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Abstract

The distance between two operator algebras acting on a Hilbert space H is defined to be the
Hausdorff distance between their unit balls. We investigate the structural similarities between two
close AW*-algebras A and B acting on a Hilbert space H. In particular, we prove that if A is of type
I and separable, then A and B are * -isomorphic.

1980 Mathematics subject classification (Amer. Math. Soc): 46 L 05.

Introduction

Our main result states that if A and B are AW "-algebras acting on a Hilbert
space H and \\A — B\\ is sufficiently small (see Section 1 for the definition), then
under certain conditions (for example, if A is type I and separable) A and B are
• -isomorphic. First we show that if A and B are close AW "-algebras, then their
central projections corresponding to various portion of type are also close. This is
known for von-Neumann algebras [5] and the proof for AW "-algebras given here
is similar. However, Lemma 1.8, which corresponds to Lemma 15 of [5], is done
completely differently. We also show that close AW "-algebras have close centers.
We prove our main Theorem 2.3 by using these and Kaplansky's Theorem 1 of
[7]-
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These results are part of the author's Ph.D. dissertation done at Dalhousie
University under the supervision of Professor John Phillips.

1. Stability of type

We recall the the distance between C ""-algebras A and B acting on a Hilbert

space H is defined by

\\A - B\\= s u p ( i n f | | a - 6 | | , i n f | | a - b\\: a e Ax,b G BA
\ a b '

where Ax and Bl are the unit balls of A and B respectively.

1.1. NOTATION. AS usual for an AW ""-algebra A, Pv Pu, Pm denote the
unique maximal central projections in A such that PlA, PUA and PmA are of
type I, II and III respectively. In the case that A is of type I or II we denote by
Pl, P1 , Pn, Pu the central projections in A corresponding to the finite and
properly infinite portions of A. By lA we denote the identity of A. If e is a
projection in A, then c(e) denotes the central cover of e in A. Our reference on
AW ""-algebras is [1].

1.2. REMARK. Let A and B be C""-algebras acting on H with \\A - B\\ < y <
1/2. By [2, Lemma 2.1], if p G A is a projection, we can choose a projection
q e B such that \\p - q\\ < 2y. Moreover, if p is central and y ^ 1/6, p is
abelian and y < 1/30 or p is finite and y < 1/40, then q is central, abelian or
finite respectively (cf. [5] and [8, Lemma 2.3]).

1.3. LEMMA. Let A and B be AW*-algebras acting on H such that \\A - B\\ < y
< 1/200. Let hf, i = 1,2,3,4 be the unique central projections in A such that

(i) hlA is finite and (lA — hx)A is properly infinite,
(ii) h2A is abelian and (1^ - h2)A is properly non-abelian,
(iii) h3A is semifinite and (\A — h3)A is purely infinite,
(iv) h4A is discrete and (1A — h4)A is continous.

If g,, i = 1,2,3,4 are the corresponding projections in B, then \\h, — g,|| < 2y,
i = 1,2,3,4.

PROOF. Let {ha} be a maximal orthogonal family of non-zero finite central
projections in A. By [1, §15, Theorem 1], hY = sup/ia. Now by 1.2 we can choose
for each a a finite central projection /ca e B such that \\ha - ka\\ < 2y. If a =£ /$,
then hahp = 0 and we have
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Thus kakp = 0 and {ka) is an orthogonal family of projections in B. Suppose for
some finite central projection k e B, kka = 0 for every a. Choose a finite central
projection h EL A such that \\k — h\\ < 2y. Then it follows that hha = 0 for every
a, which is in contradiction with the maximality of {ha}. This shows that {ka} is
a maximal family of finite central projections and [1, §15, Theorem 1] implies that
kl = supka. Let ~k e B be a finite projection such that \\h - hx\\ < 2y. We show
that k = kx. Now k < kx and

II*. - **.ll < II*. - *«ll + I I M . - *i*.ll + \\Kka ~ kka\\

Hence ka = kka, i.e. k > ka for every a. Therefore ~k > kx. This together with
k < kx implies that k = kv

Next we show that \\h3 - k3\\ < 2y. By [1, §15, Theorem 1], h3 = supha for a
maximal orthogonal family {ha} of semifinite central projections. For each a
choose a projection ka e B such that ||A;a - ha\\ < 2y. We show that ka is
semifinite. Since ha is semifinite ha = c(ea) for some finite projection ea. Now it
follows from \\ha - ka\\ < 2y and \\A - B\\ < y that \\haA - kaB\\ < 5y <

1/40. Hence, as mentioned in 1.2, we can choose a finite projection /„ e kaB
such that \\fa - ea\\ < 10y. Then it follows from [5, Lemma 7] that | | c ( e j -
c(fa)\\ < 20y. Now

II*. - c(fa) II < II*. - A.ll + H e a ) - c{fa) II < 22y < 1,
so that c( / o ) = ka. Hence ka is a semifinite projection. Moreover k3 = sup^ a

and the rest of the proof goes as in the first paragraph. Similar arguments can be
used in order to show that \\h2 - k2\\ < 2y and \\h4 - k4\\ < 2y, and we omit the
details.

