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g-Integral and Moment Representations
for g-Orthogonal Polynomials

Mourad E. H. Ismail and Dennis Stanton

Abstract. 'We develop a method for deriving integral representations of certain orthogonal polynomi-
als as moments. These moment representations are applied to find linear and multilinear generating
functions for g-orthogonal polynomials. As a byproduct we establish new transformation formulas for
combinations of basic hypergeometric functions, including a new representation of the g-exponential
function &;.

1 Introduction

The concept of the g-integral has proved to be very useful in analyzing g-special func-
tions. For |q| < 1, the g-integral is, 3], [10],

b o] 0o
A0 [ = b - )Y )~ ot - )Y g e
a n=0 n=0
with
(1.2) / f@dx=0-q S ¢ f@).
0 n=—00

We will follow the notation and terminology in [3] and [10]. Some of the technical
manipulations are greatly simplified by the g-integration by parts formula

(1.3)
b
/ f(x)g(gx) dgx

b
=q! / g0 f(x/q) dgx + 9~ (1 — q) ag(a) f(a/q) — bg(b) f(b/q)].

In our earlier papers [12], [13], [14] we utilized integral representations of orthog-
onal polynomials as moments to derive linear and multilinear generating functions.
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The idea is to start with a sequence of polynomials in which we are interested, say
{pn(x)}, then derive an integral representation of the form

b
(1.4) pu(x) = / y"du(y),

where (1 is some measure to be determined. For example we obtain an integral rep-
resentation for any generating function of the orthogonal polynomials {p,(x)}

oo b oo
(15 Rt = 3 A" = [ [ 000 duty),
n=0 4 " n=0

and any bilinear generating function

> b
Z)\npn(x)pn(z)tn:/ F(Z,)/t)d/i(y)

n=0 a

Mixed bilinear generating functions of the type

> Aupn)ra(2)t"

n=0

may also be found in this manner.

By changing the normalization of {p,(x)} to {c,p.(x)}, new moment represen-
tations may also be found for {c,p,(x)}. A key feature of this paper is giving such
alternative moment representations for g-orthogonal polynomials (see for example
Theorem 2.1, Corollary 3.1, Theorem 4.1).

In this work we propose a more systematic method to establish representations
such as (1.4). Our representations are all g-integrals, that is, u is a discrete measure
whose masses are located at points of the form ag” or bq". The derivations use the fact
that every orthogonal polynomial sequence {p,(x)} satisfies a three term recurrence
relation of the form

(16) ananrl(x) + [an + fYn]pn(x) + 6npn71(x) =0.

If the coefficients in (1.6) are polynomials in q", then we let du(y) = f(y) dgy. Now
q integration by parts leads to a g-difference equation for f, with the boundary con-
ditions f(a/q) = f(b/q) = 0. This method will be illustrated in the subsequent
sections.

The method employed here is not completely new. When the coefficients in (1.6)
are polynomials in #, integration by parts leads to a differential equation satisfied by
f(y) under the boundary conditions f(a) = f(b) = 0. This is similar to the Laplace
transform method which appears in classical treatises on the subject, for example see
Milne-Thomson [17, Chapter 15].

It is important to emphasize that the solution derived this way will be a solu-
tion to (1.6) but may or may not be a polynomial. One then needs an independent
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verification that (1.4) gives the desired polynomial solution. We show by examples
that this method is effective for the Al-Salam-Chihara polynomials (Section 2), the
q-Pollaczek polynomials (Section 3), the continuous g-Hermite polynomials (Sec-
tion 4), the associated continuous g-ultraspherical polynomials (Section 5), and the
associated Al-Salam-Chihara polynomials (Section 6). On the other hand when we
try solutions of the form fob y"f(y)dgy, n > 0 we only need to match the bound-
ary condition at b, that is require f(b/q) = 0. By varying the boundary conditions
we construct two linearly independent solutions to (1.6), which is of independent
interest.

Rahman and Tariq [19] used their deep knowledge of basic hypergeometric func-
tions and their transformation theory to derive a representation of the associated
g-ultraspherical polynomials as moments of a discrete measure and applied their
moment representation to derive a bilinear generating function for the associated
g-ultraspherical polynomials introduced in [7]. In Section 5 we give an elementary
proof of the Rahman-Tariq result and state a companion representation of the same
polynomials also as moments. Both results are used to establish linear and bilinear
generating functions for the associated continuous g-ultraspherical polynomials. The
same program is carried out in Section 6 to treat the associated Al-Salam-Chihara
polynomials.

Many of the bilinear generating functions are of the form

(1.7) K(x,y) = anta(®)su(y),
n=0

where {r,(x)} and {s,(x)} are orthonormal polynomials with respect to positive
measures p and o, respectively. If {r,(x)} and {s,(x)} are complete in L?(p) and
L*(0), respectively, then

Amemw@mz%mm Amewwwmz%mn

The above are projection formulas involving the integral operators

Ammwmmw,émmwmwm.

In the special case p = o the kernel K becomes a symmetric kernel, the above two
integral operators coincide, and have eigenvalues {a, } and the corresponding eigen-
functions are {r,(x)}, see [22]. The completeness of {r,(x)} shows that these are all
the eigenfunctions and eigenfunctions of the corresponding integral operator. Thus
many of our bilinear generating functions construct kernels of integral operators and
in certain cases are Mercer kernels [22].

We now review the Casorati determinant for solutions of difference equations. If
u, and v, are solutions of

(1.8) AnYn = bn)/n+1 t CnYn—1,
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then the Casorati determinant of {u,, v, } is
(1.9) Ay = Up 1V — Va1 .
By substituting u, (respectively v,) for y, in (1.8), and multiplying by v, (respectively
u,) then subtracting the results we see that b,A,, = ¢,A,_1, hence
“re
k
(1.10) A, =A,,_ ‘H{bk]

k=m

Formula (1.10) will be used repeatedly in this paper.
One of the corollaries in Section 4 gives a new representation of the g-exponential

function
(1.11) Eq(costsa) := (0% 4 )oo Z —za)"
(qa; q? (q,q)n
% (71'61 qlfn)/z’i —if (1 n)/ ’ )m

introduced in [15]. The new representation is given in Corollary 4.3. The function &,
satisfies lim,_,, Eq(x; (1— q)a/Z) = exp(ax), and €,(0; ) = 1. Ismail and Zhang
[15] established a g-plane wave expansion, a special case of which is

qn /4 n

(1.12) (907 @) Eq(x; ) = G
0 ) n

Hy(x|q).
2 The Al-Salam-Chihara Polynomials

The Al-Salam-Chihara polynomials were introduced in [5] and [2]. We shall follow
the notation in our work [13] for the Al-Salam-Chihara polynomials { p,,(x; 1, %)},

—n i6 i0
,hev, tie”
pulcosbstr, 1) = 3¢ < t1ts.0 ’ 4.9 )
b

(tze—ie;q)ntneiw —n7t eiG i
= w2 e | w0

(2.1)

In [13] and [14] two representations for the Al-Salam-Chihara polynomials as mo-
ments were given.

