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We study the topological structure of the space X of isomorphism classes of metric
measure spaces equipped with the box or concentration topologies. We consider the
scale-change action of the multiplicative group R4 of positive real numbers on X,
which has a one-point metric measure space, say *, as only one fixed-point. We prove
that the R -action on Xy := X \ {*} admits the structure of non-trivial and locally
trivial principal Ry -bundle over the quotient space. Our bundle Ry — Xy — Xy /Ry
is a curious example of a non-trivial principal fibre bundle with contractible fibre. A
similar statement is obtained for the pyramidal compactification of X', where we
completely determine the structure of the fixed-point set of the R -action on the
compactification.
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1. Introduction

It is a challenging problem to study the structure of the space X’ of isomorphism
classes of metric measure spaces, where we assume a metric measure space to be a
complete separable metric space with a Borel probability measure. Denote by R
the multiplicative group of positive real numbers. We have the natural group action
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2 D. Kazukawa, H. Nakajima and T. Shioya
of Ry on X defined as

Ry x X3 (t,X)—tX € X,

where tX is the space X with the ¢t-scaled metric of X. Note that the isomorphism
class of a one-point metric measure space, denoted as *, is the only fixed-point of
this action. Let X, := X'\ {*} and let T denote the quotient space X, /R equipped
with the quotient topology.

As for the structure of the space X', Sturm [19] obtained the remarkable result
that the subspace X, of X with finite LP?-size and equipped with the LP-4-
distortion metric is a non-negatively curved Alexandrov space isometric to a
Euclidean cone for p=2 and ¢ € [1, 400 ). He also determined geodesics in A, for
p,q € [1,+00) and proved that any orbit of the R -action is a geodesic ray, which
implies that X}, is homeomorphic to the cone over 3,, for any p,q € [1,+00),
where X, is the subspace of X corresponding to Xj,.

Also, Ivanov and Tuzhilin [8] pointed out that the Gromov—Hausdorfl space is
homeomorphic to the cone over the quotient space by the R -action.

In this article, we study the topological structure of X with the box and observ-
able metrics and also of the pyramidal compactification of X. Those metrics and
the pyramidal compactification are fundamental concepts in the study of metric
measure spaces, originally introduced by Gromov [6] (see also [18]). The box met-
ric is closely related to the L%9-distortion metric (see [19]) and coincides with the
Gromov—Prokhorov metric (see [5, 12]). The observable metric is defined by the
idea of the concentration of measure phenomenon established by Lévy and Milman
[13, 15] (see also [14]) and is useful to study convergence of spaces with dimensions
divergent to infinity. The topologies induced from the box and observable met-
rics are called the box and concentration topologies, respectively. In our previous
article [11], we have proved that the box metric is geodesic and that X is locally
path-connected and contractible with respect to the box and concentration topolo-
gies, which are the same properties as those of X}, with the LP-9-distortion metric
studied by Sturm [19]. However, the box and observable metrics are much different
from the LP9-distortion metric. One of the essential differences is that any orbit
of the R -action is never a geodesic ray for the box and observable metrics. Also,
there are intricately branching geodesics with respect to the box metric, and the
Alexandrov curvature is not bounded neither from below nor from above (see [11,
remark 6.7]). The question that arises here is:

e Is X with the box and/or concentration topologies homeomorphic to the
cone over X7

Surprisingly the answer is negative.

THEOREM 1.1 For neither of the box nor concentration topologies, X, = X \ {*}
is not homeomorphic to Ry x X, and X is not homeomorphic to the cone over X.

One of our main theorems is stated as follows.

THEOREM 1.2 For the box and concentration topologies, the action of Ry on X,
admits the structure of a non-trivial and locally trivial principal Ry -bundle over X.
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In general, a locally trivial principal bundle with contractible fibre over a para-
compact Hausdorff base space is trivial (see [3, corollary 2.8] and [7, 8.1 theorem
of Chapter 4] for example), which is not necessarily true if the base space is not
paracompact. It is remarkable that our principal bundle Ry — X, — ¥ presents
such a counterexample.

The action of R} on X naturally extends to the pyramidal compactification of
X, say II (see § 2.3 for the definition of IT). Denote by Fix(II) the set of fixed-points
of the action of Ry on II, and put II, := IT \ Fix(II). We also have the following.

THEOREM 1.3 The action of Ry on Il admits the structure of a non-trivial and
locally trivial principal R -bundle over the quotient space 11, /R .

We investigate the structure of Fix(II) and have the following theorem. Denote
by A the set of all monotone non-increasing sequences of non-negative real numbers
with total sum not greater than 1.

THEOREM 1.4 The fived-point set Fix(I1) is homeomorphic to A with the I°-weak
topology.

As for the topology of X, and II,, we have the following.

PROPOSITION 1.5

(i) X is contractible with respect to the box and concentration topologies.
(i) 1. is contractible.

Since the fibres of our bundles in theorems 1.2 and 1.3 are contractible, we have
the following.

COROLLARY 1.6.

(i) For the box and concentration topologies, all homotopy groups of X vanish.
(i) All homotopy groups of IL, /R vanish.

Let us mention the ideas of our proofs.

A key point of the proof of theorem 1.1 is to prove that X is not a Urysohn
space (lemma 3.2). If ¥ x R, were to be homeomorphic to X,, then ¥ would be
metrizable, which is contrary to the non-Urysohn property of . It is quite delicate
that X is a Hausdorff space (proposition 3.10).

For theorems 1.2 and 1.3, the local triviality of the bundles is a core of the proof.

For theorem 1.2 with the box topology, we construct an R -invariant open cov-
ering {Xa}ae(o,1) of & and continuous 1-homogeneous functions r7a: Xa — Ry
for A € (0,1). We define Xa to be the set of mm-spaces such that any atom has
measure less than A and define raA(X), X € Xa, as the integral of the partial
diameter diam(X;s) with respect to the parameter s € [0, (A 4 1)/2]. The reason
why we take the integral is for the sake of the continuity of ra. Using ra, we obtain
a local trivialization XA ~ XA /R4 x Ry.

Theorem 1.2 for the concentration topology is derived from theorem 1.3 just by
restricting the base space IL. /Ry to X, /Ry.
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For the proof of theorem 1.3, we construct an R, -invariant open covering of
II, and continuous 1-homogeneous functions on each open set in the coverirjig. This
time, for an (N +1)-tuple & = (Ko, ..., kn) of positive real numbers with . j K; <
1, we define II,; to be the set of all P € II such that Sep(P; ko, ..., kn) < 400 and
Sep(P; ko+9,...,kn+0d) > 0 for some 6 > 0, and we define r(P), P € Il,, to be the
integral of Sep(P; ko+s5, . .., ky+s) with respect to s € [0, 1] (see definition 2.17 for
the definition of Sep(---)). These induce a local trivialization IT, ~ IT, /R x R.
However, it is not easy to prove that the union of all IT,; coincides with II,. For the
proof, we need to investigate the structure of pyramids in Fix(II) as follows. For
A ={a;}2, € A, we define

'PA:{X€X

o0
There exists a sequence {x;};2; C X such that Z aiémi < ,uX} .
i=1

THEOREM 1.7 For a given P € II, the following (i)—(iv) are equivalent to each
other.

(i) P € Fix(II).
(ii) tP =P for somet € Ry with t# 1.
(iii) For any Ko,...,kn > 0 with Zio ki < 1, the separation distance
Sep(P; ko, ..., k) is either 0 or +oo.
(iv) There exists A € A such that P =Py.

In theorem 1.7, the implication ‘(iii) = (iv)’ is highly non-trivial, and we need
a delicate discussion to prove it. Theorem 1.7 with a little discussion implies that
the union of II,; coincides with II,.