1.4. LEMMA. Let A and B be AW*-algebras acting on H with \\A - B\\ < y <
1/200. Let Pv Pu, Pm, P^, Pj Pu Pu^ be the unique maximal central
projections described in 1.1 and let Qu Qu, Qm, Qx, Qx , Qu , Qu be the
corresponding projections in B. Then

PROOF. By [1, Section 15, Theorems 2 and 3], we have Px = h4, Pu = h3(lA -
*4). ^ I I I = IA~ K Ph = Pxhv PK = PX{\A - hx), PUi = Puhx and P I I x =
PI\(IA ~ hx). Now from 1.4 and the fact that HI,, - IB|| < 2y one can easily
verify that \\PX - Qx\\ < 6y for every x e T. Now by 1.2, for each x e T, we can
choose a central projection Q'x e B such that \\PX - Q'x\\ < 2y. Hence

This implies that Qx = Q'x and hence \\QX - Px\\ < 2y, as desired.
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1.5. REMARK. We recall that an AW*-algebra A is said to be S- homogeneous if
there exists an orthogonal family {ea}aeil of pairwise equivalent abelian projec-
tions in A such that \A = supea, where cardfi = N. In this case we say that A is
of type IK. We note that a homogeneous AW*-algebra is necessarily of type I.

1.6. REMARK. Let A be a C*-algebra and e,f e A be projections. We write
e ~ f if e and / are Murray von-Neumann equivalent. The equivalence class of e
under ~ is denoted by [e]. The set of these equivalence classes, denoted by
S(A), is equipped with a partial addition as follows: [e], [/] e S(A) can be
added if there exist projections e', f'^A such that e' ~ e, f ~ f and e'f = 0.
Then we set [e] + [f] = [e' + / ' ] . If A and B are C*-algebras acting on H and
|| A — B\\ < y < 1/8, then by [8, Theorem 2.6], there exists an isomorphism p:
S(A) -» S(B) defined by closeness, i.e. by p([e]) = [/] if \\e - f\\ < 2y. We use
these notations in the following lemma without further comments.

1.7. LEMMA. Let A and B be AW*-algebras acting on H and \\A - B\\ < y <

1/60. Suppose A is of type IK and {en} is an orthogonal sequence of equivalent
abelian projections in A such that \A = supew. Then there exist sequences {/„} and
{ fn } of projections in B such that

( i ) / n ~ / n ' for every n,
(ii) Wfn ~ en\\ < 2y for every n,
(iii) /„/„, = 0, ifn # m,
(iv) the/„ are abelian andfn ~ fm for every n and m.

PROOF. We use induction in order to construct {/„} and {/„'}. Suppose
fx,---,fN and / i ' , . . . , / ^ satisfy the conditions of the lemma. Let f = f\
+ • • • +fN and choose a projection e e. A such that \\e - f\\ < 2y (see 1.2). Then

(see 1.6 for notation). Hence e ~ ex + • • • +eN. By [1, §17, Theorem 2], ex

+ • • • +en is a finite projection and [1, §17, Proposition 5] implies that

~ e ~ 1A ~(ei + ••• +eN) = s u p

Let V e A be a partial isometry such that VV* = lA — e and K*K = \A - (ex

+ ---+eN). Then (VeN+1V*)(lA - e) = VeN+lV* and we conclude that
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VeN+lV* is orthogonal to e. Now since \\e - f\\ < 2y < 1/6, by [8. Lemma 2.4]
we can choose a projection / e f i such that ff = 0 and \\VeN+1V* - f\\ < 6y.
Let / , + 1 = / and choose / ' ( = /*+i) in fi such that | | /^ + 1 - eN+1\\ < 2y. Now
/i» • • •. //v+ I a n d A', • • •, fs+ I satisfy conditions (ii) and (iii). Conditions (i) and
(iv) follow from [8, Lemma 2.3] and [5, Corollary D]. We note that we need
Y < 1/60 in order to be able to use Corollary D of [5].

1.8. LEMMA. Let A and B be AW*-algebras acting on H and suppose that
\\A - B\\ < y < 1/300. If A is of type IK, with S < Ko, then B is also of type I s .

