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HOW MANY TRIANGLES CAN A GRAPH HAVE?
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Abstract
We investigate the set 7), of the possible number of triangles in a graph on #n vertices. The first main result
says that every natural number less than (g) - (V2 +o()n? belongs to T;,. On the other hand, we show
that there is a number m = ('31) — (V2 + o(1))n’/? that is not a member of T,,. In addition, we prove that
there are two interlacing sequences (g) —(V2+o()PP =i <dy<cr<dr <+ <y <dy = (g‘) with

le,—dl=n—-2- (5_;“) such that (¢;,d;) N T,, = 0 for all £. Moreover, we obtain a generalisation of these
results for the set of the possible number of copies of a connected graph H in a graph on n vertices.

2020 Mathematics subject classification: primary 05C35.

Keywords and phrases: the number of triangles in a graph, realisable numbers, complete graphs in a graph,
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1. Introduction

We ask the following natural question: given a graph H and a natural number r, what
are the possible values of m such that there exists a graph on n vertices with exactly m
copies of H? Surprisingly, very little is known about this problem.

A question of this flavour was considered by Kittipassorn and Mészaros [9] who
studied the set F, of the possible number of frustrated triangles, that is, triples of
vertices inducing an odd number of edges. They proved that about two thirds of
the numbers in [0,73/?] do not appear in F, and that every even number between
(1 + o(1))n*/? and (’;) — (1 + o(1))n*? is a member of F, for sufficiently large even n.

Much more attention has been given to the problem of maximising or minimising
the number of subgraphs of certain types of graphs with a given number of vertices
and edges. For example, Rademacher proved that every graph with [#?/4] + 1 edges
contains at least |n/2] triangles. ErdSs [5] posed a conjecture, which was later proved
by Lovész and Simonovits [11], that a graph of size |n?/4] + k contains at least k|n/2]
triangles if k < n/2. On the other hand, Alon [1] investigated the maximum number
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2 T. Kittipassorn and K. Popielarz [2]

of subgraphs isomorphic to some given graph, where the maximum is taken over all
graphs of a certain size. We refer to [3, 4, 6-8, 10, 12, 13] for related results.

We consider a fixed connected graph H. For a graph G, we define ky(G) to be the
number of copies of H in G. The main object of interest of this paper is

S& = {ku(G) : |G| = n},

the set of the possible number of copies of H in a graph on n vertices. Our first result
says that almost every number (in the appropriate range) is realisable as a number of
copies of H in some graph of order n.

THEOREM 1.1. [0, (1 — o(1))ku(K.)] € S% asn — co.

It is not unreasonable to expect that o(1) above could be replaced by 0. As it
happens, this is not the case. Before we state the second result, we introduce some
notation that plays a major role in the rest of the paper. For a graph G = (V, E) of
order n, let fy(G) be the number of subgraphs F of K(V) isomorphic to H such
that E(F)NE # (0, where K(V) denotes the complete graph on the vertex set V.
For example, fk,(G) is the number of triples of vertices in G inducing at least one
edge. Observe that ky(G) = ky(K,) — fH(E), and therefore we work instead with the
complement of G which is easier to draw when G is dense. We write ag)(t) = fy (Sf"))
and b;’,’)(t) = fu(M™), where S is a graph on n vertices with ¢ edges forming a star
with7 <n—1 and M,(”) is a graph on n vertices with ¢ edges forming a matching with
t < |n/2]. We prove the existence of some gaps in Sg).

THEOREM 1.2. For all sufficiently large n and all t > 0,

(ki (K) — a3 (2 + 1),k (K,) = B0 (6) 0 SW| = o(n2).

h-3/2

In particular, there exists a number m = ky(K,) — (cyg + o(1))n that is not a

member of Sg’) for some constant cy.

In Section 4, we see that, when ¢ < cy/n, where ¢ is some nonnegative constant
depending only on H, the length of the interval a(,;')(t +1) - bg’)(t) is of order n"2,
When H is a triangle, we prove sharp analogues of Theorems 1.1 and 1.2.

THEOREM 1.3. We have:
G [o, (3) — (V2 +o(1)n*?] € S as n — oo; and
Q) ((3)—ag @+ 1).,(5) - b @) NSy =0 foralln,t 0.

3

We see that ag?j(t) =tn-2) - (;) and bg?j(t) = t(n — 2), so it is easy to check that
the interval in the second part of the theorem is not empty as long as 7 < V2n. Thus,
there exists a number m = (;’) — (V2 + 0(1))n3/? that is not a member of T},. Therefore,
the first part of Theorem 1.3 is sharp.

