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PROBLEMS FOR SOLUTION

P.164. For n=1,2,... define e, by e;=1, ey,=¢€,, €3,,1=—e,. Show that

2"2':1”.,‘_ 0 forl <k <n-—1
ST T W=D 2@ fork = a

L. MoskRr,
UNIVERSITY OF ALBERTA,
EDMONTON, ALBERTA

SOLUTIONS

P.159. Let M be a metric space, M, a compact subset and 7: M — M an iso-
metry. Then if TM, < M, or TM, > M, we have TM,=M,.
J. B. WILKER,

PaHLAVI UNIVERSITY,
SHIRAZ, IRAN

Solution by C. Davis, University of Toronto, Toronto, Ontario. Assume 7'M, 4 M,.
By compactness, there exists x € M¢\TM, for which d=sup {d(x, TM,): x € My}>0
is attained; that is, d(x, TM,)=d. Because T is an isometry, d(T"x, T"**M,)=d,
n=0,1,... . But this means in particular that for m>n, d(T"x, T"x)>d>0. Thus
the sequence (T™x)-, in M, cannot contain any convergent subsequence, which

contradicts compactness.
Also solved by L. Cooper, D. Z. Djokovié, D. Lind, J. Marsden, S. Reich, P.

Smith, and the proposer.

P.161. For any positive integer n and any »n numbers cy, ..., c,, let further
numbers ¢, .1, Cp 42, - - - b€ defined as continued fractions

Cner = l—Caf/l—Cpoyfl =+ cofl —cy,
Cosg = l=Cnyaf/l—cp/l =+ 3/l —cy,
and so on. Prove that the sequence c; is periodic with period n+3; that is, ¢, , 4
=€y, Cp+5="Cs, and so on.
H. S. M. COXETER,

UNIVERSITY OF TORONTO,
TORONTO, ONTARIO

Solution by S. Reich, Israel Institute of Technology. Suppose we prove the follow-
ing lemma. Given cy, ..., ¢y, if Cyt1, Crya, ... are defined (when possible) as in
the problem then ¢, . ,=c;.

Then we are done because when we apply the lemma to ¢, ..., ¢,.; we obtain
Cn+5=Cg, and so on,
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The lemma itself will be established by induction on n. For n<4 the result is
checked directly. Suppose now the lemma holds for some # >4 and let us consider
any sequence ¢, Cs, . . ., Cn, @ of length n+1, which we write also as dy, . . ., dp 1.
The numbers d, .4, d,, 3, ... are defined by the sequence d; (=c¢y), ..., dp+1(=a)
and the numbers ¢, 1, €, 9, - . . are defined by the sequence c, . . ., ¢, of length n.
Let f1, /3, f3, fa be defined as continued fractions

fi=l-cfl=cpyfl=---—cofl—cy,
fa=1l=cy/l—cyy/1—-+—cs[l—cy,
Jo=1-cofl=cya/1—-+ —cyfl—cs,
fo=1=c,/[1—cp1/1—--—cs/l—cq.

From the definition we find that

Cr+1 = J1

Crea = 1=f1/fs

nvs = [ila—fIfo(fs—1D),

rvs = (fa—f)(a= (s —f (s 1o)

By the inductive hypothesis the last expression equals ¢;. Again from the definition
we see that

dnio = 1=affy,

duis = a(fo—f)[i(fa—a),

duis = (=L i~ d)/(fa—)(fs—10),
dnvs = (fo—fa)(fa=Sf)/(fa—f) (= 12)s

whence d, . 5=c,,4+=¢;, and the desired result follows.
Also solved by L. Cooper and the proposer.
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