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ASYMPTOTIC BEHAVIOUR OF THE FIRST POSITIONS OF UNIFORM
PARKING FUNCTIONS
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Abstract

In this paper we study the asymptotic behaviour of a random uniform parking function
7, of size n. We show that the first &, places 7, (1), . . ., m,(k,) of 7, are asymptotically
independent and identically distributed (i.i.d.) and uniform on {1, 2, . . ., n}, for the total
variation distance when k, = o(y/n), and for the Kolmogorov distance when k,, = o(n),
improving results of Diaconis and Hicks. Moreover, we give bounds for the rate of con-
vergence, as well as limit theorems for certain statistics such as the sum or the maximum
of the first k,, parking places. The main tool is a reformulation using conditioned random
walks.
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1. Introduction

A parking function of size n is a function m, : [1, n] — [1, n] such that, if n,’z(l) <...<
7} (n) is the non-decreasing rearrangement of (m,(1), ..., m,(n)), then x, (i) <i for all i.
Konheim and Weiss [16] first introduced parking functions, in the context of information
storage, to study hashing functions, and they have shown that there are (n+ 1)"~! parking
functions of size n. Since then, parking functions have become a subject of interest in the fields
of combinatorics, probability, group theory, and computer science. More precisely, parking
functions are linked to the enumerative theory of trees and forests [8], to coalescent pro-
cesses [6, 7], to the analysis of set partitions [20], hyperplane arrangements [19, 21], polytopes
[9, 22], and sandpile groups [10]. Finally, the study of probabilistic properties of parking func-
tions has recently attracted some interest [11, 15, 25]. We refer to [24] for an extensive survey.
Our initial interest in parking functions comes from the study of minimal factorisations of
cycles [3].

For all n > 1, consider a random parking function (7,(i))1 <;<, chosen uniformly among all
the (n + 1)"~! possible parking functions of size n. For all 1 <k <n, let

n
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1202 E. BELLIN

denote the total variation distance between (7r,(1), ..., m,(k)) and (U,(1), ..., U,(k)), where
(Un(i))1<i<n are independent and identically distributed (i.i.d.) and uniform in [1, n]. Diaconis
and Hicks [11, Corollary 6] have shown that d7y(1, n) tends to O as n tends to infinity, and
conjectured that for any fixed k, dry(k, n) should be O(k//n). In the same paper they studied
the Kolmogorov distance

ik

P(ﬂl’l(l)flls 97Tn(k)§lk)_ nk

, 2

dg(k,n):= max
1<iy--ix<n

and have shown that [11, Theorem 3] for 1 <k <n,

1 k2
di(k. n) = o<k,/£ + —).
n n

They also discuss the growth threshold of k at which dg no longer converges towards 0, and find
that for k of order n the convergence fails. We prove a stronger version of Diaconis and Hicks’
conjecture when k is allowed to grow with n at rate at most /n. Moreover, the Kolmogorov
distance converges towards O when k = o(n), as shown in the following result.

Theorem 1. (i) If k, = o(y/n), then

ke
dryhn. 1) = o<ﬁ). 3)

(ii) Ifk, = o(n) and /n = o(ky), then
0.19
dic(k, ) =o(@ + ("—) ) )

k, n

Remark 1. In Theorem 1(ii), /7 is assumed to be o(k,). Since the function k — dk(k, n) is
non-decreasing for fixed n, the distance dg(k,, n) still tends towards O as long as k,, = o(n).
Thus sequence a,, = n satisfies dk (k,, a,) — 0 if k, = o(a,) and dk (ky, a,) /> 0 if a, = O(ky).
It would be very interesting to identify such a sequence for dry instead of dg, and, in particular,
to see if dry(k,, n) — 0 when k, = o(n).

The main idea in proving Theorem 1 is to express the law of m, in terms of a condi-
tioned random walk (Proposition 2 below) and to control its moments, uniformly in time
(Proposition 4). Such uniform estimates on conditioned random walks are delicate to estab-
lish, and we believe them to be of independent interest. As an application, we obtain limit
theorems for the maximum and the sum of the first k, parking places. Namely we obtain the
following corollary (whose proof is postponed to the last section).

Corollary 1. (i) If k, = o(\/n) and k, — o0, then the convergence

\/T_z(nna) o Tall) "_) — N, 1)
K n 2

holds in distribution, where N(0, 1) is a standard normal distribution.

(i) If k, = o(n) and k,, — oo, then the convergence

kn<1 — %max{nn(l), ce rrn(kn)}> — £(1)

holds in distribution, where E£(1) is an exponential distribution with mean 1.
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Remark 2. The complete sum m,(1) + - - - + 7,(n) has been studied, and converges, after
renormalisation, towards a more complicated distribution involving zeros of the Airy function
(see [11, Theorem 14]).