The same idea that we use in the case of triangles also works for cherries, that is,
paths with two edges, P;.
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THEOREM 1.4. We have:
@ 10.3(5) - (4 +o()n¥?] c Sy asn — co; and
i) (3(3) —ap @+ 1).3(3) = b3 ©) N Y = 0 for all n,t > 0.

As in the case of triangles, the first part of Theorem 1.4 is sharp.

The rest of this paper is organised as follows. In Section 2, we prove some
preliminary lemmas. We prove the sharp results for triangles (Theorem 1.3) in
Section 3. The proofs of Theorems 1.1 and 1.2 are presented in Section 4. We conclude
the paper in Section 5 with some open problems.

2. Complete graphs

In this section, we consider the case when H = K, is a complete graph and prove
some lemmas that we use to prove our main theorems.

We start by showing that the first ([(n — 7*)/r])" natural numbers are realisable:
that is, for every k < (L(n — r*)/r])", there exists an r-partite graph on n vertices with
exactly k copies of K.

LEMMA 2.1. For natural numbers n,r with n > r > 2, and any nonnegative integer
k < (L(n = r?)/r]), there is an r-partite graph with k copies of K,

PROOF. Let P, be the set of the possible number of copies of K, in an r-partite graph
on n vertices. Clearly, P, C S;?')

We use induction on r. The base case r = 2 is trivial. Suppose that the assertion
holds for some r>2. Let G =(V, U V,U V3, E), where |Vi|=[r(n—r)/(r + 1)],
Vol = L(n—r)/(r + 1)], every vertex in V| is joined to every vertex in V,, and V3
induces a K,. By the induction hypothesis, we can replace V| by an r-partite graph
having k copies of K,, and therefore we obtain an (r + 1)-partite graph having
L(n — r)/(r + 1)]k copies of K, 1, for any

e (B - (5 )

Therefore, we get an increasing sequence in P, ., starting with O and ending with

et (il (e A (s A e

such that the difference between consecutive terms is equal to |V,|. To obtain the
missing numbers between consecutive terms, notice that it is enough to join the needed
number of vertices in V; to every vertex in V3. Clearly, all graphs in the sequence are
(r + 1)-partite. O

Recall that fy(G) is the number of subgraphs F of K(V) isomorphic to H such that
E(F)N E # (0, where K(V) denotes the complete graph on the vertex set V. Moreover,
a(F’})(t) = fH(Sgn)) and b(;,')(t) = fH(M,(")), where S is a graph on n vertices with  edges
forming a star and Mt(") is a graph on n vertices with ¢ edges forming a matching.
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We fix n, 7 > 2 and, for brevity, write £(G) = fx,(G), a; = dy (), b, = by (z). Recall

that the number of copies of K, in G is equal to (f) - f (G), where f(G) is the number
of r-sets of vertices in G that induce at least one edge. Therefore, we work instead
with the complement of G, which is easier to deal with when G is dense. Observe that

_ vt (n-1-i (=141
a; = izl(r_z)andhenceam a,—( P )

LEMMA 2.2. For a graph G on n vertices and e < %(n — 1) edges, f(G) € |ae, b.].

PROOF. We show this by induction on the number of edges e. In the base case when
e < 1, there is nothing to show. For e > 1, assume that f(G’) € [@.-1,b.-1] for any
graph G’ on n vertices and e — 1 edges.

First, we show that f(G) < b,. Take an edge xy € G such that d(y) > 1 and an
isolated vertex w € G. Let G’ be a graph obtained by removing xy from G and replacing
it by xw. Note that f(G’) > f(G). By repeating this process for any nonindependent
edge, we eventually obtain a matching, since e < %(n — 1), without decreasing the
value of f.

To show that f(G) > a,, pick an edge xy € G and let G’ be a graph obtained by
removing xy from G. We show that f(G) — f(G’) > (";_lge) =a, — da,_1, which com-
pletes the proof, as then f(G) > f(G') + a, — a.-1 > a,, by the induction hypothesis
applied to G’. Let A = V(G)\(Ng(x) U Ng(y)) (observe that x,y # A). Write M for a
largest independent set contained in A and write e4 for the number of edges induced
by A. By deleting an endpoint of each edge in A, we see that |M| > |A| — e4. Therefore,

n—|N(x)UN(y)|—eA)>(n—e— 1)

r—2 r—2 o

, M|
f(G) - f(G) = ( >
r—2
We remark that Lemma 2.2 does not imply that f(G) ¢ (b;, a;+1) for any ¢. However,
the result follows immediately from the monotonicity of f.

