuf} ).
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It is apparent that by selecting a sufficiently small §, we can ensure that:
e . H
2°Cx paN (6 + B) < min 1—5,1 :

Thus 47, (txu)(t) > 0 for sufficiently small . Similar to lemma 2.2, we can
conclude that %I# (t xu) (t) = —oo as t — oo. Therefore, there exists at least one
t, € RT such that %Iu (t*u)(t) = ipu(tu *u) = 0, namely, t, xu € M,(a).

Suppose that there exists another t,,, such that ¢, xu € M, (a). Combined with
(2.8), it yields

~ N ~ N
F (tUQ u) F (tuzl u)
/RN Ty lulde= /RN Ty e
tuz u tu21u

which contradicts (F'3). Hence, it is established that t,, = ¢, . Furthermore, we can
deduce that Z,, (t, xu) > I, (t xu) for all t >0 with ¢ # t,. O

- 2
LEMMA 2.4. Assume that N > 3, i > p, a> 0, min{l — %,1} > 2*C’§,@Baﬁ,
and (F1)—(F5) hold. Then,

(i) there exists p> 0, such that inf |Vuly > p,
ueMy(a)

ii = inf Z > 0.
() my() = _inf T,

Proof. (i) For any u € M, (a), combined with (1.7), (2.6), (2.7), and the Sobolev
inequality, P, (u) = 0 implies that

2 B N =
|Vul3 /RN |x‘2u x + 3 Jon (u)dz

< max{O, M} |Vul? 4 2* / F(u)dx
K RN

_ 2 *
< max {0, Z} |Vu|3 + 2 (C%,ﬁaﬁ(é +0) |Vu|§ + Cs |Vu|§ ) .
Let § enough small such that
* YD 2 . 1%
2°CraN(0+B) <minql——1.. (2.9)
: fi

Then there is p >0 such that inf( : [Vula > p.
u I a

eM
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Normalized ground state solutions with Hardy potential 13

(ii) For any v € M, (a), we can deduce that

+2 _ * *
) min {1, 1- Z} |Vul3 — (t2(6 + B)|ulb + Cs,nt? |u|§*)

2
min{l7 1- l_L} |Vul3
2 f

— ot [Vuld — C% a ™ (5 + B)2|Vul3.

Z,(u) > I, (t % u)

Y]

v

By selecting t = ﬁ with sufficiently small ¢ >0 and taking § sufficiently small
to ensure that (2.9) holds, we can deduce that

_ 9
min{l,l - %} ~20% ;0N B
u(u) > 4 o“>0.

This concludes the proof. O

COROLLARY 2.5. Assume that N > 3, o > pu, a>0, min{l—%l} >

2*0%’156@%, and (F1)—(F5) hold. Then, there exists a sufficiently small & > 0 such

that
my(a) > sup Z,(u) >0, Z,(u)>0,P,(u)>0 forany ue C(a),
ueC(a)
where Cla) = {u€ Sq:|Vul3 <&}. Furthermore, I, has a mountain pass
geometry.

Proof. By (F4), (1.7), (2.7), and the Sobolev inequality, we have

P(u)—/ V|2 — g N F () da
T e 'u|93|2 2 JrN

2
> / |Vu|* — ,uu—dx - 2" F (u)dx
RN || RN

> min {1, 1- Z} V2 - 2* (cfv’ﬁa%(a +B) [Vl + Cy |w|§*) .

Thus, P,(u) > 0 when u € C(a) if £€>0 is sufficiently small. Similarly, we can

obtain that Z,(u) > 0 when u € C(a) if £ >0 is sufficiently small. By (F5), one
can see that

7,00 < (5 - zmindu}) [ 19uPas,

which implies that m,(a) > supuemlu(u) for £ > 0 small enough. Combined

with lemma (2.2), Z,, has a mountain pass geometry. O
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14 S. Fan, G.D. Li and C.L. Tang

Set

= inf 7
ou(a) i%rf&%’i] (v(t)),

where

D= {3 € C0,1],5:0) :7(0) € C(a), Zu(+(1)) <0}

Following from the strategy in [27], consider the functional fu ‘RTx H! (RN) —
R

)

~ 2
Z,(s,u) =T, (sxu) = 52 / |Vu|* — Wquac —s N /]RN F(s%u)dx (2.10)

Define I} := {u € S, 4 : Z,(u) < c}, and

ou(a) := erelf“gl[grﬁf L (7(1)),

where

T, = {a = (1,¢) € C([0,1,R" x S,.,) : 7(0) € (1@) A1) e (1,13)} .