When k, ~ cn we obtain the following limit theorem for the first &, parking places. The
proof uses other techniques and Proposition 2 (or rather its proof).

Proposition 1. If k, ~ cn with ¢ € (0, 1], then for all a €N there exists an integer-valued
random variable S} such that 0 < S < a almost surely and

P(n — max{m,(1), . . ., Tulkn)} = @) —> E[(1 — 0)*~5%].

In Section 2 we use a bijection between parking functions and Cayley trees and use it to
reformulate the law of 7, in terms of conditioned random walks. Then in Section 3 we bound
the moments of a conditioned random walk in order to control the probability mass function
of m, and prove Theorem 1(i). In Section 4 we prove (ii) using arguments developed in the
previous sections. The last section is devoted to the proof of Corollary 1 and Proposition 1.

In the following, C denotes a constant which may vary from line to line.

2. Bijection between parking functions and Cayley trees

Here the goal is to use the bijection found by Chassaing and Marckert [8] between parking
functions of size n and Cayley trees with n+ 1 vertices (i.e. acyclic connected graphs with
n 4 1 vertices labelled from O to n). This bijection will allow us to express the joint distribution
of the first positions of a uniform parking function in terms of random walks. To this end, we
start with some notation and definitions. Let €, 1| be the set of Cayley trees with n 4- 1 vertices
labelled from O to n, where the vertex labelled O is distinguished from the others (we call it
the root of the tree). Also, let P, be the set of parking functions of size n. We consider the
breadth-first search on a tree t € €, 1 by ordering the children of each vertex of ¢ in increasing
order of their labels (thus 7 is viewed as a plane tree) and then taking the regular breadth-first
search associated with the plane order (see [8] for a detailed definition and see Figure 1 for an
example). For t € €, 1 and 1 <i <n, define r(i, ) to be the rank for the breadth-first search of
the parent of the vertex labelled i in ¢. The bijection of Chassaing and Marckert is described in
the following theorem.

Theorem 2. (Chassaing and Marckert.) The map
t— (r(1,0),...,r(n, 1) ®)

is a bijection between &, 1 and Py,

Remark 3. Chassaing and Louchard [7] described a similar bijection using what they call the
standard order instead of breadth-first search.

Let (X;)i>1 bei.i.d. random variables distributed as a Poisson distribution of parameter 1. For
alln>0wesetsS, := Z?:l (X; — 1) and, forall a € Z, t, := min{n > 1:§,, = a} the first time
that the random walk (S,,), reaches a. Consider the probability measure P, := P(-|[t_1 =n+ 1)
and set E, := E[ - |ty =n + 1]. It is well known that a Bienaymé—Galton—Watson tree with
a critical Poisson reproduction law conditioned on having n vertices has the same distribution,
when we uniformly randomly label the vertices from 1 to n, as a uniform Cayley tree with n
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FIGURE 1. Example of a Cayley tree ¢ with 10 vertices. For every vertex, its label is represented in black
on the left and its rank for the breadth-first search is in red on the right. Here, for example, we have
r(5, t) = 2. The parking function associated with this tree by (5)is (2,2, 1, 1,2, 1, 8, 4, 8).

vertices (see e.g. [14, Example10.2]). From this, Chassaing and Marckert deduce the following
corollary.

Corollary 2. (Chassaing and Marckert.) Let T,4+1 be a random Cayley tree in €, with
uniform distribution. The random vector (#{1 <j <n:r(j, Tp+1) =1})1<i<n+1 has the same
distribution as (X;)1<i<n+1 under [P,.

We are now able to state and prove the main result of this section.

Proposition 2. Fix 1<k<n and 1<iy,...,ix<n Let ji<---<j, be such that
{it, ..., i} =1{1,...,Jr} (s0 the vector (ji, ..., jr) is the vector (i1, . .., i) where repeated
elements have been reduced to a single one, and r is the number of distinct elements of
(i1, ..., ir)). Define mg=#{u:i, =js} forall 1 <s <r. Then

-0 |
POt (D=1, ... 71a(0) = i) = . "k, [l‘[ (onmx}, ©)
’ s=1

where (X)py, = x(x—1)---(x —m—+1).

