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A rigidity result for the product of spheres
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Abstract. In this paper, we prove a rigidity result for the product metric on the product of spheres
Sl x Snfl_

1 Introduction

Throughout this paper, we assume # > 3. Let gg« be the standard metric on the
n-dimensional unit sphere S”. Answering a question of Gromov [5], Llarull [11]
proved the following:

Theorem 1.1 (Theorem A in [11])  Suppose g is a Riemannian metric on S such that
its scalar curvature Ry > n(n —1) = Ry, and g > gsn. Then we must have g = gsn.

In the even-dimensional case, Listing [9] was able to generalize Theorem 1.1 as
follows:

Theorem 1.2 Let n > 4 be an even integer. Moreovet, suppose that g is a Riemannian
metric on S" satisfying Ry > (n —1)trg(gs») at each point on S". Then g is a constant
multiple of gs».

Later, rigidity results related to the scalar curvature, including compact symmetric
spaces, have been obtain by other authors in [3, 4, 10, 12]. For more rigidity results
involving scalar curvature, we refer the readers to the survey [1].

Forany ¢ > 0, let g, be the product metric given by g, = ¢ ds* + ggn-1 on the product
of spheres S' x $”7!. In this paper, we prove the following:

Theorem 1.3 Suppose g is a Riemannian metric on S' x S"™! such that:
(i) its scalar curvature Ry > (n —1)(n - 2) = R,
(ii) g > g, and
(iii) its Ricci curvature Ricg > 0.
Then g is isometric to gz for some ¢ > c.
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2 P. T. Ho

Compared to that of Theorems 1.1 and 1.2, the assumption of Ricci curvature in
Theorem 1.3 may seem to be strong. But we remark that lower bound on the Ricci
curvature is assumed when rigidity result of symmetric space is studied. See Theorem
0.21n [3].

In Section 2, we prove a conformal version of Theorem 1.3. See Corollary 2.2 for
the precise statement. Note that the similar idea can be used to prove rigidity results
for manifolds with boundary and for CR manifolds within a fixed conformal class.
See Propositions 2.3 and 2.5.

In Section 3, we prove Theorem 1.3. We then provide examples showing that neither
assumption (i) nor assumption (ii) could be dropped in Theorem 1.3. This leaves
us the question whether assumption (iii) on Ricci curvature could be dropped in
Theorem 1.3. While we are not able to answer it, we are able to prove a rigidity result of
warped product metric without any assumption on Ricci curvature. See Theorem 3.1
for the precise statement.

2 A conformal version

As a warm-up, we will prove in this section a conformal version of Theorem 1.3. We
first prove the following more general proposition.

Proposition 2.1.  Suppose (M,§) is a closed (i.e., compact without boundary)
Riemannian manifold such that its scalar curvature satisfies Rz >0 and Rz # 0. If g
is conformal to § such that g > g and Ry > Ry, then g = g.

Proof  Since g is conformal to §, we can write g = u#2 § for some 0 < u € C™°(M).
By the assumption that g > g, we have

(2.1 u>l

4

Moreover, since g = un-2 g, it is well known that

4(n-1 et
—MAgu + Rgu = Rgunfé.
n—

By (2.2) and the assumption that R, > Rg, we find

(2.2)

4(n-1)
n-2
(2.3) ZRgu% —Rgu=Rguﬁ(u—1).

N}

n+
n—

Agu = Rgu»? — Rzu

It follows from (2.1) and the assumption that R; > 0 that the last term in (2.3) is
nonnegative, which gives Azu < 0 in M. Since M is compact, we must have

u=c

for some constant c. On one hand, it follows from (2.1) that ¢ > 1. On the other hand,
by (2.2) and the assumption that R, > Rg, we deduce

4

Rg = Rg67 n=2 > Rg
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Since Rz > 0 and R; # 0, we have ¢ <1. That is to say, we have c=1and u =1, or
equivalently, g = ¢, as claimed. ]

For the product metric g, = cds® + gg»-1 on the product of spheres S!x §"7!,
the scalar curvature of g. is equal to (n—1)(n—2). Therefore, we can apply
Proposition 2.1 with (M, &) = (S' x $"71, g.) to get the following corollary, which
is a conformal version of Theorem 1.3.

Corollary2.2.  Ifgisametricon S'xS"™' conformal to g. such that Rg> Ry, = (n —1)
(n—2)and g > g, then g = g..

Note that there is no assumption on the Ricci curvature in Corollary 2.2. The idea
of the proof of Proposition 2.1 can be used to prove the following:

Proposition 2.3.  Suppose (M, §) is a compact Riemannian manifold with boundary
OM such that its scalar curvature satisfies Rg >0 and Rz # 0 in M and its mean
curvature satisfies Hz = 0 on 0M. If g is conformal to § such that g > g, Ry > R; in M,
and Hy = 0 on M, then g = g.

