NOTE ON GENERALIZED WITT ALGEBRAS

RIMHAK REE

Introduction. Throughout this note K will denote a field of characteristic
p > 0.Let I betheset{l1,2,...,m},and @ a finite additive group of functions
on I with values in K. We assume that O is total in the sense that, for any
A, .., A in K, X i1™e(2) = 0 for all ¢ in G implies all A; = 0. It is clear
that @ is an elementary p-group. Let p" be the order of &. A generalized
Witt algebra ® is defined as an algebra over K with basis elements {e(s, 7)]
¢ € ®,1 € I} and the multiplication table

(0.0.1) e(a,)e(r,7) = 7(0)e(c + 7,7) — a(f)e(e + 7, 1).

R is a simple Lie algebra except when p = 2, m = 1.

In the first section of this note we shall prove that the outer derivation
algebra of a generalized Witt algebra is abelian, assuming that K is infinite.
We shall see that actually a result of Jacobson (3) is generalized.

It was shown in (5) that any generalized Witt algebra € can be reformu-
lated as follows: Let U be a commutative associative algebra over K with a
unity element, and Dy, ..., D, be derivations of U such that:

(1) (D, Dyl = DD; — D,D; = 0 for all 7 and j;

(2) If fe€ N and Ay, ..., N in K are such that D;f = A for all 7 then
f=0or fis a unit in ¥;

(B) X w™iD; = 0, where f; € U, implies f; = 0 for all 7.

Now any generalized Witt algebra can be regarded as the subalgebra

{; Dy, ..., Dy of the derivation algebra of ¥ consisting of all derivations
of the form fiD1 + ...+ fuDn. In the second section of this note we shall
consider £(%; Dy, ..., D) under the conditions (1) and (2) above only, and

extend some results proved in (5).

1. The derivation algebra of a generalized Witt algebra. We prove
the following

THEOREM 1.1. Let ® be a generalized Witt algebra over an infinite field K of
characteristic p > 2. Let {e(a,1)|o € G, 1 € I} be a basis of *. Then any deriva-
tion of R is the sum of an inner derivation and a derivation &, given by

(1.1.1) d1(e(o, 7)) = ¢(a)e(o, 7)
where ¢ is a linear map of ® into K.
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Proof. First of all we show that we may assume (1.1.2): for any ¢, | <z < m,
a(1) = 0 implies ¢ = 0. Suppose (1.1.2) is not satisfied. Since K is infinite
and ® total, we may proceed as in the proof of Lemma 9.1 of (5, p. 533)
to obtain an m X m non-singular matrix (8;;) such that if we define ¢[i] by

0[1’] = ;1 ﬁ'ijo-(j)v (1’= 11---vm)y
then, for any ¢, ¢[i] = 0 implies ¢ = 0. Define a new basis {¢[a, i]jloc € &, 1 € I}
of € by .
elo, 1] = 2 Bije(o, 7).
. =1
Then by (0.0.1) we have
ela, 1] elr, j] = El BB e(a, s)e(r, t)
= E BisBj. (r(s)e(c + 7,t) — a(t)e(a + 1, 5))
= T{S] elo + 7,t] — o[t] ele + 1, s].

Thus {e[o, 7]} satisfies the same multiplication table as {e(s, 7)} with (%)
replaced by ¢[i]. But here ¢[¢] = 0 implies ¢ = 0. Suppose that the given
derivation is the sum of an inner derivation and a derivation §; given by
51(ela, 7)) = ¢(a)elo, 1], where ¢ is an additive map of & into K. Then clearly
we have 8:(e(o, 7)) = ¢(0)e(o, ) also. This shows that we can assume (1.1.2)
from the beginning.

