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Abstract

In this paper we give an extension of a curious combinatorial identity due to B. Sury. Our proof is very
simple and elementary. As an application, we obtain two congruences for Fermat quotients modulo p.
Moreover, we prove an extension of a result by H. Pan that generalizes Carlitz’s congruence.
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1. Introduction
For nonnegative integers n and m the binomial coefficients are defined by

n!

" >k
("): K-k
kI o n<k.

Sury [13] proved a most curious combinatorial identity, namely

Sl on+1 & 2 n+1 1(n+1)
Jj=0 (’;) 2 k=0 k+1 2 1g/‘5£1 JA T
Jjo

A polynomial analogue of the first identity in (1.1) is established in [14,
Theorem 2.1] by Sury et al. In the proof of both above identities, as well as in the
proof of [14, Theorem 2.1], the authors use the following integral expression for the
inverses of binomial coefficients (Z) with0 <k <n:

' klm-k)! Tk+DI-k+1) b ek
(k) == P —(n+1)f0t(1—t) dt.

We point out that the first equation of the identity (1.1) is identity no. 2.25 in Gould’s
collection [4] (due to Staver [8]). Combinatorial sums involving inverses of binomial
coefficients have been studied by many authors; see, for instance, [16—18].
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For a nonnegative integer n, let

be the nth harmonic number (we assume that Hy = 0). In this note we establish a
double extension of the identity (1.1) as follows.

TueEOREM 1.1. For any positive integer n,

PAEEC | 2k I{n+1
n+1':0@= k+1 Z ;( J)

k k=0 1<j<n+1
Jjodd
18 1 fn+1) 1 . S
:52; | g e =2 Hn+1—22 He. (12
i=1 k=1

In the next section we give a complete proof of Theorem 1.1. More precisely, if we
denote the expressions in (1.2) by A, B, C, D and E in given order, then we prove the
identities C = D, D = B, B=E and E = A. The proof of each identity is derived easily
by induction on .

In Section 3 we present the proof of Theorem 1.5. Our proof is combinatorial in
spirit and we additionally use some known congruences modulo prime powers related
to harmonic numbers. As is shown at the end of this section, Theorem 1.7 easily
follows by combining the first congruence of (1.3) and the first identity in (1.2).

The equalities C = D = B in (1.2) clearly yield the following identity.

CoroLLARY 1.2 [14, Corollary 2.3, identity (13)]. For any positive integer n,

l(n+1) 2k
J

1<j<n+1 J k=1 k+1

jeven

RemMark 1.3. The proof of the first equation in the identity (1.2) immediately follows
from the known binomial harmonic identity (2.2) given in Lemma 2.2 (see for
example, identity no. 1.45 on page 6 in Gould’s listing [4]). Observe also that this
identity can itself be established directly from a few other results in [4] (for instance,
setting a = 1 in identity no. 1.134, p. 17, or taking m = n in identity no. 7.17, p. 60).
Moreover, in Theorem 1.1 we give a simple induction proof of this identity which is
based on another binomial coeflicient identity.

Remark 1.4. A natural question is as follows: is it possible to establish certain
identities analogous to (1.2) involving the sum }};_, a*/(k + 1) with some integer
a#+2?
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For an integer a not divisible by p let g,(a) := (a”~' — 1)/p be the Fermat quotient
of p with base a. Then using the binomial formula,

a’—a ((a+1)—-1)-a

aCIp(a) = P
_ "Zl (p)(a+ DDt @t 1P =@+ D)
=1 k p
p-1 1
= 1—)( )(a + DE=DP* + (@ + Dgpla+ 1),

P
Il

1

whence, using the congruence

1(p\ 1(p-1\_ (D!
=)= motn

(see (3.3) of Lemma 3.2),

pP— 1 k
aqp(a) = — Z (@ -;( ) +(a+ Dgpla+1) (mod p),

which for a = 1 becomes Glaisher’s congruence given in Remark 1.6, while for a = -2
it becomes the first part of the second congruence given in Remark 1.6.
Inductively on a > 1, the above congruence yields

p=l g k

425+ +
Z a (mod p).
=1

QI'—‘

Qp(a)

Analogously, for a negative integer —a (instead of a), also by induction on a > 1,

Z( DR+ 2K+ -+ (a— DN
k

qp(a) = —— (mod p).

Notice that the term of the sum on the right-hand side of either of the above two
congruences can also be expressed in terms of the Bernoulli polynomial of degree k.
We believe that the above two congruences may be useful for establishing congruences
involving the Fermat quotient g,(a) with a > 3 that are analogous to the congruences
given in our Theorem 1.5.

As an application of Theorem 1.1, we establish the following two congruences.