For any u € S, 4, since |V(s*u)|a =+ 0as s — 0, and Z,(s*xu) = —oo as s — 400,
there exist 0 < sg < 1 < s1 such that

Fu 1t €[0,1] = (1,((1 —t)sg + ts1) xu) € RT x S, 4, (2.11)

where 7, is continuous [7, lemma 3.5] and hence forms a path in f#. Then ¢, (a)
is well-defined.

. 2
LEMMA 2.6. Assume that N > 3, i > pu, a > 0, min{l — %71} > 2*C§[’Z_’ﬁaﬁ,
and (F1)—(F5) hold. Then

Fula) =mi(a) = _inf T, (u),
u /‘l’ a

where M, (a) = M, (a) N H} (RY).

Proof. Step 1: o,(a) > mj,(a). For any 7 = (,() € f#, by lemma 2.3, there exists
to € (0,1) such that ¢(to) x ((to) € M, (a). Thus, we have

e Tu(30) 2 Zu (3 (t0)) = T, (1lto) xC(t0)) = inf | To(u) = m (a).

Hence, 5u(a) > mL(a)
Step 2: mj,(a) > o,(a). For any u € Mj (a), then 7, defined in (2.11) is a path
in I‘ By lemma 2.3,

Zu(w) = max Z,(3u(t)) > 5, (a).

https://doi.org/10.1017/prm.2024.127 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.127

Normalized ground state solutions with Hardy potential 15
LEMMA 2.7. Assume that N > 3, i > i, a> 0, min {1 — %, 1} > 2*01%’56@% and
(F1)~(F5) hold. Then
ou(a) =ou(a).
Proof. Step 1: o,(a) = o,(a). Let v € Ty, define 3(t) = (1,7(t)) € fw Then
Zu(v(1)) = Zu(3(1)) = Fu(a) for all ¢ > 0. Hence 0,,(a) > 5, (a).

Step 2: o,(a) > ou(a). For all 3(t) = (u(t),¢(2)) € fm setting v(t) = o(¢) * ¢(¢),
then v € I', and 7, 1w (Y(t)) =Zu(y(t)) > ou(a). Therefore, ,,(a) > o,(a). O

LEMMA 2.8. Assume that N > 3, i > pu > 0, a>0, 1—%>2Cp ﬁaN and
(F1)—(F5) hold. Then,

my(a) = my(a).

Proof. Tt suffices to show that m,(a) > mJ,(a), since MJ,(a) C M,(a). For any
u € My(a), let v := |u|* be the Schwarz rearrangement of |u|. By the properties of
rearrangement, one has

T.(0) < Tu(w),  Pu(v) < Pu(u) =0,
By lemma 2.3, there exists ¢, > 0 such that ¢, xv € M (a). For any ¢ >0,
Z,(txv) = t2/ Vo] — —v2dx—t_N/ F(t%v> dz
: 2 |z]? RN
2
< */ |Vu |2——2u2dx—t N/ F(t%u>dx
2 JrN || RN
=TZ,(t % u).
By lemma 2.3, we obtain
T, (u) > I, (t, *u) > I, (t, % v) .
Thus, m,(a) = m[,(a). O

“w

LEMMA 2.9. [7, lemma 3.6] Assume that N > 3. For any u € S, and t>0, the
map

TuSq = TieuSa, @rtxep

is a linear isomorphism with inverse
1
Tt*uSa — TuSa7 ¢ = ; *¢~

_ 2
LEMMA 2.10. Assume that N > 3, a>0, i > p, min{l _ %,1} > 2°Ch _Ba¥,

and (F1)—=(F5) hold. Then, there exists a Pohozaev—Palais—Smale sequence {u,} C
Sr.a for L, at the level o,(a),
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16 S. Fan, G.D. Li and C.L. Tang

/
Z, (un) = oula), (Iu|sr7a) (un) =0, P, (up) =0, asn — oo.