PROOF. We consider the case that A is of type I 8 . The case that A is finite can
be dealt with in the same way. Suppose \A = supen, where {en} is an orthogonal
sequence of abelian equivalent projections in A. Let {/„} and {/„'} be as
constructed in 1.7. Let F = sup/n and choose a projection G e A such that
\\F - G\\ < 2y. Then one verifies that \\FBF - GAG\\ < 5y < 1/60. Now 1.7 can
be applied to the AW ""-algebras FBF and GAG in order to get sequences {gn}
and {g'n} of projections in GAG for which the conditions of Lemma 1.7 are
fulfilled. Then \\en - /n'|| < 2y and \\g'n - fn\\ < 2y, and [8, Lemma 2.3] implies
that gn ~ g'n ~ en. Now {en} and {gn} are sequences of pairwise orthogonal
projections, and en ~ gn for every n. By [6, Theorem 5.5], we have sup en ~ sup gn,
i.e. \A ~ supgn < G. Therefore \A < G and since G < 1^ we must have G ~ lA.
Now standard arguments imply that HÎ  — IB|| < 2y, and we have \\F — G\\ < 2y.
Hence it follows from [8, Lemma 2.3] that F ~ \B. If w e B is a partial isometry
such that w*w = F and ww* = lB, then 1B = sup{ wfnw*} and this shows that B
is of type ISo.

2. Main result

2.1. PROPOSITION. Let A and B be AW*-algebras acting on a Hilbert space H
and suppose that \\A - B\\ < y. Then \\Z(A) - Z{B)\\ < 6y, where Z(A) and
Z(B) are the centers of A and B respectively.

PROOF. Let a e Z(A) and ||a|| < 1. We must show that there exists an element
b e Z(B), \\b\\ < 1, such that; \\a - b\\ < 6y. Choose c e ^ such that ||a - c\\
< y. Now let y e Bx and choose x e Al such that ||JC - ^|| < y. Then

llcy - ex| |+ ||ex - ax|| + ||.xa
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Hence \\adc\\ < 4y. By [4, Corollary 4.8] there exists an element b' e Z(B) such
that \\adc\\ = 2\\c - b'\\. Therefore

\\a - b'\\ < ||a - c\\ + \\c - b'\\ < y + l/2\\adc\\ < 3y.

Let b = b'/\\b'\\. Then \\b' - b\\ < 3y and we get

By reversing the argument we can show that for any element b e Z(B), \\b\\ < 1,
there exists an element a in the unit ball of Z(A) such that \\a — b\\ < 6y. Hence
\\Z(A) - Z(B)\\ < 6y as desired.

2.2. PROPOSITION. Let A and B be AW *-algebras acting on a Hilbert space H
with \\A - B\\ < y < 1/300. / / A is of type IK (N < No), then A and B are
* -isomorphic.

PROOF. By 2.1, \\Z(A) - Z{B)\\ < 6y < 1/10, and [3, Theorem 5.3] implies
that Z(A) = UZ(B)U* for some unitary operator U. Also Lemma 1.8 implies
that B is of type IN. Now it follows from [7, Theorem 1] that A and B are
* -isomorphic.

2.3. THEOREM. Let A and B be AW*-algebras acting on a Hilbert space H such
that \\A - B\\ < y < 1/6300. If A is of type I and its properly infinite portion is of
type IN , then A and B are * -isomorphic.

PROOF. Let hx e A and J t [GJ5be the unique central projections as described
in the statement of Lemma 1.3. Then ||/ix - kx\\ < 2y and one easily verifies that
\\hxA — kxB\\ < 5y and 11(1̂  - hx)A — (lB — kx)B\\ < 9y. Now, since (1^ - hx)A
is of type I 8 by hypothesis, 2.2 implies that (1^ — hx)A = (IB - kx)B. Also, by
[1, §18, Theorem 4], there exists an orthogonal sequence {hn} of central projec-
tions in hxA such that hxA is the C*-sum of hnA and each hnA is either 0 or of
type \n. Now for each n, we can choose by 1.2 a central projection kn e kxB such
that HA:,, - hn\\ < lOy. Then \\knB - hnA\\ < 21y < 1/300 and Lemma 1.8 im-
plies that ~knB is of type In. Moreover, one can easily verify that kxB is the
C*-sum of hnB. Hence we conclude from 2.2 that kxB is • -isomorphic to hxA.
This ends the proof of the theorem.

2.4. COROLLARY. Let A and B be AW *-algebras acting on a separable Hilbert
space H with \\A - B\\l < 1/6300. If A is of type I, then A and B are *-isomor-
phic.
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