Now let 6 be the given derivation, and let

8(e(0,9)) = 2 (o, ii 7, fe(o + 7, 5)
with coefficients v (s, 7; 7, 7) in K. Then from
3(e(0, 1))e(o, i) + (0, 1)d(e(o, 7)) = a(1)5(e(o, 7))

we obtain
(1.1.3) v(o, 357, 5) = (0, 157, Hr(@)r(1)~!

for ¢ # j and 7 # 0, and
(1.14) 2 v0,1;7,)a(f) + (o, 557, 9)r(1) = ¥(0, L; 7, ) (3).
By (1.1.3) a;d (1.1.4) we see easily that ‘
5e(a, 1) = X (0,0, 7)e(o, )
Fel) B E 10, Lin e e ).
Hence 6 is the sum of an inner derivation and a derivation §, of the form
(1.1.5) d1(e(o, 1)) = ij v(q, 1, j)e(o, j)

with coefficients v(o, 7, 7) in K.
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We shall show that y(e, 7, 7) = 0if ¢ # j, thatv(e, 1,1) = ... = y(e, m,m),
and that (e, 1, 1) is additive with respect to ¢. If m = 1, then the additivity
of ¥(s, 1, 1) follows immediately from

d1(e(a, 1))e(r, 1) + e(a, 1)d1(e(r, 1)) = d1(e(a, e(r, 1)).
Hence we shall assume that m > 1. Then from

d1(e(a, 1))e(r, j) + (o, 1)d1(e(r, 7)) = d1(e(o, D)e(r, 7))
we have, for 1 # j,
(L16)  v(0,4,7)a()) — v(r, 4, /)7(0) = v(o + 7,4,/ (c(d) — r(9));
L) X v(e, i, k)r(k) = v(0,4, /)0 (i) — v(r, 5, )7()

k + v + 15, 0)76) = v(o + 7,4, 7)e ().
Setting ¢ = 0 in (1.1.7) and using the fact that G is total, we have

(1.1.8) v(0,4,k) =0

for all £ and k. Set r = — ¢, in (1.1.6) and use (1.1.8). Then we have, for
any ¢ and 7 # j,

(1.1.9) v(e,%,7) +v(—a,%,7) = 0.

Replace 7 in (1.1.6) by — 7, and use (1.1.9). Then we have
v(o,2,j)o(®) — v(r,4,/)7(0) = v(o — 7,4, 7) (¢(2) + 7(2)).

Combining this with (1.1.6) yields

(1.1.10)  y(o — 7,4, ) (c(®) + 7(2)) = v(o + 7,%,7) (¢ (i) — 7(2)).

Since @ is an elementary p-group and p # 2,0 — rand ¢ + 7 may be regarded
as two arbitrary elements in &. Hence by (1.1.10) it follows that, for 7 > j,

(1.1.11) v(0,1,7) = ayo(i),
where ay; are in K and independent of o. Substituting this in (1.1.7) we
obtain

(L1.12) (o, 4, 9)7(3) + ; ayo (i) (k)
=v(c+ 7,5, )7@) — v(1,5,)7(@) — ayr(@)e(j),

which shows that (y(e + 7,7,7) — v(7,7,7))7(?) is additive with respect to
7. Hence

(1113) v+ 740 — (i) =vle—7575) —v(=7747)
for all ¢ and 7. Let ¢ = 7 in the above and use (1.1.8). Then
(1.1.1%) v(27,5,5) —v(r,5,5) = —v(= 1,4, 7).

By (1.1.13) and (1.1.4) we have
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vyl + 75,5 =v(@ —1,4,7) + v(2r,],7)

which shows that v(e, 7, j) is additive with regard to ¢, since, as before,
o + 7 and ¢ — 7 can be regarded as two arbitrary elements in &. Now from
(1.1.12) we obtain

(o, 4, 0)7(2) + kf;l ago(D)r(k) = v(0, j,j)7(2) — air (D)o (f)

for all ¢ and 7. Using the fact that G is total, we see from the above that
ay = 0 for k # 7 and that (o, ¢, 2) = v(o, 7, j) for any ¢ and j. Set v(o, 1, 7)
= ¢(o). Then ¢ is additive, and we have (1.1.1) as desired. Thus Theorem
1.1 is proved.

When is the derivation § defined by é(e(s, 7)) = ¢(o)e(o, 7), where ¢ is an
additive function on G, inner? Let

8(e(o, 1)) = (o, 0) 2 arselr, )
with a, ; € K. Then
0 =e(0,7) = 2 ar 7(@)elr, j).