Theorem 2.1 The Al-Salam-Chihara polynomials have the g-integral representations

pu(coststy, ) (e e ne e "5 q)
t (1 —q)e(q, iz, qe*?, e=2%; q) o

(A)

160 . .
x / < (e’ qye i q)n

0 iy, )5 Qoo 1
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(t]tz; q)n pn(COS 9; tl’ tZ) _ (tlei()v tle_igv qem/tl ) qe_m/tl; Q)oo
(@ @n t7 2(1 — gq)isin6(q, q, q¢*?, ge=2%; q) o
i0 . .
L (aye qye ™ by e
x|y dgy.
e (qy/ti,ty,q/(yh)3q) -

(B)

The derivation of these results was by an ad-hoc method. In this section we show
that the representing measures can be easily found from the three-term recurrence
relation. In particular, in this section we derive the second measure and give some
generating functions as corollaries (Corollaries 2.2, 2.3, and 2.4).

We use the fact that the Al-Salam-Chihara polynomials may be renormalized in
two ways so that the three-term recurrence relation is linear in g”. Specifically if,

DPu(xsty, 1) == pulxs 11, 12) /1]

(tit2; P
w( X5, 1) 1= st1, ¢
(x5 t1, 1) (@ Dot Pty 1)
then [16],
(2.2) 2xpn(x5t1, 1) = (1 — 112q") pur1 (611, 02) + (1 — g") pu_1 (x5 11, 12)
' + (f +12)q" pu(xt1,12), n>0,
23 2xcu(x3t1, 1) = (1 — " epni (11, 1) + (1 — 1162q" e 1 (511, 1)

+(h + ) (st ), n>0,
with the initial conditions

Polxstr, 1) =1 = coloxs 1, 1),

(1 —t)pi(xst,6)/(1—q) =C2x—t —1)/(1 —q) = a(x 11, 1)

We now show how (2.3) leads to Theorem 2.1B. We seek an integral representation

b
(2.4) cl(xsty, ) = / y'f(y)dgy,
with f satisfying the boundary conditions

(2.5) fa/q) = f(b/q) = 0.

Assume that a and b are finite, hence the moment problem is determinate, that is the
moments determine f in (2.4) uniquely, [20]. Substitute the representation (2.4) for
the ¢’s in (2.3), then equate the coefficients of y”. The result, after applying (1.3), is
that f must satisfy the functional equation

q (1—=2xyq+q*y?)
26 =4 .
(26) IO = o T gy — qyje)’ P
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Recall that

(Ar.a/Oy)sa) Cou(w) A
- mplies -

(wy a/(uy)q) ulgy)
(2

Thus a solution to (2.6) which satisfies the boundary conditions (2

(2.7) uly) =

.5) is given by
(are’,qye™, Ay, q/Oy)a)
(ay/t,ay/t2, vy, a/(ywdsq)

where x = cos6, a = e~ and b = ¢/?. Observe that here a and b are finite, hence if
f exists it will be unique. We then choose 1 = #; and A = q/t, so that

(2.8) fly) = ,  with qu = 1\

(qye aye . /v @)oo
-0” (ay/tity.a/(vtosa) o

for some function g(cos 6), 1ndependent of n.
We now give a rigorous proof of (2.9) and determine g. The proof is based on the
three term transformation formula [10, (IT1.31)]

A,B _ (ABZ/C,q/C;9) C/A,Cq/ABZ
2¢1<C ‘ q7Z>— (AZ/C.a/A Q) 2¢1( 4C/AZ ’ q,qB/C)

_ (B.q/C.,C/AAZ/q,q*|AZ; @)
(C/q,qB/C,q/A,AZ/C,qC/AZ;q) o

X 2¢1 (qA/quB/C ‘ q, Z) .

(2.9) g(cosO)c,(cos b5y, t) = ——

q/»

(2.10)

q9°/C
Proof of (2.9) By the definition of the g-integral, the right-hand side R of (2.9) is
s o (1)

i0 g )4 "the
=¢ Z (qurlezH/tl qmtleu‘) qlimeiie/tl;q)oo q

m+1 Zif) m+1

— asimilar term with € replaced by — 6.
The above expression simplifies to
zn+1 (9( e i()t ; ) 619 t 619 t
i0 q19 i02q002¢1(q /lq /zlqvttq)
 (qe/ur, 1€, qe 7 13 ) qe™”’

— asimilar term with 6 replaced by — 6,

which is

(2.11)

ei(n+1)9 '(qezie, 1, e_iatg; Do
(g€ /t1, 1€, ge= /15 9) oo

" (b qelé)/tl qel(’/tz ‘ s q —2im9 (tzei07e—2i97 tleiﬂ;q)oo
: qe ’ (tZe_i€7 eZiﬁa tl e—iﬁ; q)oo

191.’ z@t
><2¢1( /q‘;?ze h‘qttﬂﬂ

R =
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In (2.10) we make the parameter identification
(2.12) A=qé/t;, B=qe’/t, C=qe® Z=tit,q".

The expression between square brackets in (2.11), with the parameter identification
(2.12) is

A,B
m(c \q,Z)

(B.q/C.C/AAZ/4. 4 [AZ:q) (gA/c,qB/c‘ Z)
(C/a.4B/C,q/A,AZ[C.qC/AZiq "'\ ¢t/ | F7)

Thus

R im0 (qe*,q, 1675 q) o (g, e q) 00

(ge” /tr, t1e, ge=" /113 9) o (q"t267", 116715 q) o
the’,q " ‘ —if
X —n i yqe t )
201 <q1 el fp, | 1€/

which simplifies to

i

i

(e, q,4:9)0 it s )y
(qe/t1,qe™ " /t1, t1e”  t1e™"; @) o0 25in (g5 9)

tiel g7 ‘ —ig
X 2¢1 <q1nei9/t2 q,q¢€ /t2 .