Proof. By lemmas 2.6 and 2.7, we have

ou(a) =m)(a) > sup Z,(u) = sup Z,.(s,u).
ue(muzg)msr,a (s,u)e(u,m)u(1,13))m(Rxsr,a)

Using the terminology in [21, Section 5], {7([0,1]) : 7 € fu} is a homotopy stable
family of compact subsets of R x S, , with extended closed boundary (1, C(a)) u
(1,{2). Furthermore, the superlevel set {u € S, , : fu(u) > ou(a)} is a dual set
for T',,, meaning that (F'1) and (F'2) in [21, theorem 5.2] are satisfied. Therefore,

considering any minimizing sequence {v, = (1,{,)} C fu for 7,,(a), where ¢, (t) >
0 almost everywhere in RY for ¢t € [0, 1], there exists a Palais-Smale sequence

{(sp,wp)} CRT x S, , for fu at level 0, (a), such that as n — oo,

RxSr,a

051, (8n, wn) — 0, (2.12)

and

auf Sn, Wn — 0, 2.13
‘ u ( ) (T Sr)* ( )
with the additional property that

s = 1| + [lwn — Gall = 0. (2.14)

By (2.10) and (2.12), we have P, (sp,*wy,) = o0,(1). Also by (2.13) and the
boundedness of {s,} due to (2.14), we obtain

dZ,, (sn * wy) (sp *x ) = 0p(1)|]|, for every ¢ € Ty, Sr.a- (2.15)

Let uy, 1= Sy, * Wy, based on (2.15) and lemma 2.9, {u,} C S, , is a Palais-Smale
sequence for Z,|q  at the level 0, (a). Moreover, P, (un) = on(1). O

. 2
LEMMA 2.11. Assume that N > 3, a>0, i > pu, min{l — %,1} > 2*C§[ﬁﬁaﬁ,
and (F'1)~(F5) hold. Then for any € >0, there exists k* > 0 such that o,(a) < €
as k > K*, where k appears in (F'5).

Proof. For a fixed u € S, 4, there exist 0 < s9 < 1 < 51 such that

Yo(t) = (1 —t)sg +ts1) *u €T
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Normalized ground state solutions with Hardy potential 17

By (F'5) and lemmas 2.6-2.8, we observe that

<
ou(a) < e Tu(70(t))

£ 2 B2 k
< max< — |[Vu|® — —su*de — —tPP |ulPdx
>0 | 2 JgxN || D RN
1
< max { max{l, 1- H} t2/ |Vu|?dz — Eypp / |u|pdz}
t>0 | 2 7 RN p RN
2
<C (1> e
K

which deduces that ¢,,(a) < € for any x > «* by noting that p > p =2+ %. O

Proof of theorem 1.1. Consider the sequence {u,} arising from lemma 2.10. As
the functional Z,, exhibits even symmetry with respect to u, we can assume u,, is
nonnegative.

We claim that {u,,} is bounded in H}! (R"). From (F2) and lemma 2.1, Z,, (u,,) =
ou(a) + o, (1) combined with P, (uy,) = 0,(1) implies that there is a small enough
¢ >0 such that

0,.(a) + 0n(1) = T, (1) — %Pu(un) . /RN gf (i) 1 — %F(un)dx

2*
>c |un|? de.
RN

Also from P (uy,) = 0,(1), we have

2
I 2 2 Un N =

1-2) Va2 < Vil — pde = — | F(u,)d

(1= ) vult < [ 1Vl - uisae =5 [ Fu)ae
N 2 2*
<2 Cﬁl,paN (5 + ﬁ) |vun‘2 + O |un|2* ’

which shows that {|Vuy,|,} is bounded, and {u,} C Sy 4, so that {u,} is bounded
in H} (RY).