Theorem 1.4 is derived from theorem 1.7 and the following.

THEOREM 1.8 The map A> A+—— Py €1l is a topological embedding.

Theorem 1.8 is also proved by Esaki-Kazukawa-Mitsuishi [4] independently. Our
proof is simpler than [4]. It is proved in [4] that the weak topology on A coincides
with the [*°-topology.

The organization of this article is as follows. After the preliminaries section, we
study in § 3 the scale-change action of Ry on X,. We prove that X is not Urysohn,
which leads to theorem 1.1. We also prove theorems 1.2 and 1.3 with the help of
theorem 1.7. In § 4, we determine the structure of pyramids in Fix(II) and prove
theorems 1.7 and 1.8 to obtain theorem 1.4. In § 5, we prove proposition 1.5. In §
6, we present several questions.

2. Preliminaries

In this section, we describe the definitions and some properties of metric measure
space, the box distance, the observable distance, the pyramid, and the weak topol-
ogy. We use most of these notions along [18]. As for more details, we refer to [18]
and [6, Chapter 3%+].
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2.1. Metric measure spaces

Let (X, dx) be a complete separable metric space and px a Borel probability mea-
sure on X. We call the triple (X, dx, px) a metric measure space, or an mm-space
for short. We sometimes say that X is an mm-space, in which case the metric and
the measure of X are, respectively, indicated by dx and ux.

DEFINITION 2.1 (mm-Isomorphism). Two mm-spaces X and Y are said to be mm-
isomorphic to each other if there exists an isometry f: supp px — supp py such
that f.px = py, where foux is the push-forward measure of px by f. Such an
isometry [ is called an mm-isomorphism. Denote by X the set of mm-isomorphism
classes of mm-spaces.

Note that an mm-space X is mm-isomorphic to (supp px,dx, tx). We assume
that an mm-space X satisfies

X = supp px,

unless otherwise stated.

DEFINITION 2.2 (Lipschitz order). Let X and Y be two mm-spaces. We say that
X (Lipschitz) dominates Y and write Y < X if there exists a 1-Lipschitz map
[+ X =Y satisfying fapx = py. We call the relation < on X the Lipschitz order.

The Lipschitz order < is a partial order relation on X.

2.2. Box distance and observable distance

For a subset A of a metric space (X,dx) and for a real number r > 0, we set
Ur(A):={z e X |dx(z,A) <r},
where dx (x, A) := inf,ca dx (2, a).

DEFINITION 2.3 (Prokhorov distance). The Prokhorov distance dp(u,v) between
two Borel probability measures p and v on a metric space X is defined to be the
infimum of € > 0 satisfying

w(U:(A)) z v(A) —¢
for any Borel subset A C X.

The Prokhorov metric dp is a metrization of the weak convergence of Borel
probability measures on X provided that X is a separable metric space.

DEFINITION 2.4 (Ky Fan metric). Let (X,u) be a measure space and (Y,dy) a
metric space. For two p-measurable maps f,g: X — Y, we define di.(f,g) to be
the infimum of € > 0 satisfying

p{z € X [dy (f(x),9(x)) > e}) <e.

The function dip is a metric on the set of p-measurable maps from X to Y by
identifying two maps if they are equal to each other p-almost everywhere. We call
dip the Ky Fan metric.
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DEFINITION 2.5 (Parameter). Let I :=[0,1) and let X be an mm-space. A map
w: I — X is called a parameter of X if ¢ is a Borel measurable map such that

30*‘61 = KX,
where L' is the one-dimensional Lebesgue measure on I.
Note that any mm-space has a parameter (see [18, lemma 4.2]).

DEFINITION 2.6 (Box distance). We define the box distance O(X,Y) between two
mm-spaces X and Y to be the infimum of € > 0 satisfying that there exist parameters
o: 1 —X,: I =Y, and a Borel subset Iy C I with L'(Iy) > 1 — ¢ such that

|dx (p(s), (1) — dy (1(s), (1) < €
for any s,t € I.

THEOREM 2.7 ([18, theorem 4.10]). The box distance function O is a complete
separable metric on X .

Various distances equivalent to the box distance are defined and
studied, for example, the Gromov-Prokhorov distance introduced by
Greven—Pfaffelhuber-Winter [5].

THEOREM 2.8 ([12, theorem 3.1], [18, remark 4.16]). For any two mm-spaces X
and Y, we have

D(X7 Y) = dGP((X> 2dX; /j’X)v (K 2dY7/J/Y))7

where dgp(X,Y) is the Gromov—Prokhorov metric defined to be the infimum of
dp(px, py) for all metrics on the disjoint union of X and Y that are extensions of
dx and dy. In particular,

dap(X,Y) <0O(X,Y) <2dgp(X,Y).

The topology induced from the box distance has historically various names, for
example, the weak-Gromov topology. However, we call it the box topology in this
article.

The total variation distance is useful for estimating the box distance.

DEFINITION 2.9 (Total variation distance). The total variation distance dpvy (s, )
of two Borel probability measures p and v on a topological space X is defined by

dry(p,v) = sup [p(A) = v(A)],
where A runs over all Borel subsets of X.
If p and v are both absolutely continuous with respect to a Borel measure w on

X, then
1 d dv
drv(p,v) = / o v

— d
2 Jx|dw dw “

where % is the Radon—Nikodym derivative of p with respect to w.
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PROPOSITION 2.10 ([18, proposition 4.12]). For any two Borel probability measures
w and v on a complete separable metric space X, we have

O((X, ), (X, 1)) < 2dp (1, v) < 2dey (1, v).
Given an mm-space X and a parameter ¢: I — X of X, we set
O Lip1(X):={fop]| f: X = R is 1-Lipschitz},
which consists of Borel measurable functions on I.

DEFINITION 2.11 (Observable distance). We define the observable distance
deonc(X,Y) between two mm-spaces X and Y by

dCOl’lC(X7 Y) = ;ni dH(‘P*‘C@pl (X)7 w*‘c’tpl (Y))a

where p: I — X and ¢: I =Y run over all parameters of X and Y, respectively,
and dy ts the Hausdorff distance with respect to the metric dﬁ;

THEOREM 2.12 ([18, proposition 5.5 and theorem 5.13]). The observable distance
function deone s a metric on X. Moreover, for any two mm-spaces X and Y,

deone (X, Y) <0O(X,Y).

We call the topology on X induced from dcone the concentration topology. We
say that a sequence {X,}>°, of mm-spaces concentrates to an mm-space X if
X, deonc-converges to X as n — oo.

2.3. Pyramid

DEFINITION 2.13 (Pyramid). A subset P C X is called a pyramid if it satisfies
the following (i) — (iii).

(i) If X €P andY < X, then Y € P.
(i) For any Y,Y' € P, there exists X € P such that Y < X and Y’ < X.
(iii) P is non-empty and O-closed.

We denote the set of all pyramids by 1. Note that Gromov’s definition of a

pyramid is only by (i) and (ii). The condition (iii) is added in [18].
For an mm-space X, we define

Px ={Y eX|Y <X},
which is a pyramid. We call Px the pyramid associated with X.

We observe that Y < X if and only if Py C Px. Note that & itself is a pyramid.
We define the weak convergence of pyramids as follows. This is exactly the
Kuratowski-Painlevé convergence as closed subsets of (X,0) (see [11, §8]).
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DEFINITION 2.14 (Weak convergence). Let P and P,, n = 1,2,..., be pyramids.

We say that P, converges weakly to P as n — oo if the following (i) and (ii) are
both satisfied.