R — ein0

In view of (2.1) we have

i€, e g, 4 9) 00 (123 Q)n

" 2sin0(qe? [, qe /b, 1€, tie 05.q) o0 £1(q Q)0

pulcos bt t2),

and Theorem 2.1B follows.
We next give some generating functions which follow from Theorem 2.1B. The
analogous corollaries for Theorem 2.1A appear in [13].

Corollary 2.2 We have the linear generating function

oo tita, N 1459) iel’_iet_iet)\ie; -
ZM%(COS@;%Q)M" _¢ (-ze ,te it 1 ele q)
= @ s 2isin 0(q, qe*, t1p1e"; 4) oo

¢ /t1, e 1y, b e
X 3¢ <q /qu%,tl//\ei(’ ‘ q,tit;

— a similar term with 0 replaced by — 6.
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Proof Theorem 2.1B and the g-binomial theorem show that the left-hand side of
Corollary 2.2 is

(e’ tie™", qe” /11, qe™" /113 4)oo
2(1 — q)isin6(q, q, ge*?, ge=%; q) oo

e’ i0 —ip
y / (qye’,qye™ 6/ y, A1y3 @)oo
e (qy/ti, iy, q/(yt), uytis @)oo

(2.13)

It is easy to see that

i0 . .
/ < aye’ aye /)y, My @)oo dgy
it (‘D’/tl,tl)@ q/(yt), pyti; Qe 1 — g
- Z m+1 219’ q 7q—mtze—i97 tl/\eif)qm;q)oo eiH "
(qm+1619/t1 qmtlelﬁ qlfmefié/tl’ tluei(’qm; q)oo q

— a similar term with 8 — —6.

_ @€ g, e 1A g
(qele/tla tlelea qeile/tlv tl,u'ele; q)oo

i0 i0 i0
¢ /11, qe’? Ity 1 pe
X 3¢ (q /h 1 /2‘ ks ‘ ‘Lfll‘z)

qeb&’ t )\610

— asimilar term with 6 replaced by — 6.

Therefore (2.13) and the above calculation indicate that the left-hand side of Corol-
lary 2.2 is

eie(tze_i‘97tle_i",tl)\eie,;q)oo3¢2 qeia/tl,qeia/tb_th ’ ot
2isin 9(6], qe—2i97 t1,u€i9; Q)oo q62u97 f /\616 )

— asimilar term with 6 replaced by — 6,

and Corollary 2.2 follows.

Recall that the Al-Salam-Chihara polynomials have the generating function [13,
(3.18)]

(t1t2a q)n (ttlatt2;q)oo
2.14 E (cos sty 1) = — Al
(2.14) G ? (cosbstr, 12) = (tel?  te=1%; q) oo

Corollary 2.3 The Al-Salam-Chihara polynomials have the following bilinear gener-
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ating function
Z (t1t2a5152>Q)np (cosO; 1y, ¢ )p (cos s 51, s )<L) n
(q’ % q)n n s 82 Pn 591592 t151

(e ne " 151 15,65 9) oo
(q’ 672140, tei(9+¢), tei(efﬁé); q)oo

w tei(‘?*(”,tei('e_“’),qeie/tl',qew/tz ‘ it
473 tsie tsyel? | g’ R

+ a similar term with 0 replaced by — 6.

Proof Replace p,(cosf;t;,t;) by its integral representation in Theorem 2.1B then
use (2.14) to see that the left-hand side of Corollary 2.3 is

(tleiga tle_i0> qeia/tb qe_ie/tl; q)oo
2(1 — q)isin6(q, q, 9e**, ge=*"; 9) o

i0

/ (aye”,qye " 1/ y,t51y, 1575 Q) o
e—i? (qy/tla hy, q/(ytl)v tyei®7 t)/eii(ﬁ; Q)oo

This expression simplifies to the right-hand side of Corollary 2.3.
An unexpected transformation formula results from the above corollary, namely
the fact that its right-hand side is invariant under the interchanges

0,0,t1,t2,51,5) — (¢,0,51,5,t1,1).

This establishes the next corollary.

Corollary 2.4 The combination

(tre™ te™? ts1e ts,e"; q) o %43 tel 0+ teif(’*‘@")7 qe"(’/tl‘7 q¢? /t,
(q7 e—2107 te1(9+¢>)7 te:(e—qb); q)oo tslel/i’ tSzelH, q621()

q, tlt2>

+ a similar term with 0 replaced by — 0,

is invariant under the permutation (0, ¢, t1,t2,51,5) — (¢,0,51,5,t1,1).

It is important to emphasize that the 4¢3’s appearing in the transformation Corol-
lary 2.4 are not balanced and most of the known transformations of this type involve
balanced series.

The moment representations not only give an integral representation for the Al-
Salam-Chihara polynomials but also they give g-integral representations for other
solutions to the same three term recurrence relation. For example the argument pre-
ceding (2.8) shows that

(aye® qye ™ Ny,a/(A\y)q)
(ay/t1.qy/t2, 1y, a/(wy)sq)

dgy, n>1,

(215) F(x) = —— /
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are solutions to (2.3), where qu = t11h A,

(2.16) et = x4+ \/x2 — 1,

and the branch of the square root is chosen in such a way that [e=*| < |¢/’|. Thus

(g nt?
(hit2)a(1 —q)

+i6

y / o (aye? qye Ay, q/(Ay)sq)
0 (ar/ti,qy/t 1y, q/ (1y)sq) o

(217)  YE(x) =

dgy, n>0,

are solutions to the recurrence relation satisfied by the Al-Salam-Chihara polynomi-
als. Therefore

) (q; q) i qe:tie/tl qeiie/tz
2.18 +i(n+1)0 nt1 ) ¢
( ) ‘ (t1t23@)n 20 qe=t

q, qnt1t2> )

are linearly independent solutions of the Al-Salam-Chihara three term recurrence
relation (2.19), which are multiples of @ZJ,T(x). The polynomial solution in (2.1) to-
gether with any one of the solutions in (2.18) form a basis of solutions to the three
term recurrence relation

(2.19) 2xz,(x3t1, 1) = (1] ' — ") za (51, 1) + 11(1 — @)z 1 (x5 11, 12)
' +(h +0)q'za(5t,6), n>0.