Proof. Let T,+1 be a random Cayley tree in €, with uniform distribution. Let &(k, n)
denote the set of all injections between [[1, k] and [1, n]. We have

: . (n—k)! . :
Pa(D =it ..., ) =i) = ——— D Bllo(D)=il,..., w0 k) =ik)
- oeBk,n)
n—h!_[
=—1 & > ﬂr(cr(l>,Tn+1>=i1,..‘,r<<r(k>,Tn+1>=ik}
LoeS(k,n)
-k [+ , . .
= ——E|[[@#1 <j<n:rG, Turd) =jsDm,
n.
Ls=1
-k [+
= ! E l—!(st)ms .
LS=
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The first equality comes from the fact that any permutation of a parking function is still a

parking function, thus any permutation induces a bijection in P,. The second equality comes

from Theorem 2 and the last from Corollary 2. This completes the proof. U
3. Convergence for the total variation distance

In this section we suppose that k,, = o(,/n). We will write k instead of k, to ease notation,

but keep in mind that k depends on n. The goal of this section is to show item (i) of Theorem 1.

3.1. Probability that the parking places are distinct

The first step is to reduce the problem to distinct parking places; in this case equation (6)
becomes easier. To this end we introduce the set of distinct indices

Dyi={(ur, ..., w) € [1, nl* i )= w; # w}.
We also introduce the set
Gy = {(uy, ..., w) €1, nl*: P (D) =uy, ..., k) =ur) > mn—k)!/n!}

and the quantity

—k)!
Stkomy= Y |Pa(D)=it. ..., (k)= i) - (n . )]. 7)
Gy

The next lemma shows that the first k parking places of a uniform parking function are all
distinct with high probability. It also shows that if 8(k, n) is O(k/\/n) then so is dry(k, n).
Recall that (U, (i))1<i<p are i.i.d. uniformly distributed in [1, n].

Lemma 1. We have

. k
(@) PAU(D). ... Un(k)) € D)= 1 + o(%)

.. k
1) P((m, (1), ..., my(k)eD,) =1+ O<%>,

(iii) 8(k, n):O(%) — dry(k, n):O(%).

Proof. Let u, be the law of (7, (1), . .., m,(k)) and v, the law of (U,(1), ..., U,(k)), with
support on the same finite space E, := [1, n]*. First we check (i). By Markov’s inequality,

1 k(k—1
V(D) =P (ZILUN) U,1<A>>1><ZP<U (r)= U<s>>—2—=— ( !

r<s r<s r<s

Lk(k=1) k2 k
"2 °(n> 0(%)

Now we check (ii). To do so, we will use the Priifer encoding (or a slight variant thereof)
of a rooted Cayley tree ¢ € €, into a sequence (p1, ..., pp—2) € [0, n — 1772, which we now

Since k = o(4/n), we have
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explain. For a € [1, n — 1], define p(z, a) to be the label of the parent of the vertex labelled a in
t. Also, define £(¢) as the biggest leaf label of 7, and ¢* the tree ¢ obtained after removing the leaf
labelled £(z) and its adjacent edge. Finally we define the sequence of trees ) := ¢, t; := 17|
for 2 <i<n — 2. The Priifer encoding of 7 is then defined as p; := p(t;, £(¢;)). For example,
the Priifer encoding of the tree in Figure 1 is (8, 8, 6, 0, 3, 0, 3, 3). The key property of this
encoding is that it is a bijection between the sets ¢, and [0, n — 1]"~2. Now, let T,,41 be a
uniform Cayley tree in €, ;. Theorem 2 implies that u,(D,) is equal to the probability that
the vertices labelled 1 to k in 7,4 have distinct parents. Let (vy, ..., v¢) be a random vector
with uniform distribution in D, independent of T;,11. Since the distribution of T, is invariant
under permutation of the labels, the previous probability is also equal to the probability that
the vertices labelled vy, . . ., vi have distinct parents in T;,41. Let (p1, . . ., pp—1) be the Priifer
encoding of the tree T,4+1. We complete this vector with p, := 0 (this comes from the fact
that 7,_, has two vertices, one of them being the root labelled 0). Since 7},11 is uniformly
distributed in €, 1, the vector (py, ..., py—1) is uniformly distributed in [0, n]"~!. From the
previous discussion and the definition of the Priifer encoding, we deduce that

mn(Dy) = P((p\q s e ka) € Dy).

Consider the event Z,, := {v1, ..., v # n}. Under this event, it is easy to see that (p,,, ..., py,)
has the same law as k i.i.d. random variables uniformly distributed in [0, n]. So from (i) we
have

k
pn(Dn) Z PPy, - .. py) € D | Zn) P(Zy) = (1 + O(ﬁ)) P(Zy).

To conclude, notice that P(Z,) =1 — k/n.

