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Casselman’s Basis of Iwahori Vectors and
the Bruhat Order

Daniel Bump and Maki Nakasuji

Abstract. 'W. Casselman defined a basis f, of Iwahori fixed vectors of a spherical representation (7, V')
of a split semisimple p-adic group G over a nonarchimedean local field F by the condition that it be
dual to the intertwining operators, indexed by elements u of the Weyl group W. On the other hand,
there is a natural basis 1), and one seeks to find the transition matrices between the two bases. Thus,
let f, = >, m(u,v)ipy and ¢y, = >, m(u,v)f,. Using the Iwahori-Hecke algebra we prove that

1

1
if a combinatorial condition is satisfied, then m(u,v) = T[], 11'7_71,,2, where z are the Langlands

parameters for the representation and « runs through the set S(u, v) of positive coroots v € & (the
dual root system of G) such that u < vro < v with rq the reflection corresponding to .. The condition
is conjecturally always satisfied if G is simply-laced and the Kazhdan—Lusztig polynomial Pyywou =
1 with wy the long Weyl group element. There is a similar formula for 1 conjecturally satisfied if
Py, = 1. This leads to various combinatorial conjectures.

1 Introduction

W. Casselman [3] described an interesting basis of the vectors in a spherical repre-
sentation of a reductive p-adic group that are fixed by the Iwahori subgroup. This
basis is defined as being dual to the standard intertwining operators. He remarked
(p. 402) that it was an unsolved and apparently difficult problem to compute this
basis explicitly. For his applications, which include the computation of the spherical
function and, in Casselman and Shalika [4]], the spherical Whittaker function, it is
only necessary to compute one element of the basis explicitly. Despite this difficulty,
we began to look at the Casselman basis and we obtained interesting partial results.
These led to some interesting combinatorial questions about the Bruhat order.

Let G be a split semisimple algebraic group over the nonarchimedean field F. Let
B(F) be the standard Borel subgroup of G(F), K the standard maximal compact sub-
group, and ] the Iwahori subgroup of K. (See Section 2 for definitions of these.)

We write B = TN, where T is the maximal split torus and N its unipotent radical.
If x is a character of T(F), then V () will be the representation of G(F) induced from
X- Its space consists of locally constant functions f: G(F) — C such that

(1.1) f(bg) = (6*) () f(g),

where §: B(F) — C is the modular quasicharacter and Y, § are extended to B to be
trivial on N(F). The action of G(F) is by right translation.

Received by the editors February 28, 2010.

Published electronically July 11, 2011.

This work was supported in part by the JSPS Research Fellowship for Young Scientists and by NSF
grant DMS-0652817.

AMS subject classification: 20C08, 20F55, 22E50.

Keywords: Iwahori fixed vector, Iwahori Hecke algebra, Bruhat order, intertwining integrals.

1238

https://doi.org/10.4153/CJM-2011-042-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-042-3

Casselman’s Basis of Iwahori Vectors and the Bruhat Order 1239

If x is in general position, then V () is irreducible. If x is unramified (which we
assume), then the space V ()’ of J-fixed vectors has dimension equal to the order of
the Weyl group W, and so it is natural to parametrize bases of V ()’ by W. There is
one natural basis, namely {¢,, | w € W}, defined as follows. If b € B(F),u € W,
and k € J, define

1/2 : _
(12 o =6) — {5/X(b) itk e Jou=w,
0 otherwise.
It is clear that this is a basis of V ().

If w € W, then there is an intertwining integral M,,: V(x) — V("x). Itis given
by 1) below. These have the property that if [(ww’) = I(w) + I(w’), then M,,,,, =
M,, o M,,/, where I: W — Z is the length function. The Casselman basis { f,, | w €
W } is the basis defined by the condition that

1 ifw=wv,
(M, f)(1) = .

0 ifw#w
The question of Casselman mentioned above is to express the basis f,, in terms of the
basis ¢,,. However, we found it better to try to express it in terms of the basis

'l/Ju = Zd)vv

vu

where > is the Bruhat order. By Verma [22]] or Stembridge [21]]

Gy =Y (=1,

v>u

so expressing the f, in terms of 1),, is equivalent to Casselman’s question.

This problem can be divided into two parts: first, to compute the values of
m(u,v) = (M,1,)(1), and second, to invert the matrix m(u,v), ,cw. Indeed, if
(1, )y vew is the inverse matrix so » #(u, v)m(v, w) = d,,, (Kronecker d), then
>, v, u), will satisfy M, (3~ (v, u)1p,)(1) = 0,y and so f, = > (v, u)iy, is
the Casselman basis.

Let & be the root system with respect to T, the dual torus of T. This is a complex
torus in the L-group G.

