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ABSTRACT

The purpose of this work is to give a definition of a topological K-theory for dg-categories
over C and to prove that the Chern character map from algebraic K-theory to periodic
cyclic homology descends naturally to this new invariant. This topological Chern map
provides a natural candidate for the existence of a rational structure on the periodic
cyclic homology of a smooth proper dg-algebra, within the theory of noncommutative
Hodge structures. The definition of topological K-theory consists in two steps: taking
the topological realization of algebraic K-theory and inverting the Bott element. The
topological realization is the left Kan extension of the functor ‘space of complex points’
to all simplicial presheaves over complex algebraic varieties. Our first main result states
that the topological K-theory of the unit dg-category is the spectrum BU. For this we
are led to prove a homotopical generalization of Deligne’s cohomological proper descent,
using Lurie’s proper descent. The fact that the Chern character descends to topological
K-theory is established by using Kassel’s Kiinneth formula for periodic cyclic homology
and the proper descent. In the case of a dg-category of perfect complexes on a separated
scheme of finite type, we show that we recover the usual topological K-theory of complex
points. We show as well that the Chern map tensorized with C is an equivalence in the
case of a finite-dimensional associative algebra — providing a formula for the periodic
homology groups in terms of the stack of finite-dimensional modules.
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1. Introduction

The idea of associating algebraic invariants to geometrical objects culminated with the study of
derived categories in algebraic geometry. Kontsevich’s noncommutative geometry goes further in
really defining a noncommutative space as being the category of functions defined on this space.
Therefore by a noncommutative space we mean a differential Z-graded category (or dg-category
for short). This categorical point of view on geometry is a very powerful one, allowing one
to treat on an equal footing objects having a priori different origin: for example, in algebraic
geometry the derived category of perfect complexes of quasi-coherent sheaves [BO02, Orl03];
in symplectic geometry the Fukaya category of a symplectic variety [FOOOO00, Sei08]; in
representation theory the derived category of complexes of representations of a quiver [Kel08,
Kra08]; in singularity theory the category of matrix factorizations of an isolated hypersurface
singularity [Orl05, Dycll, Efil2]; in algebraic analysis the derived category of deformation-
quantization modules [Kon01, Sch08]. The first two examples are particulary important in the
mathematical formulation of mirror symmetry, for example in the foundational paper [KKPO0S].
In the latter paper, the authors formulate the homological mirror symmetry conjecture in
terms of noncommutative (nc for short) Hodge structures (see [KKPO08, §3]). The main
conjecture [KKPO08, Conjecture 2.24] claims that there exists a nc-Hodge structure on the periodic
cyclic homology of any smooth and proper dg-algebra over C, which furthermore comes from
a commutative one. The definition of a rational pure nc-Hodge structure consists of different
structures attached to periodic cyclic homology: the de Rham structure corresponding to the
Hodge filtration and the Betti structure corresponding to the rational structure given by rational
Betti cohomology (see [KKPO08, Definition 2.5]). The first motivation for pursuing topological
K-theory came from finding a candidate for the rational structure for a nc-Hodge structure
(see [KKPO8, §2.2.6]). The several algebraic flavored invariants associated to dg-categories
(algebraic K-theory, cyclic homology, Hochschild cohomology, Hall algebras, . ..) were intensively
studied by Keller, Tsygan, Tabuada, Cisinski and Toén. Topological K-theory can itself be
thought of as the noncommutative analog of rational Betti cohomology of algebraic varieties.

Main results

The aim of the paper is to give a construction of topological K-theory for dg-categories over C
which satisfies all the expected properties. These properties are summarized in the following main
theorem. We denote by dgCatc the category of C-dg-categories, Sp the category of symmetric
spectra, Kiqp is the usual nonconnective topological K-theory, K the algebraic K-theory, HN the
negative cyclic homology, HP the periodic cyclic homology, BU = K, (*) the usual spectrum
of topological K-theory, and 1 the dg-category with one object and C as endomorphism ring.
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THEOREM 1.1. There exists a functor K"*P : dgCat: —> Sp, called the topological K-theory of
noncommutative spaces, which satisfies the following properties.

(a) K%*P(1) ~ BU in the homotopy category of spectra.

(b) If X is a separated C-scheme of finite type, then there exists a functorial isomorphism
K*P(Lpert(X)) = Kiop(X(C)),

where Lperf(X) is the dg-category of perfect complexes of quasi-coherent Ox-modules on X.

(c) K'*P commutes with filtered colimits, is Morita-invariant and sends exact sequences of
dg-categories to distinguished triangles in the triangulated homotopy category of spectra.

(d) For any dg-category T, there exists a functorial commutative square in the homotopy
category of spectra

K(T) —2~ HN(T)

|

Ktor(T) 22 gp(7)

such that in the case of a separated scheme of finite type X, the map Ch*P for T = Lyerf(X) is
isomorphic to the usual topological Chern character.

Our definition of topological K-theory for dg-categories is really inspired by Friedlander and
Walker’s definition of semi-topological K-theory for quasi-projective complex algebraic varieties
(see [FWO01, FWO05]), itself inspired by the work of Thomason [Tho85].

The definition we give of topological K-theory starts with algebraic K-theory and proceeds
in two steps. If T" is a C-dg-category, we denote by K(7') the nonconnective algebraic K-theory
of T' (defined by Schlichting [Sch06]). We also have a presheaf of spectra on the site of complex
affine C-schemes,

K(T') : Spec(A) —> K(T ®c A).

The first step consists in applying the topological realization of simplicial presheaves. Denote by
Aff¢ the category of complex affine schemes of finite type, by SSet the category of simplicial sets,
and by SPr(Aff¢) the category of simplicial presheaves on Affc. Then the topological realization
is a functor

ssp : SPr(Affc) —> SSet.

It is the left Kan extension of the functor ‘space of complex points’ Affc — SSet (where space is
understood as simplicial set) along the Yoneda embedding Affc — SPr(Affc). The topological
realization extends naturally to presheaves of spectra and is a left Quillen functor for the Al-étale
local model structure on simplicial presheaves. We denote by |—| := L ssp the left derived functor
with respect to this model structure.

DEFINITION 1.2 (see Definition 4.1). The semi-topological K-theory of a C-dg-category T is the
spectrum K5(T') := |K(T)|.

We can see that there exists a canonical map K(T') — K*(T'). When T = Lpe,(X) is the dg-
category of perfect complexes on a smooth complex algebraic variety, the map Ko(X) — K§'(X)
is the quotient map given by the algebraic equivalence relation, i.e. two algebraic vector bundles
E — X and E' — X are algebraically equivalent if there exist a connected complex algebraic
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curve C and a vector bundle E” — C x X such that we recover E and E’ by restricting E” to
some C-points of C.

Using the proper topology (we could also have used the cdh-topology of Voevodsky), and the
proper local model structure on simplicial presheaves, we show that the topological realization
of a presheaf remains unchanged if we restrict this presheaf to smooth schemes. Denote by [*
the restriction to smooth schemes.

THEOREM 1.3 (see Theorem 3.18). Let F € SPr(Affc). Then there exists a canonical
isomorphism |I*F'| ~ |F| in the homotopy category of simplicial sets.

To prove this, as announced in the abstract, we prove a homotopical generalization of
Deligne’s cohomological proper descent which can be expressed by saying that ssp is a left
Quillen functor with respect to the proper local model structure on simplicial presheaves.

PROPOSITION 1.4 (see Proposition 3.21). For every proper hypercovering Yo —> X of a scheme,
the induced map, hocolimpop |Ye| —> |X|, is an isomorphism in the homotopy category of
simplicial sets.

Theorem 1.3 allows us to prove the following result. Denote by bu the connective cover
of BU.

THEOREM 1.5 (see Theorem 4.6). There exists an isomorphism K®'(1) ~ bu in the homotopy
category of spectra.

Using the Tabuada—Cisinski theorem on the corepresentability of K-theory inside the motivic
category of dg-categories, we define a canonical structure of ring spectrum on K(1) and a
structure of K(1)-module on K(T) for any dg-category T'. Therefore K (T') is a bu-module.

The second step in the process of the definition of topological K-theory is the inversion of a
Bott element 5 € ma(bu).

DEFINITION 1.6 (see Definition 4.13). The topological K-theory of a C-dg-category T is the
spectrum K% P(T) = KsY(T)[371].

This definition is of course motivated by the agreement of the Bott inverted Friedlander
and Walker semi-topological K-theory with the usual topological K-theory of complex points
(see [FWO03, Theorem 5.8]), which was also motivated by Thomason’s work on the Bott
inverted algebraic K-theory with finite coefficients. Point (b) of Theorem 1.1 is proved by using
Riou’s Spanier—-Whitehead duality in the motivic homotopy category of smooth schemes (see
Proposition 4.32). Finally, point (d) of Theorem 1.1, namely the construction of the topological
Chern map, is achieved using Kassel’s Kiinneth formula for periodic cyclic homology and once
again Theorem 1.3.

Finally, in §4.3, we give a convenient description of the connective semi-topological K-theory
of any dg-category in terms of the stack M7 of perfect T°P-dg-modules. This stack is a stack of
E.-spaces because of the sum of dg-modules. It turns out that its topological realization |MT |
is a group-like F-space and one can consider it as a connective spectrum. The proof is based
on the existence of an Al-equivalence between the stack in E-spaces MT and the Waldhausen
construction of the category of perfect T°P-dg-modules (see Proposition 4.17 and Theorem 4.21).

Applications and related works

As was said above, the semi-topological K-theory of quasi-projective complex algebraic varieties
has already been defined by Friedlander and Walker. However, let us mention that their operation
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of ‘semi-topologization’ seems to differ from our topological realization. An indirect comparison
is nevertheless given by point (b) of Theorem 1.1.

The construction of the topological K-theory of dg-categories over C and the existence of the
topological Chern map can be used in order to state the lattice conjecture claiming that this new
invariant gives a rational structure on the periodic homology of a smooth proper dg-category.

CONJECTURE 1.7 (Lattice conjecture). For every smooth proper C-dg-category T', the Chern
map Ch'P AgHC : K*P(T) As HC — HP(T) is an isomorphism in the homotopy category of
spectra.

By points (b) and (d) in Theorem 1.1, the lattice conjecture is true for dg-categories of the
form Lpere(X) for X any separated scheme of finite type over C.

As an application in §4.7 we show that the lattice conjecture is true for finite-dimensional
associative C-algebras, but if we replace K'P by another invariant KtP which is the Bott inverted
connective semi-topological K-theory. The proof consists in showing the invariance of K*P under
infinitesimal extension. It has the following consequence about the periodic homology groups of a
finite-dimensional algebra. If B is such an algebra, denote by Vect? the stack of projective right
modules of finite type over B, and by |VectB 5T the stabilization of its topological realization
with respect to the B-module B.

PROPOSITION 1.8 (see Corollary 4.42). The Chern map K%*P(B) — HP(B) induces an
isomorphism of C-vector spaces for i = 0,1,

COHHI].C;() 7Ti+2k‘VeCtB’ST K7z C~ HPI(B)

where the colimit is induced by the action of the Bott element [ on homotopy groups,
7| VectB ST el Tiyo|VectB |97,

In the case where B is moreover of finite homological dimension, i.e. smooth as a dg-category,
we prove a similar formula but in terms of the stack Vectp of finite-dimensional modules over
B; see Corollary 4.44. The stack Vectp has already been thought of by mathematicians as
reflecting the noncommutative geometrical property of the algebra B, or in other words as a
noncommutative spectrum. Therefore our formula gives a somehow geometrical interpretation
of the periodic cyclic homology groups in this case.

We believe the lattice conjecture is true for objects from very diverse origins like smooth
proper DM-stacks over C and categories of matrix factorizations. We notice that the latter
example requires the use of 2-periodic dg-categories which have their own homotopy theory and
the topological realization has also to be adapted to this 2-periodic context.

Another interesting question raised by topological K-theory is the behavior of the Chern
map K'P(T) — HP(T) with respect to the Gauss-Manin connection supported by the
periodic homology of a family of dg-categories parametrized by a smooth affine variety
(see [TVe09, Tsy07]). We believe the map Ch'P is flat with respect this connection. We can also
mention [KKPO08, §2.2.5] for the relation with the associated variation of nc-Hodge structures.

Point (d) in Theorem 1.1 allows us to propose a general definition of the Deligne cohomology
of smooth and proper dg-categories over C. In the commutative case, Deligne cohomology of
degree 2p of a smooth projective variety with coefficients in the pth Deligne complex Z(p)p is
given by the extension of integral (p, p)-classes with its pth intermediate Griffiths’s jacobian. This
suggests the following definition of Deligne cohomology for a smooth and proper C-dg-category T":

h
Hp(T) := K"P(T) xupr) HN(T).
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As usual, by cohomology we mean the spectrum whose stable homotopy groups give the actual
cohomology groups. This new invariant comes with a map K(7") — Hp(7") which can be thought
of as a mix between usual and secondary characteristic classes. Let us mention also Marcolli and
Tabuada’s work [MT12] on intermediate jacobians for dg-categories.

Finally, let us mention another possible relation with the work of Freed [Fre09] where

for problems of dimension reduction of certain Chern—Simons theories, the author raises the
question of finding a refinement of Hochschild homology defined over the integers. The topological
K-theory endowed with its Chern map seems to be a good candidate for this refinement.

Notations and conventions

We handle set theoretical issues by choosing two Grothendieck universes U € V in the sense
of [SGA4]. We suppose that U contains the set N of natural numbers.

In general, we consider objects (sets, simplicial sets, topological spaces,...) which are
V-small. We denote by Set the category of V-small sets, SSet the category of V-small
simplicial sets, Top the category of V-small topological spaces, and Sp the category of
V-small symmetric spectra.

If C is any category, we denote by C°P the opposite category of C. If D is any another
category, we denote by CP the category of functors and natural transformations D — C.
Hovey’s book [Hov99] is our reference for definitions and results on model categories. If M
is a model category, we denote by Ho(M) the homotopy category of M. Most of the time we
call weak equivalences simply equivalences. If M is a cofibrantly generated model category,
and C any category, we will use several times the projective model structure on functors
MPC. Tts existence is proven in [Hir09, §11.6].

The category SSet is endowed with its standard model structure (see [Hov99, ch. 3]). The
category Sp is endowed with its standard stable model structure (see [HSS00]), which is
Quillen equivalent to the usual stable model category of spectra, but has the advantage
of being model monoidal. The category Top is endowed with its standard model structure
(e.g. see [Hov99, §2.4]).

All the spectra we consider are symmetric spectra. We will abusively forget the word
‘symmetric’ in front of spectra for ease of reading, but we will always mean symmetric
spectra.

When we are dealing with symmetric ring spectra, by convention we will mean strictly
associative symmetric ring spectra. If A is a symmetric ring spectrum, the term A-modules
means by convention right A-modules. The notation A — Mods stands for the category of
right A-module spectra, which we sometimes call just A-modules.

If C is a category and z,y € C two objects of C, we denote by Hom¢(z,y) the set of
morphisms or maps from z to y in C. If C is enriched in a category V different than the
category of sets, we denote by Hom(z,y) the object of maps from x to y, specifying if
needed the category V. If C is moreover endowed with a model structure compatible with
the enrichment, we denote by RHom, its derived internal hom. In the particular case of
V' = SSet, we denote the internal homs by Map- and R Map..

In a category with final object we denote ‘this’ final object by x.

We denote by A the standard simplicial category of finite ordinals [0], [1],[2],... with
increasing maps as morphisms. If nothing is specified S' refers to the standard model
St = Al/OA! of the simplicial circle, pointed by its zero simplex.
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— By convention, all schemes are separated of finite type over the base. If k is a commutative
noetherian ring, we denote by Aff; the category of affine k-schemes of finite type over k,
and by Schy, the category of separated k-schemes of finite type over k.

— If C is a V-small category and V a locally V-small category, we denote by Pr(C,V) the
category of presheaves on C' with values in V. In the particular case of V = SSet, we denote
Pr(C,V) =: SPr(C). In the particular case of V' = Sp, we denote Pr(C, Sp) =: Sp(C).

— In the particular cases of V' = SSet, Sp endowed with their standard model structure, the
category Pr(Affy, V') is by default endowed with its projective model structure, for which the
equivalences and fibrations are levelwise ones (cf. [Hir09, §11.6]). Unless otherwise stated,
SPr(Affy) and Sp(Affy) refer to the projective model structures, also called global model
structures by opposition with the local ones.

— If M is a model category, and F': I —> M a diagram in M (with I a category), we denote
by hocolim; F' the homotopy colimit of F', i.e. the left derived functor of the functor colimy :
M — M for the projective model structure. We denote by holim; F' the homotopy limit
of F, i.e. the right derived functor of the functor lim; : M’ — M for the injective model

h h
structure. We denote by A X B the homotopy pullback and by A IIo B the homotopy
pushout.

— With a left Quillen functor f : M — N between model categories, we will several
times abusively say that Lf : Ho(M) — Ho(N) commutes with homotopy colimits,
meaning that for all small categories I, and all I-diagrams F : I — M, the map
hocolim; Lf(F) — Lf(hocolim; F') is an isomorphism in Ho(N). We will practice an
analogous abuse for homotopy limits.

— In this text, unless stated otherwise, the sets of adjoint pairs of functors written horizontally
are written such that every functor F' is left adjoint of the functor just below F'.

2. Preliminaries

In this section we set up some notation, definitions and results that will be used in the definition
of the topological K-theory and its Chern character. The first part deals with particular models
for homotopy coherently associative monoids (and their commutative analog) and their link
with the homotopy theory of symmetric spectra. In the second part we set definitions and recall
the properties of algebraic K-theory of noncommutative spaces (connective and nonconnective).
Finally, in the third part we use Cisinski and Tabuada’s result on nonconnective K-theory of
noncommutative spaces to redefine the ring structure on algebraic K-theory and the Chern map
in a linear fashion with respect to the ring spectrum of algebraic K-theory.

2.1 Monoids up to homotopy and connective spectra
We will use particular models for homotopy associative monoids and homotopy commutative
monoids known as A- and I'-spaces, respectively. They are quite convenient if one wants to
handle algebraic structures up to coherent homotopy while staying in the realm of model
categories, without referring to Lurie’s oco-operads and oo-categories. We recall basic results
about A-spaces, ['-spaces, group completion, and the link between the homotopy theory of very
special I'-spaces and the homotopy theory of connective spectra. At the end we recall how to
define the Waldhausen K-theory spectrum using the group completion of I'-spaces.

Let T be the skeletal category of finite pointed sets with objects the sets n = {0,...,n} with
0 as basepoints for all n € N and with morphisms all pointed maps of sets.
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DEFINITION 2.1. Let M be a model category.

A A-object (respectively, a I'-object) in M is a functor A°® — M sending [0] to
(respectively, a functor I' — M sending 0 to x). Morphisms being natural transformations
of functors, we denote by A — M (respectively, by I' — M) the category of A-objects
(respectively, of I'-objects) in M. For E € A — M (respectively, F' € I' — M), we adopt
the notation E([n]) = E, and F(n) = F,.

— A A-object E in M is called special if all the Segal maps are weak equivalences in M, i.e. if
for all [n] € A the map

" " h h h
Py X Xphq i By — Ef"=FE; x--- x By
is a weak equivalence in M where p; : [1] — [n], p;(0) =i and p;(1) = ¢ + 1. We denote by
sA — M the full subcategory of A — M consisting of special A-objects in M.
— A T-object F' in M is called special if for all n € I the map

h
qExox gt Fy — FJ"
is a weak equivalence in M, where ¢' : n —> 1, ¢'(j) = 1 if j =i and ¢'(j) = 0 if j #i. We
denote by sI' — M the full subcategory of I' — M consisting of special ['-objects in M.
— If E € sA — M, we say that F is very special if the map

h
pSXdT:E2—>E1 XE1
is a weak equivalence in M, where d; : [1] — [2] is the face map which avoids 1 in [2]. We
denote by vsA — M the full subcategory of sA — M consisting of very special A-objects.
— If F € sI' — M, we say that F' is very special if the map

h
G X By — Fy x By

is a weak equivalence in M, where p: 2 —> 1 is the map defined by p(1) =1 and p(2) = 1.
We denote by vsI' — M the full subcategory of sI' — M consisting of very special I"-objects.

Remark 2.2. — If we take M = SSet, the A-objects and I'-objects are usually called A-spaces
and I'-spaces, e.g. in [BFT78].

— The special A-objects in a model category M are particular models for associative monoids
up to coherent homotopy in M (or As-monoids). If we take M = Set the category of
U-small sets, with isomorphisms of sets as weak equivalences, then the category sA — Set
is equivalent to the category of monoids in sets. Namely, a A-set £ maps to the monoid F;
with composition law given by

d* d* —1 d*
E1><E1 (45 x43) EQ ! El.