Therefore, there exists u € H} (RN ) such that, up to a subsequence, u,, — u in
H} (RN), u, — win LP (RY) for p € (2,2%), and u,(x) — u(x) almost everywhere

in RY. We claim that u # 0, by contradiction, that u = 0. By utilizing the Strauss
inequality [50, lemma 4.5] for the sequence {u,} in H} (RY), it follows that

1 1 1-N
[un (2)] < Cn|unld |Vun|3|z| 2 ae. on RY.

Consequently, it can be deduced that u,(x) — 0 as |z| — oo.
By using (F'2), we establish

L BFe) -2l
LR

YP) —2ulsP’
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18 S. Fan, G.D. Li and C.L. Tang

By the boundedness of {|uy|o+} and the fact that {u,} € S, 4, we have
/ un|? + |un|2* dz < M, for some positive M.
RN
Consequently, by Lions Lemma [10, theorem A.L], we can say that

N ~ .
lim ?F(un) — 2*n|u,|* dz = 0. (2.16)

n—oo JpN
Then by P(uy,) — 0, we can deduces that

N ~

Vun|™ — p—5 dm—i—on = — F(u,)dx
[ 1Vl = ntde 0, = 5 [ P

. N ~ .
— 9% L2 d ZF(uy,) — 2%n|u,|* d
nANWI x+AN2 (n) — 27"
N

N 2 N-=2
= 2 u
<2'pS2 N (/N |V, —uxTde> :
R

(2.17)
By using lemma 2.4, we can assume that, up to a subsequence,
/ Vun|* = p "de—>l* > 0.
RN | \
2-N N
By (2.17), we find that [* > (2*n) 2 S,2 . Similarly as (2.16), we have
lim flup)un — 2" F(uy)da = 0.
n—oo [pN
This allows us to derive
1
m+%0—%wm—;mwn
N -2
N/ Vi |‘ = [ f)un =2 Fu)da
[V, | — n dz + 0,(1)
N / Hap?

> < @) T §F 1 o,00),

which contradicts lemma 2.11. Hence, u # 0. By the weak lower semi-continuity,
we deduce

/N lu|?*dx = ag € (0,a].
R

https://doi.org/10.1017/prm.2024.127 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.127

Normalized ground state solutions with Hardy potential 19

Since {u,} is a Palais-Smale sequence of Z,|g , there exists {\,} such that for
any ¢ € H* (RY)

Vu,Vp — ,u
/]RN< |z \2

Setting ¢ = u, and by the boundedness of {u,} in H* (R"), we have

() )dx = ou ()]l (2.18)

—/\na:/ \Vun|2—Lundx—/ f (up) updz + 0,(1).
RN ||

Moreover, we can infer that the boundedness of A, by the boundedness of {uy}.
Therefore, up to a subsequence, A, — A € R. By (2.18),

/R(Vquo u| |2+)\ucp flwp)dx =0 (2.19)

implies that (u, \) satisfies

—Au — #u + du = f(u). (2.20)
Thus, one has
/N (|Vu2 "‘Pu + Aul? — (u)u) da =0, (2.21)
R
and
/ — —qum + = A / lu|?dx — / F(u)dz =0 (2.22)
2N 2 JrN RN ' '

Combined with (2.21) and (2.22), we can infer that

N
/ |Vul|* — Wzﬁdm - = (f(w)u —2F(u))dz = 0.
ie. Py(u)=0.
Defining v, := u, —u — 0 in H! (]RN), we can utilize the Brézis-Lieb lemma

[13] to state that

T (un) = T () + Zu(0n) + 00(1), Pltin) = Pu(w) + Pou(vn) + 04 (1),

We claim that v, — 0 in D2 (RN). Let us proceed by assuming, for the sake of
contradiction, that

lim |an\ — i ”dx>0

n—oo | |2
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20 S. Fan, G.D. Li and C.L. Tang
Since P, (u) =0, we have P,(v,) = 0,(1). This implies
/ |V |” — ”d“o(l)—ﬁ/ F(v,)dz

. N ~ .
:2*77/ \vn|2 da;—!—/ —F(vp) —2*77|vn|2 dz
RN RN 2
N

_N_ ) 2 N3
< 2'pST N (/RNWU" - |T2dm) + on(1).