(i) For any mm-space X € P, we have

lim O(X,P,) = 0.

n—oQ

(ii) For any mm-space X € X \ P, we have

lim inf (X, P,) > 0.

n—roo

THEOREM 2.15 ([18, Section 6]). There exists a metric p on I such that the
following (i)-(iv) hold.

(i) p is compatible with weak convergence.
(i) 11 is p-compact.
(iii) The map X > X — Px € II is a 1-Lipschitz topological embedding map
with respect to deone and p.
(iv) The image of X is p-dense in II.

In particular, (II, p) is a compactification of (X, dconc). We call (I, p) the pyra-
midal compactification of (X, deonc). We often identify X with Px, and we say that
a sequence of mm-spaces converges weakly to a pyramid if the associated pyramid
converges weakly.

DEFINITION 2.16 (Approximation of a pyramid). A sequence {Yi,}_; of mm-
spaces is called an approximation of a pyramid P provided that it satisfies

— O
Vi<Ya=< <Y< and |J Py, =P
m=1

In particular, {Y;,}30_, converges weakly to P as m — oo and Y, € P for all m.

It is known that any pyramid P admits an approximation (see [18, lemma 7.14]).

2.4. Separation distance

The separation distance is one of the most fundamental invariants of an mm-space
and a pyramid.

DEFINITION 2.17 (Separation distance). Let X be an mm-space. For any real
numbers Ko, K1,...,kny > 0 with N > 1, we define the separation distance

Sep(X;K’Ov'%la"'aKJN)

of X as the supremum of min,; dx (A;, A;) over all sequences of N+ 1 Borel subsets
Ag, Ay, ..., An C X satisfying ux(A4;) > k; for all i = 0,1,...,N. If k; > 1
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for some i, then we define Sep(X; ko, K1,...,kNn) := 0. Moreover, we define the
separation distance of a pyramid P by

Sep(P; ko, K1, -+, KN) = 61_i>r(r)1+)s(u[7))Sep(X;lio —0,k1—0,...,ky —0) (< +00).
€

The separation distance for mm-spaces is an invariant under mm-isomorphism.

Note that

Sep(Px; ko, K1, - - -, kn) = Sep(X; Ko, K1,y -+ -, KN)
for any ko,k1,...,6n > 0 and that Sep(P;kq,%1,..-,xn) I8 monotone non-
increasing and left-continuous in x; for each ¢ = 0,1,..., N, and that

Sep(P; ko, K1, - - -, kn) < Sep(P’; ko, k1, ..., kn) if PCP.

THEOREM 2.18 ([16, theorem 1.1], Limit formula for separation distance). Let P
and Pp, n=1,2,..., be pyramids. If P,, converges weakly to P as n — oo, then
Sep(P; ko, K1, .-, kn) = lim liminf Sep(Pp; ko — €,k1 —&,..., KN — €)
e—0+ n—oo
= lim limsup Sep(Pn;ko —&,k1 —€,..., KN —€)

e=0+ pooo

for any kg, k1,..., 6Ny > 0.

3. Scale-change action

In this section, we prove theorems 1.1-1.3.
Let Ry := (0,400) be the multiplicative group of positive real numbers. We
consider the scale-change action on X;

Ry x X2 (t,X)—tX = (X, tdx,ux) € X.

The one-point space * is the only fixed-point of this action and the set X, := X'\ {*}

is invariant. The R -action on X is free. Let ¥ := X, /R, be the quotient space of

X, and 7: X, — X the quotient map. We denote the orbit 7(X) by [X].
Simultaneously, we consider the scale-change action on II;

Ry xII> (¢, P) = tP:={tX|X € P} €11,

which is a natural extension of the action on X. Denote by Fix(IT) the set of
fixed-points of this action, and put II, := IT \ Fix(II). Then, Ry acts on IL, freely.
For the proof of theorem 1.1, we need a lemma.

LEMMA 3.1. Let Y. be the mm-space defined by Y. := ({0,1},]|- |, (1 —€)do + €d1)
for 0 < e < 1. Then, for any closed subset V of X with non-empty interior with
respect to the box topology, there exists a 6(V') > 0 such that [Y:] belongs to V for
any € with 0 < e < §(V).

Proof. Let V be a closed subset V' C ¥ with non-empty interior. Since any mm-
space can be approximated by an mm-space with finite diameter, there is an mm-
space X with finite diameter such that [X] is an interior point of V. Suppose that
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[Y2] does not belong to V. Then, since Y is an element in the open set 7=1(2\ V),
there is a large number . > 0 such that the mm-space Z. defined by

Ze=XU {Z}7 ng|X><X =dx, dZs(Z’X) =Ty Hze = (1 —e)ux +ed-

satisfies 771 Z. € 7= 1(2\V). Indeed, O(Yz, r- 1 Z.) is sufficiently small since X C Z.
is close to a one-point by scaling down Z. with r-'dz_(z,X) = 1. On the other
hand, Z. O-converges to X as € — 04, which implies [Z;] € V for € >0 small
enough. This is a contradiction. Thus, [Y:] belongs to V for every sufficiently small
€ > 0. This completes the proof. O

Lemma 3.1 implies the following.

LEMMA 3.2. For the quotient of the box topology on X, any two distinct points in X
cannot be separated by any closed neighbourhoods. In particular, 2 is not a Urysohn
space.

Proof. We take two distinct points [X],[X'] € ¥ and take any closed neighbour-
hoods V, V' of [X], [X], respectively. Lemma 3.1 proves that [Y:] belongs to both
Vand V' for 0 < e <min{é(V),d(V’)}. This completes the proof. O

REMARK 3.3. As is proved in proposition 3.10, ¥ is Hausdorff. In lemmas 3.1 and
3.2, to consider closed neighbourhoods is essential.

COROLLARY 3.4. For the quotient of the concentration topology, X is not Urysohn.
Moreover, I1. /R is not Urysohn.

Proof. Since the quotient of the concentration topology is coarser than that of the
box topology on X, lemma 3.2 implies the first statement of the corollary. Since
¥ is contained in II, /Ry as a subspace, we obtain the second. This completes the
proof. O

Proof of theorem 1.1. Suppose that X, is homeomorphic to ¥ x R, . Since & is a
metric space, X ~ ¥ x {1} is metrizable, which contradicts lemma 3.2 for the box
topology and corollary 3.4 for the concentration topology. In the same way, X’ is
not homeomorphic to the cone over . This completes the proof. O

In the same way as above, we see the following.
THEOREM 3.5 II, is not homeomorphic to (IL, /R4) x Ry

The rest of this section is devoted to prove theorems 1.2 and 1.3.
We first assume that X is equipped with the box topology and prove theorem
1.2 for the box topology.

PROPOSITION 3.6. m: X, — X is a principal R -bundle.

Proof. We verify that if sequences {X,,}52; C X, and {t,}52; C R, satisfy that X,
and t,, X,, O-converge to X € X, and tX, respectively, as n — oo, then ¢, converges
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to t. Since X € X, there exist real numbers kg, ...,ky > 0 with Zﬁo k; < 1 such
that

0 < Sep(X; ko, -..,kN) < +00.

Suppose that t,, /4 t. There exist a real number § >0 and a subsequence {tnk}z"zl
such that either ¢, > ¢+¢ for any k or ¢, <t—¢ for any k. By applying theorem
2.18, if t,,, >t + 9, then we have

t Sep(X; ko, ..., kn) = Sep(tX; Ko, ..., 5N)

= lim limsupSep(t,, X,, k0 —€,...,EN — €
c0t k~>oop p( ng<ngy "0 y sy WV )

> (t+9) 51—i>r(§1+ li}ir;solip Sep(Xn, ;K0 —€,..., KN —€)

= (t+0) Sep(X; ko, .-, EN),

which implies the contradiction ¢ > t + 4. Similarly, if ¢,, < ¢ — 0, then the
contradiction ¢t < ¢t — ¢ holds. Thus, we obtain t,, — t. The proof is completed. [

Let us prove the local triviality of the principal fibre bundle w: X, — 3. Let A
be a real number with 0 < A < 1 and put

Xa i ={XeX|pux({z}) <Aforall z € X}.