LEMMA 2.3. For any graph G on n vertices and any t > 0, f(G) ¢ (by, as11).

PROOF. Write ty,,x = max{t : b,_; + 1 < a,} for the last t where there is a gap between
the intervals [a,—1, b;—1] and [ay, b;]. It is enough to show that f(G) € [a,, b;] for some
t < tmax Or f(G) > ay,, . This follows from Lemma 2.2 if e(G) < fmax. SO we can
assume that e(G) > tax. Let G” be a graph obtained from G by deleting some edges
until there are exactly fy,x edges left. By the monotonicity of f and Lemma 2.2,
£(G) = f(G) = ay,. 0

We remark that f,,, = @(\/n).

We now turn our attention to the problem of determining which numbers can be
expressed as a restricted sum of binomials. More precisely, we are interested in the
set, Ay, of integers that can be expressed as Zézl (’é) where ]1::1 d; = k and each d;
is a positive integer. Let s; be the largest integer such that any integer between 0 and
sr belongs to Ay. To the best of our knowledge, this sequence was first studied by
Dogan (see [2, Lemma 20]) who showed that s; > %(k —2vk)2. Here, we present a
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simpler proof of an asymptotically stronger result of this kind. We start with a simple
observation.

OBSERVATION 2.4. Let z; be an increasing sequence such that s, > z; > 0 for every k.
For any positive integer k, we have s; > (kz), where k* is the smallest nonnegative
integer such that z;_;- < k™.

PROOF. Take any ¢ < ("2) We show that ¢ can be written as a restricted sum of

binomials. When ¢ = (1‘2), there is nothing to show, so we can assume that £ < <kz )

Let k¥’ be the largest integer such that ("2) < €. Write ¢’ for £ — ("2) and observe that
e =t-(5)<(*3") - (5) = & < k*. By the definition of k", st > zx 2 k' > ¢, and
the result follows from the definition of s;_; . O

We obtain a lower bound for s by applying Observation 2.4 several times.
LEMMA 2.5. sp > 3(k = V2k)? + O(k) as k — .

PROOF. First, s; > |k/2], as we can write any ¢ < |k/2] as Zle (%) + ijf (é) For
every k' < |k/3], we have | (k — k')/2] > k’; therefore, s; > (Lké“) by Observation 2.4.
Applying Observation 2.4 again yields s; > (k732‘/27‘), and by applying it one more time,
we arrive at the statement of the lemma. O

3. Triangles

We now consider the case when H = K3, that is, when H is a triangle. For brevity,
we write 7, = 5§, f(G) = fi,(G), a, = a (1) and b, = by (¢) in this section.

Before we improve Lemma 2.1 to Theorem 1.3(i), we consider Theorem 1.3(ii) and
look for nonmembers of 7),. Recall that the number of triangles in G is equal to ('3') -

f (5), where f(G) is the number of triples of vertices in G that induce at least one
edge. Notice that we have a simple formula, f(G) = e(G)(n —2) — n. + n,, where n,
is the number of cherries (that is, paths with two edges, P,) and n, is the number of
triangles in G. This comes from the fact that each edge is contained in exactly n — 2
triples, but we double or triple count the triples which contain more than one edge.
Using this formula, it is easy to see that a, = t(n — 2) — (;) and b; = t(n — 2).

We showed in Lemma 2.3 that f(G) ¢ (b;, a;+1) for all £ > 0. On the other hand, we
now prove that every number bigger than (V2 + o(1))n’/? is realisable.

Observe that if G is triangle-free, then

d
f(G)=e(G)Yn—-2)—n.=e(G)(n-2) - Z ( (X))

xeG 2

LEMMA 3.1. Let k be such that s, > n—?2 and 2k < n. For every m in the interval
[k(n — 2), (”_321‘) + k(n — 2)), there is a graph G on n vertices such that f(G) = m.
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PROOF. Take any m € [k(n—2),("_32k) + k(n—2)]. We construct a graph G on
the vertex set U LIV, where |U| = n — 2k, |V| =2k, such that f(G) = m. Observe,
first, that since adding an edge to a graph increases the value of f by at most
n—2, we can find a configuration of edges in U that contributes m’ to f, where
0<m' +k(n—2)—-m<n—-2. We now find a configuration of edges in V that
contributes exactly m’ —m to f. By the definition of s;, we can find a sequence
of positive integers di,d>,...,d; which sum up to k and such that 25:1 (‘é) =
m’ + k(n —2) — m. Let G[V] be the union of stars Sy, S4,, . .., S4; and an independent
set. Then f(G) =m’ + k(n —2) — (m’ + k(n —2) — m) = m. ]

COROLLARY 3.2. For any sufficiently large n, if m € (V21312 + 4n/* (1 — 0(1))(%’)],
then there is a graph G on n vertices such that f(G) = m.