Similarly, we can deduce

1 N N
lim Z,(v,) > N (2*7)) S,2

n—oo

Furthermore,
(W) =Tuw) = 3Puw) = [ T F) = Fds >0,
RN
As a consequence, we arrive at
1 .. N 4
0u(a) =Ly (vn) + Ty (w) +on(1) 2 1 (2°0) 2 5,7,

which contradicts lemma 2.11, so that u,, — u in D*2(RY). Moreover, we have

n—0o0

im [ jun? de = / luf?" da, (2.23)
N RN
which leads to
/ (up) dx —>/ dz, / f (up) upde —>/ f(u)udz. (2.24)
RN RN RN
Furthermore, by (2.20),
—Au — | ‘2 + A = f(u).

Since (2.21), (2.22), and (F'4), one obtains

1
A= - ( . fu)udz — /]RN |Vul? —u||2dx)
= é {/RN 2_2Nf(u)u+NF(u)dx} > 0.

Thus, A>0 and u € S, by (2.18) and (2.19). According to lemmas 2.6 and 2.8,
(u,A) € H} (RY) x RT is the normalized ground state solution of (1.6). We can
further establish that u > 0 through the strong maximum principle. This concludes
the proof. O
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Here, we provide the proof of proposition 1.2, which has been previously estab-
lished in [34]. However, for completeness, we will only prove (7) and (i7). It is worth
noting that the proof of (iii) has already been established in prior works [17, 24,
34].

Proof of proposition 1.2. Since — € C? (]RN\BTO(O)) for any small ro > 0.

w

Then by using a standard elliptic| regularity argument, we establish that u €

C? (RN \{0}) We now turn our attention to proving the exponential decay of the

solution. Since u € C? (RM\{0}) and u € S, 4, then u(z) — 0 as |z| — +o0.
Consequently, there exists R >0 such that

—Au(z) = |x%u(ac) + flu(z)) — du(z) < —%u(m) for all |z| > R. (2.25)

Define ¢(x) = M exp (—\/§|x|>, where M is chosen to satisfy

M exp (—\/§R> > u(z) for all |z| = R.

By direct calculation, it follows

N -1
Ap = (3‘ \/§> ¢, for all w# 0, where r = [a].
r

This leads to the immediate conclusion

A
Agp < 5(;5 for all z # 0. (2.26)
Combining (2.25) with (2.26), it becomes evident that the function ¢ = ¢ —u fulfils
—Ap+30>0 in |z| >R,
p(z) >0 in |z| =R,
lim ¢(z) =0.
|z|— 00

In accordance with the maximum principle, it follows that ¢(z) > 0 holds true for
all |z| > R. Consequently,

u(z) < Mexp <—\/§|m> , |z| > R. (2.27)

Further, based on (F'1)-(F2) in conjunction with the exponential decay of u, it is
evident that for sufficiently large |z,

miu < |f(u) — Au| < mau,
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where mo > my > 0. As u satisfies Eq. (1.6),

N -1 h
)

—Upy — Uy

u= f(u) —Au, 1€ (rg,+00), 19 >0, (2.28)

2
: 3 3
with w, = Gt up = 55,7 = ||

It is a known fact that the equation
- (TN_lur)T = N Bu+ N (w) = N, € (g, +00), 7o >0, (2.29)

can be integrated over the interval (r, R), using (2.27), and then letting r, R — +o0.
This integration demonstrates that ¥ ~lu, possesses a limit as 7 — oo, which,
according to (2.27), must be zero. Furthermore, integrating (2.29) over (r,400)
implies exponential decay of w, (also referenced in [10]). Finally, the exponential
decay of u,, and consequently of |[D*u(z)| for |a| < 2, directly follows from (2.28).
This concludes the proof. O