Proof  Since the proofis very similar to Proposition 2.1, we only sketch it. If we write
g= uﬁg for some 0 < u € C* (M), we still have (2.1). Since g = uﬁg, we have (see,
for example, [2])

4(n-1 nt
- (nn— )Agu+Rgu:RguT—i in M,
2(n-1) 0 n
(2.4) (n )—u+ng:ngﬁ on oM.
n-2 ovg
It follows from the second equation in (2.4) and the assumption that H, = H; = 0 that
)
(2.5) 2L -0 onaM.
an

Following the proof of Proposition 2.1, we can conclude that
Agu<0 inM.

Combining this with (2.5), we can conclude that u = ¢ for some constant c. As in the
proof of Proposition 2.1, we can then conclude that u = 1, or equivalently, g=g. m

Let (M, go) be a closed (i.e., compact without boundary) n-dimensional Rieman-
nian manifold such that its scalar curvature Ry, > 0 and Ry, # 0. Then [0,1] x M
is a compact (n + 1)-dimensional manifold with boundary ({0} x M) u ({1} x M).
Equipped with the product metric ds* + go, [0,1] x M has scalar curvature being
equal to Ry, and has vanishing mean curvature. Therefore, we can apply Proposi-
tion 2.3 to get the following:

Corollary 2.4. Let (M,gy) be a closed (i.e, compact without boundary)
n-dimensional Riemannian manifold such that its scalar curvature Ry, > 0 and Ry, # 0.
If g is a metric on [0,1] x M conformal to § = ds* + go such that g > §, Ry > Rg in M,
and Hg = 0 on oM, then g = g.
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Similarly, one can prove the following CR version of Proposition 2.1. Basic facts
about CR manifolds could be found in [7] for example.

Proposition2.5.  Suppose that (M, ) is a compact strictly pseudoconvex CR manifold
of real dimension 2N +1 with a given contact form 0 such that its Webster scalar
curvature satisfies Rz > 0 and Ry # 0.1f 0 is conformal to 0 such that 0 > 6 and Rg > R,

then 0 = 0.

Proof  Since 6 is conformal to 8, we can write 6 = 4~ 0 for some 0 < u € C=(M).
We then have

(2.6) u>l,

since 6 > 0 by assumption. Since 0 = ux 0, we have (cf. [7])

2
(2.7) —(2+ N)Aéuuzéu = Ryu'*¥,
where A is the sub-Laplacian of 6. Using (2.7) and the assumption that Ry > R, we
deduce
2+ 2 ) Aju=Rou*¥ R
— + N éu = RKglU - éu
(2.8) 2Réul+% —Réu:Réu%(u—l).

From (2.7) and the assumption that R; > 0, we can see that the last term in (2.8) is
nonnegative, which implies that Azu < 0. Since M is compact, we have

u=c
for some constant c. Note that ¢ > 1 by (2.6). Note also that
Rg = Réc_% >Ry

by (2.7) and the assumption Ry > Rj. Since R > 0 and R; # 0, we must have ¢ < 1.
Hence, we have ¢ = 1and u = 1, which gives 6 = 6. ]

The unit sphere S*M*! in CN*! = {(zy,...,zy11)) : z; € C} has a standard contact
form given by

N+1

00 = V-1 (z;dz; - z;dz;)).
j=1

Then the Webster scalar curvature of (S?N*!, 6,) is equal to Rg, = N(N +1)/2 (see,
for example, [6]). The following corollary follows from Proposition 2.5 by putting
(M, 0) = (S*N*1,6,):

Corollary 2.6.  Let (S*N*1,0,) be the standard CR sphere equipped with the standard
contact form 0. If 0 is conformal to 6 such that Rg > Rg, = N(N +1)/2 and 6 > 6,
then 0 = 0,.
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3 Proof of Theorem 1.3

In this section, we prove Theorem 1.3.

Proof of Theorem 1.3 Consider the universal covering R x $"~* of §' x §”71. The
pullback of the metric g on S' x $”~! under the covering map gives a metric g on
R x §"71, By assumption (iii), the compact manifold (S' x S"7!, g) has nonnega-
tive Ricci curvature. By Theorem 2.5 in Chapter I of [13], the universal covering
(R x $"71,g) of S' x $"~! is isometric to R* x M equipped with the product metric,
where M is a compact (n — k)-dimensional manifold. Hence, we must have k =1,
and the metric g is isometric to the product metric ds* + § on R x $"”!, where g is a
metric on $"7!. Therefore, the metric g, which is the metric g descending on S' x §"~!
through the covering map, is isometric to the product metric ¢ ds* + § on S' x §"71,
where ¢ is a positive real number and ¢ is a metric on $”'. As a result, up to isometry,
we can assume that

(3.1 g=¢ds* +§ inS'x§"\.