Ifa € ", let r,, be the reflection in the hyperplace perpendicular to cv. Thus, if o
is simple, 7, is the simple reflection s,. Then for any u < y < v we have

#Hlaed | u<yr, <vl=>I1v) —lu).
This statement is known as Deodhar’s conjecture. The condition is sometimes written

u < rq.y < vbut this does not change the cardinality of the set since y.r, = 3.y
for another positive root § = +y(«). This inequality was stated by Deodhar [7]] who
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proved it in some cases; the general statement is a theorem of Dyer [9] and (indepen-
dently) Polo [17] and Carrell and Peterson (Carrell [2]). In particular, taking y = v
or u gives

Su,v) ={ae d |u<vry < v}, Suv)={aecd |u<ur, <v}.

Then Deodhar’s conjecture implies that S(u, v) and S’(u, v) each have cardinality at
most [(v) — I(u).

Proposition 1.1 If the Kazhdan—Lusztig polynomial P,, = 1, then |S'(u,v)| =
I(v)— I(w). If the Kazhdan—Lusztig polynomial Py, weu = 1, then |S(u, v)| = I(v)—1(u).

Proof The first statement follows from Carrell [2} Theorem CJ. If P, ;s = 1, then
it follows that |S’ (wov, wou)| = I(wou) —I(wyv). Since x < y ifand only if wyy < wox,
this is equivalent to |S(u, v)| = I(v) — I(u). [ |

We assume that & is simply-laced, that is, of Cartan type A, D, or E. In this
case, we make the following conjectures. The unramified character y = x, of T(F)
is parametrized by an element z of the complex torus T in the L-group ‘G. (See
Section[2])

Conjecture 1.2 Assume that & is simply-laced. Suppose that u < v in the Bruhat
order. In this case wov < wou. Suppose that the |S(u,v)| = I(v) — l(u). Then we
conjecture that

1—g 'z
(13) M) = [ —

a€S(u,v) -z

Conjecture 1.3 Assume that & is simply-laced. Suppose that u < v in the Bruhat
order. Suppose that |S’(u,v)| = I(v) — I(u). Then we conjecture that

(1.4) m(u,v) = (,I)IS’(u,v)\ 11

a€eS’ (uy) -z

We give an example to show that the assumption that & is simply-laced is neces-
sary. Let ® have Cartan type B, with a,, a, being the long and short simple roots,
respectively, and o1 = s,,,02 = s, being the simple reflections. Then we find that
when (u,v) = (01, 010,01) or (01, 010,0107) the conclusion of Conjecture[[.2] fails,
though the Kazhdan-Lusztig polynomial P, = 1. Nevertheless the conjecture is
often true for type By, for these are the only failures. There are 33 pairs (u, v) with
u < v, and Conjecture[L.2] gives the correct value for (M,1),)(1) in every case except
for these two. Hence it becomes interesting to ask how the hypothesis in Conjec-
tures[[2land [[3should be modified when & is not simply-laced.

We recall the formula of Gindikin and Karpelevich. Let ¢° = X¢° be the standard
spherical vector in Ind$(6'/2y) defined by ¢°(bk) = §'/2x(b) when b € B(F) and
k € K. In this case

1—qg 127,
1.5 M,(X¢°) = — | Xp°.
(L5) <¢>[H1_za]¢
acdt
va)ed~
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This well-known formula was proved by Langlands [15] after Gindikin and Karpele-
vich proved a similar statement for real groups. See Casselman [3, Theorem 3.1] for
a proof.

Theorem 1.4 Ifu = 1, then Conjecture[l.2is true.

Proof We will deduce this from (L3). In this case ¢y = ¢°, so to prove Conjec-
ture[[.2l we need to know that if « € ®*, then o € S(1,v) if and only if v(a) € .
This follows from Proposition2.2]with w = v. ]

Thus Conjecture generalizes the formula of Gindikin and Karpelevich. If
u # 1, it resembles the formula of Gindikin and Karpelevich, but there are some
important differences which we will now discuss.

We say that a subset S of & is convex if « € S implies —a ¢ S and whenever
a,f € Sanda+ € &, wehave a + € S. Theset S(1,v) = {a € &* | v(a) €
&~} is convex in this sense. Moreover, it has the property that if it is nonempty,
then it contains simple roots; this follows from the fact that its complement in & is
{a € i | v(a) € fi>+}, which is also convex. These are special properties that S(u, v)
may not have in general.

Example 1.5 Suppose that & = A, with simple roots o; and o, and simple re-
flections o; = s,,. Let u = o1, v = wy = 010,01. Then S(u,v) = {a;,,} is not
convex.