We remark that sup,cx px({z}) < A if and only if diam(X;A) > 0, where
diam(X;«) is the partial diameter, which is a fundamental invariant of an
mm-space, given by

diam(X; o) := inf {diam A | Ais a Borel subset with ux(A4) > a}.
We see that X'a is open. We have XA C X,/ for A < A’ and
Xo= |J Xa
0<A<1

Since X € Xa implies tX € X for any ¢t >0, the set Xa is invariant with respect
to the Ry-action. Put XA := XA /R,. Then, for the local triviality, it is sufficient
to prove that X is homeomorphic to XA x Ry for every A € (0,1).

We define a map ra: XA — Ry by

ra(X) ::/ diam(X;s)ds, X € Xa.
0
Note that, for any X € Xa,
1-A
ra(X) > diam(X;A) >0

and that ra(tX) = tra(X) for any ¢ > 0 since diam(tX;s) = tdiam(X;s) for any
5>0.
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12 D. Kazukawa, H. Nakajima and T. Shioya
LEMMA 3.7. ([18, lemma 5.43]). If a sequence {X,,}52; of mm-spaces O-converges
to an mm-space X, then we have

diam(X;s) < liminf diam(X,,; s) < limsup diam(X,,;s) < 6lim diam(X; s + 0)

n—00 n—o00 —0+
for any s> 0.
LEMMA 3.8. The map ra is continuous on Xa.

Proof. Take any sequence {X,,}52; C Xa O-converging to an mm-space X € Xa.
Let

fn(s) :==diam(X,;s) and f(s):=diam(X;s)
for s € [0, 2£2]. Since f is non-decreasing on [0, 2+1], the discontinuous points of
f are at most countable. Thus, lemma 3.7 implies f,, converges almost everywhere
to f and

A+3
limsup sup fn(s) < diam(X; i) < 400
n—00 56[07%} 4

Therefore, by the dominated convergence theorem,

A+1 A+1
2 2
lim ra(X,) = lim fn(s)ds = / f(s)ds =ra(X).
The proof is completed. O

Proof of theorem 1.2 for the box topology. The continuous 1-homogeneous map
ra: XA — Ry induces the homeomorphism ®: XA — XA x R, defined by

D(X) = ([X],ra(X)) for X € Xa.
Indeed, the inverse map ®~! is given by
dH([X],t) = ra (X)X,
In other words, the map ra produces the continuous section
YA 2 [X] = ra(X) 71X € Xa,

so that XA — XA is trivial. This implies the local triviality of our principal fibre
bundle Ry — X, — X.

Theorem 1.1 proves that the fibre bundle Ry — X, — X is globally non-trivial.
This completes the proof of theorem 1.2 for the box topology. a

The following corollary is a by-product of theorem 1.2.

COROLLARY 3.9. There is no continuous 1-homogeneous map r: X, — R4 with
respect to the box topology on X,.

The following proposition is compared with lemma 3.2.
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ProPOSITION 3.10. X is a Hausdorff space.

Proof. For any distinct two points [X], [X'] € 3, there exists 0 < A < 1 such that
[X],[X'] € Za. Since XA and ¥ a x R are homeomorphic, ¥ is metrizable. Thus,
the two points [X], [X’] can be separated by neighbourhoods in ¥ since XA is open
in X. The proof is completed. O

Before proving theorem 1.2 for the concentration topology, we study the scale-
change action on IT and prove theorem 1.3 with the help of theorem 1.7, where
the proof of theorem 1.7 is deferred to the next section. The concentration case of
theorem 1.2 is obtained as a corollary of theorem 1.3.

PROPOSITION 3.11. The quotient map 7: 11, — II. /Ry is a principal Ry -bundle.

Proof. Assume that {P,}52, C IL. and {¢,}52, C Ry satisfy that P, and ¢,P,
converge weakly to P € I, and tP, respectively, as n — oco. Since P € Il,, there
exist real numbers kg,...,ky > 0 with ZZN:O k; < 1 such that

0 < Sep(P; ko, ..., kN) < +00

by theorem 1.7. By the same argument as in the proof of proposition 3.6, we have
t, — t as n — oo. The proof is completed. O

Proof of theorem 1.8 wunder assuming theorem 1.7. For any tuple x =
.. . N
(Ko, K1,...,KkN) of positive real numbers with > ;" j k; < 1, we define

HK::{PEH

Sep(P; ko, . - -, kn) < +ooand
Sep(P; ko +9,...,kx +0) > Ofor some § >0 |

It is obvious that II, is invariant under R -action. We prove that II, is open.
Indeed, for any sequence {P,}52; of pyramids convergent weakly to a pyramid P,
if Sep(Pn; ko, - .-, kN) = +00, then

Sep(P; ko, - - -, kn) > limsup Sep(Pp; ko, - - -, KN ) = +00

n—roo

by theorem 2.18, and if Sep(Py; ko + 0, ...,kn + &) = 0 for any § >0, then

Sep(P; ko + 0, ..., kN +0) S]iIginfSep(Pn;K0+g,...,ﬁN+g>ZO

for any § > 0 by theorem 2.18. These imply that II,; is open.
We define a map r,: II,, — Ry by

1
r(P) ::/O Sep(P; ko + 8,..., kN +8)ds, P ell,.

Then, the map r, is continuous and 1-homogeneous on I, so that IT, — I, /R
is trivial.
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14 D. Kazukawa, H. Nakajima and T. Shioya

The rest is to prove
I, = J1L,.
K

By theorem 1.7, the inclusion J,, IT,; C IL, is obvious. To prove the reverse inclusion
I, ¢ U, I, we take any P € IL,. By theorem 1.7, there exist real numbers

K0, K1, ..., kN > 0 with Zfio ki < 1 such that
0 < Sep(P; kg, - .., kN) < +00.
By the left-continuity of Sep(P; s, ...,sn) in s;, there is € >0 such that
Sep(P;ko — €,..., kN —€) < 400,

which implies P € H(ﬁo—67-~»vf<N—€) and then II, C |J, II.. Thus, we obtain the
local triviality of 7: IT, — II, /R, . The proof is completed. O

Proof of theorem 1.2 for the concentration topology. Assume that X is equipped
with the concentration topology and consider the R, -action. Then, n: X, —
X, /Ry is the restriction of bundle 7: II, — IL./R,. Thus, it is also a principal
R, -bundle and locally trivial (see [7]). This bundle is globally non-trivial because
of theorem 1.1. We finish the proof. 0

COROLLARY 3.12.

(i) There is no continuous 1-homogeneous map r: I, — R,.
(ii) There is no continuous 1-homogeneous map r: X, — Ry with respect to the
concentration topology on Xi.

We also obtain the following proposition.

ProproSITION 3.13. Let Xna be the space of all non-atomic mm-spaces. Then,
m: Ana — Ana/Ry is a trivial bundle with respect to the box and concentration
topologies.