By assumption (ii), we have g > g., which together with (3.1) implies that
g=¢ds*+g>cds* + gg1 = ..

From this, we have

(3.2) ¢>c and g> ggn.

In view of (3.1), the scalar curvature of g is equal to the scalar of g, i.e., R; = Rq.
Combining this with assumption (i), we have

(3.3) Rg>(n-1)(n-2)=Rg,,.

In view of (3.3) and the second condition in (3.2), we can apply Llarull’s result in
Theorem 1.1 to conclude that § = gg«-1. Now the assertion follows from this, (3.1), and
the first condition in (3.2). [}

The following example shows that some assumptions in Theorem 1.3 could not be
dropped. Consider the product metric

g= d52 + C1ggn-1

on S' x $"71, where ¢, is a positive constant to be chosen. Then the Ricci curvature of
g is nonnegative. In particular, assumption (iii) in Theorem 1.3 is satisfied. Moreover,
the scalar curvature of g is equal to

(3.4) Rg=c;'Ry,, = ¢ (n-1)(n-2).

When ¢; # 1, it follows from (3.4) that g is not isometric to g, = cds? + ggn1 for any
¢ > 0, since the scalar curvature of g, is equal to (n —1)(n — 2). Therefore, if ¢; > 1,
then

g= ds? + Cigsn-1 > g1 = ds? + gsn-1,
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i.e., assumption (ii) in Theorem 1.3 is satisfied, and by (3.4)
Ry=ci'(n-1)(n-2)<(n-1)(n-2),

i.e., assumption (iii) in Theorem 1.3 is not satisfied. To conclude, we see that assump-
tion (iii) in Theorem 1.3 cannot be dropped. On the other hand, if ¢; < 1, then

g=ds* +ciggni < g1 = ds” + ggn1,
i.e., assumption (ii) in Theorem 1.3 is not satisfied, and by (3.4)
Re=ci'(n-1)(n-2)>(n-1)(n-2),

i.e., assumption (iii) in Theorem 1.3 is satisfied. From this, we see that assumption (ii)
in Theorem 1.3 also cannot be dropped.

We wonder if assumption (iii) in Theorem 1.3 could be dropped. While we are not
able to come up with an example, we can prove a rigidity result of warped product
metric without any assumption on Ricci curvature. To this end, we consider the
warped product metric

(3.5) g=ds*+ f(s)’g

on R x §"7!, where f > 0 and ¢ is a metric on $"". Let {e;}", be an orthonormal
basis with respect to g such that e; is tangent to R. Then the Ricci curvature of g is
given by (cf. [8, Appendix A])

(n-0f" s,

(3:6)  Ricj=—-(n-1)((log )"+ ((logf))") 8 = - 7

forany1< j<n,and

1

ki = ((og )"+ (n - 1) ((log £)')’) 8y

(37) :%[Ric,-j—(ff"+(n—2)(f')2)5ij]

for any 2 < i, j < n, where Ric denotes the Ricci curvature of §. Take f to be a smooth
periodic function on R with period 1. Then the warped product metric g defined in
(3.5) descends to the metric ds* + f(s)%§ on S' x $"~!, which we still denote by g.
And, (3.6) and (3.7) can still be applied. Using (3.6) and (3.7), we can compute the
scalar curvature of g:

RiCij =

1
o
where Rj; is the scalar curvature of g.

Since f is a smooth periodic function on R, f is bounded. Let m = min f.If g > g1,
then it follows from (3.5) that

(3.8) Rg= = [Rg = (n=D)(2f "+ (n=2)(f))]

g= ds? +f(s)2§ >g = ds? + gon-1,
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A rigidity result for the product of spheres 7
which gives

(39) F(57g> gon

for all s € R. Take sy € R with f(sp) = m. Then (3.9) with s = so implies that

(3.10) gem i gen.

On the other hand, if Ry > (n —1)(n - 2), then it follows from (3.8) that

() Re> (n=D(2ff"+ (1= 2)(f)?) + (n-1)(n-2)f"

for all s € R. Once again, if we take sy € R with f(so) = m = min f, then the second
derivative implies that "/ (s¢) > 0. This together with (3.11) at s = 5o implies that

(3.12) Rg>(n-1)(n-2)m>,
Hence, it follows from (3.10) and (3.12) that the rescaling metric m?g on S"! satisfies
m*§ > gt and Ry > (n—1)(n-2).

We can then apply Llarull’s result in Theorem 1.1 to infer that m?§ = ggn1. To conclude,
we have proved the following:

Theorem 3.1 If g is a warped product metric on S' x S"™! given by (3.5) such that
g2 g1 =ds>+ ggrand Ry > (n—1)(n - 2), then g = ds* + m™2 ggu-1 for some m > 0.
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