Example 1.6 Suppose that & = A, and that u = 05, v = 010,. Then S(u,v) =
{a1 + @, }. Thus S(u, v) contains no simple roots.

We see that S(u, v) has two special properties in the case where # = 1, namely that
it is convex and that its complement is convex, which implies that (if nonempty) it
always contains simple roots. These properties fail for general u.

We turn now to an interesting combinatorial conjecture which implies Conjec-
ture[L.2]

Let W be a Coxeter group with generators 3, whose elements will be referred to
as simple reflections. If u,v € W and u < v with respect to the Bruhat order, then we
will define the notion of a good word for v with respect to u. First, this is a reduced
decomposition v = s; - - - 5, into a product of simple reflections, where n equals the
length I(v). It has the following property. Let S be the set of integers j such that

ugsl...g;...syh
where the “hat” means that the factor s; is omitted. Let S = {ji, ..., ja}, which we
arrange in ascending order: j; < --- < jz. Then we say that the decomposition
51 -+ S, 1s a good word for v with respect to u if

u:sl...sjl...sjd...sn.

Now d has an intrinsic characterization in terms of # and v independent of the de-
composition v = sj - - - s,,. It is the number of reflections r in W such that u < vr < v.
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Indeed, given any reflection r such that 4 < vr < v, there is a unique j such that
= SuSn—1 vt Sj1SiSjsl " Sny

and so vr = s;---5j---s,. Thusd = [S(u,v)| and by Deodhar’s conjecture d >
I(v) — I(u). Therefore a good word can exist only if d = I(v) — I(u).

Let us consider some examples. First consider the case where W = A,, with
generators 0, = s,, and 0, = s, satisfying 07 = 1 and (010,)* = 1. Let u = 0} and
v = 010,0;. Then 0,0,0 is not a good word for v with respect to u, since

o1 < 610201, 01 < 010201, butoy # §10,267.
But v = 0,00, by the braid relation, and this word is good. Indeed, we have
01 £ 020102, 01 < 020102, 0] = 0,0103.

Conjecture 1.7 If W is simply-laced and d = I(v) — l(u), then v admits a good word
with respect to u.

Proposition 1.8 Conjecture[L7is true for W = A4 or Dy.

Proof This was established by computer computation using Sage. ]

If W is not simply-laced, then this fails: for example, let W = B, with generators
oy and o, satisfying 07 = 1 and (0,0,)* = 1. Let u,v = 01,010,01. Then there
is no good word for v with respect to u. It is an interesting question to give other
characterizations (for example in terms of Schubert varieties) of the pairs u, v such
that v admits a good word for u when W is not simply-laced.

Our main theorem is the following result.

Theorem 1.9 Ifv admits a good word for u, then (L3) is true.

By Theorem Conjecture [[.7] implies Conjecture [.L2] Theorem is true
whether or not & is simply-laced. However, as we have mentioned, if & is not simply-
laced, there may not exist a good word even if I(v) — I(u) = d.

By Proposition [[.8]it follows that Conjecture[.2]is true if G = GL, with r < 5 or
G = SO(8) (split).

We have investigated Conjecture [[.3] less than Conjecture [[.2] and have less evi-
dence for it. Conjecture [[3] also is related to a combinatorial conjecture which we
will now state.

Conjecture 1.10 Assume that & is simply-laced. If u < v and P,, = 1, then there
exists B € O such that u <t < vifandonly ifu < rgt < v.

It was shown in Deodhar [6, Proposition 3.7] that the Bruhat interval [u,v] =
{t | u < t < v} has as many elements of even length as of odd length. Conjec-
ture [[L.T0l (when applicable) gives a strengthening of this since ¢ +— gt is a specific
bijection of [u, v] to itself that interchanges elements of odd and even length.
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We have checked using a computer that Conjecture[L.10]is true for A, when r < 4.
For example if & = Aj, then there exists such a 3 for every pair u < v except the pair
02,0,01030; and 0,03, 01030,0,03. For these pairs, we have u < v (in the notation
of Kazhdan and Lusztig [14]) but [(v) > I(u) + 1 and so P,, # 1. For Ay, there are
pairs u < v such that u < v is not true but still the Bruhat interval {# | u <t < v}is
not stabilized for any simple reflection. However for these examples we have P, , # 1
and P,y 7 1, and Conjecture[L.I00s still true.

We will prove in Theorem [6.2] that Conjecture and Conjecture [[2] together
imply a weak form of Conjecture[I.3]

2 Preliminaries

Let g¢ be a semisimple Lie algebra over C. Let t¢ be a split Cartan subalgebra of g.
Let ® be the root system of g¢ corresponding to t and let W be the Weyl group, and
let  be the dual root system.