THEOREM 1.5. Let p > 3 be a prime. Then

155 26 7 = 1
4,(2)=—3 > 5P B _sz 'He+ 5pBps (mod pY). (13)
k=1
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In particular,
-1 p-1
=Y 2'H,  (mod p?).

1 k=1

<

1
2

~|12

qp(z) =-

o~
1l

Remark 1.6. Note that the first congruence of (1.3) was recently obtained by Sun
in [10, Theorem 4.1(i)] using congruential properties of the Mirimanoff polynomial
associated with p. We point out that this congruence is a generalization of a classical
result due to Glaisher (see [3] or [5]) which asserts that for a prime p > 3,

Note also that the above congruence may be extended by the following well-known
congruences (see, for example, [12, proof of Corollary 1.2]; see also our Remark 1.4)

»lN

(mod p).

l\)l'—*

qp(2) =

-1)/2
(p )/1

S ED
ap(2) E-Z( —_1 Z = (mod p).
25 =/

Recently, Pan [7, Theorem 1.1] established a generalization of Carlitz’s
congruence [2] of the form

p-1 a
Z(—l)(“‘l)"(p ; 1) =2¢=D 4 %ﬁaé‘) B,s (mod p*),  (1.4)
k=0

where p is an odd prime and a a positive integer. Note that this congruence modulo p?
is proved by Cai and Granville in [1, Theorem 6], and their result generalized Morley’s
congruence [6].

Surprisingly, here we show that the above congruence holds for a = —1; in other
words, we have the following congruences for the sum of the reciprocals of binomial
coefficients.

TueorREM 1.7. Let p > 3 be a prime. Then

In particular,

p-1 -1 -1
(” ) ) =27 (mod p?).
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Remark 1.8. Since

-1+ 21—17 =1+ ;
1+ pg,(2)
Pqp(2) 2 2 4
= - =g - pgp(2) + p°qp(2)7)  (mod p),
L+ pqp(2) g g g
the first congruence of Theorem 1.7 may be written as

p-1 -1 -1 7
> ( . ) =1-pgy)+ P4y = p’qp2)° = 3;0'Bp3 (mod pY),
k=0

which setting pg,(2) = 2P=1 — 1 reduces to

p-1 -1 -1 7
Z (p . ) =4-6-2""" 147 —grl ﬁp33,7_3 (mod p*),
k=0

while modulo p? and p? we have

e 1\t
Z (pk ) =3-3.2071 40! (mod p?),
k=0
p-l -1
-1
(p ) ) =2-2""  (mod p?).
k=0

RemMark 1.9. A computation in Mathematica suggests that the congruence (1.4) holds
for all odd primes p when a is any negative integer. We point out that this result can
be proved by using Pan’s technique applied in [7, proof of Theorem 1.1].

It is also interesting to note that Cai and Granville [1, Theorem 6] also showed that
for any prime p > 5 and any positive integer a,

i p-1\" (ap-2

Z(—U“"( ) = ( ) (mod p*).

= k p—1
Recently, using some new identities for multiple harmonic sums, Tauraso [15,
Theorem 1.1] generalized the above congruence modulo p®, where a ranges over the
set of all integers.

In the next two sections we give proofs of all auxiliary results and the proofs of
Theorems 1.1, 1.5 and 1.7.

2. Proof of Theorem 1.1
Lemma 2.1. Let n be a positive integer. Then

o (—l)k(n) 1
- . (2.1)
kzz(; k+1\k n+1

https://doi.org/10.1017/S0004972711002826 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002826

[6] An extension of the identity by Sury and related congruences 487

1 n\ 1 (n+1
k+1\k) n+1\k+1

with 0 < k < n, and the fact that by the binomial formula,

n+1
0=(1-1y* = 1/("”)
a=nmt= =

Jj=0

Proor. By the identity

we find that

-Dfn+1 ofn+1
kz_(;k+1( ) n+12(_)(k+1)
& n+l1 1 1
- n+lz( 1)1( ) n+l n+l

as desired. O

Lemma 2.2 [4, identity no. 1.45, p. 6]. Let n be a positive integer. Then

n -1 k—1
Z( k) (Z):H 2.2)

k=1

Proor. By induction on n, assuming that (2.2) holds, using the identity (””) (’IZ) =
(k_l) and applying (2.1),

n+1 _ n+l1 _ n _
=D n+1 S D e (1) (n
2, k ( k )—H,,_; k ( k )_; k (k)

k=1

whence

n+l
(- 1)’<1n+1 1
=ty =

This concludes the induction proof. O
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Proor oF THEOREM 1.1. Denote the expressions from (1.2) by A, B, C, D and E in the
corresponding order. We prove by induction the identities C =D, D =B, B=E and
E = A. First note that all these identities are satisfied for n = 1.