Finally we show (iii). Assume that &(k,n)=O(k/s/n). For all iy, ..., i, let
Aj,....i, denote the quantity (P(rr,(1) =11, ..., mu(k) = ix) — (n — k)!/n!). Notice that nk(n —
k)!/n! — 1 =0(k/+/n), so

. k
2drvikom= Y A ik|+o(%).

ily...,ix=1

Let d,‘[ denote the sum of A;, ; over the indices in G, and d,; the opposite of the sum over
the indices in E,, \ G,,. We have

n

_ n*(n — k)! k
dr—:__dn = Z Ail,‘..,ikzl _T=O<ﬁ>

The last two equalities imply that
2dry(k, n)=d} +d; + 0(%) =2dF + o(%).
In conclusion we just need to show that d;' is O(k/./n). Notice that
n*(n — k)!
n!
From (i), (ii), and the assumption on 8(k, n), we deduce that d; is indeed O(k//n). O

dt =8k, n) + (DS N Gy) — vp(DE N Gy) ¥

To prove (i) of Theorem 1 it remains to show that §(k, n) = O(k//n). This is the goal of the
next three sections.

https://doi.org/10.1017/jpr.2022.131 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.131

Asymptotic of uniform parking functions 1207

3.2. A monotonicity argument

In this section we bound the terms [E,[X;, - - - X;, | that appear in (6) when iy, . . ., it are dis-
tinct with terms involving IE,[S;, - - - S;, ], since the latter are more manageable. More precisely,
the aim of this section is to prove the following result.

Proposition 3. Fix iy, ..., iy € [1, n] pairwise distinct. We have

i ElXsy - - - X 1 S Epl(Siy +d1) - - - (S, + )] (8)

To prove Proposition 3 we first state a really useful lemma which, put in simple terms, says
that the steps of the random walk S tend to decrease under P,.

Lemma?2. Fix n>k>1and my,...,mp>1. Let 1 <ij<---<ix<nand 1 <ji<---<
Jk <n such that j, <i, for all 1 <r<k. Let f:Nx N\ {0} [0, 00) be a non-negative
function such that f(0, m) = 0. Then

E.lf (Xiy, my) - - - f (X, )] S Eplf Xy, my) - - - f(X, my)]. )
Proof of Lemma 2. To ease notation, we define the random vector X := (X1, ..., X,+1) and
write X as a shortcut to designate an element (xi, . . ., X,41) of Nt Lets:= min{r>1:j, <

ir}. We only need to treat the case where i, = j, for all » # s and j:= j; =i; — 1 (the general
result can then be obtained by induction). Let 0 = (jj+ 1) € G,4+1 be the permutation that
transposes j and j + 1. Let

&= {XEN”Jrl x—-D+---+@x—1=—lifandonlyift=n+1}
and let
& ={x€& xjp1>00r(x; — D+ -+ (xj—1 — 1) > 0}.

Note that (x1, . . ., Xpt1) = (Xo(1)s - - - » Xo(n+1)) 1S @ bijection on &,. Then

k k
]E|:l_[f(Xirv mr)]lr_1:n+li| = Z Hf(xir’ my) PIX =x]

r=1 xe&, r=1

k
= > [/ Got. m) PIX=x]

xe&) r=1
k
+ Y ]/, m)PIX =x.
xe&E\E, r=1

Ifx € &, \ &, then f(xj1, mjy1) =£(0, mj1) = 0; in particular, since f is non-negative,

fCip, my) - fGxi, ) < foayy, m) - - - f Koy M-
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Finally

k k
E[]‘[f(x,-,, mmlfl-m} <> [/ G m) PIX =x]

r=1 xe&, r=1

k
= E[Hf(xa(i,)9 mr)]lt1=n+lj|

r=1

k
:E[Hf(}(jr» mr)]lrl—11+1:|- O

r=1

Remark 4. In Lemma 2 we can for instance take f(x, m) = x™ or f(x, m) = (x),,. Note that in
Lemma 2 the indices (i,), must be pairwise distinct as well as the indices (j,),. In the proof of
Proposition 3, we extend the result for f(x, m) = x™ to the case where only the (i), are pairwise
distinct.

Proof of Proposition 3. First we show the following inequality. Fix n>k>1.Let 1 <ij <
e <ig<n,1<j; <---<jr <nbesuchthatj, <i,.forall 1 <r<k. Then

I['En[Xz] e 'Xik] = IEn[Xﬂ e 'Xjk]~ (10)

To show (10) it is actually enough to show the following result. Let J C [1,n] and 2 <i<n
such that i and i — 1 do not belong to J. Let m; > 1 for j € J and m > 1. Then

E, [X,»”ile l_[X}’”} <E, [X,-”iﬁl H’S’-"’} (11)

jeJ jeJ
Inequality (10) can then be obtained by induction using Lemma 2 and (11). By Young’s
inequality,
m +1 1 +1
XK= Lo e

Combining this with Lemma 2 gives (11) and concludes the proof of (10). Now, using
inequality (10), we obtain

il T ik En[Xil t 'Xik] < ZEII[)(jl t )(]k] ZEn[(Sil + ll) e (Sik + ik)]a
Jr<ir

which concludes the proof of Proposition 3. U

3.3. Bounding the moments of a random walk conditioned to be an excursion

The goal of this section is to find bounds for the moments of the random walk S conditioned
to be an excursion. More precisely, the aim of this section is to show the following result.