We next state a bibasic version of Corollary 2.3. Let p,(x; 11, 2|q) denote the Al-
Salam-Chihara polynomials with base q. Then the bibasic version is:

— ) ) (11123 @)n(5152; P PN
@20 3 pulcostiny tlppulcosdia, alp) = Tm B R ()

L - o

(tie™ e Q)00 = (g /11,116, g6 [t )k, &

= > )
k=0

(g, e 9) 0 (9, qe*? 115 q)x

(tsiq°e”, t5,q¢"; p) o
(tghel®+9) tqke =) p) oo

+ a similar term with 6 replaced by — 6.
This establishes the following bibasic version of Corollary 2.4.
Corollary 2.5 The right-hand side of (2.20) is symmetric under interchanging

(t17t2751752a07¢5p7q) with (517527t1;t23¢305q?p)'
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3 The g-Pollaczek Polynomials

The g-Pollaczek polynomials {F,(x; U, A, V)}, or {F,(x)} for short, were introduced
in [9], whose notation we shall follow. They are generated by

(3.1) Fo(x) =1, F_1(x) =0,
and

32) 2[(1 = UAG)x+ V@' |F,(x) = (1 — ¢"")Fupa (x)
' +(1— A" YE,_1(x), n>0.

Charris and Ismail [9] gave the generating function

= o /6 /)
(3.3) ;Fn(cose)t = P 1 gy
where
(3.4) 1+29(V — xAU)A?y + ¢ A7y = (1 — q€p)(1 — qny),

and £ and 7 depend on x, and satisfy
(3.5) &n=A"2

The generating function (3.3) implies the explicit representation

o (€ /& D (q” | )
3.6 E,(cosf) = Mt — 122211 A cqe e ).
(36) (cost) = & 0 (Tl | avae
From (3.6) and (2.1) it follows that

(1/¢Ensa),

(3.7) F,(sU,AV) = : 0" palxs 1/n,1/8),

(% D
and we can apply the results of Section 2 to state similar results for the g-Pollaczek
polynomials.

Corollary 3.1 The g-Pollaczek polynomials have the g-integral representations

' I e e
L TN 4 W G L LA S L L
(A% q), (1 — q)ei®(q, qe??, ge=2i%; q) oo
(A) &t ( 0 h. )
></ ne 4 ’qoodq)/a
e /Iy /& D
i0 —if ,if —if /..
F.(U,A, V) = (qne qne_¢ /me /77,‘q)oo
2(1 - q)l Sln@(q’ q, qezle, q67219§Q)oo
(B) s

y / (aye? qye 1/ (€y)q)

y ¥,
—io (ayn.y/nan/y;@Dse "
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It was shown in [9] that the orthogonality relation of the F,’s is

I ( 216 6—216,q)
/0 (ei?/& e /&, e In, e /13 q) oo
(3.8) X F(cos@;U, A, V)F,(cos0; U, A, V) db

27r (A% q)n
(q, )oo (1 - UA‘] )(q’ q)n

We next record two reproducing kernels for the g-Pollaczek polynomials. Corol-
lary 3.1B shows that the g-Pollaczek polynomials have the bilinear generating func-

tions
o0
(3.9) ZFn(cos 0; Uy, A1, V)F,(cos p; Uy, Ay, V)t"
n=0
_(qme™ e [yt 16, 1€ I @)oo
- (q 62i9 tei(9+®) tei(efé)-q)
i0 0 i(0+0) 4 ,i(0—o)
qme”, q& e’ te' tell ‘
X
4¢3 ( qe 216 teug/g%teug/nb G 517]1
+ a similar term with 6 replaced by — 0,
where

(3.10) 1+2q(Vy — cos 9A1U1)Afzy+ qufzyz =1 —-q&y)(1 —gmy),
(3.11) 1+ 2g(V, — cos ¢A2U2)A2_2y + quz—zyz = (1 —¢q&y)(1 — qmy).

Another reproducing kernel follows from Corollary 3.1A and the generating function
(3.3). The result is

- 5 Q)ut"
(1) S Rleosti U, B VFa(cosi U, B, Va) Equ;)q)n

(e /e /&, 16 /&5, 1€ Imn,59) o0
(q, &0, 16l 0+0)_16i0—0); q)

19/51 u‘)/n tez(9+@) te i(0—o)
X 4¢3 ( ge 219 tett?/gz tet()/nz ‘ q,9 )

+ a similar term with 6 replaced by — 6.

The Poisson kernel is similar to (3.12) except that the summand on left-hand side
will have the additional factor (1 — U;Aq"). The Poisson kernel can be evaluated
by taking appropriate combinations of the right-hand side of (3.12). The same phe-
nomenon occurs for continuous g-ultraspherical polynomials which corresponds to
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U=1V =0,and A = 3. Thus &, = /3,1 = e /13, and similarly for the &,
and 7. For details see [10, Section 8.6].

It is worth noting the integral evaluation equivalent to the orthogonality relation
(3.8). Multiply (3.8) by s (1—U Aq")t" and sum over m, n, m, n > 0. The right-hand
side can be summed by the g-binomial theorem to

27(stA% ) 0o
(4, A%,5t5q) 0

Applying the generating function (3.3) the integrand on the left-hand side involves
the factor _ '
(1—t/&)(1 —t/n) — UAQ — ) (1 — te™?)

which in view of (3.4) and (3.5) is 1 — UA + 2tV + At?(A — U). This establishes the
following theorem.

Theorem 3.2 We have the integral evaluation

/” (&, e s/&s/n, qt /€, at/m; Doo 1
o (@9/€, e /€ ey e 10 [y sel? s tei? te—i0; q)
1 27(stA%q) oo

[1—UA+2tV + AR2(A—U)] (q, A%, 5t5q) o0

We do not know of a direct way of evaluating this integral. The evaluation of the
integral via a moment problem was given in [9]. This also occurred in Chapters 6
and 7 of [5], where the identities obtained through solving a moment problem do
not seem to be amenable to direct proofs.

4 The Continuous g-Hermite Polynomials

The continuous g-Hermite polynomials satisfy

(4.1) H_i(x|q) =0, Hy(x|g) =1,
(4.2) 2xH,(x|q) = Hp (x|q) + (1 — g")H,—1(x|q), n>0.