The associativity and unital conditions are recovered via the simplicial identities. The special
I-objects are particular models for commutative monoids up to coherent homotopy in M
(or Es-monoids). The composition law is recovered by the map p, and the commutativity
is encoded by the map 2 —> 2 interchanging 1 and 2.

— In the special case where M is the projective model category of simplicial presheaves on
a site, we can then replace homotopy products by products in Definition 2.1. In this case,
a special A-object E is very special if and only if the monoid mgF; is a group (i.e. every
element has a two-sided inverse; see [Blal3, Lemma 1.3]).
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Recall that we have at least three interesting model structures on A — M for any left proper
combinatorial model category M.

— The projective or strict model structure for which weak equivalences and fibrations are
levelwise weak equivalences and levelwise fibrations, respectively. We denote this model
structure by A — M. In all that follows, by default ‘equivalence in A — M’ will refer to
levelwise weak equivalence.

— The special model structure which is the Bousfield localization of the strict one with respect
to the set of maps

n—1
(|_| hp, t hpy U+ Uhp — h[n]> O (generating cofibrations of M)
=0 n=1
where [ is the box product of [Hov99, Theorem 3.3.2]. We denote it by A— M?®P. The fibrant
objects for this model structure are the special A-objects which are moreover levelwise
fibrant.

— The very special model structure which is a Bousfield localization of the special one with

respect to the map

(hpo U hgy = by UWhpy —> hjg)) O (generating cofibrations of M).

We denote it by A — MV5P. The fibrant objects for this model structure are the very special
A-objects which are, moreover, levelwise fibrant.

We have derived identity functors

Lid Lid’
Ho(A — M) = Ho(A — M*P) === Ho(A — M"*P).
Rid Rid’
We denote by mon := RidLid the free homotopy associative monoid functor and by (—)* :=
Rid’ Lid’ the homotopy group completion.

We have similar model structures for I'-objects: a projective model structure I' — M, a special
model structure I' — M*P, and a very special model structure I' — MY*P with corresponding free
homotopy commutative monoid and homotopy commutative group completion functors:

_\t+
FHo(T' — M) —2% Ho(T — M) 2% Ho(T" — arvev),
(We give the group completion the same notation as for associative monoids because one can
show they are actually equivalent, which can be expressed by the following.)

We have a fully faithful functor from homotopy commutative monoids to homotopy

associative monoids given by composition with the functor

oa: A® — T,

defined on objects by a([n]) = n. And for any map f : [n] —> [m] in A we define a(f) =g :
m —> n by
0 if0<i< f(0),
g(t) =7 Hf(—1) <i< f(h),
0 if f(n) <.
One can verify that a(p;) = ¢'*! for i =0,...,n—1, and a(d;) = p, so that the fully faithful

functor
T —M—A-M
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sends special I'-objects to special A-objects and also very special objects to such. Hence we
obtain a diagram

)+
}m@—AQJE;HMF—MWyLLﬁm@—Awm

| I

Ho(A — M) "% Ho(A — M) —— Ho(A — M"*P)

The left square is not commutative anymore but we can actually show that the right square is
commutative up to canonical isomorphism.

Remark 2.3. Working with M = SSet or with the global model category of simplicial presheaves
on a category, we can make the following observation. By Segal’s theorem [Seg74, Proposition 1.5],
the group completion functor (—)* has as model the composite functor

Ho(A — SSet®P) L Ho(SSet.) LY Ho(A — SSet"*P),

where | — | is the realization of bisimplicial sets and for a pointed fibrant simplicial set (X, z) the
simplicial set €2, X is the simplicial set of maps from A” to X which send all vertices to x. We
can indeed say more: the composite functor (—)" o mon has as model the functor RQq o | — |.

Example 2.4. The following example will be important to us in this paper. If C' is any Waldhausen
category, we have a A-space
Ke(C) := NwS,C

where Nw is the nerve of weak equivalences and S, is Waldhausen’s S-construction. Level 1 is
NwS1C which is equivalent to NwC'. This A-space is not special in general. Algebraic K-theory
is indeed a way to make it very special. The algebraic K-theory space of C is defined by the
pointed simplicial set

K(C) :=Q|NwS,C|,

where 2 means €27 in the notation of Remark 2.3, i.e. the simplicial set of loops. The basepoint
is taken to be the zero object of C'. Algebraic K-theory defines a functor

K : WCat — SSet,

from V-small Waldhausen categories to V-small simplicial sets. By Segal’s theorem (see
Remark 2.3), the algebraic K-theory of C'is the first level of the group completion

(mon Ko (C)) T =~ RQe | NwS,C|.
Moreover, one can verify directly using adjoint functors that
mo(mon Ke(C))F = (mon oKW (C)) 7.

The free monoid of moK()(C') is the monoid in which we identify a with the product of a’ and a”
each time there is a cofibration sequence a’ — a — a”. It follows that this product is commutative
and coincides with the sum in C, and that 7oK (C) = Ko(C) is the Grothendieck group of C.

We recall the equivalence between the homotopy theory of very special ['-spaces and the
homotopy theory of connective spectra. This was first proven by Segal [Seg74] and upgraded in
the language of model categories in [BF78]. [BF78, Theorem 5.8] can be directly generalized from

498

https://doi.org/10.1112/50010437X15007617 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007617

TOPOLOGICAL K-THEORY OF COMPLEX NONCOMMUTATIVE SPACES

I-spaces and spectra to I'-objects in M = SPr(C') and presheaves of spectra on C. Moreover,
following [Sch, Example 2.39], we can replace ordinary spectra by symmetric spectra. We denote
by Sp®"(C) the subcategory of presheaves of connective spectra. We have a pair of adjoint
functors

I - SPr(C) % Spen(C).

Recall from [BF78, §5] that a I'-space can be extended to a functor from symmetric spectra to
symmetric spectra. The functor B is defined on an object E € I' — SPr(C) by

BE = E(S),

the value of E on the sphere spectrum, which is a connective spectrum for every I'-object E.
This functor is really identical to Segal’s functor from special I'-spaces to spectra, defined using
iterations of realization of simplicial spaces. The functor B preserves weak equivalences between
all I-spaces, not just cofibrants. We endow the category Sp(C') of presheaves of symmetric spectra
on C with the projective model structure and we denote by Ho(Sp®"(C')) the subcategory of
Ho(Sp(C')) consisting of connective symmetric spectra.

THEOREM 2.5. The adjoint pair (B,.A) is a Quillen pair for the very special model structure on
I' — SPr(C). Moreover, it is a Quillen equivalence, inducing an equivalence of categories,

Ho(T' — SPr(C)"*P) % Ho(Spe" (C)).

Remark 2.6. Following [Blal3, §1.2], we give a model for the algebraic K-theory spectrum of
a Waldhausen category. This model has the advantage of being canonically delooped using the
functor B of Theorem 2.5, compared to the way Waldhausen has defined his K-theory spectrum.
We just recall the construction; for more details and a comparison with Waldhausen’s spectrum,
we refer to [Blal3, §1.2].

Let C' be any Waldhausen category. The axioms setting the structure of a Waldhausen
category imply that C has finite sums. We can therefore construct a special I'-object in the
category WCat of V-small Waldhausen categories denoted by By C such that there is an
equivalence of categories (B (C); ~ C and the composition law is given by the sum in C.
Moreover, there is an equivalence of categories (By C),, ~ C™ for any n > 1. Since the algebraic
K-theory space functor K : WCat — SSet, commutes with finite products, we obtain a special
I'-space by taking K levelwise:

K'(C) .= K(BwC).
Because 1K' (C); ~ Ko(C) is a group, the I'-object K'(C) is very special and thus gives a

connective symmetric spectrum

K(C) := B(K'(C)).

This defines a functor 3
K : WCat — Sp®™.

For any Waldhausen category C, there exists a map of special I'-spaces,
NwBy C — K (C) (1)

given by the adjoint of the map S' A NwByC —> |NwSeBwC|. We recall (see [Blal3,
Lemma 1.10]) that in the special case where all cofibrations are split in the Waldhausen
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category C, the map of very special I'-spaces,
(NwByC)" — KY(C),
is a levelwise equivalence.

2.2 Algebraic K-theory of noncommutative spaces
In all that follows, k is a commutative associative unital noetherian base ring.

Actually our definition of topological K-theory is developed only over the complex field C.
Thus, from § 3, the base ring will be C. We fix some notation for dg-categories. We denote by C'(k)
the category of U-small unbounded cochain complexes of k-modules. We denote by dgCat,, the
category of U-small k-dg-categories, i.e. of U-small C'(k)-enriched categories, and C(k)-enriched
functors between them. By convention, the expression dg-category always refers to a U-small
k-dg-category.

We endow dgCat; with the standard model structure [Tab07, Theorem 1.8] for which
equivalences are quasi-equivalences; we denote this model structure by dgCat,. We denote by
dgMor,, the Morita model structure on dgCat;, [Tab07, Theorem 2.27], for which the equivalences
are Morita equivalences. If T' is a dg-category, we denote by T°P its opposite dg-category, and
by T°P — Mod the category of T°P-dg-modules, endowed with its projective model structure. Its
homotopy category is denoted by D(T) and called the derived category of T. A map T'— T’
in dgCat;, is a Morita equivalence if the induced map D(T) — D(T") is an equivalence of
categories.

We consider Perf(T") the category of cofibrant and perfect objects in T°P — Mod, i.e. the
subcategory of T°P —Mod consisting of cofibrant T°P-dg-modules which are perfect (or compact)
as objects of the derived category D(T"). We endow Perf(T") with the structure of a Waldhausen
category induced by the model structure of T°P — Mod, i.e. a map is a weak equivalence
(respectively, a cofibration) in Perf(7') if it is so in 7°P — Mod. The axioms of a Waldhausen
category structure are satisfied essentially because the homotopy pushout of two perfect dg-
modules over a third perfect dg-module is again perfect. Moreover, the Waldhausen category
Perf(T') satisfies the saturation axiom and the extension axiom and has a cylinder functor which
satisfies the cylinder axiom.

Let f: T —> T’ be a map in dgCat;. Then f induces a Quillen pair

fi
T°P — Mod =——=T"°P — Mod
f*

where f* is defined on objects by composition with f. As a left Quillen functor, the direct image
fi preserves perfect dg-modules and induces an exact functor still denoted by fi:

fi : Perf(T) —> Perf(T").

This defines a lax functor dgCat, — WCat, and, applying the canonical strictification
procedure, we obtain a functor

Perf : dgCat;, — WCat.
DEFINITION 2.7.

(a) The algebraic K-theory space of a dg-category T is the pointed simplicial set K(T') :=
K (Perf(T)). This defines a functor

K : dgCat; —> SSet,.
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(b) The connective algebraic K-theory spectrum of a dg-category T is the spectrum K(T) :=
K (Perf(T)). This defines a functor

K : dgCat, —> Sp°".

Remark 2.8. If T'= A is any associative k-algebra, one can consider vector bundles on Spec(A),
or in other words, projective (right) A-modules of finite type. This forms a Waldhausen category
Vect(A) with weak equivalences being isomorphisms and cofibrations being monomorphisms.
One can show (using [TT90, Theorem 1.11.7]) that there is a weak equivalence of simplicial sets
K (Vect(A)) ~ K(Perf(A)), and thus a weak equivalence on the associated connective K-theory
spectra too.

We now recall the main properties of connective K-theory: filtered colimits, Morita invariance
and additivity on split short exact sequences of dg-categories.

— A short sequence T’ A A dg-categories is called exact if the sequence

of triangulated perfect derived categories Dpe(T") —— Dpo(T) LDPG(T” ) is exact,

i.e. that 4 is fully faithful and that p; induces an equivalence up to factors between Dy (T")
and the Verdier quotient Dpe(T")/Dpe(T7).

— A short sequence T’ Lo Bopn of dg-categories is called strictly split exact if it is exact,
and if, moreover, the functor ¢; has a right adjoint denoted by 7*, the functor p; has a right
adjoint denoted by p* such that i*i) =~ idpe(7r) and pip* > idpeg(rry via the adjunction
maps.

— A short sequence T’ A N S dg-categories is called split exact if it is isomorphic in
Ho(dgMor},) to a strictly split short exact sequence.

ProrosiTioN 2.9.

(a) The functor K commutes with filtered homotopy colimits in dgCat,.
(b) The functor K sends Morita equivalences in dgCat,, to isomorphisms in Ho(Sp).

(¢) Let T’ ST BT bea split short exact sequence of dg-categories. Then the morphism
i+ p* () & K(T") — R(T)
is an isomorphism in Ho(Sp).
Proof. These facts are well known, but for details see [Blal3, Proposition 2.8]. O

We recall how to define nonconnective algebraic K-theory of dg-categories using the
construction of Tabuada and Cisinski [CT11]. This definition coincides with Schlichting’s
construction thanks to [CT11, Proposition 6.6].

The main ingredient of nonconnective K-theory is the countable sum completion functor or
flasque envelope:

F . dgCat;, —> dgCaty,

(see [CT11, §6] for this construction). It comes with a quasi-fully faithful functor 7' — F(T').
The essential property of the dg-category F (T') is that it admits countable sums, and thus
satisfies K(F(T')) = 0. One can define the suspension functor of dg-categories

S : dgCat;, —> dgCaty,
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by S(T') := F(T')/T, where the quotient is calculated in Ho(dgCat,). The sequence of spectra
(K(S™(T))n>0 actually forms a spectrum in the monoidal category Sp of symmetric spectra
(see [CT11, Proposition 7.2]) and we take the zeroth level of the associated 2-spectrum to define
nonconnective K-theory.

DEFINITION 2.10 [CT11, Proposition 7.5]. The nonconnective algebraic K-theory of a dg-category
T is the spectrum )
K(T) := hocolim,>o K(S"(T))[—n].

This defines a functor
K : dgCat;, — Sp.

By definition, for every T € dgCat;, we have a natural map K(7) — K(7'). The main
properties of nonconnective K-theory are stated in the following proposition.

PROPOSITION 2.11.

(a) For every triangulated dg-category T, the natural map K(T) — K(T) induces an
isomorphism on m; for all i > 0. Therefore K(T') is the connective covering of the spectrum
K(T).

(b) The functor K commutes with filtered homotopy colimits in dgCat;,.

(¢) The functor K sends Morita equivalences to isomorphism in Ho(Sp).

(d) Let T’ 57 B T be an exact sequence of dg-categories. Then the induced sequence
K (") —~K(T) "~ K(T")

is a distinguished triangle in Ho(Sp).

In fact, it can be shown that there is essentially a unique way to extend K to a nonconnective
invariant satisfying all these properties (see [Rob13, Theorem 1.9]).

Proof. These facts are well known and result from Schlichting’s theory. For details and references,
see [Blal3, Proposition 1.15]. O

Notation 2.12. If X is a scheme of finite type over k, we denote by L,e¢(X) the dg-category
of perfect complexes of quasi-coherent O x-modules. Following [Toé07, 8.3], this dg-category can
be defined starting with the injective C'(k)-model category C(QCoh(X)) of complexes of quasi-
coherent sheaves of Ox-modules on X (in the sense of [Hov01]) and then taking the associated
k-dg-category of cofibrant-fibrant object Lqcon(X) := Int(C(QCoh(X))). This latter dg-category
is only V-small, but its full sub-dg-category consisting of perfect complexes which is defined to
be Lyerf(X) is equivalent to a U-small dg-category. We recall that a complex of quasi-coherent
Ox-modules is said to be perfect if it is locally quasi-isomorphic to a bounded complex of locally
free Ox-modules. These objects are the compact objects of the derived category Dgcon(X) of
quasi-coherent sheaves on X.

The assignment X +— Lcon(X) can be arranged into a functor from U-small k-schemes into
V-small dg-categories

Lecon : Sch? — dgCat) .

In order to obtain such a functor, we adopt the definition of quasi-coherent modules given
in [TVe08, §1.3.7]. The definition of perfect complexes is easily formulated in this setting: these
are collections of quasi-coherent complexes which are locally quasi-isomorphic to a bounded
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complex of (locally) free modules. In this way, for any morphism f : X — Y in Schy the
pullback functor f* : Lycon(Y) — Lgcon(X) preserves perfect complexes and we obtain a map
¥t Loert(Y) —> Lpert(X). This defines a functor

Lpert : Schy? — dgCaty.

Following Schlichting [Sch06, §6.5] and the work of Thomason and Trobaugh, we define the
algebraic K-theory of a scheme X & Schi to be the algebraic K-theory of its dg-category of
perfect complexes K(X) := K(Lpert(X)). This defines a functor

K: Scth — Sp.

Schlichting proved [Sch06, Theorem 5] that for any quasi-compact quasi-separated scheme X over
k, the algebraic K-theory K(X) coincides with Thomason—Trobaugh nonconnective K-theory of
X [TT90, Definition 6.4, p. 360].

2.3 Algebraic Chern character

We set notation for cyclic homology of noncommutative spaces. All the different versions of cyclic
homology are defined from a single object called the mixed complex associated to a dg-category
which was defined by Keller [Kel99]. The mixed complex is a functor

Mix = Mix(— | k) : dgCat;, — A — Mod,

with values in the category of A-dg-modules, where A is the k-dg-algebra generated by a single
element B in degree —1 satisfying the relation B? = 0 and d(B) = 0. A A-dg-module is commonly
called a mixed complex. If T is a locally cofibrant k-dg-category, we define a precyclic complex
of k-modules in the sense of [Kel98a, §2.1], denoted by C(T'), by

C(T)n = @ T(:L'na 730) Rk T(xnfla :En) Rk T(xnf% fxnfl) Rk Ok T($07 1'1)

0, L1, €T

where the sum runs over all sequences of cardinal n + 1 of objects in 7. The differential
d:C(T), — C(T)n-1 is defined by

Afpn @ fo1® @ fo) = fu1® QO fofu+ D> (~V)"fa® @ firfi® @ fo,
=1

where the f; are homogeneous elements. The cyclic operator ¢ : C(T"),, — C(T'), is defined by

tfn®- @ fo) = ()""fo@ fr@ @ fi.

The mixed complex associated to the precyclic complex C(T) (in the sense of [Kel98a, §2.1])
is by definition the mixed complex of T', denoted by Mix(7T"). The object Mix(T') is a relative
invariant in the sense that it depends crucially on the ground ring. In an abuse of notation we
omit to mention the ground ring in the notation Mix(T") and, by default, it refers to mixed
complex and cyclic homology relative to the ground field k& over which our dg-categories are
defined. Keller has proved that Mix is a localizing invariant in the sense of Tabuada [Tab07].

THEOREM 2.13 [Kel99]. The functor Mix commutes with filtered homotopy colimits in
Ho(dgCat,,), sends Morita equivalences to equivalences and sends exact sequences of dg-categories
to distinguished triangles in the derived category of mixed complexes.
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We denote by
H:C(Z) — Sp

the standard functor from (unbounded, cohomological) complexes of Z-modules to symmetric
spectra. We refer to [SS03, after Corollary B.1.8] or to [Blal3, §1.4.1] for a construction of H.
We consider C(Z) and Sp as monoidal categories with their usual monoidal structure given by
the dg-tensor product and the smash product, respectively. The functor H is then a lax monoidal
functor and induces a functor on monoids and modules over monoids. Therefore we have a ring
spectrum Hk, an Hk-algebra spectrum HA, and an induced functor

H:A—Mod — HA — Modg

with values in the category of HA-modules spectra. We endow A — Mod and HA — Mods with
the model structure given by [SS00, § 4] where a map is an equivalence if it is an equivalence of
the underlying modules and spectra, respectively. By definition H preserves equivalences.

We denote by HH := H o Mix the composite functor

HH

dgCatj, % A — Mod —2> HA — Mods

and we call it Hochschild homology over k. It is still a localizing invariant (i.e. it satisfies the
conditions of Theorem 2.13). It is also a lax monoidal functor because H and Mix are. In the
following definition we consider Hk as an H A-module via the natural augmentation HA — Hk.

DEFINITION 2.14. Let T € dgCat;,.

— The negative cyclic homology of T is the symmetric spectrum
HN(T) := RHom y, (Hk, HH(T)).

— The Hk-module HN(T') is a module over the Hk-algebra RHom ;5 (Hk, Hk) ~ Hk[u] with
u a generator of degree —2. We define the periodic cyclic homology of T' or periodic homology
of T as the symmetric spectrum

HP(T) := HN(T) KHk[u] HEk[u,u™ .
We obtain functors
HN : dgCat;,, — Hk[u] — Mods,
HP : dgCat), — HE[u,u '] — Mods.
We have by definition a map of Hk[u]-modules HN(T') — HP(T).

Remark 2.15. This definition of periodic homology is not the standard definition given in [Kas87,
p. 210], but by [Ros94, Theorem 6.1.24] we know that for an associative unital algebra, the two
definitions coincide.