Proposition 4. There exists a constant C > 0 such that foralln>2, 1 <k<n—1landd>1,

(i) we have
Ea[S{] < (Cdn)*/?, (12)
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Gi) and
32
En[sg_k]§<n”—k> (Cdiy??, (13)

(iii) as well as

n \32 J
k) (Cdvk)". (14)

n—

E[S{] < (

Remark 5. Items (i) and (ii) of Proposition 4 actually hold true for any random walk (S,,),>0
starting from O with i.i.d. increments all having the distribution u whose support is NU {—1}
and such that u has mean 0 and finite variance. However, (iii) uses in addition the fact that
a Poisson random walk has a sub-exponential tail (see e.g. [23, Example 3]), namely, for all
k>1land x>0,

2
P(Skzx>sexp(—2(kx+x)). (15)

To prove Proposition 4 we will use the following lemma, whose proof is postponed to
the end of this section. This lemma is similar to the cyclic lemma in spirit, but instead of
conditioning the walk to be an excursion we only condition it to stay positive.

Lemma 3. Let n > 1 and F : R" — [0, +00) be invariant under cyclic shifts. Then

1
E[F(X1, ..., X)1s,,.. 5,501 < ;E[F(Xl, e Xn)(Sp A, S0l (16)

.....

Proof of Proposition 4. We recall that C denotes a constant which may vary from line to line.
For (i), according to [2, equation (32)], the maximum of the excursion of S has a sub-Gaussian
tail, namely there exist constants C, « > 0 such that, for alln > 1 and x > 0,

Po(M, > x) < Ce™ /",
where M,, := max{Sy, ..., S,} is the maximum of the walk S on [0, n]. So we have
B [n~125{) < B[]
= /OOO AP, (M, > /nx) dx

00
</ Cdxdfl efowc2 dx
0
<cdqil,

This shows (i).

The following computation is a common starting point to show both (ii) and (iii). Let
H(Sk, x) be either the indicator function Lg,—y or Ig >, with x> 0. Using the fact that
P(r—1 =n+ 1) is equivalent to a constant times n=3/2 (see e.g. [17, equation (10)]), and then
using the Markov property and finally the cyclic lemma (see e.g. [18, Section 6.1]), we get

E,[H(Sk, x)] < Cn®? E[H(Sk, ) 11, —ps1]

< Cn?BlH(Sk, x) Ls,.... 520 P(r_1—_5, =n— k)]

I1+S
<cnl? E[H(Sks 0 Ls;,...520 Tkk P(S,_y=—1- Sk)}
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where § is independent of S and has the same distribution. Now we use Janson’s inequality
[13, Lemma 2.1], which states that P(S, = —m) < cr1/2 e’)‘”’z/’ forall r>1 and m >0, to
get

145,
E,[H(Sk, x)] < Cn’/? E[H(Sk, 0 1s,. 520 Ok e‘*“”“z/("—k)}

(n—k)3/2
n \"? 2
< c( k) E[H(Sk, x) Ls,.... 5,20 Sk e /0], (17)
n—
To prove (ii) we first define Ty := max{0 <i <k:S; =0}. Let px(x) denote the probability of
the event {Sy = x, Si, ..., Sx > 0}. Using the Markov property, we obtain
k—1
P =Y PSp=x, Si,...,5%>0, T =i)
i=0

k—1
=Y PSi..... 8520, §;=0)PS—;=x, S1..... 8> 0).
i=0

We apply Lemma 3 and the local limit theorem (see e.g. [12, Theorem 4.2.1]), which gives a
constant C > 0 such that P(S;_; = x) < C(k — i)~ /2, for every k > i and x € Z, so that

k—1

X
pr(x) < Z; PS1, -, 820, Si=0)—P(Ski =)
1=!
k—1 1
§Cx§JP>(S],...,S,-zo, Si=0)m.
Notice that
, C
PSSy, ..., S8 =0, Si=0)=€]P(T71=l+1)§m.