7.7

Hence 7(¢) = 0, + = 0, whenever «a, ; 3 0. From this it follows that § is inner
if, and only if, ¢ (o) = 2 a0 (j) with a; € K. Such additive functions ¢ form
clearly an m-dimensional vector space over K. On the other hand, if @ is an
elementary group of order p”, then all the additive functions on & with values
in K form an zn-dimensional vector space over K. Hence we have

COROLLARY 1.2. Let € be a generalized Witt algebra with basis {e(a, 1)|d € ©,
i € I}, where & is an elementary p-group of order p*, and I = {1,2,...,m}.
Let D and & be the derivation algebra and the algebra of inner derivations of &,
respectively. Then D/ is an abelian algebra of dimension n — m, provided
that the characteristic of K is greater than 2.

From the above corollary it follows immediately that the number m is
uniquely determined by £. This is, however, proved in (5, p. 546). Also, if
m = n, then every derivation of € is inner. This is a result of Jacobson (3).

2. Generalized orthogonal systems. Let U be a finite-dimensional
commutative associative algebra over the algebraically closed ground field
K. We assume that ¥ has a unity element.

An ordered set (Dy, ..., D,) of derivations of ¥ will be called a generalized
orthogonal (g.0.) system if the following conditions (2.1.1.)-(2.1.2) are satisfied:

(2‘1.1.) [D1y D]] = DiDj - D]'Di =0 for all 1 and j;

(21.2) Iff€ Nand My, ..., N\ € K are such that D,f = \;f for all 1, then
f=20orfis aunit of A
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A g.o. system (Dy, ..., D,) will be called an o. system if it satisfies the
following condition:

(2.1.3.) X ii™fiD; =0, where f; € A, implies f; = 0 for all 1.
LEMMA 2.1. The conditions (2.1.1.)-(2.1.2) imply the following:
(2.14) Df=0foralli=1,...,m implies f € K.

Proof. The set B of all f € A such that D;f = 0 for all 7 is clearly a sub-
algebra of ¥, and, moreover, if 0 % f € B then by (2.1.2) f! exists and
belongs to 9B, since D,f~! = — f2D,f = 0. Therefore, B is a finite extension
field of K. Since K is algebraically closed, we have B = K.

THEOREM 2.2. For any g.o. system (Du,...,D,) there exists a non-void
subset S = {i1,...,1,} of indices 1,...,m such that (2.2.1)-(2.2.2), below,
hold:

(2.2.1) Dy, ...,Dy) is an o. system;

(2.2.2) There exists ays € K such that

Di= Y aiD, G=1,...,m).
seS

Proof. Let S be a minimal subset of the indices 1, ..., m with respect to
the property: there exist a;; € ¥ such that
(2.2.3) D,= Y a.D, i=1,...,m).

seS
We may assume without loss of generality that .S = {1,...,r}. Let V be the
set of all 7-tuples (fy, . . ., f,) of elements f; € A such that Y ,f.D, = 0. Define
addition in ¥V componentwise, scalar multiplication by a(f1,...,f,) =
(af1, ..., afr),a € K. Then V is a finite-dimensional vector space over K. We
shall prove (2.1.3) for (Dy, ..., D,) by showing that V' = 0. Suppose V 5 0.
Since Y f:D; = 0 implies > (Df;)D, =0, the mapping (fi,...,[f,) —
(Dif1, . - ., Dif;) is a linear transformation of V. Since D(D,f) = D;(D.f) for

all f € 9, 4, and j, and since K is algebraically closed, there exists a non-zero
(fi,...,fs) € Vand Ay, ..., N\, € K such that

(Difly “ e ey D,-fr) = )\4(f1, P ,fr)

for t=1,...,m. Then D, = \fs for all < and s. Then from (2.1.2) it
follows that f; is either 0 or a unit in A. Since not all f; are zero, we may assume
f1 5 0; f1is a unit. Then D, = — fi7'fyDy — ... — fi"}f,D,. Then every D,
can be written as a linear combination of D, ..., D, with coefficients in 9.
This contradicts the minimality of S. Thus V' = 0, and hence (2.1.3) is proved
for (Dy,...,D,).