The identity C = D from (1.2) may be reduced to

1 1fn+1 1 1fn+1 1
2N M EE IOV (A BT
o<jans1 I\ I i AN

Jjodd Jjeven

or equivalently,
n+l

=1
Z( 1) (n+1) Hoo.

The last identity follows from (2.2) with n + 1 instead of n, and so the identity C = D
is satisfied.

Further, using the well-known identities

(=567 267000

with i < k < n, and the fact that (f) =0 wheni>k,

Il
A =
e
—_
~
~——
+
S
I =
Il
INgh
=
e
o
~
~———
+
&=

The above identity with n + 1 instead of n» immediately gives

noogk ok A |
k=0k+1_izf 22( ) Hu1,

which implies B = D.
In order to prove B = E, note that by setting H,,,1 = H, + 1/(n + 1), this identity can
be written as

=2"H, - Z 2-1h,. 2.3)
k=0 k=1
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If (2.3) is satisfied, then by induction we have

n 2k -1 on
et - =2"H, ~ sz i+ ——
k=0 -0 =1 n+
n+l n
=" n _ k-1
+2"H, 1 22 Hk+n+]
=1
1 on n+1
=2"H, + 2”(H + —) + - ) 2¢lg
! " n+1 n+1 kzzll k
1 1 n+1
= 2"+‘(Hn+ + —sz‘lHk
2t ) 2+ D) L
nz-i-l
_ 2n+1( ) 21,
n+1
= 2" H,y - Z 2“'H,,
k=1

as desired.
It remains to prove E = A. Suppose that this identity holds for n — 1, that is,

zn,l n— 1 n—1
Y =2, - Y 2, 2.4)
n =)
Note that by the identities

n+ n\ (n+1 and ny) n (n—-1

k] \k+1) \k+1 k+1) k+1\ k

withO<k<n-1,

>~
Il
(=}

e+l BER =n+1'(k31).(z)
_"“'ki—’l'(";‘)-(l)

2.5)

Next, summing (2.5) over k,

n—1 n—1 1 n—1 1
+ = - :
[k:O +1 k=0 (Z)] n k=0 (n;l)
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or equivalently,

ni1[2ié‘zjzin§(il)~ 2.6)

k=0 \k k=0 \ %

Then multiplying (2.6) by 2"~!, and combining this with the induction hypothesis given

by (2.4),
7 LY B |
. — + .
n+1 P (Z) n+1 n e (";1)
on n—1
= +2"7'H, - ) 2Flg
n+1 " ; k
2n -
= + 2" ], + 27 H, Z 21,
n+1 —
] n
- 2”(H + —) Yoy
" n+1 ; k
= 2"H,., — Z 2k1g,.
k=1
This concludes the induction proof. |

3. Proof of Theorems 1.5 and 1.7
For the proof of Theorem 1.5, we need some auxiliary results.

Lemma 3.1. Let p be an odd prime. Then

15 1(p) 1 1 & 2k
==Y - —H, —= ) = 1
4p(2) 2;k(k)+2 o1 sz_;k 3.1)

14 1p 15 2!
S )+ zH, ==
zkz;k(k) P24+l
B = (3.2)
12k 1 2
== —+ = —.
2 — k 2 p
Substituting H, = H,,_; + 1/p into (3.2), we immediately obtain (3.1). O
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Lemwma 3.2. If p is an odd prime, then
p-1 =(-Df = (-1*pH mod p? 33

foreachk=1,2,...,p— 1.

Proor. For a fixed 1 <k < p — 1 we have

k k
(—1>k(p;) [T(1-2)=1-2%  moapd,

i=1 i=1

which is actually the congruence (3.3). O

Recall that the Bernoulli numbers By are defined by the generating function

Z kk'_ex—l'

It is easy to find the values By =1, B; = —%, B, =
n > 3. Furthermore, (—1)""'B,, >0 forall n > 1.

é, B,=- 30, and B, =0 for odd

Lemwma 3.3. Let p > 3 be a prime and let m < p — 3 be a positive integer. Then

1
Latp| 1) om  (mod pP) ifmis odd
= Xm+2)" G
m m . .
k=1 o+ 1po—l—m (mod Pz) lfm s even,
ey 4 2
2=3P pB,-3  (mod p°), (3.5)
j=1
w2
7 -2B,3  (mod p). (3.6)

Jj=1

Proor. The first congruence in [9, Theorem 5.1(a)] asserts that

(mod p*) ifm<p-—1,

&S m(m +1)  Bpow
5 o P
— p—2-m

which immediately implies the first congruence from (3.4). Similarly, the second
congruence in (3.4) is in fact the first congruence in [9, Corollary 5.1] with even

k<p-3.
The congruences (3.5) and (3.6) are the congruences (a) with k=2 and (b) with
k =31n [9, Corollary 5.2], respectively. O
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Lemma 3.4 [11,(2.1) in Lemma 2.1]. Let p be an odd prime. Then
Hy, = Hiy (mod p) 3.7
foreveryk=1,...,p— 1L