So, finally we have
k-1 k—1 32
1 Cx 1 1 Cx
<C = < —.
P9 = x; (+ Dk—)2 ~ k+ D ,;(” e i> =0

Putting the previous inequality in (17) with H(Sk, x) = 15,—, and replacing k with n — k gives

3/2 ,
Pu(Sp_x =x) < C[k(n — k)} X2 e Mk,
We can now bound the dth moment of S,,_:

n 32 poo 2
E, [SZ_;{] < C[—k( k):| / X2 ek gy
n— 0

n 3/2 o 2
S Cdkd/z [ :| / xd+2 e—x d)C
n—k 0

n 132
SCdkd/z[ k] 492

n—
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This concludes the proof of (ii).
To prove (iii) we follow the same principle. Using the Markov property and Lemma 3, we

have
k-1
E[lg>x1s,,...5020 Skl = ) Ellg>x s, 520 Sk 17,=i]

i=0
k-1

= Z P(Sy, ..., 820, S;=0E[Ls,_,>x Ls,,....5,_;>0 Sk—i]
i=0
k-1 1

<3PS, ..., 85>0, 8= O)HE[M_@ Nyl
i=0

Then we apply the Cauchy—Schwarz inequality:

1/2

E[Ls,_=x Si_i] <PSk—i =)' PE[S{_;] " < Clk — HP(Si—i = )"/

The last inequality comes from an explicit computation of the fourth central moment of a
Poisson distribution. We combine the last inequality with (15) to get

2 2
Ef sz Sii] < Chk =) eXp(_ Ak = ¥ x)) == eXp<_ 4(kx+ x)>'

Putting everything together, we obtain

=~

-1

2
X
E[ls>x Ls,,....5,20 Sk] < CCXP<—4(k+x)) P(S1,...,8>0, §;=0)

Il
o

x2
<C — P(r_;=i+1
< eXP( 4(k—|—x)> :Oe (t—1=i+1)

x2
SC‘°”q’<_4(k+x)>'

We combine the last inequality with (17) to get

=
—_

o0
E,[k925¢] = / AP, (S > V) dx
0

32 oo e
B N o SOVRP S
n—k 0 4(k + xv/k)

We cut the last integral into two parts and obtain

00 kx2 «/; ) 00
/ dxd*] exp(——) dxf/ dxd*l e*)C /8 dx+/ dxd71 efX/S dx.
0 4k +xvk) 0 VE

Noticing that the last two integrals are both smaller than C?d?, this concludes the proof
of (iii). O
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We now prove Lemma 3.

Proof of Lemma 3. For x=(x1, ..., x,) € R"and i € [0, n — 1], let x' denote the ith cyclic
permutation of x, namely x' := (X144, ..., Xu, X1, . . ., X;). Consider the set

k
Ay = {(xl,...,xn)eN":forallkel[l,n]],Z(xi—1)>0}

i=1

and write X := (X1, ..., X}). Then
E[F (X1, ..., X)), .. s,>0] = E[F(X)1xea,]

1 n—1 .

= Z E[F(X)1yicy,] (18)
0
1 n—1

= ;IE|:F(X) Z(; ﬂxieAn}

1=

< LEIFOOS, AmLs, 2ol
n

The inequality comes from the fact that the number of cyclic shifts of X such that X € A, is
almost surely bounded by (S, A n)1s,~0. O

3.4. Proof of Theorem 1(i)

Recall we want to show that dry(k, n) = O(k/+/n). In Section 3.1 we have shown that it is
enough to show 8(k, n) = O(k/\/n), where the definition of §(k, n) is given by (7). Thanks to
Proposition 2, this quantity can be rewritten as

w*(n — k)
st =" B Xy X = 1y
! Ax

where
Ap:={(t1,..., 1) €(0, l]k 2([nt(], ..., [nt]) € D, NGyl

As was already mentioned in Section 3.1, n*(n — k)!/n! = 1 + O(k//n), so for our purpose it
is sufficient to bound the integral

Ik, n):= / (En[Xnen - - - Xyl — 11 dey - - - dig.
Ak
Using inequality (8), we obtain

antﬂ ) <S[ntk'\ >i| i|
I(k, n) < E (=41 ) (2241 )| =1]|dfy -+ - drg. 19
( n)<'/[‘0,1]k|: |:<|—nt1-| * [nt1] + I tk (19)

Notice that (i) and (iii) of Proposition 4 imply that forall 0 <k <n

E,[$¢] < (Cavk)". (20)
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Indeed, Proposition 4(i) covers the case k> n/2 of equation (20) and (iii) covers the case
k < n/2 (notice that the cases k =0 and k = n are trivial, since, conditionally on t_y =n+ 1,

So =S, =0). Holder’s inequality shows that for 0 <ij, ..., iz <n
EalSi, -+ Si,] < (CdY'\/iy -+ -ia. @1

Expanding the products in (19) and using (21) gives

Kk dry - - - diy

Ik, n) < ca)? —d/Z/ — .
( n)_; (d>( S (0,11 (t1 -~ t)'/?
Notice that 7 — /2 is integrable, so
Kk
I(k, n) < Cd)n=2.
(k. n) < ; ( d)( )'n

Using the bound (%) < (ke/d)?,

k k d
I(k, n) 5d§<ceﬁ> .