Let H, € t (o € ®) be the coroots. Thus the root « is the linear functional x —
éfﬁ% with respect to a fixed W-invariant inner product on t. Using Théoréme 1 of
Chevalley [5] we may choose a basis g that consists of X,,, X_,, where « runs through
the set ®* of positive roots and H,, € t, where « runs through the simple roots. These

have the properties that [X,, X3] = £(p + 1)Xo3 When o, 5, + 3 € ® is a root,
where p is the greatest integer such that 8 — pa € ® and [H,, Xg] = o) Xp. Let

a,x
gz be the lattice spanned by this Chevalley basis. It is a Lie algebra over<Z such that
gc = C®gy.

Now if F is a field, let g = F ® gz. We will take F to be a nonarchimedean local
field. Let G be a split semisimple algebraic group defined over F with Lie algebra gp.
Let o be the ring of integers in F, p the maximal ideal of o, and q the cardinality of the
residue field.

If & € ®*, then there exists a homomorphism i,: SL, — G such that under the

differential di,, : sl, — g we have

. (0 1 . (0 0 . (1 0
dig, (0 O) = Xo, dig, (1 0) =X_u, dig (0 _1) = H,.

Let xo: F — G(F) be the one-parameter subgroup x,(t) = exp(tX,). The Borel
subgroup B(F) = N(F)T(F), where T(F) is the split Cartan subgroup with Lie(T) =
t and N is generated by the x, (F) with o € ®*. If a is a fractional ideal, we will also
denote by N(a) the subgroup generated by x,,(a) with o« € ®*. Similarly N_(F) and
N_(a) are generated by x_(F) or x_,(a) with a« € ®*, and B_(F) = N_(F)T(F).
Let wy be the long element of W. Let a, = i[y( r o ) , where p is a fixed generator
of p.

Let K be the maximal compact subgroup of G(F) that stabilizes g, in the adjoint
representation. Then reduction modulo p gives a homomorphism K — G(IF,). Let J
be the preimage of B(IF;) under this homomorphism. This is the Iwahori subgroup.

By a result of Iwahori and Matsumoto [13} § 2], we have a generalized Tits system
in G(F) with respect to J and the normalizer Normg(T') of the maximal torus T of
G that has Lie algebra ty = F ® t. See also Iwahori [12]. The subgroup denoted B
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in these papers and in Matsumoto [16] is actually wy Jw, . This is a bornological
(B, N)-pair in the sense of Matsumoto [16], and we may make use of his results.
In particular we have the Iwasawa decomposition G(F) = B(F)K and let T(0) =
T(F) N K. The Iwahori subgroup J is the subgroup generated by T(o), N(o), and
N_(p).

We have the Iwahori factorization, which is the statement that the multiplication
map T(0) x N_(p) x N(0) — Jis a homeomorphism. The three factors for this may
be taken in any order. See Matsumoto [[16, Proposition 5.3.3].

Let x be a quasicharacter of T(F). We say x is unramified if x is trivial on T(p).
Let X*(T(F)/T(0)) be the group of unramified quasicharacters. It is isomorphic to
X*(7") = ', where r is the rank of G. The (connected) L-group G = LG° defined
by Langlands [T5] is a complex analytic group with a maximal torus T such that the
unramified quasicharacters of T(F) are in bijection with the elements of T.Ifze T,
let x, be the corresponding unramified quasicharacter.

The Weyl groups Normg(T)/T and Normy(T)/T are isomorphic and may be
identified. Ifz € T and w € W, then Xwz) =" Xz Where "x(t) = x(w™'tw). If
X = X is an unramified quasicharacter, let V(y) = Indg(é 1/2y) denote the space
of locally constant functions f on G(F) such that if b € B(F), then (I.1) is satisfied.
This is a module for G(F) under right translation, and if z is in general position, it
is irreducible. The standard intertwining operators M,,: V(x) — V(*x) are defined
by

Q1) (Myf)g) = /

NNwN_w—!

fw'ng) dn = / f(w™'ng) dn.

(NMWNw—I)\N
The integral is absolutely convergent if |x(a,)| < 1, and may be meromorphically
continued to all x.

We recall that ¢,, defined by (I.2) are a basis of V ()’. By the Iwasawa decompo-
sition, G(F) = B(F)K and by the Bruhat decomposition for G(F,) pulled back to K
under the canonical map we have K = Uuew Ju] = Uuew B(o)u]. Therefore

G(F) = \J B(F)uJ (disjoint).

ueWw
Proposition 2.1 Letw € W andletw = s; - --s;, be a reduced decomposition into
simple reflections. Then
{a e @™ [wla) € @7} = {ai, si (i), sipsi (i ,)s oo 5si sy (ai) b

The elements in this list are distinct, so k = I(w) is the cardinality of this set.
Proof This is Corollary 2 to Proposition 17 in VI.1.6 of Bourbaki [T]]. ]

Proposition 2.2 Letw € W. Ifw(a) € &=, then wr, < w. Ifw(a) € &+, then
w < wrg,.