Proof. For the box topology, since Xxa is an R -invariant subspace of XA for any
A, we see that m: Xna — Ana /Ry is the restriction of trivial bundle w: Xan — XA.
Similarly, for the concentration topology, Ana is a subspace of Il for any . This
implies the triviality. O

4. Scale-invariant pyramids

In this section, we prove theorems 1.7 and 1.8. We recall that A4 is the set of all
monotone non-increasing sequences of non-negative real numbers with total sum
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not greater than 1. We equip A with the weak topology as a closed convex subset
of the space [?. In particular, A is compact. For every A = {a;}3°; € A, we set

PAZZ{XEX

o0
There exists a sequence {z;}o2; C Xsuch that Z a0z, < NX} .
i=1

We remark that P4 is a pyramid a priori, where the [J-closedness of P, follows
from the argument in the proof of claim 4.2 below.

4.1. Characterization of Fix(II)

In order to prove theorem 1.7, we need a lemma.

LEMMA 4.1. Let aq,...,ax, k < 400, and € be positive numbers with Zle a; <1
kai > &> 0. If an mm-space X admits distinct k points {x;}*_, with

.....

> a; fo::rlv

<e ifx#a,

k
px ({z}) and Z(MX({M}) —a;) <k,

then there exist positive numbers Ko, ...,kn > 0 such that k; < & for every i,
k N

0<1 —Zai —Zm— <e, and Sep(X;ai,...,ar,Ko,-..,kn) > 0.
i=1 i=0

Proof. Take any mm-space X having distinct k points {z;}¥_, with

>a; ifoz=ux,,
px ({z})

<e ifx#uwx.
Let {&;}52, be a countable dense subset of X and let d; := dx (&, ). Put

k

Xp = X\ U U ()

for some sufficiently small ¢’ > 0 with px (X \ Xo) — Zle px({zi}) =1 mo < e. We
first find e-atomic points a1, ..., ap, of di,(ux|x,), ie.,

>e ift=ay,
<e ift#ai,

dr(px [ xq)({t})

if these exist. We put

X; = dl_l({()éi})mXo, i1=1,...,m, and X(l) = UXzCXO

=1
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16 D. Kazukawa, H. Nakajima and T. Shioya

There exist finitely many disjoint closed intervals I, ..., I;; of R such that

0< dl*(uX LX(])(IZ) =k;<¢e, 1=0,...,01,
I
and  di,(px | xy)(R\ ({1, .., am}U |_| L)=m<e.
i=0
We put A; := dfl(Ii) N Xo. Note that ux(A;) = k.
We next find e-atomic points a1, ..., Qim, of doy(ux|x,) for i = 1,...,m if
these exist, and we set

Xij = d;l({aij})ﬂXi, j:l,...,mi, and X(2) = U UXij CX(l)
i=1j=1
There exist finitely many disjoint closed intervals Ij, 11, ..., I;; 41, such that

0 < do,(px LXi(j))(Ij) =k; <e j=lL+1,...,11 + 1o for some i(j) € {1,...,m},

I1+lo

and  d (x| 1) R\ {es}is U || L) =m<e
j=l1+1

We put A4; := d;l(Ij) N X, forevery j =11 +1,...,01 +1la.

Repeating this construction, we obtain a monotone sequence X1 > X2 5
and a disjoint family {A4;} on X.

We prove that X (") = ) for some n. It is sufficient to prove N, X (") — () since
this implies ux (X(”)) — 0 as n — oo, which contradicts the fact uX(X(”)) > ¢ if
X (™) £ (). Suppose that there exists a point zg € (57—, X ™ # (. Then, there exists
a sequence {iy } such that o € X; for any k, where i, € {1,... s Migig.if_q }.
Then it holds that

1é2-ig

Xijig-iy, = {Zo}-

8

k=1
Indeed, suppose that there exists another point y € ﬂ;ozl Xiqig-iy, and let ro 1=
dx (7o,y)/4. There exists a sufficiently large ko such that dx (&x,, o) < 70. Since
o,y € Xi1i2...ik07 we have

X(€k07x0) = dX(£k07y) = ailigmikoa

which implies the contradiction 4rg = dx (z0,y) < dx (&xy, o) + dx (§kgry) < 270-
Thus, we obtain

o0

{.’Eo} ﬂ i1ig- - k:lg’glo MX(X’iligmik) > g,

but this contradicts the assumption of this lemma.
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Therefore, we have

Sep(X;as,...,ak, Ko, .-, KN) > mm{rr;élndx(xl,xj) mde(x“AJ)
i#j 0.

mindX(Ai, AJ)} > 0,
i#j

where N =101 +1ls+---+1,, and

k
1= px(Xo) + Y px({a:}) +mo
=1
I k
= pux(XD)+> mi+m+ Y px({zi}) +mo
=0 i=1
I1+lo
=px (X)) + > m+2m+2ux {zi})
=0

= px (X™) + Z Ki + Zm + ZMX({JJz‘})~
=0 i=0 i=1
Therefore, taking n; with > (n, < € — Zle(ux({xi}) — a;), we obtain the
conclusion. O
Proof of theorem 1.7. Since (iv) = (i) = (i) = (iii) is trivial, we prove (iii) =

(iv). Assume that a pyramid P satisfies the condition (iii). Let {Y,}52; be an
approximation of P and let

Yo :=1limY,
—
be the inverse limit of {Y},}22 ;. There exists a probability measure uy,, such that

TnsMlYso = UYp,

for any n, where 7, : Yoo — Y., is the projection (see [2]). Note that Y, admits an
extended metric that can take values in [0, 4+00] and 7, is 1-Lipschitz.
Let {y;}M, C Yo, M < 400, be the sequence of atomic points of py,, and let

ai = pyso ({¥i})

for every . By relabeling, we can assume that
ar>az>--->ay >0=tayt1 =apyy2 =

and then A := {a;}2; € A. Then, for any n, we have

M M
Zai(sﬂ'n(yi) = Wn*(Z az(syz) < Tns«MYoe = HYp -
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Claim 4.2. It holds that

P C Pa.

Proof. Take any X € P. Then there exist Borel maps f,: Y,, — X such that f, is

1-Lipschitz up to &, with non-exceptional domain Y;,, that is, uy,, (Yn) > 1 — &,
and

dx (fn(y), fu(y) < dv, (y,9') +n

for any v,y € Yy, and dp(fn, iy, , ix) < &, for some &, — 0 (see [10, lemma 4.6]).

We prove that, for each ¢ = 1,2,..., M, the sequence {f, o m,(y:)}52, C X
has a convergent subsequence. Suppose that {fy, o m,(y;)}52; has no convergent
subsequence. Then, there exist a real number >0 and a subsequence {nj}°,; of
{n} such that {B,(fn, o 7n, (i)}, is a disjoint family. Since 7, (y;) € ffnk for
sufficiently large k£ and

Bg (ﬂ-nk (yl)) N Y’I’Lk - fn_l(BgJ,»gnk (fnk o Wnk (yl)))7
we have

0 <ai < prv, ({70ny, (0i)}) < piviyy (B (7, (4:)))
for sufficiently large &, which contradicts the disjointness of { By, (fn, o7, (4:)) }nZ1-

Thus, {fn o™ (y;)}22, has a convergent subsequence.
Let

Ty 1= kli{lgo fnk o ﬂ—nk (yz)a

where {nj} is a subsequence of {n} such that {f,, om,, (v:)}72, converges for any
i=1,2,...,M (by the diagonal argument). We prove

M
Z a0z, < px-
i=1

For any non-negative bounded continuous function ¢: X — [0,400), by Fatou’s
lemma, we have

M M
> aie(w) < liknii;.}f;aw(fnkomk(w)) < lim - PO fy, Ay, = /Xsodux,
1=

=1

which implies Zf\il a;0;, < px. Therefore, the proof of this claim is completed. [J
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We next prove the converse inclusion under the condition (iii). We take any € >0
and any positive integer k such that

k=sup{i|a; >¢€}.