PROOFEF. It follows from Lemma 2.5 that s; > k_;m‘), and hence, if k > V2n + 4n'/4,
then s; > n — 2 for sufficiently large n. The rest follows from Lemma 3.1. ]

We are now ready to deduce Theorem 1.3 from Lemmas 2.1, 2.3 and Corollary 3.2.

PROOF OF THEOREM 1.3. (i) Recall that the number of triangles in G is (;) - £(G).
Therefore, Corollary 3.2 implies that [0(('3’)), ('3’) - (V2 + 0o(1))n?*]  T,,. Together
with Lemma 2.1, which, for r = 3, says that [0, ((n — 9)/3)3] c T,, we conclude that
[0, ('{) — (V2 + o(1))n’?] C T, for sufficiently large n.

(i1) Since the number of triangles in G is equal to (g’) - f(a), we obtain, using
Lemma 2.3, that ((’31) - Q1 (g) -b)NT,=0forall n,t > 0. m]

4. General H

Now, we consider the case when H is an arbitrary connected graph on i >3
vertices. We start by showing that the first (1 — o(1))kgy(K,) numbers are realisable
when 7 goes to infinity.

Our strategy is to recursively partition the vertex set into two subsets and modify
the edges between vertices in each of the classes, but without adding edges between
the classes. Let gy = g(F’;) be the maximum number of new copies of H obtained by
adding an edge to a graph, over all graphs on n vertices. We claim that there is a
constant cy > 0 such that g5 < cyn" 2. Indeed, a new copy must contain both of the
end vertices of the newly added edge, there are (Z:g) h-sets of vertices in G containing
two fixed vertices and each h-set may contain at most /! copies of H. Therefore,
gn < h(}73) < cpn"2.

The next two lemmas are needed in our construction.

LEMMA 4.1. If[0,cn®] C Sg) for all sufficiently large n, where a < h — 2, then, for all

sufficiently large n and some new constant ¢, > 0, we have [0, c;n®" =2 c S;_'}).
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PROOF. Consider an empty graph G with vertex set V = V| U V,, where n; = |V}| =
'n® =2 and ny = |V,| = n —|V], and where ¢’ > 0 will be chosen later. Let Gy = G
and let G, be a graph obtained by adding an edge between vertices of V; in G;. Since
H is connected,

ki (Giat) — ku(G) < g4 < eynli™ = ey,

Therefore, we obtain an increasing sequence in s starting with 0 and ending with
ki(G(n), such that the differences between consecutive terms are at most cpc"2n®.
We modify G;[V,] to obtain the missing numbers between consecutive terms. By the
hypothesis, we can modify G;[V>] to obtain G[V>] containing any number k of copies
of H, where k € [0, cng]. Hence, it suffices to find ¢’ > 0 such that ¢y ~?n® < cn§.
We consider two cases depending on a.

() If a=h-2, then cn =c(n—c'n)* =c(1 —’)*n". Therefore, it suffices to
choose ¢’ > 0 such that cyc”"~? < ¢(1 = ¢’). This gives g;';’) < cnf.

(2) If @a<h-2, then cnf = c(n—o(n)* ~cn®. If we choose ¢’ >0 such that

¢’ < (c/em)/ 2, then, for sufficiently large n, we again have g% < cng.

Therefore, every number less than ky(G(yy) = ku(Ky,) > 'l = cn®2 s

realisable. O

If we have the same hypothesis, but with @ > & — 2 instead, from the next lemma we
see that, for sufficiently large n, we can construct a graph on n vertices with k copies
of H for any k < (1 — o(1))ky(K},).

LEMMA 4.2. If [0,cn®] C SZ’) for sufficiently large n, where a > h -2, then, for
sufficiently large n, [0, (1 — o(1))kx(K,)] € S

PROOF. Proceeding as in Lemma 4.1, choose B € ((h —2)/a, 1) and let ny = |V,| = P
and n; = |V}| = n — |Va|. Note that ggl‘) = O(n"72). By the hypothesis, we can modify
G[V>] to obtain any number of copies of H up to cng, where cnj = w(n"=2). Therefore,
every number in the interval [0, kg (K, )] is realisable. However, n; = (1 — o(1))n, and

hence kg (K,,) = (1 — 0(1))ku(Kp,). O

PROOF OF THEOREM 1.1. We start by showing that, trivially, [0, [n/h]] C SZ}). To
achieve that, note that, for any k < |n/h], we can simply construct a graph on n vertices
consisting of k disjoint copies of H.