Proof Suppose that w(a) € &—. Writew = s;.5;, - - -si,» a reduced expression. Then
by Proposition2.Ila = s;,, - - - s;,,, (¢, ) for some k. Then

Wro = S-S Si, <w, T = (s;, 5, )8, (S, o0 i)
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where the caret denotes the omitted factor. This proves the first case.

In the second case, w(v) € &+ implies wow(cr) € &, so the first case is applicable
and implies that wowr, < wow. Now wox < wyy is equivalent to y < x and so
w < wrg. [ |

3 Upper Triangularity of m(u,v)

The main result of this section (Theorem is also in Reeder [18, Lemma (4.4)].
We will give a proof based on our Proposition[3.3] which is a more general statement
than needed for this purpose, but which we have found otherwise useful.

The Iwahori subgroup J admits the Iwahori factorization

J = T(0) N_(p) N(0).

The factors may be written in any order. This is a special case of the following propo-
sition.

Proposition 3.1 Ifx €W, thenxJx ' = T(0)(xJx 'NN)(xJx ' NN_).

Proof It follows from Matsumoto [16}, Lemme 5.4.2] that
J=T)(JNwNw H(JNwN_w").

Taking w = x~! and conjugating gives the result. ]
Proposition 3.2 Ifb € Bandx,y € W and if yb € Bx], thenx < y.

Proof Using the Iwahori factorization of J, we may write yb = b''xn_b’, where
b'" € B,n_ € N_(p),and b’ € B(0). Then yb(b")~! = b"’xn_ € BxB_, where B_ is
the opposite Borel subgroup to B, so ByBNBxB_ # &. By Deodhar [§8, Corollary 1.2]
it follows that x < y. ]

Proposition 3.3 Suppose that n = nyn, with ny,n, € N, and that xn € Bx],
xmx~! € N, and xnyx~' € N_. Thenn, € N(o).

Proof We write xn = bxk with k € J, so xn;x~! - xn;x~! = bxkx~!. Then by
Proposition B.I] we write xkx~! = anyn_ witha € T(v), n, € xJx ! N N and
n_ € xJx ' N N_. Soxn;'x 'ban, = xnyx"'n_". Here the left-hand side is in B

and the right hand side is in N_, so both sides are 1. Thus n, = x 'n_x € N(v). ®

Proposition 3.4 Ifn € Nandx € W, and xnx~' € N_, and if xn € Bx], then
n € N(o).

Proof This is the special case of the previous proposition with n; = 1. ]

Theorem 3.5 If (M,1),)(1) # 0, then u < v. Moreover, (M,,,)(1) = 1.
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Proof We may write

(Myih)(1) = / Du(v=n) di.

NNvN_y—!

If this is nonzero, then ,(v™"'n) # 0 for some n € N. Find w € W such that
v~'n € Bw™!]. Then by definition of 1, we have w > u. By Proposition 3.2}
w~! < v~ !orw < vand therefore u < v.

Now if u = v, then

(Matb)(1) = / Do) .

NNuN_u—1

If ¢, (u~'n) # 0, then by definition of v/, we have u~'n € Bw~!] for some w such
that w > u. By Proposition w < wuand so w = u. Now by Proposition 3.4]
n € N(0). Thus the domain of integration can be taken to be N(0) N wN_(o)w. On
this domain, the integrand is 1 and the measure is normalized so that the volume of
N(o) NwN_(o)wis 1. Hence (M,%,)(1) = 1. [ |

Proposition 3.6 Ifs = s, is a simple reflection, then

Z&

—— (o).

. 1 1
M) =~ (Y6 + (1--)
q q
Proof See Casselman [3, Theorem 3.4]. [ |

4 Hecke Algebra

It was shown by Rogawski [[19] that one may use the Iwahori—Hecke algebra to ex-
press the intertwining operators. We will review this method. See also Reeder [18]
and Haines, Kottwitz, and Prasad [[10]].

We assume that the split semisimple group G is simply-connected. There is no
loss of generality in assuming this for the purpose of computing the intertwining
operators and Casselman basis.