Then, for sufficiently large n, since m,: {y1,...,yx} — Y, is injective, we have
>a; ify=mn(y), £
pyvn ({y}) _ and Y (v, ({Tn(y)}) — i) <e.
<e ify#m(y), i=1
Indeed, if not, then the atomic part of py,, on the inverse limit Y, is not equal
to sz\i1 a;0y,. Thus, by lemma 4.1, there exist o, ...,xn > 0 such that x; < e for
every 1,
k N
0<1-— Zai —Zm— <e, and Sep(Yn;ai,...,ak,kKo,...,6N)>0
i=1 i=0

for some large n. Thus, we have
Sep(P;ay, ..., a0k, Koy .- kn) > Sep(Yn; a1, ..., a5 Ko, - .., 6n) > 0.
Combining this and the condition (iii) implies that
Sep(P;a1,...,ak, Koy ..., KN) = 00.
By the limit formula of the separation distance, we have

lim lim Sep(Yn;a1 —1,...,ak —1,k0 — 1), ..., KN — 1)) = 00.
n—0+ n—oo0

Now we prove the following claim.

Claim 4.3. It holds that
P D Py.

Proof. We take any mm-space X admitting a sequence {x;}5°, C X such that
pya a;d;, < px. By the approximation, we can assume that X is finite.
Indeed, there exist finite nets N, of X and Borel maps &,: X — N, such that
lim,, 00 dp(&n i x, tx) = 0. Then, we have

D i@y < Enubix,
i=1

so that X can be approximated keeping our assumption. Let {z1,...,z;,} = X
and

k
Vx = px — E aiézi.
i=1
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Since lim,, o4 limy, 00 Sep(Ynsa1 — 1, ..., ax — 1, k0 — 1, ..., KNy — 1) = 00, there
exist Borel subsets Yy, 1,...,Y, nk41 C Yy, for any sufficiently large n such that

Wy (Yei) >a; —nfori=1,...,k, py, Yo j+k+1) > k; —nfor j=0,...,N,
and r;;éindyn (Yn,i, Yn,j) > diam X
i#j

for some n < (N + k + 1)~'e. We define a Borel map g,,: Y,, — X satisfying
gn(Yni) =xifori=1,....k and  g,(Yn jrrs1) = zfor ji1 <j <,
where
j—1
Jjo:=0 and j:=max<{j>j_1|vx{z}) > Z ki pforl=1,...,m.
=11

Letting Y,, := UZ;”lJrk Y., s, by the definition of g,,, we have

0 <px({z1}) = gnilpv Ly, ) ({21}) < 2¢

for any [ = 1,...,m. In particular, 1 — uy,, (}N/n) < 2me. Moreover, for any B C X,
we have

Thus, g, is 1-Lipschitz up to 2me with non-exceptional domain Y, and
dp (Gnsbivy, px) < 2me. Since Y,, € P, taking ¢ —0, we obtain X € P (see [10,
corollary 4.7]). O

We finish the proof of this theorem.
4.2. Topological structure of Fix(II)
The goal here is to prove theorem 1.8.
LEMMA 4.4. The map A> A — Py € Fix(Il) is injective.

Proof. Take any A = {a;};2,, A" = {a}}2, € A with A # A’. There exists a

number k such that a;, = a} for any i<k and ap # aj,. We can assume that
ar < aj,. An mm-space X is defined as the unit interval ([0, 1], |- |) with probability
measure

ux = Zai(Sin + (1 - Zaz> El,
i=1 i=1
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where £! is the Lebesgue measure on [0,1]. Then, we have X € P4 and X ¢
Pyr. Indeed, if X € Py, then there exists a sequence {x;}5°, C X such that
>oioy @iy, < px. Since A is monotone non-increasing, we have

k k

k
Sodl < pxclfon, o om}) €D a < Y dl,
=1

i=1 i=1
which is a contradiction. Therefore, we obtain P4 # P, . This completes
the proof. O
LEMMA 4.5. The map A> A P4 € Fix(Il) is continuous.

Proof. Assume that A, = {a,;}2, € A converges weakly to A = {a;}2, € A. Let
us prove that P4, converges weakly to P4.

We first prove that lim,_, .o (X, P4, ) = 0 for any X € P4. By the standard
approximation, X can be assumed to be a finite mm-space. Take any € > 0 and find
a number k such that ax11 < €. Then, for sufficiently large n, we have

€ )
lan; — a;| < Efor i=1,...,k and apr+1 <Ee.

Since A, is a monotone non-increasing sequence, a, x+1 < € implies sup;, an; < €.
Take such large n and fix it. Let {z;}$2, be a sequence in X such that Zfil a;bz; <
px and let {y1,...,yn} = X. We define

X:: {61,...,£k77717-"777N}

and define two maps ¢: X — X and ¢: X — X by

pla) = and  ¥(y;) = 1.

y;  if x=mn;,
We now define two probability measures 1 and pg —on X as

k k k
Py = Zaiégi + Yu(px — Z ailu;), Mz, e, )= Zamc?gi
=1 =1

i=1

and fig, |{n;,...nyy i determined as follows. Find finitely many real numbers
but,. .., bnar € [0,€) with

M s}

Z bn1 =1- Z Qns

i=1 i=1
and set

bn;j if1<j<M,
Cnj = s
G j—pm+k if § > M.
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Note that sup; c¢,; < e. We define
Ji
pi, (i) = D ew
J=ji—1+1
fori=1,...,N, where jo:=0, jy := +00, and
J
Jir=inf Qi >gica | Y ew > pg({ni})
l:ji—1+1

fori=1,..., N —1. Under inf ) = 400, if there exists ip < N such that j;, = --- =
jn = +o0o, then we understand

N)?n({ni0+1, e anN}) =0.

Letting ip := min{1 < i < N |j; = +oo}, we have

pg({ni}) < pg, ({ni}) < pg({mi}) +e

for any i < ig by the definition. On the other hand, since

k 0 )
1— Zani = chj < ZN)”(({W}) + (i0 — 1)e,
i=1 j=1 i=1

we have
N k ) k
Doongn) =1=>ai=> ng({n}) < lans — as| + (io — 1)e < ige.
i=ig+1 1=1 1=1 1=1

These imply that

1%, ({30 3) = g ({73 3]

ip—1 N k

< g, mh) —ng({ml+ Y- pxmb) + D lan — a;
i=1 i=ig+1 i=1

< 2y < 2Ne.

Hence, we have

k N
1 1
drv iz, 1nx) =5 D lan = ail + 5 Y lug, ({m}) — nx({mi})] < 2Ne.
i=1 i=1

Therefore, letting X, := (X, dx, p«p 5, ), we obtain X, € Py, and

D(X7 Xn) < 2dTV(ﬂX7 90*/1')2'”) < 2dTV(M)~(7:U’X'n) < 4N57
which imply lim, . O(X, Pa4,,) = 0.
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We next prove that liminf,, o, O(X, P4, ) > 0 for any X € X'\P4. It is sufficient
to prove that if X,, € P4, U-converges to X, then we have X € P4, due to
considering the contraposition and extracting a subsequence. Assume that X, €
Pa,, O-converges to X. Let {x,;}52, be a sequence in X,, with

o
Z ani5zni S Hxp-
i=1

There exist Borel maps f,: X;, — X and a sequence ¢, — 0 such that f, is 1-
Lipschitz up to e, and dp (fn. fix,, #tx) < €, (actually, f, can be assumed to be an
€p-mm-isomorphism but this is unnecessary here). The sequence { f,(2n:)}5%, has
a convergent subsequence by the same argument as in the proof of claim 4.2. Let

x; = khj& fog, (Tngi),
where {ny} is a subsequence of {n} such that {f,, (zn,i)}7Z, converges for any
i. Then, since A,, converges weakly to A and f,,px, converges weakly to px, we
have

1=

=1

PO fry, dpixp, :/ @ dpx
k X

Xn

for any non-negative bounded continuous function ¢: X — [0,400), where the
first inequality follows from Fatou’s lemma. This implies Z;’il aiéxi < ux, so that
X € P4. The proof of this lemma is now completed. O

Proof of theorem 1.8. By lemmas 4.4 and 4.5, the map A 5 A — P4 € Fix(Il) is
a continuous bijection from the compact space A to the Hausdorff space Fix(II).
Thus, this is a homeomorphism. The proof is completed. O

5. Contractibility of total and base spaces

In this section, we study the topology of the total space X, = X\ {*} and the base
space ¥ = X, /R, and prove proposition 1.5. Since X, and ¥ (resp. I, and IL,/R)
are weakly homotopy equivalent to each other, proposition 1.5 implies corollary 1.6
directly.