Remark 2.16. The cyclic homology of schemes was defined and studied by Weibel [Wei96] using
a sheafification of the Hochschild complex of an algebra. If X is a scheme we denote by HH(X)
Weibel’s Hochschild homology of X (the spectral version). Following Keller [Kel99, § 1.10, p. 10]
we define the Hochschild homology of a scheme X to be the Hochschild homology spectrum
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HH(Lpert (X)) of its dg-category of perfect complexes (see Remark 2.12). By the comparison
result [Kel98b, Theorem 5.2], we know that if X is quasi-compact separated over a field k, then
there exists a canonical isomorphism

HH(Lpert (X)) ~ HH(X)

in the derived category of A-module spectra. Therefore there are no ambiguities in the meaning
of the Hochschild homology of a separated scheme X of finite type over a field k.

Notation 2.17. Let E : dgCat;,, — V be a functor, and we define a new functor
E : dgCat;, —> Pr(Affg,V)

by E(T)(Spec(A)) = E(T, A) := E(T ®% A) := B(QT ®; A) where Q : dgCat), —> dgCat;, is a
functor which satisfies the following properties.

— There exists a natural transformation in 7', Q(T) —> T which is an equivalence (for the
standard model model structure).

— For all T € dgCat,, the dg-category Q(T) is flat! over k.

Such a functor is, for example, given by a cofibrant replacement functor. In this paper, we are
primarily interested in the case where k is equal to the complex numbers C, so we could just take
@ to be the identity functor. We will use this notation for all classical invariants of dg-categories
E = K, K, HH, HC, HN, HP.

We now use the motivic category of Tabuada (see [Tab08, CT11]) and both the Tabuada
and Cisinski-Tabuada theorems of corepresentability of K-theory inside the motivic category.
Following Cisinski and Tabuada, these results enable us to define the algebraic Chern character
in a k-linear fashion, where k is the ring in presheaves of spectra given by k(Spec(A)) = K(A),
the algebraic K-theory of the commutative algebra A. The corepresentability theorem gives us
a natural ring structure on k and of k-modules on K(7') for all dg-category T

The universal localizing motivator M,.(k) of Tabuada [Tab08, Definition 11.2] can be
described (using [Tab08, Proposition 12.4]) as the derivator associated to the projective model
category of presheaves of spectra on finite type dg-categories, localized with respect to Morita
equivalences and short exact sequences. If Hodgcat stands for the derivator associated to dgMory,,
there exists a morphism of derivators

U : Hodgeat —> M, (k)

called the universal localizing invariant, which is universal among functors which commute with
filtered homotopy colimits, send Morita equivalences to equivalences and short exact sequences
to triangles (see [Tab08, Theorem 11.5]). In [CT12], the authors build a symmetric monoidal
structure on Mj,.(k) out of the Day convolution product and the derived tensor product of
dg-categories, using the fact that a special class of finite type dg-categories are invariant under
the latter product. Moreover, this class must satisfy some flatness properties (see [CT12, §7.1,
properties (a)—(f)]). In this subsection, we just deal with the homotopy category Mio.(k)(x) =
Ho(Mjec(k)). We state a purely categorical version of Tabuada’s universal property, which is
sufficient for our purpose. We also replace the category of symmetric spectra Sp by the category
Sp(Affy) of presheaves of symmetric spectra. We will thus consider presheaves over dg-categories
of finite type with values in the category Sp(Affy).

L A dg-category T is flat over k if for all z,y € T, the k-modules T(z,y)™ are flat k-modules for all n.
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We denote by dgCat}f C dgCat; a subcategory of U-small dg-categories which satisfy
properties (a)—(f) in [CT12, §7.1]. Roughly speaking, this means that any dg-category in
dgCaut}Cf is of finite type in the sense of [TVa07, Definition 2.4], locally flat over k, and that
the subcategory dgCat}cf is stable by tensor product and by the endofunctor ) we fixed above in
Notation 2.17. We consider the category Pr(dgCatf, Sp(Affy)) of presheaves over dgCattkf with
values in Sp(Affy). We endow the category Sp(Affy) with the injective model structure for which
we refer to the general existence theorem [Lur(09, Proposition A.2.8.2]. We endow the category
Pr(dgCattf, Sp(Aff;)) with the projective model structure. We denote by

h : dgCat!f — Pr(dgCat!!, Sp(Affy))
the Yoneda embedding given by hr(T")(Spec(A)) = Homggcas, (T7,T @1 A). Let R be the set of
maps in Pr(dgCatif, Sp(Aff;)) which are of the form:
(i) hy — by, with T'— T” being a Morita equivalence;
(ii) Cone(h;) —> hqw, for T/ —->T —2 = T" an exact sequence of dg-categories.

We define My (k) = Lg Pr(dgCatlf,Sp(Affy)) as the Sp(Affy)-enriched left Bousfield
localization in the sense of [Bar07]. Therefore Mi,.(k) is a Sp(Affy)-model category in the sense
of [Hov99, Definition 4.2.18], and we denote by RHomyy, () its derived Hom enriched in Sp(Affy).
By [CT12, §7.5], it is also a monoidal model category in the sense of [Hov99, Definition 4.2.6],
and we denote by A its monoidal product. The unit is given by the object & which is defined by
k(T) = Homggcat, (T, k) and constant as a presheaf on Aff;. The following proposition follows
from general properties of left Bousfield localization (see [Hir09, Propostion 3.3.18]).

PROPOSITION 2.18. The Yoneda embedding h : dgCatif —> Mo (k) has the following properties.

(i) For all T € dgCaty, hy is cofibrant in M. (k).
(ii) h sends Morita equivalences to equivalences in My (k).
(iii) h sends exact sequences to fibration sequences in M. (k).

Moreover, h is universal with respect to these three properties. More precisely, for all Sp(Affy)-
model categories V, the functor

h* : Hom (M, (k), V) — Hom, (dgCat!!, V)

is an equivalence of categories, where Hom, is the category of Sp(Affy)-enriched left Quillen
functors, and Hom, is the category of functors which satisfy properties (i)—(iii) above.

Remark 2.19. Let V be a Sp(Affy)-model category and E : dgCat;, —> V' a functor which sends
Morita equivalences to equivalences and commutes with filtered colimits. Then FE restricts to a
functor £ : dgCatif —> V. The extension of E| to Mj,c(k) is denoted by

E|,! :Mloc(k) — Sp(AHk)
Every dg-category T can be written as a filtrant colimit of dg-categories in dgCath. Therefore
there exist a filtrant diagram {7}, } of dg-categories in dgCat}f and an equivalence of dg-categories

T ~ colim, T, in dgCatj. On the other hand, the object hy € M. (k) is defined by

hy(T')(A) = Homggcat, (T, T @ A)
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and represents the dg-category T' in Mj,.(k). Since the standard Yoneda functor is equivalent
to the homotopical Yoneda embedding (see [TVe05, Lemma 4.2.2]), we have an equivalence hy
~ colimy by, in Mo (k). We therefore have equivalences

Ej(bhy) =~ colimy E|(hy, ) = colim, E|(Ty) ~ E(T).

We conclude that the extension F), coincides up to equivalence with E on dgCaty. This can
be rephrased in the following way. We denote by HomMor(dgCat}f,V) the projective model
category of functors which send Morita equivalences to equivalences, and by Hom;(dgCat,,, Sp)
the projective model category of functors which commute with filtered colimits and send
Morita equivalences to equivalences. Then the inclusion functor dg,Cat}cf —> dgCat,;, induces
an equivalence of categories

Ho(Hom, (dgCat,, Sp)) —> Ho(Homy, (dgCatll, Sp)). (2)

Every functor E € Homygo(dgCatll, Sp) can be uniquely extended up to isomorphism to an
object of Ho(Hom,(dgCat;, Sp)). By an abuse of notation we denote by HH the functor HH,.

THEOREM 2.20 [CT11, Theorem 7.16]. For all T € dgCat!!, there exists a functorial isomorphism
inT,
RHomyy, () (k, hy) ~ K(T).

Because of formula (2), the isomorphism of Theorem 2.20 lifts to a unique isomorphism in
Ho(Hom,(dgCaty, Sp)).

We consider the object hy, in M. (k). It is given by hy (T)(Spec(A)) = Homggcat, (T, A) for all
T € dgCat,, and all Spec(A) € Affy. The object h;, admits a monoidal structure in M, (k) because
by definition of the monoidal structure in Mj,.(k) we have an isomorphism h; A h; ~ hyery in
Mo (k). For all T € dgCatlf, we have an hy-module hy with hj-action given by the natural
isomorphism hp Ahy >~ hpg, =~ hp. We then have the following objects.

— A monoidal model category V = Sp(Affy).

Two Sp(Affy)-enriched monoidal model categories
M =M(k) and N = Pr(Affy, HA — Mods).

Units are denoted by 1, and 1,. They are cofibrant objects in M and N, respectively.
Thus we have two monoidal functors ¥V — M and V — N given by the product with
units. Their right adjoints Hom(1, —) (V-enriched Hom) are lax monoidal functors and
therefore send monoids to monoids.

— A V-enriched left Quillen lax monoidal functor F : M —> N given by F = HH. (In this
case F'(1p) ~ 1)

— A cofibrant monoid a = h;, in M and a cofibrant a-module m given by m = hy.

— Two morphisms in V given by the functoriality of LF:

t : R@M(lM,a) — RMN(F(lM),F(G)),
uw @ RHom (14, m) — RHomy (F(1r), F(m)),

where RHom ,, and RHom , are the Ho())-enriched Homs.

The general results of [SS00] on the existence of model structures on categories of monoids
and modules must satisfy a special axiom called the monoid axiom, which is not satisfied by the
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model category Mj..(k). However, by Hovey’s results [Hov98, Theorems 3.3, 2.1], monoids and
module objects in M, (k) can be endowed with nice homotopical properties, which are sufficient
for our purpose. Roughtly speaking, monoids do not form a model category in the usual sense,
but a so-called semi-model category, and we can therefore consider the homotopy category of
monoids. In this situation, if M is a monoid, there exists a functorial cofibrant replacement
QM —> M and if M is cofibrant, there exists a functorial fibrant replacement M —> RM. The
homotopy category of monoids is then the quotient of cofibrant-fibrant monoids by the usual
homotopy relation. We can therefore make the following statements.

— The objects RHom (11, a) and RHom(F (1), F(a)) are monoids.
— The object RHom (14, m) is a RHom y4(1 a4, a)-module.

— The object RHomx(F'(1aq), F'(m)) is a RHom,(F(1rq), F(a))-module and therefore a
RHom (14, a)-module in V via t.

— The map u is a map of RHom (14, a)-modules.

Applying this in our context, we obtain the following objects for any dg-category T' € dgCat}f.

A presheaf of ring spectra k := K(*) ~ RHomyg ) (k, hy).
— A presheaf of k-modules K(7) ~ RHomyy__x)(k, hp).

RHom is the derived Hom of Pr(Aff;, HA — Mods).
A map of k-modules K(T)) — HN(T).

We denote by k — Mods the category of k-modules objects in Sp(Affy).

DEFINITION 2.21. Let T € dgCatg. The algebraic Chern character associated to 7" is the map
Chy : K(T) — HN(T)

in Ho(k — Mods), which is defined above. Taking appropriate fibrant replacements, it defines a
tf
map in Ho(k — Modggcat’“ ),
Ch: K — HN.

By formula (2), the map Ch lifts to a unique map in Ho(k — Modggcatk) (up to isomorphism).
Remark 2.22. There exists an additive version M, (k) of the model category M,.(k) where we
replace exact sequences of dg-categories by split exact sequences. Connective K-theory then
becomes corepresentable as a functor M, (k) — Sp(Affy), and the same construction as above
gives a connective Chern map,

Ch,: K — HN

in Ho(l~< — Modggcat’“), where k is the presheaf of connective K-theory. By construction, the map

K— K- N

is isomorphic to Ch, in Ho(Sp9&©at).

Remark 2.23. By definition, the Chern map of Definition 2.21 coincides up to isomorphism in
Ho(Sp(Aff;)98Cat) with the Tabuada Chern map as defined in [Tab13, p. 4], and we therefore
know that it coincides with the classic version of the Chern map by [Tab13, Theorem 2.8].
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3. Topological realization over complex numbers

The topological realization of a simplicial presheaf defined over C-schemes is a topological space
functorially associated to this presheaf. In some sense the topological realization of a simplicial
presheaf is the analog of the ‘espace étalé’ associated to a sheaf over a topological space.
We begin by considering the functor which associates to any C-scheme its space of complex points.
This functor extends in a canonical way to all simplicial presheaves. The resulting functor is the
topological realization, and could also be called the Betti realization. Topological realization has
already been studied by Simpson [Sim96], by Morel and Voevodsky [MV99] at the level of the
motivic homotopy category, and by Dugger and Isaksen [DI01] where the authors proved its
compatibility with the homotopy theory of stacks (in the étale or Nisnevich topology). In this
section we set up definitions, properties and results about the topological realization. The most
original part is the last one in which it is proven that the topological realization of a simplicial
presheaf is unchanged if we first restrict this presheaf to smooth schemes. This uses a homotopical
generalization of Deligne’s cohomological proper descent.

3.1 Generalities about the topological realization
We recall that Aff¢ stands for the category of affine C-schemes of finite type. We denote by

sp : Affc — Top

the functor which associates to an affine C-scheme X its topological space of complex points.
Let X = Spec(A) with presentation A = C[X1,...,X,]/a, with a an ideal of the polynomial
algebra C[X7, ..., X,,]. Then this presentation defines a closed immersion i : X < A" and sp(X)
= i(X)(C) endowed with the induced transcendental topology of the space A™(C). Composing
with the singular complex functor S : Top —> SSet, we obtain a simplicial set-valued realization
denoted by ssp. We have the commutative triangle

Affc P, Top

Ssp is

SSet

DEFINITION 3.1. We still denote by ssp (respectively, sp) and call topological realization the SSet-
enriched left Kan extension? of the functor ssp : Affc — SSet (respectively, of the functor sp)

2We briefly recall the notion of enriched left Kan extension. Let V be a monoidal category, F' : C — D a
functor with C any category and D a V-enriched category, which is moreover cocomplete in the enriched sense,
G : C — (' a functor with C’ another cocomplete V-enriched category. The V-enriched left Kan extension of
F along G is the unique V-enriched functor F : ¢/ — D (up to isomorphism) which commutes to V-enriched
colimits and such that the triangle

oS¢

N

D

commutes up to isomorphism. In our case, we do not need to consider general enriched colimits, but only colimits
of the form (5) later in this subsection.
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along the Yoneda embedding h : Affc < SPr(Affc). We then obtain functors

Affc > SPr(Affc) —2> Top

ls
Ssp

SSet

General properties of the functor ssp are summarized in the following proposition. Analogous
properties hold for sp.

PROPOSITION 3.2. (i) The functor ssp : SPr(Affc) — SSet commutes with colimits and its
right adjoint is the functor R such that for any simplicial set K, R(K) : X — Map(ssp(X), K).
The adjoint pair (ssp, R) is a Quillen pair for the global model structure on SPr(Affc).

(i) The functor ssp commutes with finite homotopy products. In particular, ssp is a
symmetric monoidal functor for the cartesian model structure on SPr(Affc) and SSet.

(iii) For all K € SSet, and all E € SPr(Affc), there exists a canonical isomorphism ssp(K x E)
~ K x ssp(E). For all K € SSet, and all E € SPr(Affc), there exists a canonical isomorphism
ssp(K A E) ~ K Assp(E).

(iv) Let E € SPr(Affc). We denote by m' E' the presheaf obtained by applying mo levelwise.
Then there exists a canonical isomorphism of sets myssp(E) ~ m ssp(mfy E).

Proof. (i) R is right adjoint to ssp by definition. By its definition, R sends (trivial) fibrations to
(trivial) fibrations. The pair (ssp, R) is therefore a Quillen pair.

(ii) This follows from formula (5) of Remark 3.3 below, and the fact that in a topos (here
the topos of simplicial presheaves on Aff¢) products commute with colimits.

(iii) The proof of the pointed case is similar to that of the unpointed case. It comes from the
fact that K x E =[], E and that the functor ssp is a left adjoint and therefore commutes with
colimits.

(iv) Let A € Set. We have canonical isomorphisms

Homge (7o ssp(myy E), A) ~ Homgget (ssp( gE) A)
~ Homgpy(afio) (75 E, R(A))
~ Homgp,(afe) (E, R(A))
~ Homgget(ssp(£), A

): A)
~ Homget (7 ssp(F), A).
We conclude by the Yoneda lemma. O

Remark 3.3. Every presheaf of sets F' € Pr(Affc) can be written as a colimit of representable
presheaves. More precisely, the map

colimyeag. /phx —F (3)

is an isomorphism of presheaves. Therefore, since ssp commutes with colimits, we have the
formula

ssp(F") = colimxeag. /r sSP(X). (4)

In §3.3 we will use a homotopical version of the previous fact. Now take E € SPr(Aff¢) a
simplicial presheaf. Formula (3) is not yet available. This comes from the very homotopical
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flavor of the object E and Affc /E should really be considered as an oco-category in order to
obtain a similar formula, with a colimit in a higher sense. An alternative way is to write F
as a more complicated colimit (see [Dug01, p. 8]). Indeed, E can be written as the standard
coequalizer

~cohm< I Bx)xnx=— ][ EZ xhy) (5)

XeAffe Y—2Z

And thus we have an equivalence

ssp(E Ncohm( H E(X) xssp(X)=— H E(Z) x ssp Y)>

XeAffe Y—Z

3.2 Al-étale model structure

Let C be a Grothendieck site with topology denoted by 7. Jardine (see [Jar87], and also [DHI04])
has proven the existence of a 7-local model structure on the category SPr(C) of simplicial
presheaves on C' such that the equivalences are precisely local equivalences. Thanks to [DHI04],
this model structure can be defined as the left Bousfield localization of the global model structure
SPr(C) with respect to the set of maps of the form

hocolimpaer hy, — hx

in SPr(C), for all X € C and all 7-hypercovering Uy —> X in C. Morally, this construction forces
simplicial presheaves to satisfy 7-homotopical descent. We denote by SPr(C)" the 7-local model
structure. We will use it in the particular case of C' = Aff¢ with the étale topology, and call this
model structure the étale local model structure. The homotopy category Ho(SPr(Affc)®) is a
model for the homotopy theory of stacks.

We endow Aff¢c with the étale topology. Everything below is also valid for the Nisnevich
topology. Following [MV99], we can build the étale Al-homotopy theory of schemes out of
the site Affc. The étale A'-homotopy category of schemes is by definition the left Bousfield
localization of the global model category SPr(Aff¢) by the set of maps of the form:

(i) hocolimpaer hyy, —> hx, for Uy —> X an étale hypercovering of a scheme X € Aff¢;

(ii) a projection hx x hpa1 —> hx, for X € Affc.

We denote this model structure by SPrétA" and call it the Al-étale structure on simplicial
presheaves. Equivalences in SPrétA" are called Al-equivalences. We denote by

sph : SprétAl Top

the corresponding topological realization, and by ssph its simplicial analog. We denote by Rh
the right adjoint to ssph. An important property of the topological realization is stated in the
following theorem.
THEOREM 3.4 [DI01, Theorem 5.2]. The adjoint pair (sph, Rh) is a Quillen pair
SPr ét,Al Lh> ———Top
“Rh ’

for the A'-étale model structure. More precisely the functor sp sends relations (i) and (ii) above
(which define the A'-étale model structure) to equivalences of spaces.
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Remark 3.5.

— It follows from the above that the simplicial version ssph : SPrétA" . SSet is a left Quillen
4 Al
functor and preserves relations of type (i) and (i) above which define SPr¢t4 "
— Another consequence of Theorem 3.4 is that the derived functors

Lssp : Ho(SPr(Affc)) — Ho(SSet),
Lssph : Ho(SPrét’Al) —> Ho(SSet)

satisfy Lssp(E) ~ Lssph(F) for all simplicial presheaves E. In other words, if @ is a
cofibrant replacement functor for the global model structure SPr(Affc), then Lssph(F) =

ssp(QE).
DEFINITION 3.6. The derived topological realization is the functor Lssp (or equivalently L ssph)
and is denoted by | —|. We then have a commutative triangle
Ho(SPr(Aff¢)) Rid Ho(SPrétA")
- -
Ho(SSet)

We denote by | — |*P its topological analog with values in Ho(Top).

PROPOSITION 3.7. (i) The derived topological realization | —| commutes with homotopy colimits.
Its right adjoint is denoted by (—)p. For all K € SSet and all X € Affc, we have Kp(X) =
R Map(ssp(X), K).

(ii) The functor | — | commutes with homotopy finite products.
(iii) For all K € SSet, and all E € SPré*A'we have a canonical isomorphism K x |E| ~
oAl
|K x E| in Ho(SSet). For all K € SSet, and all E € SPré | we have a canonical isomorphism
K A |E| ~ |K A E| in Ho(SSet,).

Proof. Proofs are essentially the same as for the nonderived case, and we omit them. ]

Notation 3.8. By an abuse of notation, we will omit the word ‘derived’ in front of topological
realization, although we always mean the derived topological realization throughout.