There are two Weyl groups which we must consider. There is the affine Weyl group
Wt which is Ng(T(F))/T(0), and the ordinary Weyl group Ng(T(F))/T(F). Follow-
ing Iwahori and Matsumoto [12J13], these Weyl groups and their Hecke algebras may
be described as follows. Let 0; = s,, be the simple reflections, where «; are the simple
roots in &. Then o; and & j commute unless i and j are adjacent nodes in the Dynkin
diagram, in which case they satisfy the braid relation; assuming G is simply-laced,
this has the form o;0;0; = ojoio;. Then 0,...,0, generate W. Another genera-
tor oy is needed for Wy, Since we are assuming that G is simply-connected, then
0o, - - . , 0y generate Wog with generators and relations as above except that one uses
the extended Dynkin diagram to decide whether i and j are adjacent.

The Iwahori—Hecke algebra is the convolution ring of compactly supported func-
tions f on G such that f(kgk’) = f(g) when k, k" € J. Its structure was determined
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by Iwahori and Matsumoto [13]. Normalizing the Haar measure so that ] has vol-
ume 1, let t,, be the characteristic function of Jw], and if 1 < i < r, let t; denote
t,.. The t, with w € W form a basis, and the #; form a set of algebra generators.
The t; satisfy the same braid relations as the s;, but the relation o7 = 1 is replaced by
t?=(q— Dt +q.

The subalgebra H of elements of H,g consisting of functions that are supported
in K is the finite Iwahori-Hecke algebra H. Thus dim(H) = |W | but Hy is infinite-
dimensional. The subalgebra H has generators fy, . . . , t, but omits .

With notation as in the introduction, V ()’ is a module for H,g. If ¢ € Hye and
f € V(x), then 6 £(g) = [, 6(h) f(gh) dh.

We define a vector space isomorphism a = a(x): V(x)) — H as follows. If
F € V(x)/, then let a(F) = f, where f is the function f(g) = F(g~')ifg € K, 0
if ¢ ¢ K. It may be checked using the Iwahori factorization that a(F) € H. Now
V(x)/ is a left-module for H (since H C H,¢) and so is H. It is easy to check that
« is a homomorphism of left H-modules. Now let w € W and define a map M,, =
M,,.: H — H by requiring the diagram

M,
Vi) —— v("x)’

J/ a(x) J{ a(™x
M,

H—s H
to be commutative. If w € W, then let us define u,(w) = M, (1y) € H, where 1y is
the unit element in the ring H. Note that o, (¢1) = 1p, 50 pz(w) = a("x) M, ¢1.
Proposition 4.1 We have M,,(h) = h - u,(w) forallh € H.

Proof M, is a homomorphism of left H-modules, where H, being a ring, is a bi-
module. Therefore M,,(h) = M,,(h- 1) = kM, (1) = h - p(w). [ |

Lemma 4.2 Ifl(wyw;) = l(wy) + l(wy), then p,(wiws) = (W) a2 (W1).

Proof We have M,,,,,, = M,,, o M,,,. Therefore this follows from the commutativity
of the diagram:

M, M,

wy wy
Vix)) — v("yx) —— vy =
a(x) l l a("2y) l a("1"2x)
H H H
M,, M,

Lemma 4.3 Ifw = o is a simple reflection, then

M,(1) = %ti +(1- %) o
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Proof This follows from Proposition[3.6 ]

We will denote o, (1),) = ¥ (u). Note that this element of H is independent of
X: it is just the union of the characteristic functions of the double cosets Jw] with
w > u. If f € H,let A(f) denote the coefficient of 1 in the expansion of f in terms
of the basis elements. Then m,(u, v) = A (u)u,(v)).

Proposition 4.4 Letx,y € W let s be a simple reflection. Assume x < y.
(i) Eitherxs < y orxs < ys.
(ii) Eitherx < ysorxs < ys.

Proof Part (i) is proved in Humphreys [11} Proposition 5.9]. For (ii), since W is a
finite Weyl group, it has a long element wy and wpy < wox. Therefore by (i) either
Woys < wox or woys < woxs, which implies (ii). [ |
Proposition 4.5 Letu € W and let s be a simple reflection.

(i)  Assume that us > u. Then for allx € W we have x > u if and only if xs > u.
(ii) Assume that us < u. Then for allx € W we have x < u if and only if xs < u.

Proof For (i), if x > u, then either xs > u or xs > us by Proposition but if
us > u, both cases imply xs > u. Conversely if xs > u, the same argument shows
x 2 u. This proves (i), and (ii) is similar. [ |

If s is a simple reflection, let us denote

@ W s — u ifu < us,
' us ifus < u.

Proposition 4.6 Ifx > uandy <s, thenxy > uos.
Proof This follows from Proposition 4.5 [ |

Proposition 4.7 Let s be a simple reflection, and let u € W such that us > u. Then

D)t = qu(u) and Pu),(s) = (SLZ) ph(u).