Proof of proposition 1.5(i). Let Z be an arbitrary mm-space with at least two
different points and let p € [1, 00]. We define a map H: [0,1] x X, — X, by

H(t,X):=(1-tX x,tZ, te[0,1], X € X,,

where x, means the [,-product of two mm-spaces and we agree 0X := * for any
X € X. We see that

HO,X)=Xx,+=X, H1,X)=xx,2=72,

and each mm-space H (¢, X) has at least two different points, that is, H(¢, X) € X,
for any ¢ € [0,1] and X € X,. Since the scaling and the /,-product are continuous
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operations (see [9]), the map H is continuous with respect to both the box and
concentration topologies. Thus, H is a deformation retraction of X, onto {Z}.
Therefore, X, is contractible. O

On another note, the following proposition can be obtained by the same proof
as above.

PROPOSITION 5.1. Let F be the family of all finite mm-spaces. Then, X \ F is
contractible.

Proof. Just take Z as ([0, 1], ]|, £) in the proof of proposition 1.5(i). Then, H (¢, X)
is a deformation retraction of X \ F onto {Z} since H (¢, X) is not finite. O

We next prove proposition 1.5(ii) for pyramids. In order to prove this, we prepare
the following lemma about the continuity of the ,-product of pyramids. As for the
l,-product of pyramids, we refer to [4, 11].

LEMMA 5.2. If a sequence {P,}32, of pyramids converges weakly to a pyramid
P, then, for any mm-space Z and any p € [1,00], the sequence {P,, X, Pz}o%,
converges weakly to P X, Pz, where the l,-product of two pyramids P and Q is
given by

O
Ppr:: U PXpr .

XeP,YeQ

Proof. The outline of this proof is similar to that of [10, theorem 1.2]. For simplicity
of the proof, we assume that p < +o0o. The case of p = +00 can be proved in the
same way.

We first prove that for any ¥ € P x, Pz,

lim O(Y, P, x,Pz) =0. (5.1)

n—oo
Note that (5.1) holds if and only if there exist mm-spaces X,, € P,, n =1,2,...,
such that
lim D(Y, Pxnxpz) =0.

n—0o0

It is sufficient to prove (5.1) for any mm-space Y with Y < X x,, Z for some X € P.
Assume that Y < X x, Z for some X € P. Since P,, = P, there exists a sequence
{X,}52; O-converging to X such that X,, € P, for every n. Then, we have

limsup (X, X, Z, X %X, Z) < lim 0(X,,X) =0

n— oo n—00

by [9, proposition 4.1]. Since Y < X X, Z, we have

lim sup D(Y, PanpZ) =0

n—oo

by [18, proposition 6.10]. Therefore, we obtain (5.1) for Y < X x,, Z, and then for
any Y € P x, Pz.
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We next prove that if an mm-space Y satisfies (5.1), then Y € P x, Pz conversely,
which implies that

liminf O(Y, P,, x, Pz) >0

n—oo

for any Y ¢ P x,,Pz by choosing an appropriate subsequence. Assume that an mm-
space Y satisfies (5.1) and assume that Y has at least two different points since
* € P X, Pz is always true. Then there exist mm-spaces X,, € P, n =1,2,...,
such that

lim C(Y, Px,xpz) = 0.

n—oo
By [10, lemma 4.6], there exist a Borel measurable map f,: X, X, Z — Y and a
Borel measurable subset Y,, C X,, x, Z such that dp(f,,(ttx, ® pz), py) < €n,

wn(Yn) > 1—¢,, and
sup  (dy (fu(@,2), ful2',2") — dxyxpz((2,2), (2, 2))) < e
(x,2),(! ,2")eVn,

for some ¢,, — 0.
Take any € >0 and fix it. There exist open subsets Yi,...,Yy C Y such that
diamY; < e and py(Y;) >0 for any j =1,...,N,

N
> ouy(Yy)>1—g, and ¢ :=mindy(Y;,Yy) >0,
=1 J#]

cf. [17, lemma 42]. Let
N
Yo=Y\ ||V
j=1
and take y; € Y; for each j = 0,1,..., N. In the case of ¥ = 0, it is rather easy
and will be omitted. We define an mm-space Y by

N
Y= ({yi} 0 dv, Y v (Y)3y,))-

j=0
Let 0 < < € be a small real number as

/

)
Nn <e and 5::5—77>0.

Then, there exist pairwisely disjoint open subsets Zi,...,Zp C Z such that
diam Z; < n and pz(Z;) >0 forany i =1,..., M, and

M
ZMZ(Zi) >1—n.
i=1

We define subsets A7 C X,, foreveryi=1,...,M,j=1,...,N by

J

Al = {JZ € X,, | there exists z € Z;such that (z,2) € f,*(¥;) N Yn}
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and define a 1-Lipschitz map ®,: X,, — (RMY || . |l«) by

@, () := (min{dx,, (v, Af;), diam Y} )ict, Mj=1,..N

for z € X,,. By letting
Vp 1= (I)n*:U/Xn7

since suppr, C {w € RMN | ||w||lo < diamY}, the sequence {1,}52, is tight.
Thus, we can assume that {v, }52; converges weakly to a Borel probability measure
v on RMN,

We now define an mm-space X by
X o= RN oo, ).

Note that X € P because (RMY |- lloos ¥n) < Xy € Py for every n. Our goal is to
construct a Borel map ¥: X x, Z — Y such that dp(V.(pux ® pz), py) < 2¢ and

sup  (dy (¥(z,2),¥(2",2)) — dxx,z((,2), (2, 2"))) < 3¢
(z,2),(2! 2" eY

for some Borel subset Y C X Xp Z with px ®,uz(f/) > 1—2e¢. Indeed, if such a map
VU exists, then we have Y € Pxx,,z by applying [10, lemma 4.6] to the composition

to W of the inclusion map ¢: Y — Y and the map U: X X, Z — Y. Therefore, we

obtain
YeP Xp Pz
since Pxx,z C P X, Pz.
For each i € {1,..., M}, we set proj,: RMY — RY the projection given by
proji((wkl)k:l,...,M,l:l,...,N) = (wil>l:1,...,N = (wih cee 7wiN>

for (wg)k, € RMN. Put
v; :=proj;, v and &, ; :=proj; o ®,.

We see that {®,,;,11x, }52; converges weakly to v; on RY as n — oo. For each
j €{1,...,N}, we define a closed subset W; C RY by

W; = {(w1,...,wy) € RV |w; = Oand w;r > bfor every j' # j} .
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We now prepare two claims.

Claim 5.3. For any sufficient large n and for anyi=1,...,M, j=1,...,N, we
have
@, (A7) C Wj.

Proof. Take any z € A7;. We have

(®n,i(z)); = min{dx, (v, Aj;), diam Y} =0.
We prove that for any j' # j,

(@n’i(x))j/ = min{dx,, (a;A?j,),diam Y} > 4.