3. Proof of theorem 1.3

In this section, we delve into the asymptotic behaviour of the solution to Eq. (1.6)
as u — 07,

= 2
LEmMmA 3.1. Assume that N > 3, a>0, 1 — % > 2*C%ﬁﬂaﬁ, and (F1)—(F5)
hold. Then, for any sequence p, € (0,i) with p, — 07 as n — oo, we have
lim my,, (a) = mo(a).

n—oo

Proof. For any 0 < u, < [,

2
U
Ioo =7 n —d ’
(1) = Ty )+ 0, [ | i
and consequently, by lemma 2.3

Meo(a) = uiensfa max Too(t xu) > ulensfa max T, (t*u) =my, (a).

We now proceed to assert that

< li .
Moo(a) < lim my,, (a)

For each n > 1, let u,, € M,,,, (a) be such that

Ly, (un) = myy (a) < mog(a) +

1
-~
Consequently, \Vun@ < C for all n > 1, ensuring that u, is bounded in H! (RY).

Let t,, be determined according to lemma 2.3 such that ¢, xu,, € M, (a). Moreover,

B ) = [ 1Vl = oo = 5 [ Bz =0
Up ) = Un| — Pn—5dT — — Un)Ax = U,
" RN g || 2 JrN
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Normalized ground state solutions with Hardy potential 23

and

N _/ N
Py (ty *uy) = tfl/ [V, |? da — —t;N/ F (tn2 un> dz = 0.
RN 2 RN

As n — oo, we establish

~ N
F (tn? un) ~
4 F(u 4
/Nﬁ'“n'%“w: ) 2R o)
: t%u o R (T
n n

Furthermore, based on (F'3), it follows that ¢, — 1 as n — oo. By [7, lemma 3.5],
we have ||t, * 4, — u,|| = 0, and consequently,

Too (tn * up) — Zoo (up) — 0, as n — oo.
This entails
Meoo(a) < Lo (ty * Up) = Loo (un) + 0, (1)
2
=T () 0 [ 5+ 0,(1) < @)+ 00 1),
R

N |z[?

Hence, we conclude that me(a) < lim my, (a). This concludes the proof. O
n—oo

Proof of theorem 1.3. Assume that (u,, A,) is obtained in theorem 1.1 with m,,,, (a),
where ji > p,, and g, — 0%, In other words, (un, A,) satisfies

Hn
—Auy, — — = . 1
tn = ogtin Antin, = f(un) (3.1)

Consequently, P, (u,) = 0.

Similarly to the proof of theorem 1.1, {u,} is bounded in H} (R"), so that
there exists a nonnegative function u € H} (RN) such that u, — uin H} (RN),
u, — uin LP (RY) for p € (2,2%), and u,(z) — u(z) almost everywhere in RY.
Consequently, by taking n — oo in (3.1), we have

—Au+ I = f(u), (3.2)

which shows that Py (u) = 0.
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Claim 1: w # 0. If not, u=0, and P,,(u,) = 0 combined with (2.16) implies
that

N ~ u?
Vu,|*dz == [  F(uy)d n | —d
/RN\ un? de 2/RN (un)de + g /RNW
* N ~ * UQ
=2 A2 d —Fl(uy,) — 2*nju,|? d n/ —nd
n [l et [ )~ 2 e [ e

:2*77/ ltn|? dz + 0n(1)
RN

. s
<2'pnS2-N / |Vu,|” dz + o, (1). (3.3)
RN
Combined with lemma 2.4, we deduce that
2 * 2-N
/ [Vug|"dz > (2"n) 2 52 4+ 0,(1).
RN

Since {u,} is bounded in H*(RY) and p,, — 0%, we have

My (@) = Ty (1) — e By (1)

2
1 u? N -2 .
=5 /]RN Va,|” — uanm + 1 fon fup)up — 2°F(uy)dz
1 2-N N
> 5 (2) 2 97 +oa(1). (3.4)