We clearly have H,(x|q) = p.(x;0,0), so that Theorem 2.1 gives integral represen-
tations for the g-Hermite polynomials. For Theorem 2.1A this is immediate, while
it is not clear how to let t; = t, = 0 in Theorem 2.1B. In this section we carry out
this limit, and we also give two additional g-integral representations. One surprising
result is Corollary 4.3 which gives ,¢; representations of the function &,.

Theorem 4.1 The q-Hermite polynomials have the q-integral representations

1
(1 — q)eie(% qezi()’ e—2i9; q)oo
i6

e
X / . y"(aye”, aye ;@)oo dyy,
e

—i

H,(cosf|q) =
(A)
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Hy(cosf]q) (e, ge” /A, Ne™ " qe™ /X q) o
(G9)n  2(1—q)isin6(q, qe??, ge=2%; q) 0
() o
X/ yn (qyel ,qye l;q)oo
e ()‘yv q}’/)\; )\/)’7 Q/(Ay)) Q) o

H,(cos0|q?) B (\/éeie,\/qeie,\/ée_m, \/ée_ie;q)oo
(g5 9)n 2(1 — q)isin6(q, q,qe*?, ge=%%; q)

dqu

(©) e i0 —if
x/ yn(qye ,qye ,—\/ﬁ/y;q)oody
e—it (\/51}/, \/51)’7 ﬂ/)’yQ)oo !
H,(cosf|q*) (qe", e ")
(—¢q)n 201 —q)isinf(q, —q,qe*?, qe 2% q) o
(D)

i0 . .
x /e 2@y’ qye™"; q)oo
)
e—if

(7% 9% oo
Note that the right-hand side of Theorem 4.1B is independent of .

Proof of Theorem 4.1B First we motivate the integral for Theorem 4.1B. If
H,(x|q) = H,(x|q)/(q; q)n> then (4.2) becomes

(4.3) 2xH,,(x]q) = (1 — q"" ) Hyir (x]q) + Hy 1 (x[q).
Here again we see that writing H,,(x|q) = fub y" f(y) dgy requires f to satisfy
fly) = (1= aye”)(1 = qye”)ay*) " f(ay).

Solving the above functional equation gives rise to the two solutions

+if

/ T (g’ aye i q)e
o (O AMya/Oyay/xa) o

dgy

and the integral in Theorem 4.1B is linear combination of these two solutions.
We next show that Theorem 4.1A implies Theorem 4.1B. From Theorem 4.1A we
have

—i6 0.
e "(a,9¢""s oo ininyo
—2i0.

(4.4) H,(cosb|g) = :
4 (9,9€%, qe=%%;q) o

X 261(0,0;9¢""; 9, 4"")
+ a similar term with 6 replaced by — 6.

However a limiting case of Heine’s transformation [10, (II1.3)] implies

(4.5) (& 9)00201(0,0,9¢%%5q, 4") = (g5 Pnodr (—; qe*; q, "),
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so that (4.4) becomes

H,(cosf|q) et
(@ @)n (2% 9) o

(4.6) 061 (—; qezie; q, qn+26210)

+ asimilar term with 6 replaced by — 6,
which is the equivalent form of Theorem 4.1B.

Proof of Theorem 4.1C This time if p,(x|q) = H,(x|q*)/(q; q).» then (4.2) becomes

(4.7) 2xpu(x|q) = (1 — @) pus1 (x|@) + (1 + g") pu—i (x]q).

In the notation of (2.3) we find that p,(x|q) = c,(x; /g, —/q), so that Theorem 4.1C
is a special case of Theorem 2.1B.

Proof of Theorem 4.1D This follows from Theorem 2.1A and the proof of Theo-
rem 4.1C.

The Limit (t,,t,) — (0,0) in Theorem 2.1B The limit t, — 0 is Theorem 2.1B in
straightforward. To let #; — 0 we set t; = Ag™ then let m — oco. Theorem 4.1B
follows from letting m — oo in

(@' =" /X q" " " /XN @oe _ (a7 /N, q" e /X @)m(qe” /X ge " /X )
(a=my/Na =/ Oyia) o (@ /xa ="/ A)sa), (ay/A a/(Ay)a)

(N, Xe 5 9)m(qe” /X, e | X; @)oo
Oy N ys@m(ay/X a/(Ay)sa)

We now give two generating functions which follow from Theorem 4.1B and one
which follows from Theorem 4.1D.

oo

Z H,1«(cosb|q) o ekl é ( tel?
— n T 192 i i
48) =  (@Du (1—te) (e q)s '~ \ge™, qte”

q, qk+262i(9>

+ a similar term with 6 replaced by — 6.
In fact one can get the more general result

(4.9)

iHmk(COSQM) Nt (Ate’;q)oce™ p ( telf
2

k+2 2i6
@Dk (G@)n  (te e 209) 17 \ qe¥, Are ©a e )

n=0

+ a similar term with 6 replaced by — 6.

https://doi.org/10.4153/CJM-2002-027-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-027-2

724 Mourad E. H. Ismail and Dennis Stanton

Corollary 4.2 A generating function for the q-Hermite polynomials is

00 0. i0
D Gttt = Gl (M T [,

— (4%9%)n (te; )oo ° Ate,

Sketch of Proof of Corollary 4.2 Multiply both sides of the equation in Theo-
rem 4.1D by (\; 9)4t" /(g5 9)»» sum on n and use the g-binomial theorem. The right-
hand side becomes a combination of two 3¢,’s with argument g. This can be trans-
formed to a multiple of a 3¢, using [10, (II.34)].

Observe that the 3¢, in Corollary 4.2 is essentially bibasic on base q and ¢*. If
A = 0 or A = —q the 3¢, may be summed to infinite products, these are known
results. Furthermore [10, (II1.9)] shows that the right-hand side of Corollary 4.2 is a
function of cos 6.

Corollary 4.3  The q-exponential function & is essentially a ,¢, function, that is

(—1:4") 1/4git g1/4g=i0
Ey(cosb;t) = m2¢1 1 _qq1/2 ‘ q1/27—t

(t; 1/2)oo _ . 1/4 i0 _
:(quﬁﬂbl e 1/? ‘ql/z

Consequently if either 0 < t < 1, x > —(q"/* + q_1/4)/2’ or—1 <t=0x=
(q"/* + q7/*) /2, then € ,(x;t) > 0.