3.3 mg of the topological realization
We give an explicit description of the set my|E| for any simplicial presheaf E' € SPr(Affc), which
will be used below. This description is based on the formula (3) given by Yoneda.

LEMMA 3.9. Let F' € Pr(Aff¢) be a presheaf of sets. Then there exists a canonical isomorphism
of sets,
mossp(F) = F(C)/~,

where ~ is the equivalence relation defined by [z] ~ [y] if there exist a connected algebraic curve
C, amap f : hc — F in Ho(SPr(Aff¢)), and two complex points ',y € C(C) such that

f@) == and f(y) =y.

Proof. As there exists an isomorphism 7y ssp(F') ~ msp(F’), where sp is the realization with
values in Top, it suffices to prove the statement for mosp(F'). From formula (3) in Remark 3.3,
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there exists a natural map F'(C) — sp(F’) in Top and therefore a map F(C) —> mpsp(F') by
taking mg. We then have a commutative square

F(C) 7o sp(F)

| |

colimycag, /r X (C) — colimxeag /r ™o sp(X)

where the left vertical arrow is obtained by taking complex points in (3), and the right vertical
arrow is obtained by taking mysp in (3). These two arrows are therefore isomorphisms. For
all X € Affc, the map X(C) — mosp(X) is surjective. It follows that the top map in the
square is surjective. Now let a,b € F(C) be two complex points having the same image under
F(C) — mosp(F). In colimyeag. /r X(C), a and b correpond to two affine schemes (X, x) and
(Y, y) above F, each provided with a complex point. By hypothesis, these two elements have the
same image in colimxeag. /r To sp(X). Therefore there exist an affine scheme Z — F above
F, and two maps p: X — Z and ¢ : Y — Z, and a continuous path between p(x) and ¢(y)
in the space sp(Z). It is a classical fact in algebraic geometry that, using Bertini’s theorem, we
can deduce the existence of a connected algebraic curve g : C' —> Z above Z, and two complex
points 2/, 3" € C(C) such that g(z’) = p(x) and g(y') = ¢(y). By composition we obtain a map
[ :he —> F such that f(z') = a and f(y') = b. The proof is then complete. O

PRrROPOSITION 3.10. Let E € SPr(Affc) be a simplicial presheaf. Then there exists a canonical
isomorphism of sets,
mo|E| 2~ mo(E(C))/ ~,

where ~ is the equivalence relation defined by [z] ~ [y] if there exist a connected algebraic curve
C, a map f : hc — F in Ho(SPr(Affc)), and two complex points z',y’ € C(C) such that

f@) ==z and f(y) =y.

Proof. We denote by m)"E the presheaf obtained by applying m levelwise to the presheaf
E. We apply Lemma 3.9 to the presheaf of sets F = n)' E. We obtain an isomorphism
mossp(my E) ~ w5 E(C)/~ =~ (myE(C))/~. By Proposition 3.2, there is an isomorphism
mossp(mg, E) =~ mo ssp(E). However, by Remark 3.5, there is an isomorphism mo(ssp(E)) ~ mo|E|,
and the proof is complete. a

3.4 Topological realization of structured presheaves
Strict groups. Let SGpe (respectively, SGp) be the category of strict group objects in the cartesian
monoidal category SPr(Affc) (respectively, in the cartesian monoidal category SSet). We denote
by

B : SGp — SSet

the classifying space functor. For all G € SGp, the space BG is defined as the homotopy colimit
BG := hocolim G*

where G* is the bisimplicial set defined by [n] — G", with faces and degeneracies induced
by products and neutral elements in G. There exists a functorial cofibrant replacement of the
object G* in the projective model category SSet®””, which justifies our considering B as a
functor between nonlocalized categories. For all G € SGpc, we set BG(Spec(A)) = B(G(Spec(A)).
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Because |—| commutes with products, the topological realization of a presheaf of simplicial groups
is a simplicial group. We consider the diagram

Ho(SGpe) —2— Ho(SPr(Aff¢))

i— ) ll—l

Ho(SGp) Ho(SSet)
PRrROPOSITION 3.11. For all G € SGpg, there exists a canonical isomorphism B|G| ~ |BG| in
Ho(SSet).
Proof. This follows directly from the fact that | — | commutes with finite homotopy products
and homotopy colimits. O

Symmetric spectra. We extend the topological realization functor ssp : SPr(Affc) — SSet to
presheaves of symmetric spectra by taking the Sp-enriched left Kan extension of the composite

functor
)+

SPr(Affc) —2> SSet Sp

along the infinite suspension functor ¥°°(—)4 : SPr(Aff¢) — Sp(Affc). We denote this extension
by sspg. We obtain a commutative diagram

> (

SPr(Affc) —P> SSet —— . g

E°°(-)+l /
Sp(Affe) *Ps

The right adjoint to sspg sends a symmetric spectrum E to the presheaf X — Homsp(Zo"X  E).
We have the same properties as with the simplicial realization.

PROPOSITION 3.12.

— For all F € Sp and all E € Sp(Affc) we have a canonical isomorphism of spectra F' N
ssps(F) ~ ssps(F' A E).

— For all E,E' € Sp(Affc), we have a canonical isomorphism of spectra sspg(E A E') ~
ssps(F) A ssps(E'), i.e. the functor sspg is monoidal.

We denote by Spé‘“’Al the A!-étale model structure on the category Sp(Affc). Proposition 3.4
implies that the functor

ét,Al

ssphg : Sp —> Sp

is left Quillen for the A'-étale model structure. Remark 3.5 applies also for presheaves of spectra,
i.e. for all E € Sp(Aff¢) we have a canonical isomorphism L sspg(E) ~ L ssphg(F).

DEFINITION 3.13. We call spectral topological realization and we denote by | — |s the two derived
functors Lsspg and L ssphg. We have a commutative triangle

Ho(Sp(Affc)) £ Ho(Sp®A")
[—Is I—ls
Ho(Sp)
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We denote by Hg g the right adjoint to | — |s. For all £ € Ho(Sp), Hs g(E) is the presheaf
Hsp(E) : X — RMHO(SP)(|XIS,E).

The notation Hsp stands for the Betti cohomology. Indeed, if E = HC is the Eilenberg-
Mac Lane spectrum of C, then the presheaf Hg g(HC) is nothing more than the Betti cohomology.
Since sspg is a monoidal functor, the spectral topological realization is also a monoidal functor.

A- and I'-espaces. Finally, we extend the topological realization to A-objects in SPr(Affc).
Of course, the same can be done for I'-objects. We use the notation of §2.1 for model structures
on A-objects. Let E € A —SPr(Affc) be a A-presheaf. The topological realization of E, denoted
by sspa(F), is the A-space defined by the formula ssp (E), = ssp(E,,). This defines a functor

sspa : A — SPr(Affc) — A — SSet.

This functor admits as right adjoint the functor which associates to a A-space F' the A-presheaf
R(F), = R(F,,) (where R is the right adjoint to ssp). The associated functor

ssphp @ A — SPréA" 5 A — SSet

is left Quillen for the A'-étale model structure.

DEFINITION 3.14. We call the derived functors L ssps and L sspha a realization of A-presheaves

and denote it by | — |a. We have a commutative triangle
Ho(A — SPr(Aff¢)) Rid Ho(A — SPrét-A")
N I=la
Ho(A — SSet)
We denote its I-version by | — |p.

The realization | — | A commutes with finite homotopy products, and therefore the realization
of a special (respectively, very special) A-object, is a special (respectively, very special) A-object.
We have the diagram

[=]a

Ho(A — SPr(Affc)) Ho(A — SSet)

\Lmon imon
[=]a

Ho(A — SPr(Affc)®?) —— Ho(A — SSet*P)

l(—ﬁ i()*

[—la

Ho(A — SPr(Affc)®P) —= Ho(A — SSet™P)

PROPOSITION 3.15. For all E € Ho(A —SPr(Aff¢)) we have a canonical isomorphism in Ho(A —
SSet),
|mon(FE)|a =~ mon|E|a.

Proof. 1t suffices to show that their right adjoints commute. But this follows from the fact that
if ' € A — SSet is special, then the A-object RR(F') = RMap(| — |, F) is special. O
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PROPOSITION 3.16. For all special A-presheaf E € Ho(A — SPr(Affc)) we have a canonical
isomorphism in Ho(A — SSet),
|E*a ~ Bl

Proof. It suffices to show that their right adjoints commute. But it follows from the fact that if
F € A — SSet is very special, then the A-object RR(F) = RMap(| — |, F') is very special. O

Now we compare the topological realization of I'-presheaves and of presheaves of connective
spectra. We have the diagram

iy

Ho(T" — SPr(Affc)) —— Ho(T" — SSet)

|s B |s

Ho(Sp(Affc)) Ho(Sp)

PROPOSITION 3.17. For all E € Ho(I' — SPr(Affc)), we have a canonical isomorphism in Ho(Sp),
B|E|r ~ |BE|s.

Proof. This follows from the fact that B is a homotopy colimit, and because | — |s commutes
with homotopy colimits. O

We recall from §2.1 that there exists a functor
o : Ho(T' — SPr(Affc)) — Ho(A — SPr(Affc)).
We notice that by definition of o*, for all E € I' — SPr(Affc), we have a canonical isomorphism
|o*E|a ~ o™ |E|r.

3.5 Restriction to smooth schemes

We show here that the topological realization of a simplicial presheaf is unchanged if we restrict
this presheaf to smooth schemes. This is a consequence of a result by Suslin and Voevodsky
concerning the cdh-topology, and of one of our main results: the homotopical version of Deligne’s
cohomological proper descent. This latter result is the analog for the proper topology of the
Dugger—Isaksen theorem (see Theorem 3.4). To prove this descent result, we mimic Dugger and
Isaksen’s proof and use Lurie’s proper descent theorem.

The property of ‘restriction to smooth schemes’ will be used below to show that the
topological K-theory of a smooth complex algebraic variety coincides with the topological
K-theory (in the dg-sense) of its dg-category of perfect complexes. It will also be used to show
that the negative semi-topological K-theory of a smooth commutative algebra is zero.

We denote by Aff(léss the category of smooth affine C-schemes of finite type. We denote

the inclusion by [ : Aff(léss < Affc. The restriction on simplicial presheaves is denoted by [* :
SPr(Affc) —> SPr(Affl).

THEOREM 3.18. Let F' € SPr(Affc). Then there exists a canonical isomorphism |[*F| ~ |F| in
Ho(SSet).

The proof occupies the next few pages. We will use the proper topology on the category Sche
of separated C-schemes of finite type. The idea consists in using a Quillen equivalence between
the proper local model category SPr(Schc)P™ of simplicial presheaves defined over schemes,
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and the proper local model category SPlr(Sch(léss)p]ro of simplicial presheaves defined over smooth
schemes. Having proved this step, it remains to show that the topological realization behaves
well with respect to the proper topology, which is our descent result or generalization of Deligne’s
proper descent.

We denote by Sch(l(i:SS the category of separated smooth C-schemes of finite type and by

Afflis C Lo Affe

|

Sch}éssc—i> Sche

the inclusions. We have restriction/extension functors between the étale local model categories:

SPr(Sche)“ = SPr(Schlis)é

*

T

SPr(Affc)® f SPr(Affiss)t

All these adjoint pairs are Quillen pairs by the general results on change of sites [DHI04,
Proposition 7.2]. The restriction functor j* preserves étale local equivalences and it is a Quillen
equivalence. Indeed, this can be deduced from the analog statement for sheaves using the
projective local model structure on simplicial sheaves of [Bla01, Theorem 2.1]. Theorem 3.18
can be equivalently stated in the category SPr(Schc). Indeed, for all F' € SPr(Affc), we have
an equivalence |LjiF| ~ |F| by definition of the realization and because LLj is a left adjoint.
However, for all E € SPr(Sch¢), the counit map Ljj*E — F is an étale local equivalence.
The induced map |Ljij*E| —> |E| is therefore an equivalence by Theorem 3.4. We also have by
definition of the realization an equivalence |Ljij*E| ~ |j*E|, and thus an equivalence |j*E| ~ | E)|.
Consequently, we will work in the category SPr(Schc).

We endow Sch¢ with the proper topology, i.e. a family of maps is declared to be a covering if
each of the maps is proper and if this family is cojointly surjective. We define the proper topology
on the category Sch}éss by saying that a sieve S C hx of an object of Sch}éss is a covering sieve
if it contains a sieve generated by a proper covering of X in Sch¢. We recall that the category
Sch{®™ does not have all pullbacks in general.

Remark 3.19. By Hironaka’s theorem on resolution of singularities in characteristic zero [Hir64],
every proper covering sieve S of a scheme X admits a refinement by a proper covering sieve
T C S generated by maps with source being smooth. Indeed, for all maps Z — Y in S, by
Hironaka’s theorem, there exist a smooth scheme Z’ and a proper surjective map Z' — Z.

Notation 3.20. We denote by SPr(Sch¢)P* the proper local model category, i.e. the left Bousfield
localization of the projective model category SPr(Schc) with respect to maps

hOCOlionp hy. —> hX

for all proper hypercoverings Y, —> X in Sch¢. The following is our proper descent result.

PRrROPOSITION 3.21. For every proper hypercovering Yo —> X of a scheme X € Schg, the induced
map
hocolimper | Y| —> | X|
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is an isomorphism in Ho(SSet). We deduce that the functor
ssp : SPr(Schc)P™® — SSet

is left Quillen.

The proof of Proposition 3.21 is relatively nontrivial and is based on the purely topological
fact that a proper hypercovering induces an equivalence if we take its colimit. It will be given
below. We use Proposition 3.21 to prove Theorem 3.18.

The functor i : Schi® < Sche gives rise to a continuous functor on the level of sites (with
the proper topology) and to a set of adjunctions between sheaves of sets in the proper topology,

%

Shyro(Sche) —— Shpro(Schi®).
e

The functor i* is the restriction to smooth schemes. For every sheaf F € Shy(Schi®), the
sheaf eF' is a priori the sheaf associated to the presheaf X —— Hom(ihx, F'). By [DHIO4,
Proposition 7.2], the adjoint pair

SPr(Sche)Pr© % SPr(Schlis)pro

7

is a Quillen pair. The following proposition is a variant of [SV96, Theorem 6.2].

PROPOSITION 3.22. The Quillen pair (iy,7*) is a Quillen equivalence and induces an equivalence
of categories,

Li, .

Ho(SPr(Sche)P™) =—= Ho(SPr(Schliss)pro),

i*
Proof. It suffices to prove that the categories of sheaves of sets are actually equivalent. Indeed,
by [Bla01, Theorem 2.1] there exists a projective local model structure on the category of
simplicial sheaves SSh(Schc)P™ and by [Bla01, Theorem 2.2] the Quillen pair formed by the
inclusion of simplicial sheaves into simplicial presheaves and by the sheafification is a Quillen

equivalence,
a

SSh(Schg)Proc=—= SPr(Schc)Pe.

Moreover, the category SSh(Schc)P™ is the category of simplicial objects in the topos
Shpro(Sche), and its model structure depends only on the underlying topos Shpr,(Sche). The
same fact holds for the model category SSh(Schi*)Pro.

Hence it suffices to prove that the adjoint pair

s

Shpro(Sche) = Shyro(Schif™)

is an equivalence. But this is a direct consequence of [SGA4, Exposé III, Theorem 4.1]. O

LEMMA 3.23. The restriction functor i* : SPr(Sche)P™ — SPr(Schl®)P* preserves all local
equivalences.

018

https://doi.org/10.1112/50010437X15007617 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007617

TOPOLOGICAL K-THEORY OF COMPLEX NONCOMMUTATIVE SPACES

Proof. Because of Blander’s result [Bla01, Theorem 2.2], it suffices to prove this for simplicial
sheaves. Then it is a direct consequence of the fact proven above that ¢* induces an equivalence
of categories i* : Shyyo(Sche) — Shpro(Schi®). Indeed, the local equivalences are exactly the
maps which induce isomorphisms on all homotopy sheaves for all basepoints. Moreover, the
construction of homotopy sheaves in a category of simplicial objects in a topos is made in purely
categorical terms, and thus they only depend on the underlying topos. O

Proof of 3.18. Since the triangle

hss S Ch(c

NP

SSet

is commutative, the triangle of left Kan extension

Ho(SPr(Schl)) ' Ho(SPr(Sche))

\/

o(SSet)

is commutative. This means that for all G € SPr(Sch{), there exists an isomorphism |LiG| ~ |G|
in Ho(SSet). Therefore if G = Ri*F for F' € SPr(Schc), we have canonical isomorphisms

|i*F| ~ |Ri*F| (by Lemma 3.23)
~ |LiyRi*F| (from the above)
~ |F| (by Propositions 3.22 and 3.21). O

Proof of Proposition 3.21. The first assertion implies that ssp is left Quillen for the proper local
model structure because of general facts about left Bousfield localizations.

Let A = |X|*P and B, = |Y,|'*°P. The map of simplicial spaces B, —> A is a proper
hypercovering of topological spaces, i.e. a hypercovering relative to the proper topology on the
category Top, for which covering families are cojointly surjective families of proper continuous
maps. In order to prove Proposition 3.21 it suffices to prove that for every proper hypercovering
B, — A between sufficiently nice topological spaces, the induced map hocolimpaop Be —> A
is a weak equivalence of spaces. By ‘sufficiently nice’ we mean locally compact Hausdorff
spaces with the homotopy type of CW-complexes and such that all the components of the
coskeletons cosk,‘? B, have the homotopy type of CW complexes. These assumptions are satisfied
by topological spaces which are complex points of separated schemes of finite type (see [Hir75]).
The proof is then completed by Proposition 3.24. O

PROPOSITION 3.24. Let B, —> A be a proper hypercovering of topological spaces such that the
following properties hold.

— The spaces A and (B,)so are Hausdorff, locally compact, and have the homotopy type of
CW-complexes.

— All the components of the relative coskeletons coskf B, have the homotopy type of CW-
complexes for all k > 0

Then the map hocolimaor B¢ —> A is an equivalence in Top.
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Proof. The proof will consist of several steps which mimic the proof by Dugger and Isaksen of
the open version of our statement in [DI01, Theorem 4.3] (i.e. if we replace the proper topology
by the usual open covering topology). First, we reduce the statement to the case of bounded
hypercoverings (in the sense of [DHIO4, Definition 4.10]) using the same argument as in the
proof of [DI01, Theorem 4.3]. Second, we reduce to the case of a simpler class of bounded proper
hypercoverings which are nerves of proper surjective morphisms using the same argument as in
the proof of [DIO1, Lemma 4.2]. Third, we give a proof for this class of hypercoverings using
Lurie’s proper base change theorem [Lur09, Corollary 7.3.1.18] to reduce it to the point. Then
a lemma from simplicial homotopy theory provides the result for the point. The assumptions
made on topological spaces are used in Lurie’s theorem and also in Toén’s theorem in order to
calculate the derived global section of a constant simplicial presheaf.

We introduce some terminology. Let C be any complete and cocomplete category. For any
[n] € A and any simplicial object Co in C we denote by sk, C its n-skeleton and cosk, C, its
n-coskeleton. If C = Top, one has (cosk,, Cs); ~ Map(sk,A?, C,), where Map is a mapping space
for Top™””. There is an augmented version of these. If Cy —> D is an augmented simplicial
object to a constant simplicial object D, then we denote by sk”C, and cosk,? C, the skeleton
and coskeleton functor for the category (C | D)*”. We denote by

MnC = lim(Aop\Ln)\id C.

the nth matching object of Cs, where (A" | n)\id is the category of maps to [n] in A°? minus
the identity map of [n]. There is an augmented version of the matching object. If C¢ —> D is
an augmented simplicial object of C into a constant simplicial object D, then one can compute
the limit seeing C' as a functor from (A°P | n)\id to the category C | D of maps to D in C. We
denote it by MnD C,. There are natural maps C,, — M,Cs and C,, —> M,? C,. Suppose C is
endowed with a Grothendieck topology so that we can talk about hypercoverings; for us it will
be Top with the proper topology. A hypercovering Cy —> D is called bounded if there exists an
integer N > 0 such that the maps C;, — MnD C, are isomorphisms for all n > N. The minimum
N with this property is called the dimension of the hypercovering. A hypercovering is bounded
of dimension < N if and only if the unit map Cy —> cosk]l\), C, is an isomorphism.

If f:C — D is amapin C, one can see it as a map of constant simplicial objects of C.
Then we can take the 0-coskeleton coskOD C — D. This augmented simplicial object is called
the nerve of f. We have (coskDD C)i=Cxp---xpC,n+1 times. The faces and degeneracies are
the projections and diagonals, respectively. If f : C — D is a covering in C then the nerve of f
is a hypercovering of D of dimension zero, and these are the only hypercoverings of dimension
ZEro.