By the definition of 4, it is clear that § < §' < diam Y. We take any z’ € A?j,. Then
there exist z, 2z’ € Z; such that

(z,2) € £, '(Y;)NY, and (¢/,2) € £, (Y)Y,
Thus, we have

0 < dy (Y, Yy) < dy(fulw,2), fu(2',2") < dx,xpz((2,2), (27, 2') + en
= (dx, (2, &) + dz (2,2 )P)/P + e, < (dx, (z,2")7 +0P) /P + ey

which implies that dx, (z,2’) > ¢ if n is large as €, < §'/2. Therefore, we have
dx,(z,A;) = 6. This completes the proof. O

Claim 5.4. For any j=1,...,N, we have

M
py (V) <Y vi(Wy)pz(Z:) + 1.
=1

Proof. A straight-forward calculation implies

py (V) < liminf (pix, @ pz)(f ' (Y5) N Yn)
M ~
< lim sup Z(uxn @ uz) (it (Y) NY, N (Xn X Zi)) +n

M
<limsup Y~ pux, (A7)pz(Z:) +n

n—oo T
M

<limsup Y @i g, (Wy)nz(Zi) +n
n— oo i=1

M
< vi(Wi)uz(Z:) +,
=1

where the fourth inequality follows from claim 5.3. O
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We define a Borel map ¥: X x, Z — Y by

\I/(ZL'7Z> = yJ lf pro-]l(x) S Wjand A Zi?

Yo otherwise.

First, we prove that
dp(Wa(pux @ pz), py) < 2e. (5.2)
For any j =1,..., N, we have
M
py ({y}) = my (V5) <Y vi(Wi)uz(Z:) +n
i=1

by claim 5.4. On the other hand, we have

M
U (px @ pz){y;}) = nx @ pz(| | {(z,2) € X x Z|proj;(«) € Wjand z € Z;})

=1

M
=3 nWnz(Z,).

i=1
Therefore, we have

py({yi}) < Wulpx @ pz)({y;}) +n

for any j = 1,...,N. Taking puy({yo}) < € and Nn < e into account, we
obtain (5.2).
Let

We see that

M N N
px @ pz(Y) = ZZVi(Wj)MZ(Zi) > Z(My({yj}) —n)>1—e—-Nnp>1-2e.

i=1 j=1 j=1
(5.3)
Finally, we prove that
sup  (dy (¥(z,2),¥(2',2") = dxx,z((x, 2), (2, 2))) < 3e. (5.4)

(z,2),(a/ ")€Y
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Take any (z,2), (2/,2') € Y and find i,i’ € {1,...,M} and 7,5’ € {1,..., N} such
that proj,(z) € Wj, z € Z;, projy(z') € Wy, and 2" € Z. There exist z, € A}
and z), € A%,, n=1,2,..., such that

[@n(zn) — 2[00, ”‘I)n(x;m) - x/”oo —0

as n — oo. There exists z, € Z; such that (z,,z,) € f,1(Y;) N Y,,. For any
I, € A?,j, and z, € Zy with (Zn,2,) € f,'(Y;) NY,, we have

dY(yj’yj’) < dY(Yjv Yg’) +2e < dy (fu(@n, 2n), fn(Tn, 2n)) + 2
< dxpxpz((Tns 2n), (Tns 2n)) +en + 26
< (dxn (T, &0)P + (dz(2,2") + 20)P) /P + £, + 26
< (dx, (Zn, Bn)P + dz(z, 2 )P)V/P + &, + 22 + 20,

which implies that

dy (45, 950) < ((Pa(@n))igr)” +dz (2,2 V)P + e + 26 + 2.

Thus, we have

dy (y5,y;) < limsup(((Pr(xn));r5)? + dz(z, 2 PP 4 3¢

n—oQ

= limsup(((®n(zn) — @ (2),))i;)F +dz(z, 2 )PP 4 3¢

n—oo

< hmsuP(”‘I)n(xn) - (I)n(-r;L)HZO + dz(z, Z/)p)l/p + 3¢

n—o0
= (|lz — 2'||P, + dz(z, 2 )P)Y/P + 3¢
= dxxpz((x,2), (', 2)) + 3e.

This implies (5.4). Thus, the map ¥: X x, Z — Y satisfies (5.2), (5.3), and (5.4),
so that we obtain Y € Pxx,z C P x;, Pz. Therefore, the sequence {Pn xp Pz},
converges weakly to the pyramid P x, Pz.

REMARK 5.5. We conjecture that if two sequences {P,}5°; and {Q,,}5°; of pyra-
mids converge weakly to pyramids P and Q, respectively, then {P, X, Q,}5%,
converges weakly to P x, Q as n — oo for all p € [1, 0o]. Furthermore, this may be
true for the setting that extends [9]. However, we need some new idea/proof that
does not rely on the partition of the fixed mm-space Z.

Proof of proposition 1.5(ii). Let Z be an arbitrary mm-space with at least two
different points and let p € [1, 00]. We define a map H: [0,1] x I, — II, by

H(t77)) = Ft(P) XthZ7 te [0,1],PEH*,

where Fy(s) := min{s, 1 — 1} for s > 0, which is a monotone metric preserving
function, and F}(P) for a pyramid P is given by F;(P) := P, and

|
Ft(P) = U ,P(XthOdXMX) ell
XeP
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for t € [0,1). It is a known fact that Fy(P) = P and the map (¢,P) — Fi(P)
is continuous on [0, 1] x II,. We remark that the map (¢,P) — (1 —¢)P is not
continuous at t=1. See [11, §5] for more details. We see that

H(O,P)ZFO(P) XPP*ZP, H(l,P)=F1(7)) przzpz.

Moreover, H(t,P) € IL, since H(t,P) # P. and H(t,P) has finite observable
diameter if ¢ > 0. We prove the continuity of H. Assume that ¢, — ¢ on [0, 1] and
P, — P on IL,. If t >0, then we have

t

n, t
H(tnapn) = 7(?Ftn(7)n) ><p PtZ) — Ft(P) Xp PtZ = H(t,P)

as n — oo by lemma 5.2 and [10, corollary 1.5]. If ¢ =0, then we have

p(H(tm Pn)v H(O’ P)) < p(H(tm Pn)» Ftn (Pn)) + p<Ftn (Pn)ﬂ 7))
< ObsDiam(t, Z) + p(Ft,, (Pr), P)

by [11, proposition 3.4], which implies that

lim p(H(t,,Pn),H(0,P)) =0.

n—oo

Thus, the map H is continuous, so that it is a deformation retraction of II, onto
{Z}. Therefore, II, is contractible. O
6. Further questions

It is asked in [1, Question 9.1] if the Gromov-Hausdorff space is homeomorphic to
I2. In our previous article [11], we have proved that X is not homeomorphic to />
with respect to the concentration topology. The following question remains.

QUESTIONA 6.1. Is X homeomorphic to [? with respect to the box topology?
We also ask the following.

QUESTIONA 6.2. If two sequences {P,}r2, and {Q,}>2, of pyramids converge
weakly to pyramids P and Q, respectively, then does {P, x, Q,}52; converge
weakly to P x, Q@ as n — oo for all p € [1,00]?

QUESTIONA 6.3. Are X and II, /Ry contractible?

QUESTIONA 6.4. Are the spaces X and X, locally contractible with respect to the
box and/or concentration topologies?

QUESTIONA 6.5. Are II and II, locally contractible?
The following is already stated in our previous article [11].

QUESTIONA 6.6. Is the observable metric on X geodesic? Is the pyramidal
compactification IT of X geodesic?
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