Proof In Corollary 4.2 replace t by —t /) then let A — oo. The result is the generat-
ing function

(4.10)
oo q”” 1)/2 \/éé \/;16 _io
L H,(cosb|P)t" = (—te’;9) ,—te ).
2 (e, s 5 q)o0202 g, —tel? | q
The transformation [10, (I11.4)] reduces the above equation to
(4.11)
o n(n—1)/2 i0 —if
‘gq;)H (cos 0]g*)t" = (—tq~ /% q)o0rtr (\/q.e ’_\fe ‘q,—tq”“).
n=0 g

Now (1.12) and (4.10) imply the first of the representations. The second equality
follows from the first and [10, (II1.3)]. The statement about the zeros follows from
the second equation in Corollary 4.3.

Note that the two equations of Corollary 4.3 are g-analogue of the identities &* =
et Tt Fx)

At the end of this section we will come back to Corollaries 4.2 and 4.3 and give a
direct proof of Corollary 4.2, which also proves Corollary 4.3. It is worth pointing out
that Corollary 4.3 is an important result and yields some quadratic transformations,
which will be the subject of a future work. In the same work we establish a Taylor
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series type expansion in the basis {(q'/*¢”’, q'/*¢="; q"/?),},n = 0,1..., and use the
Taylor type expansion to study transformation formulas, expansions and identities
for g-series.

Recall the Poisson kernel [4]

(4.12)
= t" (£ ) oo
;Hn(cos 0|q)Hn(cos ¢|q) GDn (1600 16 0=0) 1o=i0=0) ro=i0+0); g)

Using Theorem 4.1A we can derive a trilinear generating function for the continuous
g-Hermite polynomials. If we replace t by ty in (4.12), then multiply by y*, and then
use Theorem 4.1A we find

(4.13)
ZHmk(coswq)Hn(cos 0|q)H,(cos ¢|q) t
— (a5 9)n

7 eikw(tzeziw; q)oo
- (e—ziu’;7 tei(15)+9+é)7 tei('z/;+9—(/>)) tei(z;‘;+¢—9)’ tei(w—9—¢); q)oo

y ¢ tel(l‘j‘*e‘ﬂb)?Jtel(@‘:)"'e*@),‘t‘el(¢'+®*.9“)7tel(’lﬁ}*e‘*‘@)’ 070 ‘ q qk‘*‘lei’w
6%5 q621w7tez1/>’ —te’”’,\/éte“",—\/qtew )

+ a similar term with 1) replaced by — 4.

It is clear that both sides of (4.13) are symmetric in 6 and ¢. When k = 0 the
left-hand side is clearly symmetric in 6 and %, but the form of the right-hand side
does not make its symmetry obvious. This leads to the following theorem.

Theorem 4.4 The expression

(e q) oo
(=20 16i0+00)  1il0—0+0)_1oi(6+6-0) feil0—0-0); gy

w tei(€+¢+w‘,tei(@(”@),lte"(@bm*?%teiw’*ei@"),o,o) o
6% qer’’ e’ —tel, /qte’’, —, /qte'” ’

+ a similar term with 1 replaced by — 1.

is symmetric under any permutation of 0, ¢, and 1.

Similarly using Theorem 4.1B and (4.12) we establish the following theorem.
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Theorem 4.5 We have

n+k(COS 1)[}|q) )
H, 0 H,
Z (q) q)n+k(q, q)n (COS |Q) (COS (j)‘q)t

1ku(t2 2i1). q)
(e—Ziw7tei(w+9+¢)’tet(c+€ @),tel(“‘? 9)7tei(vi'—0—o‘);q)oo
tei(w+‘9+¢), tei(u‘wb‘—@), tei(’tl)+¢—9)7 tei(w—&—d)) k2 3i
X 4¢s q

qe’V telV, —te'V \/Qte"“", f\/qtew

+ a similar term with v replaced by — 1.

Furthermore when k = 0 the right-hand side of the above equality is symmetric in 6, ¢,

0.

The trilinear generating function (4.13) contains two important product formulas
for the continuous g-Hermite polynomials which will be stated in the next theorem.

Theorem 4.6 With K(cos 8, cos ¢, cos 1)) denoting the right-hand side of (4.13), we
have the product formulas

_ @l [
(4.14) Hy(cos 0]q)H,(cos ¢|q) = 27Tl‘”(q;q)n+k/o K(cos 8, cos ¢, cos 1)

X Hyx(cos|q) (7Y, e Y5 q) oo d),

and

H,(cos 8|q)H,r(cos |q) = @ q)noo
(4.15) 2t

X H,(cos |q)(e¥?, e7%%; q) oo dop.

/ K(cos @, cos ¢, cos 1))
0

We now return to Corollary 4.2 and give a direct proof of it.

Proof of Corollary 4.2  Expand the 3¢, on the right-hand side of Corollary 4.2 as a
sum over k, say, then use the g-binomial theorem to expand (Ag*te'’; @)oo /(t€'?; ) oo
as a power series in t. Thus the coefficient of t” on the right-hand side of Corollary 4.2
is
(qe 5q )k 2k)6
N ¢ = (X,
1 Z(qqk(qq)nk i

say. Now the g-binomial theorem gives

is P N C T
e (te'; @)oo (te™54%) o

which is the generating function for H,(cos 0|q*)/(¢* q*), and the result follows.
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Observe that in the above proof we have established the representation

H,(cos 9|q ) 9 9%k i(n—2k)0
4.16 :
(4.16) (5 ) Z(q PG Doi

Note that (4.1), (4.2), (2.3), and the initial conditions of ¢, (x; t1, t;) imply
H,,(cos 0|q)
(4% q*)n
Hj,41(cos 9|Q)
(4% g*)n

cu(cos20; —1, —q|q*) =

)

2 cos B¢, (cos 20; fqz, *q|612) =

Thus Theorem 2.1 gives g-integral moment representations for the following func-

tions:
How(x|lq)  Howa(xlq)  Hopn(x|qQ)  Hopea(x|q)

(@a)n ag)n (@5d) T (—q5d).
One can also derive several generating functions involving H,,(x|q) and Hj,41(x|q)
from the corresponding results in Section 2.