Since k = o(4/n), we conclude that I(k, n) = O(k/+/n).

4. Convergence for the Kolmogorov distance

In this section we suppose that k, = o(n) and /n = o(k,). We will write k instead of k,
to ease notation, but keep in mind that & depends on n. The goal of this section is to show
Theorem 1(ii). The following lemma allows us to replace the cumulative probability in (2)
with the term E,[(S;, 4 i1) - - - (S;, + i»)], which is more manageable.

Lemma 4. There is a constant C > O such that

1 . . . . Ck
dg(k,n) < — max |E,[(S; +i1) - Sy + i) —ip-- - ikl + o (22)

nk 1<iy-ix<n

Before proving this lemma we show how it implies Theorem 1(ii). We will also need the
following simple lemma, which extends [4, equation (27.5)].

Lemmas. Letr>1,wy, ..., w, andzy, ..., z, be complex numbers of modulus smaller than
or equal to a > 0 and b > 0, respectively. Then

r r
[Tw-TT=
i=1 i=1

-

<> Iwi—zila B (23)
i=1

Proof of Lemma 5. The result readily follows from the identity

r r r r r
Hwi—nziz(wl—zl)nwi+zl(nwi—nz,~>. 0
i=1 i=1 i=2 i=2 i=2
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Proof of Theorem 1(ii). Let 1/2 <o < 1. We define a sequence of intervals [y, . .., Iy43
(depending on n) in the following way:
Li=[ln—k), L:=[—kn—£k) ©L:=/[n—k n—k),
Iyg1:= [n— ! N — k"‘M), Iyso = [n— k“M, n—n/k), Iy+3:= [n—n/k n],
where M is the biggest integer such that n — ko‘M <n—n/k. Let 1 <iy, ..., ik <n. Using
Lemma 5 (with a = b =1 and noticing that (S; + i)/n under P, is almost surely smaller than

1 for every i), we decompose the quantity E,[(S;, +i1) - - - (S;, +ix) — i1 - - - ix] depending on
those intervals to which the i; belong, so that

E,,[(Si‘Jril)---(S"’f“")—%--- ] Mfl@[]‘[ :lf ]_[ﬂ (24)

n n .
m=1 i€l ij€ly

Fix me{l,...,M+3} and let ¢, ..., ,, denote the i; that belong to I,. If m =1, then by
Lemma 5 and Proposition 4(i),

Si; + ij il 1 n—k\!
En|:1_[ % - 1_[ ;]:| = ; ZE"[S‘/]<T>
j=1

ijel ijel
L Cnn
~ n k
_Cyn
==

If 2 <m <M + 2, we follow the same principle but we use Proposition 4(ii) instead:
Ym

En[nsv:’?_l—[] Z]E[Slj< )/1

lj€lm ij€lm

k"2 oy
n ka”’*l

. C

T gla—1/2)em=2"

=

The previous computation works in the case m = M 4 2 because the maximality of M implies
thatn —n/k<n— k"‘M+] . Finally, if m=M + 3,

Sij +lJ l] rM+3
]En l_[ n - l_[ =- Z IE:n[SLJ
ij€ly43 ijG/M+g
C/n 1/2
=rM+3 W (E)

K\ /2
<C| - .
- n
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Notice that k" > n/k, so for all 0 <m <M, M > (n/k)®". Summing the preceding
bounds for 2 <m <M + 2 gives

s +zj ij u 1
ZE [M=—-1I1: 5CX;)W
=

ij€ly ij€ln

M 1
=C Z Ka—1/2aM=m
m=0

M k (@—1/2)a™™
<C —
<cy (%)

m=0

K\ @ 1/2) M\ ~(@=1/2)eIn (@m
<c(- cy (=
<o(z)  +ex(i)

m=1

0\ @=1/2) ©\ —@=1/2eln @)
S C - +C - ’
n n

where we used the fact that —e In (a)m < 1/a™ for all m > 1. If we take o such that e — 1/2 =
exp (—e~!) — 1/2~0.1922, then the last quantity is O(k/n)*"!°. Putting everything together,

we finally obtain
k k 0.19 1/2
) ) Jn k k
n[H(Si,jLzr)}—[[lzr 5C[7+ -+ )|

Combining the last display with Lemma 4 gives the desired result. U

< max
n* 1<ij--ix<n

Now we prove Lemma 4.