To reduce to the case of bounded hypercoverings, we observe that for any k > 0, the
hypercovering cosk,‘? 1 B, is bounded and that the unit map By —> coskf 11 B, is an isomorphism
on (k + 1)-skeletons. By Lemma 3.25 below, this implies that the top map in the diagram

hocolimaor Be — hocolimaop cosk,‘? 1 B

\ fll

induces an isomorphism on the 7 at any basepoint. Suppose the statement is proven for bounded
hypercoverings. Then the right vertical induces an isomorphism on 7 because coskfﬂ B, is
bounded. Hence the last map hocolimpaor Be —> A induces an isomorphism on 7 at any
basepoint, hence is a weak equivalence because k is arbitrary.
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LEMMA 3.25. Let Cqy —> D, be a map of simplicial spaces which induces an isomorphism on
(k 4+ 1)-skeletons. Then the map

7; hocolimaop C¢ —> ; hocolimaop De
is an isomorphism for every 0 < ¢ < k and any basepoint.

Proof. To prove this, we reduce to the case of bisimplicial sets using the singular functor, because
for simplicial simplicial sets the homotopy colimit is weakly equivalent to the diagonal. We denote
by

R
SSet <7Te> Top

the standard adjunction with right adjoint the singular functor S. It induces an adjunction on the
level of simplicial objects just by taking these functors levelwise. The counit map ReoSCy —> C,
is a levelwise weak equivalence in Top™”, hence the induced map

hocolimpaor Re 0SCe —> hocolimpaor C,

is a weak equivalence. But composing with the canonical weak equivalence hocolimpaocr Re 0SC¢ ~
Re(hocolimaer Sing C, ), we get a weak equivalence Re(hocolimaer SC4) =~ hocolimpaoer Co. Then
for every i > 0 we get a canonical isomorphism

mi(hocolimpaoer SC4) =~ m; Re(hocolimaop SC4) =~ m; hocolimper Co

at every basepoint. Therefore it suffices to prove the claim for Cy —> D, a map in SSet®” . But in
that case there is canonical weak equivalence hocolimaop Co = dC, in SSet where d : SSet2”” —
SSet is the diagonal functor. Then if Co —> D, is an isomorphism on (k + 1)-skeletons, it is
straightforward that m;dCe —> m;dD, is an isomorphism for every 0 < ¢ < k. This finishes the

proof of 3.25. a

Returning to the proof of Theorem 3.24, we proceed by induction on the dimension of the
hypercovering, reducing the proof to the dimension-zero case.

Let n > 0 be an integer. Suppose we have proven the statement for hypercoverings of
dimension less than or equal to n, and let B, —> A be a bounded proper hypercovering of
dimension n+1. Consider the unit map B, —> cosk;? Be =: Co. Then C, is bounded of dimension
less than or equal to n. Consider the bisimplicial space which is the nerve of the map By —> C,

Feo := (B. = B, Xy B.EEB. X, Be X, Be )

Considering C, as constant in one simplicial direction, we have a map Fe¢ —> C,o. The kth
row of Fee —> C, is the nerve of the map By —> C}%. Consider the diagonal De := dFee.
Then standard homotopy theory (e.g. [Hir09]) proves that hocolimaer De is weakly equivalent
to the space obtained by taking the homotopy colimit of each rows of F,e, and then taking the
homotopy colimit of the resulting simplicial space. But by the induction hypothesis, the kth row
being a dimension-zero hypercovering of Cy, its homotopy colimit is weakly equivalent to Cy.
The resulting simplicial object is C,, which is of dimension less than or equal to n, so by the
induction hypothesis hocolimaer Ce >~ A. Hence we prove that hocolimaoepr De >~ A.

Now we prove that B, is a retract of Dy over A, hence that hocolimaer De ~ hocolimaoep
B, ~ A. There is a natural map B, —> D, given by the horizontal degeneracy Ky —> Ej k.
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Then we need a map Dy, —> B,. It is sufficient to find a map skg‘HD. — sk;;‘HB. because
then the adjoint map Dy —> coskf 1 skf}HB. ~ B, is the desired map. Notice that because
of the definition of Co the map By —> C} is an isomorphism for £ = 0,...,n and the map
skAB, —> sk D, is an isomorphism. Let [0] — [n 4 1] be any coface map, giving a face map
Eni1n+1 —> Eopny1 which gives the desired map sk,‘fHD. — sk:;;‘HB.. One can check that
By — D, —> B, is the identity which proves our claim.

It remains to prove the statement for a dimension-zero proper hypercovering m : B, —> A
with spaces satisfying the assumptions of Proposition 3.24. Such a hypercovering is the nerve of
a proper surjective map By —> A. Therefore B,, ~ By Xz -+ X4 By, n + 1 times. We will use
a proper base change argument. For this we will study simplicial presheaves on the simplicial
space B, and their behavior with respect to 7. Deligne defined in [Del74] a notion of sheaves
on a simplicial space, constructing a site out of a simplicial space and taking sheaves on it. His
construction can be directly used for simplicial presheaves. Indeed, let B, be the category with
objects the pairs ([n], V') with [n] € A and V' C B,, an open subset. A morphism between ([n], V)
and ([m], V') is the data of a morphism a : [n] — [m] in A and a continuous map V' — V
such that the square

Vi——=V

| |

B, — B,

commutes. Composition and identities are defined in the obvious way, and satisfy all the required
conditions. The category B, is naturally endowed with the open covering topology induced by
the topology of each B,,, and A is considered as discrete. Then we can consider the category
SPr(B,) of simplicial presheaves on the site B,. An object F in this category is equivalent to the
data of simplicial presheaves F;, on B, for every n > 0, and for every map a : [n] —> [m] in A,
a map of presheaves u, : F,, —> B(a).F),, such that u;q, , = idp, and for every a : [n] —> [m]
and b: [m] — [k] in A, we have up, = B(a) uptq.

If X is any space considered as a constant simplicial space, then X is nothing more than the
Grothendieck site of opens subsets of X. The map of simplicial spaces 7 : B, —> A gives a map
of sites still denoted by 7 : By, —> A. Consider the diagram of categories

(n]

B, i A
*

where * is the punctual category. Then, taking simplicial presheaves, we get a set of adjoint
functors

™

SPr(B,) _*1 SPr(A)

SSet

where cst(K) is the constant simplicial presheaf with value K for any K € SSet. The functors p,
and ¢, are also famous under the name of global sections and are the right adjoints to cst. We
endow SPr(B,) and SPr(A) with the local model structure (with respect to the open covering
topology) obtained as a Bousfield localization of the injective model structure (what is really
important is the weak equivalences which are local equivalences, but we will need below to

522

https://doi.org/10.1112/50010437X15007617 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007617

TOPOLOGICAL K-THEORY OF COMPLEX NONCOMMUTATIVE SPACES

consider a homotopy limit, which explains why we need the injective one). Then the functors
T, P+ and ¢, are right Quillen. For any K € SSet we have 7! o cst(K) ~ cst(K) and there
are isomorphisms L7~! ~ 77! and Lecst ~ cst. Therefore we have a canonical isomorphism
Rp.R7, >~ Rgs,.

A direct consequence of Toén’s result [Toé02, Theorem 2.13] is that for any constant simplicial
presheaf K € SPr(A) we have a canonical isomorphism Rp,(K) ~ RMap(SA, K) in Ho(SSet).
This uses the fact that our space A has the homotopy type of a CW complex. Next we want
to calculate the derived global sections Rq,(K) of a constant simplicial presheaf K on B,. The
site B. is naturally endowed with a functor « : B. —— A where A is considered as a discrete
site. The functor « is just the projection a([n], V) = [n]. We denote by 8 : A — % the unique
functor. We have induced functors on simplicial presheaves

SPr(B.) —> SPr(A)

b

SSet

These functors are right Quillen (SPr(A) is also endowed with the injective model structure).
The derived functor Rf, is then isomorphic to holima. For any constant simplicial presheaf
K € SPr(B,) , we have Ro, (K) = (R« K )0 Where g, : B, —> . Using [Toc02, Theorem 2.13]
(all spaces B, having the homotopy type of a CW), we obtain an isomorphism Ra,(K) =~
(RMap(SBy, K))n=0 in Ho(SPr(A)). Therefore we have a canonical isomorphism in Ho(SSet),

Rg.(K) ~ holimacr RMap(SB,, K) ~ R Map(hocolimaer SB,, K).
Suppose for the time being that the following lemma is at our disposal.

LEMMA 3.26. Let K € SPr(B,.) be a constant simplicial presheaf, with K being a truncated
simplicial set. Then the unit map

K — Rr,m 1K) ~ R, (K)
is an isomorphism in Ho(SPr(A)) (where K denotes the same constant presheaf on A).

We will give a proof below. Applying the isomorphism Rp,R7, ~ Rq, to a truncated constant
simplicial presheaf K on B,, we obtain a canonical isomorphism for every truncated simplicial
set K

R Map(SA4, K) ~ RMap(hocolimpaocr SBae, K).

This implies that the map hocolimaor SBe —> SA is an isomorphism in Ho(SSet). By taking
the Quillen equivalence Re and the fact that Re commutes with homotopy colimits, this implies
that the map hocolimacr Be —> A is an isomorphism in Ho(Top), proving our claim.

To sum up, it only remains to prove Lemma 3.26. To do so, it suffices to prove that the unit
map is an isomorphism on the stalk at any point a € A. We have a cartesian square of simplicial
spaces

Be—1> A

We claim that the base change theorem holds for this square and for a truncated constant
simplicial presheaf.
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LEMMA 3.27. For any truncated constant simplicial presheaf K € SPr(B,), the canonical map
a R7, (K) — Rrl¢p H(K) ~ Rr¢(K)
is an isomorphism in Ho(SSet).

Once the lemma is proven, it will just remain to prove that the map K — Rz¢(K) is an
isomorphism in Ho(SSet), which is exactly the statement of Proposition 3.24 for A = x and B,
a dimension-zero hypercovering. Indeed, we have an isomorphism

R7¢(K) ~ holimaor R Map(SBg, K).

To prove Lemma 3.27, we will calculate the stalk a 'R, (K) and relate it to Rr2(K). For
any open subset U C A we have a cartesian square of simplicial spaces

B.ULU>U

11

Be —2> A

Then we have isomorphisms RI(U,RnV(K)) ~ RI'(BY,K) ~ holimao RMap(SBY, K) in
Ho(SSet). The stalk a 'R, (K) is isomorphic to the usual filtered colimit

colimgepc 4 RT(U, R7Y (K)) = colimgeprc 4 holimaer R Map(SBY, K).

Now we use the assumption that K is truncated to deduce the fact this homotopy limit is
isomorphic to a finite homotopy limit. Indeed, if K is m-truncated, then the simplicial set
R Map(SBY, K) is also n-truncated and one can calculate this homotopy limit by restricting
to the subcategory of A°P given by simplexes of dimension less than or equal to n + 1. Then we
can make this filtered colimit and this finite homotopy limit commute to get

a 'R, (K) ~ holimaep colim,errc 4 R Map(SBY | K).

Now we wish to have for all n > 0 an isomorphism colimangARMap(SBg,K) ~ RMap
(SB%, K). To do so we apply Lurie’s proper base change Theorem [Lur09, Corollary 7.3.1.18] to
the cartesian square of locally compact Hausdorff spaces

ﬂ_a

Bzgn>*

N

BnAA

We can apply this result here because our simplicial presheaf K is truncated so that, according
to [Lur09, Corollary 7.2.1.12], K satisfies hyperdescent if and only if K satisfies ordinary descent.
We obtain an isomorphism a 'Rm,.(K) ~ Rr?, (K). With the same argument as before, we
have a™ "Rty (K) =~ colimgerc 4 R Map(SBY, K), which proves the expected isomorphism. This
finishes the proof of Lemma 3.27.

Returning to the proof of Lemma 3.26, it remains to prove that the map K — Rz¢(K) is
an isomorphism in Ho(SSet) for all truncated K. In view of what has been said, it is equivalent
to the statement that hocolimacr B —> * is a weak equivalence of spaces. It is treated by the
following lemma.
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LEMMA 3.28. Let X be any nonempty topological space (respectively, a nonempty simplicial set).
Then the nerve Xo —> * of the map p : X — * induces a weak equivalence hocolimaop X¢ —> *
in Top (respectively, in SSet ).

The statement in SSet implies the statement in Top. Indeed, if X € Top we saw in the proof
of Lemma 3.25 that hocolimaor X, and hocolimpaer S X, have the same homotopy groups.

Let X € SSet. We prove that the map X, —> * is a simplicial homotopy equivalence in
SSet®™. Let « : ¥+ —> X be a point. Then it suffices to find a homotopy h : Al x X, —>
Xo between idy, and zp. We define h, : A([n],[1]) x X,, — X,, by the following formula.
Let @ : [n] —> [1] be a map in A; it is essentially given by an integer 0 < m < n. We set hy,(a,
(xoy ... ) = (o, ..., Tm,,...,2). We then have a homotopy which satisfies h(0, —) = idx,
and h(1,—) = zp.

Recall the realization functor

| — | : SSetA”” — SSet

defined by the standard formula

|Ye| :zcoeq( |_| A" XY, = |_| Aprq>.

neA p—>qEA

This functor sends simplicial homotopy equivalences to simplicial homotopy equivalences. This
implies that | X,| is contractible. Now we use the isomorphism hocolimaer X ~ | X,| in Ho(SSet)
(see [Hir09]) to conclude that hocolimaer X, is contractible.

The proof of Proposition 3.24 is complete. O

4. Topological K-theory of noncommutative spaces

We now have almost all we need to define the semi-topological and topological K-theory of
noncommutative spaces. The first part of this section is dedicated to the definitions of semi-
topological and topological K-theory. The semi-topological K-theory is, roughly speaking, the
spectral topological realization of algebraic K-theory. These definitions are possible modulo the
calculation of the semi-topological K-theory of the point, which, roughly speaking, is the spectral
topological realization of the stack of F.,-spaces of vector bundles, which is proved to be the usual
connective spectrum bu in the second part. In the third part we give a convenient description
of semi-topological K-theory in terms of the stack of perfect dg-modules. In the fourth part we
prove that the Chern map descends to topological K-theory. Finally, we treat the examples of
smooth schemes and of finite-dimensional algebras, with some surprising consequences for the
relation between the periodic homology groups of an algebra and the homotopy groups of the
stabilized topological realization of the stack of noncommutative vector bundles.

4.1 Definition of the (semi-)topological K-theory
In §2.3 we defined a presheaf of symmetric ring spectra

k: Aff” — Sp

such that, for all Spec(A) € Affc, we have a canonical isomorphism k(Spec(A)) ~ K(A) in
Ho(Sp). For all C-dg-categories T' € dgCatc, we defined a presheaf of symmetric k-module

spectra
K(T): AfY — Sp
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such that for all Spec(A) € Affc, we have a canonical isomorphism K (7')(Spec(4)) ~ K(T' ®§ A)
in Ho(Sp). Thus we have an isomorphism K(1) ~ k where 1 is the C-dg-category with one
object and the ring C as endomorphisms. We recall that we denote by k — Modg the category of
k-modules in the monoidal category Sp(Affc). We therefore have K(7') € k — Mods.

In § 3.4 we mentioned that the spectral realization functor

| — |s : Ho(Sp(Affc)) —> Ho(Sp)

is a monoidal functor. Because of the existence of a homotopy category of monoids and modules
(see [Hov98, Theorems 3.3 and 2.1]), |k|s is a ring spectrum and the topological realization
extends to k-modules with values in |k|s-modules,

| — |s : Ho(k — Mods) — Ho(|k|s — Mods).

We also have a connective version of K-theory k and K(T). In the same way we obtain a
topological realization for k-modules,

| — |s : Ho(k — Mods) —> Ho(|k|s — Mods).

DEFINITION 4.1. The semi-topological K-theory (respectively, the connective semi-topological
K-theory) of a C-dg-category T' € dgCatc is the symmetric |k|s-module spectrum (respectively,
the symmetric |k|s-module spectrum),

K*Y(T) := |K(T)|s (respectively K*(T) := |K(T)[s).

Because of the existence of a cofibrant replacement functor in model categories of modules, we
have two functors,

K® : dgCate —> |k|s — Mods,

K : dgCate —> |k|s — Mods.
We denote the semi-topological K-groups by K5*(T') := mK*(T) for all i € Z.
Remark 4.2. It is a priori necessary to also consider the connective version K5t in our study,
because we do not know if K5¢(T') is the connective covering of K5¢(T'). Indeed, our first thought

is to remark that the topological realization is a left adjoint while the connective cover is a right
adjoint.

Remark 4.3. There exists a map from algebraic K-theory to semi-topological K-theory. If T &
dgCate, we have the unit map of adjoint pair (| — |s, Hs ),

K(T) — Hsp([K(T)]s)-
Taking global sections, i.e. the value on Spec(C), we obtain a map in Ho(Sp),
nr K(T) —> RHomgygsp) (5 (Spee(C))+, K*(T)) = K*(T),
This defines a map 7 : K — K* in Ho(Sp&“atc). There is also a connective version of it denoted
by 7 : K — K5t For all schemes X € Schg, taking my, we obtain a map

Ko(X) — KH(X).

Because of Proposition 3.10, this map is the quotient map of the equivalence relation on algebraic
vector bundles on X which identifies two vector bundles when they can be related by a connected
algebraic curve. We obtain then a map K§(X) —> Ktoop(sp(X )) from our semi-topological
K-group to the Grothendieck group of topological vector bundles on sp(X). We will prove below

that this map is an isomorphism in the case of a smooth and proper C-scheme of finite type.
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Remark 4.4. By applying the spectral version of Theorem 3.18, we see that we can calculate the
topological realization of Definition 4.1 by first taking the restriction to smooth schemes.

The following two results are central in the definition of topological K-theory. We denote by
bu the usual topological K-theory spectrum. This means that for a topological space X € Top,
if K?OP(X ) is the Grothendieck group of complex topological vector bundles on X, we have an
isomorphism K}, (X) ~ m Mapyogp) (2 S X4, bu). A model for bu as a symmetric spectrum

will be given below.
THEOREM 4.5. There exists a canonical isomorphism K**(1) ~ bu in Ho(Sp).

A proof will be given in §4.2. For the time being we use it in order to define topological
K-theory.

THEOREM 4.6. For all smooth commutative algebras B € CAlgc, the canonical map
K*(B) — K*(B)

is an isomorphism in Ho(Sp). In particular, by Theorem 4.5, we have an isomorphism K*¢(1) ~ bu
in Ho(Sp).

Proof. 1t is a well-known fact that the negative algebraic K-theory of a smooth commutative
algebra vanishes (see [Sch06, Remark 7]). Therefore the map of presheaves of spectra K(B) —>
K(B) is an equivalence on smooth affine schemes. By Theorem 3.18, we conclude that it induces
an equivalence on the spectral topological realization K*¢(B) ~ K*(B). O

Notation 4.7. The last two theorems can be reformulated by saying we have isomorphisms
k|s ~ |k|s ~ bu
in Ho(Sp). We denote by bu the symmetric ring spectrum |k|s. We have functors
K, K : dgCate — bu — Mods.

Remark 4.8. It is a classical fact that bu admits a model as a strict commutative ring in
symmetric spectra, with addition corresponding to the sum of vector bundles and multiplication
to external tensor product. We can express bu as the spectrum associated to the special I'-space
which is the topological realization of the stack of algebraic vector bundles (see 4.2). This
I'-space has the structure of a I'-ring with multiplication given by external tensor product. This
commutative ring structure on bu is, moreover, unique by [BR08, Corollary 1.4}, in the sense that
for all commutative symmetric ring spectra A and for all ring maps f : A —> bu inducing an
isomorphism on all homotopy groups, there exists a map g : A — bu in the homotopy category
of commutative ring spectra such that g is isomorphic to f.

Here we cannot consider bu as a commutative ring spectrum, nor k as a commutative ring
spectrum because this ring structure is given by the ring structure of endomorphisms of unity in
Mo (C) (see §2.3). So we will just talk about associative unital ring spectra, still knowing at the
same time that bu is equivalent in Sp to a commutative ring spectrum and that this structure is
unique. We feel here the limits imposed by the language of model categories and strict algebraic
structures compared to the highly more flexible language of Lurie’s monoidal oco-categories.
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Notation 4.9. By the Bott periodicity theorem, we know that the abelian group mabu is rank-one
free. To define topological K-theory, we choose a Bott generator 8 € K5'(1) = mebu from the
two existing ones. It is more convenient to first choose a generator « of the nontrivial part of
Ko(P!) and to take 8 = n(a) where n : Ko(P1) — K§f(P!) is the canonical map. Then j gives
a generator of K§'(1) by the canonical map K (P) —> Kiop(S?) ~ K{, (%) & BK,;I%(*).