Now, from (2.1.1) and (2.2.3) it follows that > (D:a:)Ds, = 0 for all
i,k =1,...,m. Therefore by (2.2.1), we have Dya;; = 0 and hence, by
Lemma 2.1, a;; = a4 € K for all 7 and s. This proves (2.2.2).

https://doi.org/10.4153/CJM-1959-035-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1959-035-5

350 RIMHAK REE

In order to show that (Dy, ..., D,) is an 0. system, it remains to be shown
that Df = A f, A, € K, for s = 1,...,r implies that f = 0 or f is a unit.
This, however, follows easily from (2.2.2) and (2.1.2). Thus the proof of
Theorem 2.2 is complete.

CoroLLARY 2.3. 4 g.o. system (Di, ..., Dy) is an o. system if, and only if,
Dy, ..., D, are linearly independent over K.

COROLLARY 2.4. If there exists a g.o. system of derivations of N, then A is
isomorphic to the group algebra over K of an abelian p-group of type (p, p, . . ., p).

Proof. By Theorem 2.2, there exists an 0. system of derivations of %. Then
Corollary 2.3 follows from Lemma 2.1 above and Theorem 6.10 of (5).

COROLLARY 2.5. The conditions (2.1.1)-(2.1.2) imply the following: If
fra1,...,an € N are such that Dif = a;f for all i, then f =0 or [ is a unit
in U.

Proof. Corollary 2.5 follows immediately from Theorem 2.2 above, and
Lemma 6.3 of (5).

The following theorem, which also follows immediately from Theorem 2.2,
above, and Theorem 6.10 of (5), is a partial generalization of Theorem 6.10

of (5).

THEOREM 2.6. If (D1, ..., Dn) is @ g.o. system, then the subalgebra of the
dertvation algebra of U, consisting of all dertvations of the form 3 f.D;, where
fi € U, 1s isomorphic to a generalized Witt algebra.

Now let (D, ..., D,) be a set of derivations of U, satisfying (2.1.1), and
let aq,...,a, € A be such that Da; = D,a,; for all 7 and j. Then the set
¢ =8WDo...,Dn; ao,...,a, of all derivations of the form 3 f;D;, where

fi € A satisfy 2D —afi) = 0, forms a subalgebra of the derivation
algebra of . A special case of such algebras was considered for the first time
by Frank (2), and another by Albert and Frank (1). The general case where
(D, . .., Dy,) is an o. system was considered by Jennings and Ree (4). Here
we consider the case where (D, ..., D,) is an arbitrary g.o. system.

TuEOREM 2.7. If (Dy, . . . , D) is a g.o. system, then the algebra L(D,, . . ., D,;
Qo . . ., Q) 1S 1Somorphic either to a generalized Witt algebra or to an algebra
of the form L(Dy,...,D/;ad,...,a.), where (Do, ..., D,) is an o. system.

Proof. If m = 0, then (D, ..., D,) is an o. system, and so our theorem
is clear. We shall proceed by induction on m. Assume that Theorem 2.7 is
true for m — 1. If (D, ..., D,) is an o. system then our theorem is clear. If
(Do, ..., Dy) is not an o. system, then, by Theorem 2.2, we may assume
without loss of generality that D, = «¢Do + ... + ay_1D,_1 with a; € K.
We have
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m—1 m—1
Dk<dm -_ E aiai> = Dmak - 2 oziDiak = O
i=0 i=0

for Rk =0,1,...,m. Hence

m—1

Ay — adl; =

i=0

belongs to K by Lemma 2.1.
If «a =0 then & = (Do, ...,Dn;q0,...,8,) and & = Dy, ..., Dp_1;

ao, ..., an-1) coincide. This is seen as follows: Let Y ™f,D; € L. Then by
definition, > ¢™(Df; — af¢) = 0, and hence

g Di(fi + aifn) — ai(fi + aifn)) = 0.

On the other hand,

S fDi= ¥ (it aduDe

Therefore, 3_o"f.D; € & and hence ® < & is proved. Since &, < { is clear,
we have ¥ = .