Thus,
1 2-N N
lim my,(a) = m(a) > N (2'n) 2 Sz,

n—oo

which contradicts lemma 2.11, and then u # 0. Based on Eq. (3.2), we have

N ~
Mul2 = /]RN f(uw)udz — /RN |Vu|*dz = /IRN fuw)udz — E/RN F(u)dz > 0,

which holds due to (F'4).
Claim 2: u,, — u in D2 (RN ) Let us proceed by contradiction and assume that

v:= lim |V |* dz > 0,
n—oo ]RN

where v,, = u,, — u. Since P, (u,) = 0, we can infer that P,, (v,) = 0. Similarly,
one can see that
1 .. .2 N
Lun(vn) = N (2'n) 2 S +on(1),

and by lemma 2.1,

Too(u) = Lo () — %Poo(u) _ /R N F(w) — Flu)de > 0.
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Consequently, we arrive at

2-N N
2

M () = T 1) = Ty (00) + Too () + 00 (1) > 1= 20) 7 §F 0,1,

This leads to

1 2-N N
lim my,, (a) = mo(a) 2 - (2) 2~ 572,

n—oo

which is a contradiction. Thus, we conclude that u,, — u in D2 (RN )
Furthermore, we can establish that

: 2% 2%
lim |up|® dx = |u|* dz,
n—00 ]RN RN

and

Consequently,

lim )\n/ [y, |?da = )\/ u?de,
n—o00 rN rN

and given that A >0, so that u, — u in H}(RY). Thus, by lemma 3.1, (u,\) €
HYRYN) x Rt is a normalized ground state of Eq. (1.8). Moreover, u >0 by the
strong maximum principle. O

4. Proof of theorem 1.4

In this section, we focus on the existence of normalized solutions for Eq. (1.6) when
n<0.

LEMMA 4.1. Assume that N > 3, 0 > p, and (F1)~(F5) hold. Then, m,(a) =
Moo (a). Additionally, m,(a) cannot be attained.

Proof. When p <0, it becomes evident that ma(a) < m,(a). According to theorem

1.3, Eq. (1.8) possesses a ground state solution v € M (a), achieving mq(a), i.e.
Too(v) = moo(a) and Py (v) = 0. Moreover, due to the exponential decay of v, we

have
A
v(z) < Mexp | — §\x| ,|z| > R, for some R > 0.

Consequently, we can introduce v,(z) = v(x — yne1), where e; = (1,0,...,0),
Yy, € R and y, — +o0o0 as n — oo. Furthermore, given any e >0, there exists
R, > 0 such that,
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z |2 <, for all |z| > R..

Since y, — +00 as n — oo, there exists R, > 0, such that as n — oo,

A c

This results in

V2 V7 V7
/NW:/ W*/N CE
R Bpr,(0) R \BR (0)

C
< 72/ —=dz + e/ vida
yn — Rel” /g, (0) |”3| BN\Bp, (0)
< |ClR|2+ea%O, as n — oo.
Yn — L1e

Since v, € Mo (a),

2 N
Pa(n) = [ 190, de =5 [ 1F (o) 0= 2F ()] de =0,

as deduced from lemma 2.3, there exists a unique t¢,, > 0 satisfying

_ 42 2 v N N = (.5 _
P (t, *v,) =t N |V, —/.LW dz—gtn RNF ti v, | dz = 0.

Therefore, as y,, — 0o, we establish

~<1¥

F |ty vn> ~
4 F (v

/ ﬁlvn\HNdx:/ L) P e 4 0,(1),

RN t%v N RN|,U|+N

n n

Furthermore, based on (F'3), it follows that ¢, — 1 as n — co. We now proceed to

demonstrate that m,(a) < mo(a). As {t, xv,} C M, (a) and t,, — 1 as n — oo,
it follows that

1
—P, (tn *xvy)

my(a) <L, (ty *xv,) =L, (T *vy) — o

2 N -2
=N |V n|2—andx+/NTf(t"*U”)t"*U"

F (t, xv,)dz
N/ |Vuy,| dx—|—/ N-2 )Un—gF(Un)dI—i—on(l)
= Too (vn) = 55 Poo (vn) + 0n(1)

27
=Too (0n) + 0n(1) = Zoo (v) + 0n(1) = moo(a) + 0, (1).
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This concludes the establishment that m,(a) = mo(a).