5 The Associated Continuous g-Ultraspherical Polynomials

The associated continuous g-ultraspherical polynomials {C'®) (x; 3|q)} [7] satisfy the
three term recurrence relation

2x(1 — aBq)C(x; Blg) = (1 — ag™™)CY) (x; B]q)

(5.1)
+(1—afq"C (x5 6lq), n>0,

and the initial conditions

(5.2) s Blq) = 1, <ﬂ|>f2(1 “5)

In this section we give the moment representation (5.10) for the associated contin-
uous g-ultraspherical polynomials which leads to three new generating functions in
Theorems 5.3, 5.4 and 5.5. In Section 5 we shall always write x = cos 6.

Here again we set

b
C (% Blg) = / Y F() dgy
then find out that f satisfies
(1—qye’)(1 —qye™™)
aﬁz (1= qye? /)1 — qye=*/P)

This suggests that we consider the functions

fly) = flay).

/em y' (aye’ aye Ay, a/Oy)a)
e 1= q (uy,q/(ny),qye? /3, qye= | 35 ) oo
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with
(5.3) qu = AaGe.
We choose A = g’ /3, u = a 3¢’ and consider the functions

819 n

y (qye”,qre, Be " [ y;9) 0o
5.4 D,00; 8, « :/ 2 : . d,y.
5.4) (6:6,) o 1—q(afey, qe /(afy), qye /B d)os ¥

Theorem 5.1 The functions ®,(0, 3, a) have the hypergeometric representation

®,(0, 3, a) = 0 (g, aq™", ge¥" e~ q)

(q/8; aBq", aBer?, ge [(aB); q)

X 201 <q‘¥:n§?olg) q, %62i0> , n>0.

n+1
3

Proof From the definition of g-integration we see that the right-hand side of (5.4) is

i(n+1)0 (qa qe2i€’ 66721‘9; 61)00 <q/ﬂ7 qe?ié/ﬁ 2 n)
C (ws aﬂeZievqe’ZiG/(aﬂ);q)m2¢1 qe*’ ‘ 900
e 0 (g g0 B3 q) 0o a/8,qe~ /3 -
" B/ T B ( ge | @08’y )
(g, qe? | Bem5q) o [ <q/ﬁ’ ¢ /3 . n>
= (/B aBe e iaprg) L7\ g | g.0g
_ g 2ilntD)0 (qe—2i07 B, Q/ﬁy a532i07 qe‘z”’/(aﬁ);q) -
(ge??, Be=20 a3, q/(af),qe2%% | 35 q) oo

—2if
X 201 <q/ﬁ;£ew /8 ‘ q,aﬂzqn)] .

Apply (2.10) with A = qe*?/3, B = q/83, C = qe*’, Z = a/3*q" to complete the
proof of Theorem 5.1.

Corollary 5.2 The function v,(0; 3, ) defined by

it o) = o) = O (700 ] g de)

T 0 8,0)  ° (qua. T \g/p) | T B¢

satisfies the three term recurrence relation (5.1).

When o = 1 the extreme right-hand side of Corollary 5.2 reduces to the g-

ultraspherical polynomial C,(cos6;3|q). For @ # 1 it may not be a polynomial
but nevertheless is a solution to (5.1).
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The solution of (5.1) given in Corollary 5.2 has a restricted 3 domain. We give two
other solutions of (5.1) which hold for a wider domain of 3. Unlike ®, constructing
these two solutions will not require the application of transformations of basic hyper-
geometric series. However we will need to verify the three term recurrence relation
forn = 0.

Let y" f(y, 0) be the integrand in (5.4). Observe that the analysis preceding Theo-

+i6
rem 5.1 indicates that both foe Y f(y,0)dgy, for n > 0 satisfy the recurrence (5.1).
Define vi¥(6; o, 3) by

, +2i6
63 wan) = e (VAL qagy).

This comes from the integral (5.4) on [0, e*"]. Both v} and v satisfy (5.1) for n > 0
and we will see later that are linearly independent functions of # for § # km, k = 0,
+1,....

We now verify that v} and v, satisfy (5.1) if n = 0. To do so assume

(5.6) —l<af/q<1,

so that vE, is well-defined. We now go back and reexamine the analysis preceding
Theorem 5.1. From (1.3) we see that when a = 0, the boundary term in (1.3) will
vanish if ug(u) f(14/q) — 0as u — 0 for u of the form (g™ for fixed ¢ and m — oc.
In our case it suffices to prove that

mleoo(ﬂe_ieq_m/(; q)oo/(qe_ieq_m/(Caﬂ);q) o =0
The above limit is a bounded function times

lim (Be q7™ /5@ m

: (e’ ) Bsm
m—s 00 (qe’i‘)q*"’/(Caﬁ); q) .

(aBCe? /g )m

= Jim (079"

Note that (5.1), (5.2) and (5.6) imply C'*)(x; 8]q) = 0.

It is important to note that one can directly verify that v;* satisfy (5.1) by substitut-
ing the right-hand side of (5.5) in (5.1) and equating coefficients of various powers
of a. In fact this shows that v satisfies (5.1) for all n for which |a8g"~!| < 1. To go
beyond this restriction we need to analytically continue the ,¢; in (5.5) using trans-
formations of basic hypergeometric series, see Appendix I1I in [10], for example.

We now show that v/ and v are linearly independent functions of #n by computing
the Casorati determinant

Ay = vy (6; 8, 0)v, (6; 8,0) — vy (0; 5, ), (65 3, ).

Equation (1.10) implies
2.
. (qO;ﬁ s Dn—1
(@5 q)n—1

15
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n+1)6

and since eT/"0y% — 1 ag n — o0, then we have A, — 2isin as n — oo. Hence

n+2.
_ (aq ’q)OOZisinO.

(5.7) " 0BT

This confirms the linear independence of v;* when 6 # kr. Note also that

(5.8) A= 08D ooy

(/g9
Since both v satisfy (5.1) then there exists A(f) and B(f) such that
(5.9) CY(cos 05 Blq) = A(0)v; (65 B, @) + B(O)v,, (65 5, v).
To determine A and B use the initial conditions
Cplg) =0, Co¥(xplg) =1

and (5.8). The result is

(af?/q9)
(@) Bl
(5.10) G (cos s fla) = 2i sin B(ag; q)oo

x [vZ,(6; 8, a)v,; (65 8, ) — v, (05 B, a)v, (65, B)].
Formula (5.10) is Rahman and Tariq’s result [19, (3.4)]. They used (5.10) to derive
linear and bilinear generating functions. In the reminder of this section, we shall

apply (5.10) to derive only results not in Rahman and Tariq’s paper [19].
Our first result is the following theorem.