Notation 4.10. We recall that given a ring spectrum A, an integer k, and an element a € w; A,
one can define the ring spectrum A[a~!] localized with respect to a. It is endowed with a map
iq : A —> Ala~'] and satisfies the following universal property. For all ring spectra B, and
all ring maps A —> B, the simplicial set Map 4_ Alg(A[afl],B) is nonempty if and only if a
is invertible in the 7,(A)-module 7,(B). This property characterizes the object A[a~!] up to
equivalence. This is the noncommutative version of [TVe08, Proposition 1.2.9.1] applied to the
monoidal model category Sp of symmetric spectra. We conclude by [TVe08, Corollary 1.2.9.3]
that the functor induced by composition with i,

i* : Ho(Ala™'] — Modg) — Ho(A — Mods),

is fully faithful and its image consists of the A-modules M such that multiplication by a is
invertible in the 7, A-module 7, M. If M is a A-module and a € 7, A an element, the localized
module M[a~!] is defined as the A[a~!]-module M A4 A[a™1].

Remark 4.11. Let A be a ring spectrum and a € 7, A. Denote by A,ss[a™!] the localization of A
with respect to a in the sense of associative ring spectra, and by Acom[a™!] the localization of A
with respect to a but in the sense of commutative ring spectra. Then by the universal property,
there exists a map ¢ : Aagsla™!] —> Acom|a™!] which is an equivalence. Indeed, there exists a
commutative diagram

Ho(Aass[a™!] — Mod,.)“—— Ho(A — Mod,)

ic* iz

Ho(Acom[a™!] — Mod)“— Ho(A — Mod)

where the index r stands for the category of right modules. Since A is commutative, the map from
right A-modules to two-sided A-modules is an equivalence. Then the two homotopy categories
of modules Ho(Auss[a™!] — Mod,.) and Ho(Acom[a!] — Mod) are equivalent to the subcategory
of Ho(A — Mod) formed by the A-modules for which multiplication by a is an equivalence. We
conclude that ¢* is an equivalence of categories and that ¢ is an equivalence.

Remark 4.12. We consider the ring spectrum bu, the Bott generator we chose, 8 € mobu, and its
localization bu[371]. A priori the latter localization is calculated in the sense of associative rings.
But after Remark 4.8, we know that there exists a ring map bu — bu with bu a commutative
ring model, which is an equivalence. From Remark 4.11 we deduce that there is no ambiguity on
the ring bu[371]: it is equivalent to the commutative localization of bu and is therefore equivalent

to the usual colimit

bu[f~!] ~ colim(bu VB bu _YB_ . )

where U is map multiplication by (. The ring structure of bu[3~!] is therefore the usual
structure, and there is an isomorphism bu[3~1] As HC ~ HC[u™!] (with u of degree two) in the
homotopy category of HC-algebras. We adopt the notation BU := bu[371].
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DEFINITION 4.13. The topological K-theory of a C-dg-category T € dgCat¢ is the symmetric
spectrum

K'P(T) := K™(T)[3"].

This defines a functor
K"™P : dgCate —> BU — Mods.

We denote the topological K-groups by K{°(T) := mK'"P(T) for all i € Z.
Remark 4.14. Following Remark 4.3, we compose the unit map K — K5 with the structural
map K — K'"P and obtain a map denoted by 6 : K — K'P from algebraic K-theory to

topological K-theory.
Topological K-theory inherits the properties of algebraic K-theory from Proposition 2.11.
PRrOPOSITION 4.15.

(a) Topological K-theory commutes with filtrant homotopy colimits of dg-categories.
(b) Topological K-theory sends Morita equivalences to equivalences of spectra.
(¢c) For all exact sequence of dg-categories T' — T — T", the induced sequence

Ktop(T/) N Ktop(T) N KtOp(T//)
is a distinguished triangle in Ho(Sp).

Proof. (a) This follows from the fact that the topological realization | — |s and the operation of
localization by [ are left adjoints and thus commute with homotopy colimits.

(b) By functoriality.

(c) This follows from the fact that | — |s and the operation of localization by 3 are exact
functors. |

4.2 The case of the point

We give a particular model for the spectrum bu, as a symmetric spectrum. For all commutative
algebras A € CAlgc, we denote by Proj(A) the Waldhausen category of projective A-modules of
finite type, i.e. of finite-rank vector bundles on Spec(A) (see Remark 2.8). The equivalences in
Proj(A) are by definition the isomorphisms, and the cofibrations are admissible monomorphisms.
We define a pseudo-functor Aff¥ — WCat by setting for all maps of algebras A — B, the
induced exact functor as the tensor product

Proj(A) — Proj(B)
E— EFE®4 B

which satisfies the usual associativity conditions up to isomorphism. We denote by Proj the
canonical strictification of this pseudo-functor. We denote by Vect = Nw Proj the simplicial
presheaf obtained by taking levelwise the nerve of equivalences in Proj(A). The direct sum of
modules induces a homotopy coherent commutative monoid structure on Vect. More precisely,
using the construction By mentioned in the end of §2.1, we have a I'-simplicial presheaf

Vecte := NwBy Vect € I' — SPr(Affc)

such that for all integers n > 0, there is a levelwise equivalence Vect(,) ~ Vect". We define the
connective symmetric spectrum bu as

bu := B|Vect,|f:.
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Remark 4.16. We use notation from § 3.4 concerning classifying spaces of groups. We denote by
Gl, : Aff?cp —> SSet the discrete simplicial presheaf of linear groups. We denote by ]_[n>0 BGl,
the I'-simplicial presheaf whose commutative monoid structure is given by a block sum of
matrices. It is well known that there exists an étale local equivalence of I'-simplicial presheaves,

Vecte ~ H BGl,.

n=0
By Theorem 3.4, Propositions 3.7 and 3.11, we have equivalences

I] BGL. T (H \BG1n|>+ ~ (]_[ B|Gln|>+ ~ <]_[ BGln(C))+

n=0 n=0 n=0 n=0

|Vecte|t ~

where Gl,,(C) stands the topological space of complex points, and we take its classifying space as
a topological group. The topological group is homotopy equivalent to the unitary group U, (C),

and we have an equivalence
Jr
|Vecte| ™ ~ (H BUn((C)> .

n=>0

But the group completion [, BU,(C) is known (see [FM94, Appendix QJ) to be equivalent to

<]_[ BUn(C)>+ ~ BUy X Z,

n>0

where BU is the colimit of the BU,(C) with respect to the natural inclusion BU,(C) —
BU,,+1(C), with the structure of I'-objects still given by the block sum of matrices and the
usual law for Z. In consequence, by Theorem 2.5, we have an equivalence of spectra B |Vect.|F ~
B(BU « x Z), which is the common definition of bu.

Proof of Theorem 4.5. We have a chain of canonical isomorphisms in Ho(Sp),

K™ (+) = [K(x)ls
~ |K(Vect)|s (by Remark 2.8)
= |BK" (Vect)|s (by definition, see the end of §2.1)
~ B|K" (Vect)|r  (by Proposition 3.17)
~ B|(Vecte)"|r ([Blal3, Lemma 1.10], recalled at the end of §2.1)
~ B|Vectq|{t  (by Proposition 3.16)
= bu. O

4.3 Topological K-theory via the stack of perfect modules

Semi-topological K-theory, as initiated by Toén (see [Toé10, Kal10, KKP08]), was first defined as
the topological realization of the stack of pseudo-perfect dg-modules associated to a dg-category.
We consider two stacks associated to a dg-category T: the stack My of pseudo-perfect dg-
modules and the stack MT of perfect dg-modules. The stack M7T was studied by Toén and
Vaquié in [TVa07]. We show below that the semi-topological K-theory of a dg-category can be
recovered as the topological realization of the stack M7T of perfect dg-modules. This result is
based on the existence of an A'-homotopy equivalence between M7T and the S-construction
of the category of perfect T-dg-modules. The stack M7 of pseudo-perfect dg-modules gives
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rise to a dual theory with respect to K5 which can therefore be called topological K-homology.
This A'-homotopy equivalence also proves that semi-topological K-homology is recovered as the
topological realization of M.

For all C-dg-categories T' we define two presheaves of Waldhausen categories:

— Parf(T) : Spec(A) — Perf(T ®E A) = Perf(T, A).
— PsParf(T) : Spec(A) — PsParf(T ®¢ A) = PsParf(T, A), where the latter is the category

of T (X% A-dg-modules which are perfect relative to A, which we call pseudo-perfect T@% A-
dg-modules (see [TVa07, Definition 2.7]).

These strict functors are obtained as canonical strictification of pseudo-functors for which
functoriality is given by direct image. They give rise to two stacks:

— MT = NwParf(T) : Spec(A) —> Nw Perf(T, A),
- Mg = NwPsParf(T) : Spec(A) —> Nw PsParf(T, A),
where Nw stands for the nerve of the subcategory of equivalences. The direct sum of dg-modules

induces a homotopy coherent commutative monoid structure on Parf(7") and on PsParf(T"). We
apply the functor By defined in §2.1 and obtain special I'-objects in SPr(Aff¢),

ML = NwBwParf(T), M$ = NwByPsParf(T).

Let T € dgCatc be a dg-category. All statements in this subsection are also true for the
stack M if we replace the K-theory of perfect dg-modules by the K-theory of pseudo-perfect
dg-modules. We choose to write the details just for the stack M”. We use the notation of
Example 2.4; we have a A-simplicial presheaf given by

Kq = Keo(Parf(T)) = NwS.Parf(T).

By an abuse of notation, we sometimes consider M as a A-object applying the functor a*
defined in §2.1. We define a map of A-objects

e : M — KT
by letting
An(at,....an) = (a1 = a1 Pag— -+ —=> a1 D Day)

where we gloss over the choices of sum diagrams which are part of the data, and which plays a
role in that )\, is indeed simplicial. The fact that )\, is a map of simplicial objects is justified by
the formulas in [Blal3, §1.2, p. 29].

PROPOSITION 4.17. The map Ao : ML — KT is a levelwise A'-equivalence in A — SPrétA’,

Remark 4.18. This result can be heuristically rephrased by saying that, in general, cofibrations
are not split in the category Perf(T'), but if we look at the presheaf Parf(7T’) in the A'-homotopy
theory, then these cofibrations are all split up to A'-homotopy equivalence. This explains the
link with K-theory which is precisely the invariant through which cofibrations are split by the
additivity theorem.

Proof of Proposition 4.17. We introduce some notation. Let n > 1 be an integer. We denote by
[n] the category associated to the ordered set {1 <2 < --- < n}. We set

M, : Aff%p —— Cat
Spec(A) —> M, (A) = Perf(T, A)~1.
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The latter object is the presheaf of sequences of length n — 1 of composable maps in Parf(7).
A map from a; - -+ — a, to by —> -+ — b, in Perf(T, A)[”_l] is by definition the data of
commutative squares in Perf(T', A):

al a/2 PEEEY an
by by . by

We have M; = Parf(T). For all n > 1 and all A € CAlgc, the category My (A) is endowed
with the projective model structure. Let X,, = NwM,, be the simplicial presheaf which classifies
sequences of length n — 1 of composable maps in Parf(7). For all n > 1, we have a natural

inclusion,
Kl — X,.

Because every map in Perf(T, A) factorizes as a cofibration followed by a quasi-isomorphism,
this last map is a global equivalence in SPr(Affc). Therefore, to prove our result, it suffices to
prove that the map still denoted by A, : ./\/177; — X, is an A'-equivalence for all n > 1. We
proceed by recurrence on n. We use level 2 and n — 1 to show level n. For level 1 we have natural
isomorphisms M7 = X; = Nw Perf(T, —). For level 2 the map Ay acts on O-simplexes by

Xo(a,b) = (a —> a®b).

We then define an explicit A'-homotopy inverse to Ao denoted by s and defined on 0-simplexes
by
u2(i: x — y) := (x,Cone(1)).

This naturally defines a map of simplicial presheaves pz : Xo —> MZ. We then have
p2 © Aa(a,b) = pa(a — a @ b) = (a,Cone(a - a® b)) ~ (a,b),

where the last map is a quasi-isomorphism. For all A € CAlgc, we have a homotopy ps o0 A2 = id
as endomorphisms of MZ'(A). In the other direction we have

A2 o po(i:x — y) = Aa(x,Cone(i)) = (z — x & Cone(7)).
We then define an A'-homotopy h : Al x Xo — X for every A € CAlg by
hg:Ax Xo(A) — Xao(A)
(fiizz—>y)— (fi:z—>y).
The map h is an A'-homotopy between idx, and the endomorphism Z of X5 defined by
Ziia—y)=(0:2 - y).

The endomorphism Z is conjugated by an autoequivalence of X5 with the map Ay o po. This
autoequivalence is given by the shift

t: X2 —> XQ
(i: 2 — y) —> (y — Cone(i)).
The map t satisfies t(3) (i) = i[1], and is therefore an autoequivalence of Xo. The inverse of ¢ is

given by
t~Y(i: & — y) = Cocone(i) — z,
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where the last map is given by the definition of the cocone. We have

tZt~1(f) = tZ(Cocone(i) — z)
= t(0 : Cocone(i) — z)
=z — Cone(0 : Cocone(i) — x).

The module Cone(0 : Cocone(i) — z) is canonically quasi-isomorphic to z @ Cone(i) with the
sum differential. Thus we have a quasi-isomorphism tZ¢~! ~ Xy o yp. To sum up, the map h is
an Al-homotopy idyx, = Z, and we have tZt 1 ~ g0 w2 and a homotopy po o Ay = id which
implies that Ay is an A'-equivalence.

Now let n > 2. We use the notion of pullback of model categories defined in [Toé06]. Consider
the functor

FoM® — 0D L @
M@

(@ = ag — - = ay) —> ((a1 = -+ = ap—2 = an), (an-1/an—2 = ap/an—2),

anfl/an72a id, ld)

where a,,—2 — a, is the composite map a,—2 — a,—1 — ap, and the notation a/b stands for the
cone of the map a — b.

LEMMA 4.19. The functor F satisfies the two assumptions of [Toé06, Lemma 4.2]. We deduce
that the map induced by F,
h
qn : Xpn — X, X Xo,
X1

is a global equivalence in SPr(Affc) (the pullback being calculated in the global model category
SPr(Affc)).

Proof. Toén’s proof that g3 is an equivalence (immediately after the proof of [Toé06, Lemma 4.2])
generalizes to sequences of maps of arbitrary length.? The major distinction comes from the fact
that we work with a presheaf of categories of perfect objects and not with a stable model category.
Nevertheless, the same proof makes sense for such perfect objects. Moreover, [Toé06, Lemma 4.2]
can be apply levelwise, and in the global model structure on SPr(Affc), a square is homotopy
cartesian if and only if it is levelwise homotopy cartesian in SSet. a

We therefore end up with a square of simplicial presheaves,

An

ML Xn
p dn
h A h,\ h
nX
MZ;—I X Mg 2 Xn,1 X X1
X1
where p is the map p(ai,...,an) = ((a1,...,0p-2,ap—1 ® ap),(an-1,ay,)). The latter is an

equivalence by its very definition. We can check directly that the square is commutative up
to global homotopy. The maps A,—1 and Ay are A'-homotopy equivalences by the recurrence

h
hypothesis. The A'-homotopy equivalences being stable by homotopy pullback, the map As X Ao

3 We remark that there is a shift of indexes between our notation and the paper [Tod06].
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is an A'-homotopy equivalence. We conclude by the two-out-of-three property that the map
An is an A'-homotopy equivalence. The proof of Proposition 4.17 is then complete. O

PROPOSITION 4.20. Let T € dgCat¢ be a dg-category over C. Then the special I'-space | MY |p
is very special.

Proof. We invoke Proposition 3.10. We have an isomorphism of sets mo|M?| ~ mgMT(C)/~
where two class of dg-modules [E] and [E'] are equivalent if there exists a connected algebraic
curve which connects the two dg-modules in M7 (C). Let E be a perfect T°P-module. Let

§: A — MmT
be the map such that for all A € CAlgc,
da(f) = Cone(E X, E).

Then we have §4(0) = Cone(0: F — E) = E®FE][1] and d4(1) = Cone(idg) which is canonically
isomorphic to zero. We have proved that the identity [E & E[1]] = [0] is valid in the monoid
mo|MT |, which is therefore a group. O

THEOREM 4.21. Let T' € dgCat¢. Then there exists a canonical isomorphism,
K*(T) =~ BIM,r,
in Ho(Sp).
Proof. We have a chain of equivalences
K*(T) = |[K(T)s = |BK" (Perf(T, —))|s = BIK" (Perf(T, —))Ir

where the latter equivalence comes from Proposition 3.17. Set K (Perf(T,—)) =: K (T, -).
We consider the map of I'-simplicial presheaves,

o: M — KY(T,-),

defined as the map (1). We want to show that o induces an equivalence on topological realizations.
Since we are dealing with special I'-objects, it suffices to prove that we have an equivalence at
level 1. We have a commutative diagram in Ho(SSet), where we intentionally omit the indexes
A and T" from the notation,

lo1

M| —— KT (T, -

MEL 2 (KT

and where the map of A-objects A is the one from Proposition 4.17. By this latter proposition
and Theorem 3.4, the induced map |A|{ is an equivalence in SSet. The left vertical map is an
equivalence by Proposition 4.20. On the other hand, the A-objects |KT (T, —)| and |KI|* have
the same level 1, which is equivalent to |K (T, —)|. We then deduce that |o|; is an equivalence in
SSet and therefore that |o| is an equivalence, which proves the expected formula. O
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THEOREM 4.22. Let T' € dgCatc. Then the special I'-space |[MY|r is very special and there
exists a canonical isomorphism,

[K(PsParf(T))[s ~ BIM7|r,
in Ho(Sp).

Proof. The proofs of Propositions 4.17 and 4.20 and Theorem 4.21 work in the same way if we
replace perfect dg-modules by pseudo-perfect ones. O

4.4 Topological Chern character

In this part we give the construction of the topological Chern character or topological Chern
map. Let T' € dgCat be a C-dg-category. Recall that we defined in Definition 2.21 an algebraic
Chern map which is a map of k-modules spectra, functorial in T,

Chy : K(T') — HN(T).

Composing this map with the map of k-modules HN(7) — HP(T'), we obtain a map of
k-modules,
K(T) — HP(T).

We then apply the spectral topological realization | — |s to obtain a map of bu-modules,
K*(T) = [K(T)|s — [HP(T)]s.

We now use a Kiinneth type formula for periodic cyclic homology. The presheaf HP(T') is
given by Spec(A) —> HP(T ®¢ A). By Kassel’s theorem [Kas87, Theorem 2.3] and [Kas87,
Proposition 2.4}, for any smooth commutative C-algebra A, the natural map of spectra,

HP(T) N0 HP(A) — HP(T ¢ A),
is an equivalence in Sp. This implies that the map of presheaves of spectra
HP(T) A}y 1) HP(x) —> HP(T),

is an equivalence on smooth affine schemes in Sp(Affc). Theorem 3.18 implies that the map
induced on spectral topological realization,

HP(T) A" [HP(%)|s = [HP(T) Aycp21) HP(%)[s — [HP(T)s
is an equivalence in Sp. Therefore we have an isomorphism
HP(T)[s = HP(T) Afycpyer) [HP ()]s
in Ho(Sp). By composition we have map
K (T) —> HP(T) Ak [HP ()5 (6)

which defines a natural transformation between objects of Ho(SpdgC&tC). In consequence, to

obtain a map with target HP(T'), we have to choose a map |HP ()]s —> HC[u™!]. By adjunction,
it remains to choose a map HP(x) —> (HC[u*!])s 5. The presheaf of spectra (HC[u*!])s p is
given by

X +—> RHomysp) (| X|s, HC[u™"]) ~ RHomy, sy, (IX|s, HC) Afe HClu™],
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which is the 2-periodic Betti cohomology of the scheme X with coefficients in C. We denote the
latter presheaf by Hg(—, C) A HC[u*']. We denote by Hg(—, C) the usual Betti cohomology with
coefficients in C, i.e. the presheaf of HC-modules spectra

X +— RHomy,sy) (| X|s, HC) =: Hp (X, C),

whose homotopy groups are the Betti cohomology C-vector spaces of X. We denote by HP#
the presheaf HP(x) : Spec(A) — HP(A). We thus have to choose a map

HP#& — Hg(—,C) A HC[u™!].
We consider the standard antisymmetrization map,
HP?s — Hpve,

which goes from periodic cyclic homology to naive de Rham cohomology. By ‘naive de Rham
cohomology’ we mean the presheaf of spectra X +— H%ali%"e(X ), such that H%a}i{"e(X ) is the
spectrum associated to the algebraic de Rham complex of X, i.e. the complex of C-vector spaces of
algebraic differential forms everywhere defined on X. We denote by Hpyp"™" the analytic analog
of HER constructed out of analytic differential forms. The inclusion of algebraic differential

forms into analytic differential forms induces a map HEE® — HR™™". The evident map from

C to the analytic de Rham complex induces a map Hg(—,C) — Hgﬁve’w which is an equivalence

on smooth schemes. We then have maps of presheaves of spectra,
HPY® — HE® — HE™ <« Hp(—,C) — Hp(—,C) A HC[u*], (7)

and the map which goes from right to left is an equivalence on smooth schemes.?