Proor. For a fixed k we have

i p-11
Hp_k:;;:;p_15—21=k7 (modp),
whence
k—1 1 p-1 1
Hk—l_Hp—k=Z_.+ —.ZH],_1=O (mod p)
Py
This yields (3.7). ]

Lemma 3.5. Let p > 3 be a prime. Then

S

-1 (_l)k—l 1
k2 Hk—l = _ZBP_3 (mOd p) (38)

o~
1l

1

Proor. Substituting Hy_; = H; — 1/k into (3.7) of Lemma 3.4 and multiplying this by
(=D*/i* fork=1,...,p—1,

(=1)* -DF _ (1t (-
o Hi— 5= = Hy = ——5—Hy (mod p).
whence, because k%> = (p — k)> (mod p),
(=1 (=1 (=1)*
2 H + 0= 1P H, = 5 (mod p). 3.9
Summing (3.9) over k,
p-1 k p-1 —k p-1 k
(=D (-1~ (-1
H, + H, = (mod p),
2 AR 3
k=1 k kz=1: (p =k k=1 k
or ] ]
p- X p- k
-1 -1
2 b H, = D (mod p). (3.10)
k2 k3
k=1 k=1
Further, using (3.4) with m = 3 and (3.6) of Lemma 3.3,
p-1 k p-l
-1 1 1
SR NSO
k=1 1<j<p-1 k=1
20k
(p-1)/2 p-l
1 1 1 1
=- — - —=-=-B,_ d
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which inserting in (3.10) immediately yields

-1 g2 3
k=1 [ ik
1 1 1
= ZBP_3 EBP_?, = —ZB],_:X, (mOd p)
This concludes the proof. O

Proor oF TaeorEM 1.5. Using the identity (‘Z) = (p/k)(’;:ll), the congruence (3.3) from
Lemma 3.2 yields

_ k-1 vkl
1(”)—”(1’ 1)5( D, EV e (mod ) (3.11)

VAV K2 K2

foreachk=1,2,..., p—1. Summing (3.11) over k and using the congruences (3.4)
with m =2, (3.5) and (3.8),

pol k-t pml k-t
(S IS LT P—

2 2
k ~ ok

2 2
=k 1s125|£—1 =k (3.12)
~ p-1 1 1 (p=1)/2 1 , p-1 (_1)k—1
—P(Zk_z_i k_z)_p e e
k=1 =1 k=1

2 1 7 1 1
=p(50Bps =5 5PBpa)+ P Bpa =P Bps  (mod ).
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substituting this and (3.12) into the identity (3.1),

11 11
2)=—=-—p’By3— = =p°B,_
q,(2) > 2P B35 3P By

hi
~[ 12

NI'—
T

. (3.13)
2k 7
Z —_—— p B,J 3 (mod p3).
This proves the first congruence of (1.3).

To prove the second congruence of (1.3), note that the last identity in (1.2) for
n = p — 1 easily reduces to

p-1

15 2¢
_ - p-1 _ k-1
> Z o =2 Zz H,,
k=1 k=1
whence, setting 27~! =1 (mod p) and H,  =-3 szp 3 (mod p)3,

128 1
3 Z T ——PZBP 3= Z 2'Hy (mod p?),
k=1 =1

as desired. This concludes the proof. m|

Proor oF THEOREM 1.7. A simple calculation shows that both congruences in
Theorem 1.7 hold for p =3. Assume that p > 5. Note that the first identity in (1.2)
for n = p — 1 easily reduces to

p—1

2p- & 2k
_ — — (3.14)
p k=1 2 kz:: k-
Multiplying (3.14) by p - 21‘1’,
p-l —p Pzl 5k
1 2
—. (3.15)
k=1 (pkl) k=1 k

Further, from the first congruence of (1.3) in Theorem 1.5,

\ 2k 7
[T =—qy(2) — 3z ’B,.3  (mod p*).

N =
TTM'“

Substituting this into (3.15),

-1

1 (%)

S
—

7
=-—p2'” ”(qp(Z) + 5P ’B,- 3) (mod p*),

o~
1l
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whence using the identity p - 2177 - q,(2)=1- 21-7 and the fact that by Fermat’s Little
Theorem, 2°~! =1 (mod p),

<

1

-1
()
Obviously, the above congruence coincides with the first congruence of Theorem 1.7,
and the proof is completed. O

7
3Bp_3 =—1+27 - —p3Bp_3 (mod p*).

=_p.2"P .4 (2)—
14 qp(2) 2

_7
242017

>~
Il
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