Proof The second conclusion follows from the first and Lemma SO wWe prove
P(u)t; = qip(u). By Proposition[5l{x € W | x > u} is stable under right multipli-
cation by s, so we may write ¢ (1) as a sum of terms of the form ¢, + #,; with xs > x.
But (£, + ty) (£ — ‘1) = t(1 +t)(ts — ‘J) =0,s0 ’(/}(u)(ts - Q) =0. n

Let us introduce the following notation. If f,¢ € H and x € W, we will write
f = gmodx if the only ,, (w € W) that have nonzero coefficient in f — g are those
withw > x.

Proposition 4.8 Let s be a simple reflection and let u € W such that us > u. Then

(4.2) W(us)t; = qip(u) modus,  Y(us)u,(s) = (u) mod us.
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Proof The first equation in (4.2) implies the second, since by Lemmald.3], (s) differs
from éts by a scalar and ¢(us) = 0 mod us. We prove the first equation.

Let us determine the coefficient of ¢, in 1 (us)t, under the assumption that x } us.
We will show that this coefficient equals g if x > u and 0 otherwise. This will prove
the proposition since this is also the coefficient of t, in qi(u).

If x > u, then by Proposition 4.4 either us < x or us < xs. Since we are assuming
that x ;ﬁ us, it follows that xs > wus. Hence ¥ (us) has a term t,; but no term ¢,.
Therefore the only term in the sum

(4.3) Yluste =y Lt

z>Uus

that can contribute to the coefficient of ¢, is the term is f,t,. Since xs > us but
x # us, we have xs > x. Thus t, = t,t; and tyt; = t,t? = t,q mod us. Therefore the
coefficient of t, is g.

If x } u, then we claim that there is no contribution to t, from any term in the
sum (4.3]). Indeed, the only z which could produce a contribution would be z = x or
z = xs, but the condition z > us is not satisfied for these. Indeed, x ? us since x }4 u.
If xs > us, then by Proposition [4.4] either x > us or x > u. Since us > u, we have
x > u in either case, contradicting our assumption. [ ]

5 Proof of Theorem 1.9

In this section we will not assume that & is simply-laced.

Theorem 5.1 Suppose that there exist reduced words

. ".Sim"'sna

so that I(v) = n and I(u) = n — m. Suppose, moreover, that |S(u, v)| = I(v) — l(u) and
that S(u,v) = {susu—1 - sizs1(a,) | 1 < k < m}. Then
1—q 'z*

mu,v)= J] ——.

a€S(u,v) 1 —z°

The reflections r = r, with @ € S(u,v) such that u < vr < v are precisely
the s;Sp—1 - Si415,Si+1 - Sn With 1 < k < m,andsou < sp---§, -5, < W
Therefore the hypothesis that u = s; -+ -5, -+ -, -+ ---5; -+ s, is equivalent to the
assumption that s - - - s, is a good word for v with respect to u. It follows that this
theorem is equivalent to Theorem[I.9

Proof Here, s; is a simple reflection. Let «; be the corresponding simple root. We
will write (1(s,) = pz(5n)s p1(5n—1) = Hs,2)(Su—1), - - ., suppressing the dependence

https://doi.org/10.4153/CJM-2011-042-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-042-3

1250 D. Bump and M. Nakasuji

on the spectral parameters. We have m(u,v) = A(1(u)u,(v)), where we may write
(1) p,(v) as a sum of terms

(s oS3y o Siy s palsn) = st Sy Si e sum ) plsn—) - puls1) +
[(si- 85+ Siy e sum)Dp(su—r) — Psi o8, - 5iy oo spm2) plsu—2) <+ - puls1) +

((s1-- -8y - -5, plsi,) — Clm)(sy - -8, -+ -5 ) psi,—1) -+ - plsy) +
Cm)[(sy---Siy -« - sipy—1) (i —1) — W(s1 -+ §iy - si—2) 1 pe(si,—2) - - - plsy) +

C(m)---C()[Y(s1)pls1) — (1] +
C(m)---C(1)y(1),

where
1—gqtzn

Ch) = 1— 2%

s Yk = SuSn—1 0 S ().