Proof of Lemma 4. Define the empirical distribution function of m,, namely, for all i e
{L,...,n},

N
Fali) = — 21 L, <i-
/:

As suggested in [11], we can use a result of Bobkov [5, Theorem 1.1]. The sequence

(rn (1), ..., my(n)) is an exchangeable extension of (,(1), ..., m,(k)), meaning that the dis-
tribution of (7, (1), . .., m,(n)) stays the same after any permutation. So by Theorem 1.1 of [5]
we have
. . . . k
max  |P(m,(1) <iy, ..., wu(k) <ig) — E[Fp(i1) - - - Fali]l < C—,
1<iy-ix<n n

where C is a universal constant. Using Proposition 2 and Corollary 2, we find

1
E[Fn(i1) - - - Fa(i)] = ﬁEn[(Sil +i) - (Sig i)l

Indeed, Proposition 2 implies that (F,,(1), ..., Fp(n)) and (G,(1), ..., G,(n)) have the same
distribution, with

* 1 -
Gy := . Z L. 10)<is
/:1
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where T}, is a uniform random tree of €, 1. Then Corollary 2 shows that
L1 . : L@ 1 .
Gn()) = Z#{l <js<n:r(, Tpt1) <i} = Z(Si +1i)
jointly for i € {1, ..., n}. This concludes the proof. U

5. Sum and maximum of the first parking places
We begin this section with the proof of Corollary 1. Then we finish by proving Proposition 1.

Proof of Corollary 1. (1) Recall that (U, (i))1<i<p are i.i.d. uniformly distributed in [1, n].
By the central limit theorem, the convergence

12 < Un(D) + - -+ Unlh)

kn

n

holds in distribution. Using the first item of Theorem 1, we deduce that the total variation
distance between the distributions of Zfil U, (i) and Zf’i] 7,(i) tends to 0. Thus the above
convergence still holds when U, (i) is replaced by (7).

(ii) Let x > 0. Then

k’l
]P’[k,,(l L axqu, (. U,,(k,,)}) zx] —0v 1{n(l - ﬁ)J — e,
n n k, n— 00

Using Theorem 1(ii), we deduce that the above convergence still holds when U, (i) is replaced

by 7, (). O
Proof of Proposition 1. In this proof we write k instead of k, to ease notation. For every
a>0:
(n—k)!
P(rp(1), ..., mp(k) <n—a)= oy En[(Sn—a +n— a)l. (25)

Indeed, following the same computation as in the proof of Proposition 2, we have

(n—k)!
P(r,(1), ..., (k) <n—a)= ‘ Z P(r,(o(1)), ..., m(ck)) <n—a)
T 0eB(kn)
(n—k)!
= E[ > ]1r<au>,m1>,..‘.,r<a(k),Tn+1)gn—a]
o €S (k,n)
_ (n—k)!

! E[(Xl +-- +Xn—a)k]s

which leads to (25) since X1+ - -+ X,,—; =S,—4 +n —a. Let 1, be a Bienaymé—Galton—
Watson tree with a critical Poisson offspring distribution p conditioned on having n vertices,

and define S” to be the associated ¥ ukasiewicz path. More precisely, if vy, ..., v, are the
vertices of 1, ordered according to the lexicographic order (see e.g. [17, Section 1.1]), then for
all0<k<n,

% := #{e: e is an edge adjacent to a vertex v; with i <k} — k.
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In the previous definition SZ is deduced from the first k vertices vy, . . ., v, but it is possible to
see S} in terms of the last n — k vertices Vi1, ..., Vu:

© =n—1—k—#{e:eisan edge between two vertices v; and v; with i, j > k}.

It is known that §"*! and S under P, have the same distribution. Thus equality (25) can be
rewritten in the following way:

(n —k)!

P(r,(1), ..., (k) <n—a)= py

E[(Sitl+n—a)]. (26)

Let * be the so-called Kesten’s tree associated with p (see e.g. [1, Section 2.3]). Let
=< denote the lexicographic order on the set of vertices of t*. It is always possible to
find a unique infinite sequence uj, uy, ... of distinct vertices of 7* such that for all i > 1,
{u:uis avertex of t* such that u; < u} ={uy, ..., u;}. In other words, uy, us, ... are the last

vertices of t* for the lexicographic order, which, necessarily, lie on the right of the infinite
spine. Similarly to the Lukasiewicz path we can define the quantity

Sk := a — #{e: e is an edge between two vertices u; and uj with i, j <a + 1}.

It is known that t, converges in distribution, for the local topology, towards t* (see e.g. [1,
Section 3.3.5]). Making use of Skorokhod’s representation theorem, suppose that the latter con-
vergence holds almost surely. Thus S;’fi converges almost surely towards S?. Consequently,
the convergence

(n — k!

(n —k)! (n+ 8t —a)!
(n—k—i—SZJ_r,ll—a)! n!
1
na—>Ss

— (1 —c)* S

~(n — cn)*Sa

holds almost surely. Since the above sequence is bounded by 1, we deduce that the convergence
of the expectation holds, which concludes the proof. U
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