Now, we proceed to prove that m,(a) cannot be achievement. By proof by con-
tradiction, we assume that u, € M, (a) attains m,(a). By lemma 2.3, there exists
a unique t,, > 0 such that t,, * u, € My (a). It can be seen that

t2 W
(@) € T (tur xug) =L, (ty, *ug) + 22 ——u2d
m (a)— ( a u) M( a u)+ 2 /]RN |x|2ua 4

<Zy (tug * Ua) < 7, (uq) = m#(a) = Moo(a),
which creates a contradiction. O

Proof of theorem 1.4. The first part of theorem 1.4 has already been established in
lemma 4.1. Next, we will prove that Eq. (1.6) has normalized solutions.

By lemma 2.10, there exists a Pohozaev—Palais—Smale sequence {u,} C S, , for
Z,, at level of o, (a). That is,

/!
T (un) = oula), (Tuls,,) (un) =0, Pulu) 0, asn - oc.

Similarly as the proof of theorem 1.1, {u,} is bounded in H} (R"), and there exists
u € H' (RV)\{0}, such that u, — win H' (R"), and there exists a A >0, such that
(u,\) € H} (RN) x R is a normalized solution of Eq. (1.6). Furthermore, u > 0 by

the strong maximum principle. By lemma 4.1, we can deduce that o,,(a) > m,(a).
O

5. Proof of theorem 1.6

5 2
LEMMA 5.1. Assume that N > 3, a>0, and 1 > 2*C§)V’ﬁﬁaﬁ. Then, for any
sequence fi, <0 with p, — 07 as n — oo, we have lim o0, (a) = mo(a).
n—oo

Proof. For the sake of clarity in our presentation, let’s define:

7,00 = inf T (v),
M, (a) UEA%OO(a) (U)
where

M (a) :={v €S, 4 : Px(v) =0}.
It’s clear that m, o (a) = meo(a) by lemma 2.8. Hence, we just need to prove
lim o,,(a) = myoo(a). For p <0, it’s evident that o,(a) > mu(a) and o,(a) is
n—oo

non-increasing with respect to u. Therefore, we just need to prove that mq,(a) is
the greatest lower bound of {c,, (a)}.

Assume that w € M7 (a) is the function that achieves m, o (a), implying
Zoo(w) = My oo(a). By lemma 2.3, we can find 0 < sg < 1 < s; such that

Yo(t) = (1 —t)so +ts1) xw € Ty, Yo(t) N ML (a) # 0.
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Furthermore, for any given € >0, there exists a positive integer N, such that, for

every n > N,
1
—fs%/ 'u—ngdx <e.
2 RN |7

We can deduce that

2

571 Hn 2
< max Z,. (7o(t)) = max T (v,(t)) — == L 02d
Uun(a)_te[gﬁ] n (Yo (1)) max (Yo(1)) Q/JR widx

=T (w) +€=mpo0(a)+e.

This clearly indicates that m, o (a) is the infimum of {c,, (a)}, and by lemma 2.8,
lim o,,(a) =My o (a) = moo(a). O
n—oo

Proof of theorem 1.6. Let (un, A,) be the solution in theorem 1.4, which satisfies

—Au, — K;—Fun + Antin = flun), (5.1)

where p1,, = 0~ asn — oo, and then P, (u,) = 0. As in the proof of theorem 1.4, we
can establish that u,, = win H' (RV) and A, = A > 0, and (u, \) € H} (RV) xR*
is the normalized ground state solution of Eq. (1.8). Additionally, by the strong
maximum principle, u > 0. g

Proof of proposition 1.7. The proof of proposition 1.7 can be derived from the proof
of proposition 1.2 by applying the same method. To avoid unnecessary repetition,
we do not provide the proof here. O
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