Notation 4.23. We denote by Sp(Schc)P™ the proper local model structure on the category
Sp(Schc) of presheaves of symmetric spectra on the category of separated schemes of finite type
over C, i.e. the local model structure with respect to the proper topology on the category Sche.

We naturally consider the maps (7) as maps in the homotopy category Ho(Sp(Schc)P™)

of presheaves of spectra on Sch¢ (with respect to the proper local model structure); recall
nalve,an

Remark 2.16 for the cyclic homology of schemes. By Remark 3.19, the map Hg(—, C) — Hpy
is a proper local equivalence, and is an isomorphism in Ho(Sp(Sch¢)P™). We thus obtain a map
HP#8 — Hp(—,C) in Ho(Sp(Sch¢)P™) and a map

HP*& — Hp(—,C) A HC[u™]
in Ho(Sp(Schc)P™). By the spectral version of Proposition 3.21, the map
HP*¢ — Hp(—,C) A HC[u*!] = Hs (HC[u™!))
gives by adjunction the expected map

P : |[HP8|g = |[HP(%)|s — HC[u™]

4 This is true by the classical fact that for a smooth complex variety, the complex of sheaves of analytic differential
forms is an injective resolution of the constant sheaf C.

5 In fact the first two maps are also equivalences on smooth affine schemes by the Hochschild-Konstant—Rosenberg
theorem and the Grothendieck theorem respectively, but we will not need this fact.
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in Ho(Sp). By composing the map (6) with what we have just found, we obtain a map
Cht : K*(T) — HP(T)
defined as the composite

Chit

K(T) HP(T)

|ChTSl Tz

~ i L
[HP(T)[s —~= HP(T) Al o) [HP ()]s “““EHP(T) Ay, o) HCluH]

]

By §4.1, the spectral topological realization can be extended to categories of modules,
| — |s : k — Mods —> bu — Mods.

We deduce from this that in the previous rectangle, all maps are maps of bu-modules and we
obtain in this way a map
Ch* : K* — HP

in Ho(bu — Modggcat‘c). Here it is convenient to suppress the 7" in HP(T"). We remark that for
any C-dg-category T we have a commutative square

K(T) —%~ HP(T)

ei lid (8)
K (T) - 1p(T)

in Ho(bu — Modsg), where 6 is the natural map defined at Remark 4.3 and the composite
id Alp
HP(T) — [HP(T)|s — HP(T) Ay, ooy [HP()|s 2“2 HP(T)

is equal to the identity in Endy,g,) (HP(T)). Now it remains to verify that the image Ch™ () of
the Bott generator is invertible in the ring HP(x) = HC[u™!]. We use Notation 4.9. We follow
the Bott generator in the K-theory of P!'. As a particular case of the square (8), we have a
commutative square of abelian groups

Ko(P') >~ HPy(P!)

n id
st

K (P1) -~ HPy(P)
We recall that () = 8 and we choose for example a generator u € HPo(P!) such that Ch(a) = u.
We then verify that Ch*(8) = Ch**(n(a)) = Ch(a) = u. By the universal property we obtain for

any C-dg-category T a map
ChiP : K'P(T) — HP(T).

This defines a map
Ch*P : K*P — HP

in Ho(BU — Mod$2?*),
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THEOREM 4.24. There exists a map Ch'P : K*P — HP called the topological Chern map such
that the square

K —- HN
]
Ktor Ch"% p
is commutative in Ho(SpdeCatc),
Proof. This follows immediately from the commutativity of the square (8). |

4.5 Conjectures

The following conjectures are all analogs of known facts for smooth proper algebraic varieties.
The first one concerns the rational part of the hypothetical noncommutative Hodge structure for
a smooth proper dg-category over C. We recall that a dg-category T is said to be proper if its
complexes of morphisms are perfect complexes and if the triangulated category [T] has a compact
generator. A dg-category T is said to be smooth if the T°P®“T-module (z,y) > T(z, y) is perfect.
It is proved in [TVa07, Corollary 2.13| that a smooth proper dg-category is of finite type, and
therefore is equivalent to a homotopically finitely presented, smooth and proper dg-algebra. To
prove the following conjectures, it suffices to prove them for smooth and proper dg-algebras.

CONJECTURE 4.25 (The lattice conjecture). Let T be a smooth proper dg-category over C. Then
the map
Ch*™P Ag HC : K'P(T') As HC — HP(T)

is an equivalence.

We remark that the class of dg-categories satisfying this lattice conjecture is stable by the
operations of filtrant colimits, retracts, quotient, and extension in the Morita homotopy category
Ho(dgMorg). The following conjecture is a generalization of Theorem 4.6 for smooth and proper
dg-categories.

CONJECTURE 4.26. Let T be a smooth proper dg-category over C. Then K5*(T") = 0 for all i < 0.

Cisinski has recently proved that the vanishing of the negative algebraic K-groups of smooth
proper dg-algebras whose cohomology is concentrated in positive degrees. This proof is based
on Schlichting’s proof of the vanishing the negative algebraic K-groups of a noetherian abelian
category.

The following conjecture is inspired by Thomason’s result cited in the introduction [Tho85,
Theorem 4.11] and by Friedlander and Walker’s analogous result for certain type of projective
varieties (see [FWO01, Corollary 3.8]). We recall that given a spectrum E and an integer n € Z, we
can, because the stable homotopy category Ho(Sp) is additive, give a meaning to the reduction
modulo n of the spectrum E denoted by E/n. We state this conjecture with any dg-category — we
at least expect very general assumptions on the type of dg-categories satisfying this conjecture
(as T was told by DC Cisinski), because it would only involve the Al-invariance of algebraic
K-theory with torsion coefficients and Gabber rigidity theorem.

CONJECTURE 4.27. Let T be a dg-category over C and n > 0 an integer. Then the map
K(T)/n — K*(T)/n is an equivalence.
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4.6 Schemes and Deligne cohomology
The aim here is to compare the topological K-theory of the dg-category of perfect complexes on
a C-scheme with the usual topological K-theory of its complex points together with their Chern
maps, thus completing point (b) in Theorem 1.1. The proof is based on Riou’s Spanier—Whitehead
duality in Morel and Voevodsky’s stable homotopy theory of smooth schemes over C.

At the end we give a comparison result for Deligne cohomology of the dg-category of perfect
complexes, showing that we actually recover the commutative Deligne cohomology.

Notation 4.28. For any C-scheme X, we denote by K™P(X) := K'P(L (X)) the topological
K-theory of its dg-category of perfect complexes.

Notation 4.29. For a topological space Y € Top, we denote by Kiop(Y) := RHomHO(Sp)(EOOSY+,
BU) its topological K-theory spectrum (nonconnective). If X € Sche is a C-scheme, we can
consider the topological K-theory of its complex points Kiop(sp(X)).

Notation 4.30. For a scheme X € Sche, and any Z-module A, we denote by Hp(X, A) =
RHomyyo(gp) (| X |s; HA) its Betti cohomology with coefficients in A. For smooth X, we have
an isomorphism HP(X) — Hp(X,C[u*']) given by the composite of the antisymmetrization
map and the usual isomorphism between de Rham and Betti cohomology.

Notation 4.31. For every topological space Y, the usual topological Chern map
Chutop : Ktop(Y) - HB(Y7(C[ui1])

is defined by Chutep = RHomyyosp) (£°SY;, Chi*?)), where Chi™ : BU — HC[u®!] is the
topological Chern map of the point (Theorem 4.24) which is a map of ring spectra. The identity
Chthp(ﬂ) = wu characterizes uniquely the Chern map in the set of homotopy classes of ring maps
[BU, HC[u*!]]. The latter set is isomorphic to the set [BU A HC, HC[u*!]]. The standard
equivalence between ring spectra and dg-algebras maps the ring spectrum BU A HC to the
polynomial dg-algebra C[3, 37!], where the degree of 3 is two. The image of 3 is nothing more
than a nonzero multiple of u; the usual Chern map corresponds to Chytop(3) = u.

PROPOSITION 4.32. Let X be a separated C-scheme of finite type. Then there exists a canonical
isomorphism
K'P(X) — Kiop(sp(X))

in Ho(Sp). Moreover, the square

Kor(x) — M gp(x)

i l (10)
C

utop

Kuop(sp(X)) % Hg(X, C) A HC[u*!]

is commutative in Ho(Sp). This implies that the lattice conjecture (Conjecture 4.25) is valid for
dg-categories of the form T' = Lye¢(X) with X any separated C-scheme of finite type.

The proof is presented later in this subsection. We begin with some notation and reminders.
Recall from Notation 2.12 that we have an ‘algebraic K-theory of schemes’ functor,

K : Sch¥ — Sp.
For a scheme X we define a presheaf of K-theory by the formula
K(X) := (Spec(A)) —> K(X x¢ Spec(A)).
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This defines a functor
K : Sch’ — Sp(Affc).

Recall from Notation 2.12 the ‘perfect complexes’ functor,
Lpert : Sch¥ — dgCat.
For every X € Sche and every Spec(A) € Affc, there exists a map
Lpert(X) @2 A —> Lpert(X xc Spec(A)) (11)

in dgCat¢ given by pulling back perfect complexes along the projection map X xcSpec(4) — X.
The map (11) is known to be a Morita equivalence of dg-categories (this uses the fact that we
work over a field, and hence that at least one of the two schemes is flat over the base). It can
be proved by reducing the assumption to the affine case (using the descent property of Lpert)
for which it is immediate. We deduce that by Proposition 2.11, when Spec(A) is smooth, there
exists an equivalence

K(X xc Spec(A)) ~ K(Lpert(X) ¢ A)
in Sp. This implies the existence of an isomorphism of presheaves
K(X) =~ K(ﬁperf(X))

in Ho(Sp(Affi)).
. 1 .
We denote by Spﬁl:s’A the A!'-Nisnevish local model structure on Sp(Aff(léss). This is a

monoidal model category and we denote by A its monoidal product. We denote by SH¢ the
Morel-Voevodsky stable homotopy category of smooth C-schemes. It can be defined in the

: 1

following way. The symbol T := S! A G, stands for the Tate sphere in SpEI;SSS’A ; the category
AL

SHc is defined here as the homotopy category of symmetric T-spectra in Spgil:s’A ,

SHe = Ho(Spy SpN=Ah).

This is a closed symmetric monoidal category. Riou’s statement about Spanier—Whitehead
duality says that every object of SH¢ of the form E%‘fle+ for X a smooth C-scheme of finite
type is (strongly) dualizable in the monoidal category SHc (see [Rio05]).

We choose a presentation of the scheme G, = C ®z Z[t,t~!]. The invertible function t gives
a class b in the group K;(G,,) and we choose ¢ such that the canonical map

Ki(Gp) — Ko(PH ~Z @ aZ

sends the class b to a (which was chosen in Notation 4.9). We denote by KH the object of SHc
whose underlying S'-spectrum is the presheaf K € Sp(Aﬂ'}éSS), endowed with the T-spectrum
structure given by the map 7' = S' A G,, —> K which corresponds to the class b € Ki(Gy,).
More precisely, for all n > 0 the class b gives rise to a map
TALK YK ALK — - K

where the last map is given by the ring structure of K in Ho(Sp(Aﬁ'}éSS)). Taking cofibrant-
fibrant replacement and applying [Cis13, Proposition 2.3], we obtain a T-spectrum KH with
KH(Y), = K(Y) for all n > 0. A fibrant model of KH in SHc represents Weibel’s homotopy
invariant algebraic K-theory, as proved by Cisinski [Cis13, Theorem 2.20]. For all smooth
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C-schemes of finite type X, we define
KH(X) = RHomgy, (556 X+, KH).
By Yoneda’s lemma in SHc, this latter is globally equivalent to the presheaf of T-spectra
Yr— KH(X xY)
in Sp(Aff*). We have an equivalence KH (1) ~ KH. The topological realization of T is given by
ssp(T) ~ ssp(S' A Gp) ~ S* Assp(Gy,) ~ ST A ST = 52

We locally adopt the more precise notation Sp = Spg1 for symmetric S'-spectra and we denote by
Spg2 Spg1 the model category of symmetric S2-spectra inside symmetric S'-spectra. The infinite
loop space functor Q3% : Spg2 Spg1 —> Spg: is a Quillen equivalence. There exists a topological
realization functor on the level of the category of T-spectra SHc; It is simply defined levelwise.
We denote it by

| — |g2 : SHe —> Ho(Spg2 Spgr).

We have a noncommutative square of categories

SHc 52 Ho(Spg2 Spg1)
RQ?i J{RQ;%
Ho(SpyA") — - Ho(Spgy)

where R stands for the derived loop space functor for T-spectra. The S2-spectrum structure
of |KH(X)|g2 corresponds to the multiplication by the Bott generator 5 € mo|K(1)|s inside
the S'-spectrum |K(X)|s. This is because the T-spectrum structure of KH(X) is given by
multiplication by the class b and because we also have an equivalence ssp(T') ~ S? such that the

triangle
2%(8%)+
N
!
[0]
T K(1)|s ~ bu

is commutative by the choice of b. In consequence, applying the functor RQZ; to [KH (X)|ge
corresponds to inverting 8 in |[K(X)|s. We therefore have a canonical map

K(X)|s[87"] — RQG|KH (X)|s2,
which is an isomorphism in Ho(Spg1) because the underlying S!-spectrum of KH (X) is equivalent

to K(X).

Proof of Proposition 4.32. We first deal with the smooth case by using Riou’s Spanier—
Whitehead duality in the homotopy category of smooth schemes, and then we prove it for
possible singular schemes by using cdh descent. Let X be a smooth separated C-scheme of finite
type. We have canonical ismorphisms in Ho(Spg1),
K'(X) = [K(X)[s[57"]
~ RO KH (X)) s
= RQ§%|RHomSHC(E§9’SlX+, KH)|g2.
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By Riou’s theorems [Rio05, Theorems 1.4 and 2.2], the object ¥7°¢, X, is strongly dualizable
in SHc. The functor | — |2 being monoidal, and because a monoidal functor commutes with the
duality functor, we have canonical isomorphisms in Ho(Spg1),

K'P(X) ~ ROZERHomy, ST 51 Xy ls2, | KH | g2)
= RQEOQRiHomHO(Spsz Spsl)(Eg'o?,Sl |X|+v ‘KH|52)
~ RHomHO(Spsl)(Zgﬁ |X’+, RQ%OQ ‘KH|S2)

Sps? Spsl)(

We also have isomorphisms in Ho(Spg1),
RO%|KH|g: ~ K"™P(1) = BU.
This proves the existence of the expected isomorphism
K'P(X) o~ RHomyy(gp, ) (551 [ X |+, BU) = Kiop(sp(X)). (12)
It remains to compare the two Chern maps up to homotopy. The square (10) decomposes into

|[RHom(X,Ch)|s

K'P(X) ~ |RHom(X, K)[s[6] [RHom (X, HP*#)|s

RHom(|X|s,| Chs)

Kiop(sp(X)) = RHom(|Xls, [KIs[4™"]) RHom(|X |5, [HP'#]5)

RHom(|X|s,P)
RHom(| X |s,Cht°P)

RHom(| X |g, HC[u*']) = Hp(X, Clu™!])

In this diagram, the top square is commutative by functoriality of | — |s. Moreover, the bottom
triangle is commutative because it is commutative for X = Spec(C) by definition of Ch®°P.

Now let X be a not necessarily smooth C-scheme of finite type. We consider the cdh topology
on the category Sche and the corresponding homotopy category Ho(Sp(Sche)°M") defined using
cdh-local equivalences. We denote by Ho(Sp(Sch}éss)th) the smooth version. By using the same
argument as in the proof of Proposition 3.22 (mainly the resolution of singularities) we obtain
that the restriction and extension functors induce an equivalence of categories

Ho(Sp(Schc )®M") ~ Ho(Sp(Schiss)cdh), (13)

Haesemeyer [Hae04, Theorem 6.4] has proven that Al-invariant algebraic K-theory has cdh
descent on singular schemes of finite type over C. Since the topological K-theory K™P(Lper(X))
is the Bott inverted topological realization of the Al-invariant algebraic K-theory defined on
singular schemes, we have that topological K-theory has cdh descent too. Moreover, Kiop(sp(—))
has also cdh descent because of Theorems 3.4 and 3.24 which imply that it has étale descent
and proper descent, respectively. Thus we can consider the isomorphism K'P(Lper(—)) —>
Kiop(sp(—)) defined above in (12) as a well-defined isomorphism in Ho(Sp(Sch{**)*"). By the
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equivalence (13), it extends uniquely up to an isomorphism in Ho(Sp(Schc)®). This proves

the comparison result, and with the same argument we obtain a commutative square (10) of
Chern characters in Ho(Sp(Schc)°") (using the fact that periodic cyclic homology has cdh
descent by [CHSWO08, Corollary 3.13]). The lattice conjecture is then true for dg-categories
T = Lyt (X) with X separated of finite type over C because it is true for the usual topological
Chern character. O

We can now justify the definition of Deligne cohomology of smooth and proper dg-categories
given in the introduction.

DEFINITION 4.33. The Deligne cohomology of a smooth proper C-dg-category T is the symmetric
spectrum

h
Hp(T) := K"P(T) xgp(r) HN(T)
where the maps defining the homotopy pullback are those of the square (9).

Notation 4.34. We recall the definition of the Deligne cohomology of a smooth and proper
C-scheme X. If A is a Z-module, for each integer p € N we adopt the standard notation A(p) :=
(2im)PA C C. We denote by Ay the constant sheaf associated to A on X. The pth Deligne
complex of X is by definition the complex of Z-sheaves

d d d
Z(p)p(X) = (Z(p), — Ox — Ok — Q% — --+)
where Q% is the sheaf of Kéhler ¢g-forms on X, and d is the de Rham differential. The Deligne
cohomology of X is by definition the complex of Z-modules

Hp(X,Z) = | [ H* (X, Z(p)p(X))[20],

p=0

i.e. the hypercohomology of X with coeflicients in the total Deligne complex HWO Z(p)p(X)[2p];°
see, for example, [EV87, §1]. This is a reindexed version of the usual Deligne cohomology. The
H°(H};,(X,Z)) gives the group [, H* (X, Z(p)p(X)). We denote by Hp(X,Z) := H(H (X,
Z)) the associated symmetric spectrum (see §2.3 for the functor H : C(Z) — Sp).
We recall that the pth Deligne complex of sheaves Z(p)p(X) is given by the homotopy
quotient
Z(p)p(X) = Cone(@x @ FPQy — Q%)

in the derived category D(X,Z) of complex of Z-sheaves on X, where FPQY% = Qip means the
pth layer of the Hodge filtration on the de Rham complex Q%, which is just the truncation
(see [EV87, §2.7]). If E = E* € D(X,Z) is a cochain complex of Z-sheaves on X, we adopt the
notation E*[u*!] = [[,c, B**% =[], E*[—2i] for the 2-periodic complex associated to E. We
also note H(E[u*']) =: H(E)[u*'].

Because the topological K-theory and the Betti cohomology become isomorphic only with
rational coefficients, we will work with Deligne cohomology with rational coefficients which is

denoted by H5;(X,Q) € C(Q) and Hp(X,Q) € Sp.

Remark 4.35. Let X be a separated smooth C-scheme of finite type. We denote by HP.(X)
(respectively, HN, (X)) the complex Z-module which calculates the periodic cyclic homology of
the scheme X (respectively, the negative cyclic homology of X), i.e. such that H(HP.(X)) =
HP(X) and H(HN,(X)) = HN(X). Recall Remark 2.16 for the Hochschild homology of schemes.

5 The use of the shift comes from the comparison with negative cyclic homology.
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By the Hochschild-Konstant-Rosenberg theorem (see [HKR62] or [Lod98, Theorem 3.4.4, p. 102],
and [Wei97, Example 2.7] for the case of not necessarily affine schemes), there exists an
isomorphism

HP, (X) o~ H™*(X, Q) [u™]

in D(C) with the 2-periodic hypercohomology of 2% which is nothing more than the 2-periodic
de Rham cohomology of X. The negative theory is itself related to the Hodge filtration on the
de Rham complex. That is, by [Wei97, Theorem 3.3], we have an isomorphism

HN, (X) =~ [JENY (X)

p=0

in D(C), where for each integer p > 0, HNip) (X) is the pth component of the Hodge type
decomposition on HN,(X), i.e.

NP (X) ~ H™ (X, FPQ% ) [—2p]
in D(C).

PROPOSITION 4.36. Let X be a separated, smooth, and proper C-scheme of finite type. Then
there exists a canonical isomorphism

H'D(»Cperf(X)) AYS HQ = HD(Xa Q)
in Ho(Sp) between the rational Deligne cohomology of the dg-category Lyet(X) and the Deligne

cohomology spectrum of X.