The summation telescopes with the terms cancelling in pairs. We will show that A

annihilates every term except the last, so that m(u, v) = C(m) - - - C(1), as required.
We note that the terms of the form

[T CDIp(sy-- -5, -+ - sidplsi,) — CUI(sy - - - 85, - - - S plsipen) - - - pulsy)

ik

are equal to zero by Proposition[£7 The spectral parameter for ju(s;, ) is si,41 - - - 5n(2),
O
1—g 2% 1 —q '(sig1--su(2)"

Cli) = 1 —z% 1— (Sik+1 e s(2)) M ’

as in Proposition[4.7]
Each remaining term is a constant times

((s1 - osiy o8y ospp(sg) — (st iy w8y oo sjm) plsjma) - plsy).
By Proposition[4.8] we have
sy o5y s palsy) — sy -5y -5 - - sj1)
EomOdSIS/I\lS/I\ZS]a

and so by Proposition[4.@lthis term is congruent to 0mod s - - - §j, - - §j, - - - 5,05, _1©
Sj—2 © - - © 51 in the notation (&I)). Thus this term is annihilated by A unless

(5.1) 51...5/;...s/l;...sjesj_l@5]-_2@...@51:1'

https://doi.org/10.4153/CJM-2011-042-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-042-3

Casselman’s Basis of Iwahori Vectors and the Bruhat Order 1251

We will assume this and deduce a contradiction. If this is true, then we may write

(5_2) 51"'51'1"'Siz"'sj:51"'5]‘1"'51'1{"'5]‘717
where ji, jk—1, ..., j1 are the locations in (5.I]) where the © is not a descent. In other

words, the left-hand side of (5.1)) is of the form
Sl...$/1:..qs/l;...Sij_l...s/j\k...s/j\l...51’
and we have moved terms to the other side to obtain (5.2)).

Now using (5.2), we may write

—

(5.3) u:sl...sil...Sn:Sl...sjl...Sjk...5j715j5j+l...sim...5ﬂ7

for we have substituted the right-hand side of (5.2)) for an initial segment in the word
representing u. Now let 6 = 5,5, - - - sj;1(vj). Then vrs = s, -- -5 - - s,, with only
one omitted entry s;. Clearly vr5 < v and by (5.3) we have u < vrs. Thus § € S(u, v).
This is a contradiction, however, because the list s,, - - - 5341 (i) of positive roots «
such that v(ar) € &~ has no repetitions by Proposition ZZIl But j is not among the

set {j1,..., jm}- [ |

6 Towards Conjecture 1.3l

Proposition 6.1 If Conjecture[l.101is true and if u < v and P,y .. = 1, then there
exists § € O such that u < t < vifand only ifu < rat < v.

Proof The conjecture implies that there exists v such that wov < t < wou if and
only if wov < ryt < wou. Then we may take 5 = —wy(7y) so that rg = wyr,wp and
ULtV WV < wot < Woll <= WV < 1y Wot < Woul
< u < WoryWot < V. |

Although we do not see how to deduce Conjecture [[.3] from Conjecture [[L2] we
have the following special case.

Theorem 6.2 Conjectures[L.2 and [LI0 imply that if P,, = Pyyywou = 1, then (L4)
is satisfied.

Proof With notation as in Conjecture [.I0] we note that the map ¢ — t' = rgt is a
bijection of the set {t | u < t < v} to itself such that I(¢) # I(+') mod 2 and such that

{alu<tro <vi={a|u<t'r, <v}.

Indeed the property that r5 has, applied to tr,, instead of ¢, implies that u < tr, < v
ifand only if u < rgtr, <.

Let M and M be the matrices with coefficients m(u, v) and m(u, v). We know
that these matrices are upper triangular with respect to the Bruhat order, that is,
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m(u,v) = m(u,v) = 0 unless u < v. Assuming Conjecture[L2]if P, y,,x = 1, then
m(u,v) = m’(u,v), where

, 1 — qflzoz
m'wv)= [[ R@), Ra)=-—7—=
acd*
uvrg <v

According to Conjecture [[3] if P,, = 1, then we should have m(u,v) = m'(u,v),
where

' (u,v) = (=) T R().

acd?
u<urg v

By induction, we may assume that the counterexample minimizes /(v) — I(u). If
u <t < v then P, = 1and Pyywu = 1. Therefore, m(u,t) = m’(u,t) and
m(t,v) = m'(t,v). Now since M and M are inverse matrices, we have

> m(u,tym(t,v) =0,
Uty

and in this relation m(u,t) = m'(u,t) is assumed for all t and m(t,v) = m'(t,v) is
proved for all ¢, except when t = u. Therefore m(u,v) = m’(u,v) will follow if we

prove
Z m'(u, )i’ (t,v) = 0.
ut<y
We have
m'(u, )’ (t,v) = (=17 TT R [[ R@)
utra <t t<tra <v
— (@0 I R@),
utrg<v

because by Proposition 2.2l we always have either tr, < t ort < tr,. Using Conjec-
ture[[.T0land Proposition 6.1} there is a bijection ¢ — rst for some reflection rs that
stabilizes the Bruhat interval u < t < v. This means that u < tr, < v if and only if
u < rptr, < vand

(_I)I(V)fl(t) H R(a):_(_l)l(V)fl(mt) H R(a),

utra v urptrg v
so the terms corresponding to t and 5t cancel. ]
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