Let knay be the largest integer k such that (4/(h — 2))F < h (note that (h/(h — 2))km €
(h — 2, h]). We claim that [0, c,n"/ (h‘z))k] C SZ') for every positive integer k < kp,x and
sufficiently large n. We prove the claim by induction on k. For k = 0, we already
have [0, con] C S(F’}). Suppose that [0, cyn®/=2)] € Sg’) and k < kpax. Observe, first,
that (h/(h — 2))f < h — 2, as otherwise (h/(h — 2))*™ would be greater than 4. Hence,
we can apply Lemma 4.1 and conclude that [0, cx, n®/ @2 e S(H”) for large enough
n. Note that we apply Lemma 4.1 only finitely many times and hence n remains finite.
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Therefore, for n large enough, we have [0, cn?®] C Sg’) with @ = (h/(h - 2))fm= €
(h—2,h], and hence we can apply Lemma 4.2 and conclude that, for n sufficiently
large, [0, (1 — o(1)ku(K,)] € S5 O

We recall the major notation. For a graph G = (V, E) of order n, let fy(G) be the
number of subgraphs F of K(V) isomorphic to H such that E(F) N E # 0, where K(V)
denotes the complete graph on the vertex set V. Then the number of copies of H in G
is equal to kgy(K,) — fH(E). In the next lemma, we describe a formula for fy.

LEMMA 4.3. For any graphs H on h vertices and G on n vertices,

n-2) W\ ) — |F]
fH<G>=cHe(G>(h_2) PN 1>cH(F>kF(G)( )

k=2 e(F)=k md
8(F)>0

PROOF. Let E(G) = {ey,...,en}, where m = e(G). Denote the set of subgraphs of
the complete graph on V(G) isomorphic to H containing the edge e; by A;, that is,
Ai={F CK(V):e € E(F),F = H}. Note that fy(G) = |}, Ail. Therefore, by the
inclusion—exclusion principle,

f@ =" Y DA 004l
k=1 ij<-<iy

For a graph F on at most & vertices, let cy(F) be the number of copies of H in the
complete graph K, containing a fixed subgraph of the complete graph Kj,, isomorphic

to F. Let ' = Gle;,, . . ., ¢; ] be the graph induced by the edges ¢;,, . . ., e;,. Observe that
A;, N---NA,l = cH(F)(Z::ﬂ). Therefore,
@ =" > DA - nag
k=1 i1<--<iy
N — |F|
= > > DG H<F>( . Fl)
k=1 FCH
e(F)=k
5(F)>0
P T
= CHm( ) =D CH(F)kF(G)( ) O
k=2 e(F)=k ~ IF]
OF>0

The following easy lemma gives us an upper bound for kp(G).

LEMMA 4.4. If F is a graph on f vertices with no isolated vertices, then, for every
graph G on e edges, the number of copies of F in G is at most e/,

PROOF. We proceed by induction. The base case f = 2 is trivial. Assume that f > 2
and consider two cases. If F is a matching on f = 2/ vertices, then the result follows
easily: the number of copies of F in G is at most (i) <el <! = ¢/~ In the other
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case, when F is not a matching, there exists a vertex v € F such that F = F — v has
no isolated vertices. By the induction hypothesis, there are at most ¢/~2 copies of F’
in G. Each copy of F” in G can be extended to at most e copies of F in G, since, by
assumption, v must be adjacent to some vertex of F’. Therefore, there are at most e/~
copies of F in G. |

LEMMA 4.5. Let G be a graph on n vertices with e = O(n''?) edges. Then

3 3
fu(G) = cHe(G)(h 2) CH(Pz)kpz(G)(h 3)+cH(K3)sz(G)(h 3)+0(nh—2),

PROOF. We consider the term cy(F )kF(G)(Z_I§I

vertices. From Lemma 4.4, kp(G) < ¢! and so kp(G)(" 'Fl) < -1y 1F1 Hence,

under the assumption that e = O(n'/?),

) where F is a graph on at least four

kF(G)(n - IFI) = QP12 Fly = O(ph=V27IFV2) = 0(nh=512) = o(n2),
h—|F]|

As there are only three graphs on fewer than four vertices with no isolated vertices,
namely, K,, K3 and P,, and the number of terms in the summation in f(G) depends
only on H, we can write