Proof. Because of the expression of the Deligne complexes as cones, for each p € Z there exists
a pullback/pushout square in the derived category of Q-sheaves on X denoted by D(X,Q):

Q(p)p(X) — FPQ%

L

Qy Q%

By taking the hypercohomology on X, applying the shift [—2p], and taking the product on all
integer p, we obtain a pullback/pushout square

Hp'(X,Q) HN,(X)

| |

Hp™ (X, Q)[u™'] —— HP,(X)

in D(Q), where we have used Remark 4.35 to identify hypercohomology with negative and
periodic cyclic homology, and where Hg* (X, Q) is the rational Betti cohomology complex. Using
the isomorphism H (Hg*(X, Q)[u*!]) ~ K'*P(X)As HQ in Ho(Sp) given by Proposition 4.32 and
the classical Chern isomorphism, we have a pullback/pushout square

Hp(X, Q) HN(X)

| |

K'P(X) As HQ —= HP(X)

in Ho(Sp), which gives the expected isomorphism. O
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4.7 Finite-dimensional associative algebras

Throughout this subsection, the base ring is still the complex field C. By default, all algebras
are associative unital C-algebras. We say that an algebra is finite dimensional if it is so as a
C-vector space. The periodic cyclic homology of an algebra is by convention the periodic cyclic
homology relative to the base field C. Our result on finite-dimensional algebras does not concern
the whole spectrum of topological K-theory but what we call ‘pseudo-connective topological
K-theory’. Recall that for any dg-category 1" over C, the connective semi-topological K-theory
(Definition 4.1) K*(T') is a bu-module. We can therefore invert the Bott generator,

K'P(T) := K(T)[3"].

We call this invariant the pseudo-connective topological K-theory of T. We will give below a
proof of the following proposition concerning the pseudo-connective topological K-theory of a
finite-dimensional C-algebra.

ProproSITION 4.37. Let B be a finite-dimensional C-algebra. Then Conjecture 4.25 is true
for B. More precisely, the canonical map
Chl°P AsHC : K'°P(B) As HC — HP(B)
is an isomorphism in Ho(Sp).
Notation 4.38. We work over the étale site Aff¢c of affine C-schemes of finite type. We have
localization functors,
Ho(SPr(Affc)) — Ho(SPr(Affc)®) — Ho(SPréA").

The expression ‘étale stack’ stands for an object of the category Ho(SPr(Affc)®). This category
is called the homotopy category of stacks. In § 3.4, we defined a classifying space functor

B : Gr(SPr(Affc)) — SPr(Affc)
for strict group objects in SPr(Affc). The classifying stack functor
B : Gr(SPr(Aff¢)®) — SPr(Affc)®

is defined by B(G) = aBG where a is a fibrant replacement functor in SPr(Affc)®. For all
presheaves of groups G (simplicially constant) and all X € Affc, the space BG(X) is equivalent
to the nerve of the groupoid of G-torsors over X. In what follows we will call an algebraic stack a
1-geometric stack in the sense of [TVe08, Definition 1.3.3.1] for the standard context of the étale
site Affc and the class of morphisms is the class of smooth morphisms of schemes. Therefore
we deal with Artin algebraic stacks. We continue to denote by Aff}éss — Affc the inclusion of
smooth schemes, I* : SPr(Affc) —> SPr(Affi*) the restriction and I* : Sp(Affc) —> Sp(AfFE)
the restriction for presheaves of spectra.

Different stacks associated to a finite-dimensional algebra. Let B be a finite-dimensional
C-algebra. We consider four stacks associated to B, which are organized in the following square

of stacks:
Vect? = M5B
Vectg—— Mp
These stacks are defined in the following way. We first define four presheaves of Waldhausen
categories.
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— Proj(B) : Spec(A) —> Proj(B ®c¢ A), where Proj(B ®c A) is the Waldhausen category of
right finitely projective B @¢ A-modules of finite type.

— PsProj(B) : Spec(A) —> PsProj(B ®c A), where PsProj(B ®c¢ A) is the Waldhausen
category of right B ®c A-modules which are projective of finite type relative to A (i.e. as
right A-modules).

— Parf(B) : Spec(A) — Perf(B ®¢ A), where Perf(B ®@¢ A) is the Waldhausen category of
cofibrant perfect complexes of right B ®¢ A-modules (perfect means homotopically finitely
presented in the model category of complexes).

— PsParf(B) : Spec(A) —> PsParf(B ®@c A), where PsParf(B ®c A) is the Waldhausen
category of cofibrant complexes of right B ®¢ A-modules which are perfect relative to
A (i.e. as complexes of right A-modules).

Taking the nerve of weak equivalences we have by definition:
~ Vect? = NwProj(B) : Spec(A) —> Nw Proj(B @c A);
— Vectp = NwPsProj(B) : Spec(A) —> Nw PsProj(B ®c A);
~ MB = NwParf(B) : Spec(A) —> Nw Perf(B ®¢ A);
— Mp = NwPsParf(B) : Spec(A) —> Nw PsParf(B ®¢ A).

As we are working over a field, B is locally cofibrant as a dg-category, and therefore the tensor
product written previously are in fact derived. The stack M p is studied by Toén and Vaquié
in [TVa07]. We remark that since B is finite dimensional, it is proper as a dg-category (in the sense
of [TVa07, Definition 2.4]). By [TVa07, Lemma 2.8], a perfect complex of right B®c A-modules is
therefore perfect relative to A. Hence we have monomorphisms Vect? < Vectp and MZ — Mp.
The monomorphism Vect® < MPB and Vectg — Mp are inclusion of degree-zero concentrated
complexes. These four stacks admit a homotopy coherent commutative monoid structure given
by direct sum of modules and dg-modules, respectively. We apply the functor By (defined in
§2.1) and we obtain special I'-objects in SPr(Affc), VectZ, Vecty, ME, M$% whose level 1 are
respectively Vect?, Vectz, MB, M.

The stack Vect? is an algebraic stack which is locally finitely presented and smooth (see, for
example, [TVa07, §1]). It admits the following description in terms of residual gerbes on global
points; there exists an isomorphism in Ho(SPr(Affc)®),

Veet” ~ J] BAut(M), (14)
Mex

where y = m Vect? (C) is the set of isomorphism classes of projective right B-modules of finite
type, and for all M € y, Aut(M) is the group scheme of B-automorphisms of M. This formula
can be derived from a more general formula valid for all algebraic stacks locally finitely presented
over C, whose tangent complex at every point satisfies a finiteness property.

PRrROPOSITION 4.39. Let F' be a locally finitely presented smooth algebraic stack over C such
that for all global points E € moF(C) the tangent complex TgF satisfies H*(TgF) = 0. Then
the canonical morphism of algebraic stacks,

H gE—)F7

EGﬂ'QF((C)

is an equivalence of stacks, where Gg stands for the residual gerbe of F' at E.
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Proof. The morphism is immediately seen to be locally finitely presented. It is a monomorphism
of algebraic stacks and therefore a representable morphism. The assumption on the tangent
complexes implies that the morphism induces an equivalence on tangent complexes and is
therefore an étale morphism of algebraic stacks. Hence it is an open immersion of algebraic
stacks. The morphism is an epimorphism in the 7y because it is surjective on the complex points
of the mg. It is therefore an epimorphism of stacks. We deduce that it is an equivalence. O

The stacks Vect? satisfy the assumption of Proposition 4.39 because for all M € y, we have
a quasi-isomorphism Tj; Vect? ~ End(M)[1] where End(M) stands for the C-vector space of
endomorphisms of M. This gives formula (14).

Topological K-theory of a finite-dimensional algebra. Recall that in §4.3 we proved that
the connective semi-topological K-theory of a dg-category T can be described in terms of
the topological realization of the stack M’ endowed with its homotopy coherent commutative
monoid structure. In other words, we have a natural equivalence in T,

K*Y(T) ~ BIMT|p.

Now if T = B is an algebra, after Remark 2.8, the connective algebraic K-theory of B can
be calculated with the presheaf of categories Proj(B) endowed with its homotopy coherent
commutative monoid structure. Using similar arguments to those in the proof of Proposition 4.5,
we have canonical isomorphisms

K*(B) ~ [K(B)|s ~ |BK" (Proj(B))|s =~ B|K" (Proj(B))|r =~ B|Vect,'[{ (15)
in Ho(Sp). Therefore we have canonical isomorphisms
K*(B) ~ BIMJ|r ~ B|Vect? || (16)
in Ho(Sp), and
MY = [Vect][f (17)
in Ho(I" — SSet).

Proof of Proposition 4.37. If B is semi-simple, then B satisfies Proposition 4.37 for the following
reasons. By the theory of representations of semi-simple algebras, B is Morita equivalent to a
finite product of copies of the unit algebra 1 (i.e. of copies of C). Therefore there exists a
Morita equivalence B —> [[,1 in dgCat¢ with J a finite set. Pseudo-connective topological
K-theory and periodic homology commute both with finite products, and we thus have canonical
isomorphisms K*P(B) — [, K'*P(1) ~ [[, BU and HP(B) — [[,HP(1) ~ [[, HC[u*!] in
Ho(Sp). We then have a commutative square

Chtep

K'P(B) HP(B)
ll \LZ
[I,BU L, e I, HClu™]

in Ho(Sp). The bottom map is an isomorphism after AsHC. We deduce that the top map is an
isomorphism after As HC.
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Now if B is not semi-simple, its radical rad(B) is a nilpotent two-sided ideal of B.
We denote by By = B/rad(B) the smallest semi-simple quotient of B. To prove that B satisfies
Proposition 4.37 it suffices to show that the map induced by base change Vect? — Vect?o
is an Al-equivalence in SPrét-A’, Indeed, such an Al-equivalence implies that the map of
special T-objects Vect? — Vect? is an isomorphism in Ho(T" — SPrét’Al). Taking topological
realization, we deduce that the map B —> By induces an isomorphism K'P(B) ~ K'P(By)
in Ho(Sp). On the other hand, Goodwillie proved the invariance of periodic cyclic homology
under infinitesimal extension [Goo85, Theorem 2.5.1]); indeed, the map B — By induces an
isomorphism HP(B) ~ HP(By) in Ho(Sp). We therefore reduce the proof to the semi-simple case.

It suffices thus to show that for all finite-dimensional C-algebras B and all nilpotent two-sided
ideals I C B the projection map B —> B/I induces an A'-equivalence Vect? — VectB/!. By
a classical recurrence argument on the nilpotency degree of I it suffices to show the assertion for
a square-zero two-sided ideal. Indeed, suppose that for all algebras C' and all nilpotent two-sided
ideals J of C, the projection map C — C/.J induces an A!-equivalence Vect® —> Vect®/” . If
I is a two-sided ideal of B with nilpotency degree n > 2, we consider the following commutative
square of algebras:

B—=B/I?=C

|

B/I~C/I

Since I? is a two-sided ideal of B with nilpotency degree < n—1 and the two-sided ideal I-C C C
generated by the image of I in C satisfies I - C? = 0, the arrows B —> C and C — C/I induce
Al-equivalences on Vect. We deduce that B —> B/I also induces an A'-equivalence on Vect.

Now let I C B be a square-zero two-sided ideal in a finite-dimensional C-algebra B. We have
to show that B — B/I = By induces an A !-equivalence on Vect. Using formula (14), we deduce
that the map Vect? — Vect?? is equivalent to the map

[[ BAuwt(M) — ] BAut(M),
Mex Mexo

where y = mp Vect? (C), xo = mo VectP*(C), My = M ®p By for all M € y. First, we observe that
the sets x and y( are isomorphic as shown in [Bas68, Proposition 2.12] (completeness assumptions
are satisfied because I2 = 0). Since the A'-equivalences are stable by arbitrary sums in SPrét’Al,
it remains to show that for all M € x, the map BAut(M) — BAut(Mj) is an Al-equivalence.
This latter map is the image by the functor B of the map of group schemes Aut(M) — Aut(M))
whose kernel is denoted by K. We write M as a direct factor of a free B-module B" = M & N,
where N is a sub-right-B-module of B" and r a positive integer. We have By = My ® No. If M
is free, the automorphism group is the invertible matrix group Aut(B") = Gl,.(B). The kernel
of the map Gl,.(B) — Gl,.(By) is given by the multiplicative group I, + M,.(I) where I, the
identity matrix of rank r and M,.(I) the additive group scheme of matrices with coefficients in I.
The scheme I,.+M, (1) is isomorphic to an affine space (of dimension dim¢(I)-r2) and is therefore
Al-contractible. If M is just projective, we have a diagram with exact rows

1 K Aut(M) —2> Aut(Mo) —= 1

: 1o,

l——1I, +MT(I) H@T(B) HQT(BO) —1
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The map i sends an automorphism of M to the automorphism of B" which is the identity
on N. The map j is defined in the same way. These two maps are closed immersions, and
the corresponding square is commutative, i.e. fi = jg. We deduce the existence of the map
k, which is also a closed immersion. The kernel K corresponds to the sub-group scheme of
C-automorphisms of B" which are B-linear, restrict to the identity on N, and which are in
I, + M, (I). These three conditions can be translated into affine equations in the affine space
I.+M,.(I), and we deduce that K is itself isomorphic to an affine space of a certain dimension, and
is therefore A'-contractible. This implies that the classifying stack BK is also A!-contractible,
i.e. isomorphic to the point * in Ho(SPrét’Al). The functor classifying stack B sends exact
sequences of group schemes to fibration sequences. We therefore have a fibration sequence in
Ho(SPr(Affc)%),

BK — BAut(M) — BAut(M).

Given a group stack G, it is known that there exists a Quillen equivalence between the model
category of G-equivariant stacks and the model category of stacks over BG (see [KPT09,
Lemma 3.20]). The latter result implies the existence of an isomorphism of stacks over BAut (M),

BAut(M [BK /Aut(My)]

\/

BAut M()

in Ho(SPr(Affc)®/BAut(Mp)), for a certain action of Aut(Mp) on BK, and the notation [—/—]
stands for the quotient stack. Because BK is contractible in Ho(SPrét’Al) and because the
localization functor Ho(SPr(Affc)®) — Ho(SPrét’Al) commutes with the operation of quotient,
the latter triangle is isomorphic to

BAut(M) = [*/Aut(Mo)] = BAut(Mo)

BAut(My)

in Ho(SPrét’Al). The map BAut(M) — BAut(M)) is therefore an isomorphism in Ho(SPrét’Al).
This completes the proof that Vect? — Vect? /I'is an A'-equivalence for all square-zero two-
sided ideals I and thus of Proposition 4.37. O

Remark that in the proof of Proposition 4.37, we proved the invariance of connective semi-
topological K-theory by infinitesimal extension, which is expressed by the following result.

PROPOSITION 4.40. Let B be a finite-dimensional associative algebra over C and I a right
nilpotent ideal of B. Then the projection map B —> B/I induces an isomorphism K*(B)
~ K*(B/I) in Ho(Sp).

Remark 4.41. Proposition 4.37 and formula (16) allow us to express the periodic cyclic homology
of a finite-dimensional algebra in terms of the infinite loop space (|VectZ|{); =: [Vect®|*. This

group completion has the following description. The monoid Wo\VectB | being in general not
isomorphic to N with the usual addition (as it is for B commutative for example), the calculation
of this group completion is a bit more complicated than in the commutative case, because we
cannot apply the Quillen result on the homology of the group completion. Since every projective
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right B-module of finite type is a direct factor of a free B-module of finite type, in order to ‘group
complete’ the direct sum in [Vect?|, it suffices to invert the action of the regular B-module B.
Hence we have an isomorphism

|Vect? |t ~ |Vect?|[—B]

in Ho(SSet), where the latter object is level 1 of the localization in the sense of I'-spaces of
the special I'-space |VectB | with respect to the B-module B. We now want to calculate this
localization in terms of the standard colimit

hocolim([VectB| ~22- [Vect B] ~22- [VectB] ~25- ...) =: [VectB|7,

where the map @B is induced by the endomorphism of Parf(B) which sends a B-dg-module E on
E @& B and the notation ‘stable’ is in reference to Loday—Quillen stable homology of Lie algebras
of matrices. To achieve this formula, we need the language of Lurie’s monoidal oco-groupoids
rather than I'-spaces; because of this, we will willingly stay vague with respect to the definitions
we use. Hence we consider |Vect?| as a symmetric monoidal co-groupoid (whose monoidal law
is given by the direct sum of modules) and we want to invert the object B with respect to the
sum. For this we apply [Rob12, Corollary 4.24] (which works more generally for all presentable
symmetric monoidal co-categories; see [Rob12, Remark 4.7] and [Rob12, Remark 4.26] for the
oo-groupoid case). Then there exists a canonical isomorphism

|VectB|[—-B] ~ [Vect? 5T

in Ho(SSet), provided we show that B is a symmetric object in the sense of [Robl2,
Definition 4.18]. We have to show that there exists a homotopy between the map

(123)
BoBeB—B®B®B

and the identity of B @ B @& B in the space of complex points of Gl;(B), where (123) is the
automorphism induced by the cyclic permutation (123). Such a homotopy is given by the
composite of a homotopy (123) = id in |Gl3(C)| with the canonical map |Gl;(C)| — |Gl;(B)|
induced by the structural morphism C — B.

In conclusion, there exists an isomorphism

[VectB| T ~ |VectB|5T

in Ho(SSet) between the group completion of [Vect?| and the stabilization of [Vect?| (where
the colimit is a homotopy one). Taking homotopy groups of the formula of Proposition 4.37, we
obtain the following corollary.

COROLLARY 4.42. Let B be a finite-dimensional associative C-algebra. Then for all i = 0 the
Chern map K*P(B) — HP(B) induces an isomorphism of C-vector spaces,

colim;@o 7Ti+2k‘VeCtB’ST K7z C~ HPi(B),

where the colimit is induced by the action of the Bott generator 8 on homotopy groups,

;| VectB ST el Tivo|VectP ST,
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Consequences in the smooth case. Let B be a finite-dimensional associative C-algebra which is
furthermore of finite global dimension. This extra assumption means precisely that B is smooth in
the sense of dg-categories [TVa07, Definition 2.4]. If Spec(A) € Aff¢ is smooth, then by the Quillen
resolution theorem [Qui, §4, Corollary 1], the connective algebraic K-theory of Proj(B ®¢ A)
is the same as the connective algebraic K-theory of PsProj(B ®c A) and also the same as the
connective algebraic K-theory of all right B ®c A-modules of finite type. Indeed, since B ®¢ A

is smooth, all right B ®c A-modules of finite type have a finite projective resolution relative to
liss

B ®c A. We therefore have a global equivalence of presheaves of spectra restricted to Aff&™®,
PR (Proj(B)) ~ I"K(PsProj(B)). (18)
By Theorem 3.18 we thus have a canonical isomorphism in Ho(Sp),
K™ (B) ~ [K(Proj(B))|s ~ |K(PsProj(B))[s. (19)
By the foregoing, we have the following proposition.

PROPOSITION 4.43. Let B be a finite-dimensional associative C-algebra of finite global
dimension. Then we have canonical isomorphisms in Ho(Sp),

K*(B) =~ B|VectZ | ~ B|Vect} | ~ BIMEP|r ~ BIME]r,
and therefore canonical isomorphisms in Ho(SSet),
|VectB|t ~ |Vectp|t ~ |IMB| ~ |Mp],
where the first two objects are the level 1 of the corresponding group completion.

Proof. We have already proved the isomorphism K5(B) ~ B|Vect? |t in Ho(Sp) with
formula (15). By formula (19), there is an isomorphism K*(B) ~ |K(PsProj(B))ls in
Ho(Sp). Proceeding as in the proof of 4.5, with formula (15) and by the end of Remark 2.6
applied to the Waldhausen category of pseudo-projective modules which has split cofibrations,
we have an isomorphism |[K(PsProj(B))ls ~ B|Vect}|f. We thus have an isomorphism

K*(B) =~ |Vect}|{f. The isomorphism K*(B) ~ BIMZ|r is Theorem 4.21. The Gillet and
Waldausen theorem ([TT90, Theorem 1.11.7]; see Remark 2.8 above) gives an isomorphism
K (PsProj(B)) ~ K(PsParf(B)) in Ho(SPr(Affc)). By Theorem 4.22, we obtain the isomorphisms

K*(B) ~ |K(PsProj(B))|s ~ |K(PsParf(B))|s ~ B|M%|r. The second part of the theorem
follows directly because B is an equivalence. O

As in the case of not necessarily smooth associative algebras, we have isomorphisms

|Vectg|™ =~ hocolim(|Vect g| o5 |Vect g o5 |Vect g LA ) =t |Vectg|*T

in Ho(SSet) (see Remark 4.41). We deduce from this the following corollary of Proposition 4.37.

COROLLARY 4.44. Let B be a finite-dimensional associative C-algebra of finite global dimension.
Then for alli > 0 the Chern map K'*°P(B) — HP(B) induces an isomorphism of C-vector spaces,

COlimk>0 7ri+2k\VectB]ST K7z C~ HP,(B)

where the colimit is induced by the action of the Bott generator S on homotopy groups,

;| Vect g| 5T X—6> miya|Vect |57
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