Theorem 5.3 We have

- o) (a)
C % (cos; Blg)t"
HZ::O (G, " la

) Atel? 2 19 oo —2i6 2
_ g N0 /g 0w (q/ﬁvqew /ﬁ‘ . %)

(1 — &0)(tel”, ag; @)oo qge

ﬂ, eZiH ﬁ7 teif)
X 3¢ (q/ qeczl;v’ )\/teie ‘ q,a3°q"
+ a similar term with 0 replaced by — 6.

The cases A = g or k = 0 of Theorem 5.3 are in [19].
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Theorem 5.4 We have the bilinear generating function

> Culcos 3 51|q)C (cos 6; Bl a)t"

n=0

~ (aB?/q, Bite ") Bite0=9); q) o
T (1= e20)(ag, 1609 1e0—0); g)

</ﬁ,qe‘z“‘)/ﬁ‘ . >

X 4¢3 (q/ﬁ’ q6219/ﬁ te o te A ‘ 4q aﬁ )

q6219 6 tet i(0+¢) ﬂ te i(6—o)

+ a similar term with 0 replaced by — 6.

Proof Multiply (5.10) by C,,(cos ¢; 31]|g)¢" and add then use the generating function
(4.16).

The associated continuous g-ultraspherical polynomials have the generating func-
tion [7]
(5.11)

ZC )(cos 6; Blgt" =
n=0

l -« pte? e q
(1 —tel)(1 — tei9)3¢2< qte? gte= | DY)

We now give a Poisson-type kernel for the polynomials under consideration.

Theorem 5.5 A bilinear generating function for the associated continuous q-ultra-
spherical polynomials is given by

oo

3 Cl (cos s 61 |q)CL (cos 65 Blg)e”

n=0

_ U a0 4/, /5 | af?
= (1= e ) (aq;q)m 201 qelea q, q

y i (a/B,9¢*° | B; @) B

[1 — 2c¢os d)tei@qk + t2q2kezi9](q’ qelie; Q)k

ki(0+6) ki(0—o)
tgte tqte
X 302 q’%lqi(am) ,ﬁlqi(ﬁ—@) ‘ q,
q e gt et e

+ a similar term with 6 replaced by — 6.

The case a = «g of (5.16) isin [19].

Theorem 2.1 gave two moment representations for the Al-Salam-Chihara poly-
nomials. We can also do the same for the associated continuous g-ultraspherical
polynomials. Namely if

(og; @)n

@), O 5010

ﬁn(x) =
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then p,,(x) also satisfies a three term recurrence relation whose coefficients are also
polynomials in g". Thus the technique of this paper applies. However we have

7 (ag; @)n
(5.12) CeID(x;9/Blq) = CY(x; Blq).
/819 = s o l
So the renormalized moment representations amount to changing the o and 3 in the
associated continuous g-ultraspherical polynomials.

6 The Associated Al-Salam-Chihara Polynomials

These polynomials were first considered in [5] where their generating functions,
asymptotics, and their weight function were found. In this section we carry out our
program on these polynomials.

The associated Al-Salam-Chihara polynomials p®) (x; ¢, t,) are generated by

t[2x — () + )]

() ()
6.1 xt,0h) =1 xX;t1,t) =
(6.1) Py (x5t t) , P (st t) 1 —anty

and

6.2) ti[2x — (t + fz)Oéqn]Pffl)(X; fi, ) =[1— tlfzaqn]Piﬂ (x5 t1,12)

+2(1 — ag")p'® (11, 12), n>0,

as can be seen from (2.2) and (2.3). Now assume fob y" f(y) dgy is a solution to (6.2).
Then (1.3) yields

f—2axt1y + ¢y
Oé[tlz —h (tl + tz)y + tltzyz]

fly) = f(ay),

which gives
(aye” /ti,qpe™ 1, Ay, q/(Ay)sq)

= (7, yt2/t1,ary, q/(@Ny)sq)

This leads us to take b = t;eT% and to introduce the functions

(6 3) Ai(g bt ) _ tn+1 +i(n+1)0 tleilea tZeila n+1 > 1
. A\, ) =1 e 201 qeizia q, aq , hZ )

for |a| < 1. We need the assumption || < 1 in order for A%, to be defined by (6.3).
We are also assuming o # 0. We proceed as before, first verify that A satisfies (6.2)
for all n > 0 then compute the Casorati determinant. The only difference here is that
tfzn*zAn — 2tisinf as n — oo. We find

n+1.
(64) A, = 2163 in 20205 Do
(g™ @)oo
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The condition |a| < 1, enables us to conclude that p) = 0 if (6.2) is extended to
hold for n = 0. Thus p{™ = [AZ A} — ~1/A_y, thatis
. n ,inf —if —if
(a) 0:t: 1) = (Oé, q‘)ootl (4 t e s tze ‘
2, (cos b5ty 1) (0= e ) (a1t @) 201 ge=2 q,

te’ete
><2<251<1 21(3 'q,aq >

+ a similar term with 6 replaced by — 6.

An immediate consequence of (6.5) is

(6 5) Z ()\ q)n L(})(COSQ; tl,tz)tn

B (a, Atite'?; 9) oo 8 tle_ie,tze_iﬂ‘ o
(1 — e 20)(atity, tite; q)os >\ qe T

10 i0 i0

Hhev, hel tite ’
X ; : e
3¢2( qe21€’)\tltez(9 q,oq

+ a similar term with 6 replaced by — 6.

Another application of (6.5) is to combine it with (2.17) and find

(6.6)

tsts Qnt" (o
Z 7(:: 61.)14 p; )(cos 6; t1, 1) pu(cos s ts, ty)
per AU N

qe

tel? e tel 0+ teil0=0)
X . . . o
4¢3 qezze, t3t6197t4t616 ‘ q,aq

B (a, tste tyte?; q) oo tie 0 tye=i0
= U= ) att, @0, 10 g) %" a0 [

+ a similar term with 6 replaced by — 6.
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The limiting case &« — 17 of (6.7) is the result stated as Theorem 4.1 in our paper
[13].

A companion representation for the associated Al-Salam-Chihara polynomials
may also be found. Similar to Section 5 it follows from

(atits/q) (5. _ (4"t @ ),
(67) n (x’q/t17q/t2) (t%) (aq)q)n pn (x)tlatZ)-
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