If «a#0 then & = &(Dy,...,Dy;a0,...,a, coincides with the set ,
of all derivations of the form ™ 'g;D,, where g; runs over . This is seen
as follows: Clearly we have L < L,. Now, for an arbitrary element 3" 'g.D;
in &, define fo, f1, ..., fn by the formulae:

m—1
Jm = o ZO (Digi — aigs);
fi= g — aifnm, 0<i<m).
Then it is easily seen that > o™ 'g.D; = > ¢"f:D;, and that

'Z:) Difs — asfi) = 0.

Therefore 3™ gD, € &, and hence &; < L is proved. Thus we have ¢ = {,.
Since £, is a generalized Witt algebra, this completes the proof of Theorem 2.7.

Consider now a set of derivations (D, ..., D,) of U satisfying only the
condition (2.1.1) and denote by £ the subalgebra of the derivation algebra
of ¥ consisting of all derivations of the form f,D;, where f; € UA. Let N be the
radical of ¥, and let O be the set of all f € N such that Dy(D(... (D) ...))
€ N for any 4,7, ..., k (the number of indices 4, j, . . ., k is arbitrary). It is
easily seen that 2 is an ideal of ¥ and that f € © implies D;f € O for all 4.
Therefore every D, induces a derivation D, of the algebra 9 = /9. Since
(D, D,] = 0 follows from [D,, D,] = 0, we can consider the subalgebra ¢ of
the derivation algebra of ¥ consisting of all derivations of the form Y_F.D,,
where f, € 9. Denote by f the image of f € 9 under the natural homomor-
phism: % — . Since 3 f,D; = 0 implies ¥.f.D, = 0, a mapping ¢ is uniquely

https://doi.org/10.4153/CJM-1959-035-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1959-035-5

352 RIMHAK REE

defined by ¢(3Xf.D;) = Yf.Di. It is easily seen that ¢ is a homomorphism
of € onto & The kernel & of ¢ consists of elements Y f;D; such that 3f,D, = 0.
Note that > f.D, = 0 if and only if 3f(D.g) € O for all g € A. From this
it follows immediately that the ideal [&, §] of ® is contained in the algebra £,
consisting of all derivations of the form Y f;D;, where f; € . For a positive
integer k, denote by £, the algebra of all derivations of the form ) f,D;, where
f1 € OF. It is easily seen that [¥, 1] < 41 for any k. Since O < N, it follows
that O is nilpotent, say, O = 0. Then £, = 0, and hence £, is nilpotent, and
& is solvable.

Consider now the algebra &, assuming that every non-unit element in % is |
contained in the radical 9. We shall prove that (Dy, ..., D,) is a g.0. system
of 9. Suppose that D,f = \,f for all 4, and that f is a non-unit in 9. Then
D.f = \f + gi, where g, € ©. Since f is not a unit f is also not a unit, and
hence by our assumption f € N. Then from D;f — \,f € O it follows easily
that f € ©. Therefore f = 0, and hence (D, ..., D,) is proved to be a g.o.
system. Then, by Theorem 1.6, € is isomorphic to a generalized Witt algebra.

An associative algebra U is called completely primary if the set of non-unit
elements coincide with the radical of . Summarizing the above, we have

THEOREM 2.8. Suppose that the commutative associative algebra U is completely
primary. Then for any set of derivatives (D, ..., Dy) of U, which satisfies the
condition (2.1.1.), the algebra & consisting of all derivations of the form 3_f.D;,
where f; € U, has a solvable ideal & such that /S is isomorphic to a generalized
Witt algebra.

Similarly we may obtain the following

THEOREM 2.9. Suppose that the commutative associative algebra A is completely

primary. Then for any set of derivations (D, ..., Dy) of U, which satisfies the
condition (2.1.1), an algebra R of the form (Do, ..., Dn; @oy...,an) has a
solvable ideal X such that 8/ is isomorphic either to a generalized Witt algebra
or to an algebra of the form R(E,, ..., E,; by, ..., b,), where (Eo, ..., E,) isan
0. system of derivations of the group algebra over K of an abelian group of type
®,...,p).
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