-2
Ju(G) = CHe(G)( ) - CH(P2)kP2(G)(

-3
P ) + CH(K3)kK;(G)(

-3 n-2
b3 )+o(n ). O

h-3

The next lemma, which we use to prove that there are gaps in Sg’), tells us that,
for sufficiently large n, stars and matchings are asymptotically extremal examples of
graphs for fy(G): that is, for a graph G on t edges,

a1y — o("?) = fu(S") — 0("?) < fu(G) < fuM) + o(n"?) = b (1) + o(n" ).
LEMMA 4.6. Let G be a graph on n vertices with e = O(n'/?) edges. As n — co:

@) fu(G) = af}(e) - 0" 2) = cue(;3) — cu(P)(5)(173) + 0(n"2); and
(i) fu(G) < by} (e) + 0" 2) = cue(;3) + o(n"?).

PROOF. This an immediate corollary of Lemma 4.5. Observe that kg, (S8 =0, as
stars contain no triangles and kp, (Sgn)) = (;) Therefore, by Lemma 4.5,

-2 3
agl)(e) = CHG(Z ~ 2) cH(Pz)( )(h 3) +o(n").

On the other hand, matchings contain no copies of K3 nor P,, and hence, again, by
Lemma 4.5,

b (e) = cHe( 2) +o(n"™?).

h-2
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For any graph G on e edges, we have kp,(G) < (;) so it follows from the above estimate

on aH)(e) and from Lemma 4.5 that

fu(G) > cHe(Z j i) cH(Pz)( )(h ;) +0(n"?) = a%(e) - o(n"?).

On the other hand, it is easy to see that, for any graph G, we have cy(P;)kp,(G) >
cu(K3)kg,(G). So, by Lemma 4.5,

(@) < CHe(Z : ;) +o(n"?) = b (e) + o(n ). -

PROOF OF THEOREM 1.2. Let t,x = max{s : bg)(z‘) < ag)(t + 1)}. First, we show that
tmax = O(y/n). Indeed,

ayt+1)- b"”(z)—cH(h i) cH<Pz>(”21)( :3)+o<n“>

= clnh_2 — cztznh_3 + o(nh_z),

for some constants ¢y, c; > 0 depending only on H. It follows that there is a constant

C, depending only on H, such that, for all sufficiently large n, we have a(H”)(t +1) -

bg)(t) >0if t < Cy/n and ag)(t +1) - bg’)(t) < 0 otherwise. From Lemma 4.6, for all
sufficiently large n,

fu(G) € [a}))(e) — o(n"2), b (e) + o(n" )]

for a graph G with e < f,x edges. For a graph G with more than #,,,x edges, let G’
be a graph obtained from G by deleting some edges until there are exactly 7., edges
left. By monotonicity of f, we have fx(G) > fu(G’) > a(”)(tmax) — o(n"?). Therefore,
for any ¢ < tyax, the number of integers m in the interval (bg)(t) a(”)(t + 1)) such that
there is a graph G on n vertices with fy(G) = m is at most o(nh 2). It follows that
ke (Ky) = @t + 1), kg (K,) = B (1) 0 S5P| = o(n"2) for every . o

Note that, when ¢ < }fmax, the gap between a;_']’)(t +1) and bg‘)(t) is of order n"~2
Hence, as n goes to infinity,

(ki (K) — a0 (¢ + 1),k (K,) = b0 (2)) 1 S|
(n) (n)
aPt+1) = by

= o(1).

5. Open problems

We conclude our paper with some open problems that we feel would merit further
study. Let ¢§_'I') =min{m >0:m¢ S(” } be the smallest nonmember of S(") Therefore,

we have proved that qﬁ(") ( ) (\/_ 2 + o(1))n?/? and ¢(") = 3( ) 4+ 0(1))n3/2.

The ultimate goal is to determine Sg’). In particular, we ask the following question.
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PROBLEM 5.1. What is the asymptotic behaviour of (’j) - 2‘)?

We showed, in Lemma 2.3, that if e(G) = < i, then fy(G) € [} (), % ()]
Simple constructions readily show that, in general, not every number in the interval
[al (1), b (1)) is attained by fi(G). Therefore, we pose the following problem.

PROBLEM 5.2. Determine the set [a\} (1), 5% (1)] — { fu(G) : e(G) = 1} for t < fiax.
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