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GROUP RINGS WITH HYPERCENTRAL UNIT GROUPS

DAVID M. RILEY

ABSTRACT.  Let KG be the group ring of a group G over a field K and let U(KG) be
its group of units. If K has characteristic p > 0 and G contains p-elements, then it is
proved that U(KG) is hypercentral if and only if G is nilpotent and G’ is a finite p-group.

A group G is said to be hypercentral if the ascending central series reaches G after
some, possibly infinite, ordinal. Cernikov [6, 2.19] showed this to be equivalent to the
property that for every sequence xj, xz, ... of elements in G, there exists an index m such
that the group commutator (xj,xy,...,x,) = 1. So, in particular, if m can be chosen
independently of the sequence, then G is nilpotent.

The problem of classifying group rings whose unit groups have such properties as
solubility or nilpotency has been studied by many authors (see [7] for an overview).
Examined here are some group rings whose unit groups are hypercentral.

Let K be a field of characteristic p > 0, and suppose that G contains p-elements.
Denote by U(KG) the group of units of the group algebra KG. Inspired by the paper of
Bovdi and Khripta [1] in which group algebras that are Lie 7-nilpotent are classified, the
goal of this paper is to describe precisely the structure of KG when U(KG) is hypercentral.
The main result of this article is as follows.

THEOREM. Let p be any prime and let G be any group containing p-elements. If K
is a field of characteristic p, then the following are equivalent:
(i) U(KG) is hypercentral;
(ii) U(KG) is nilpotent; and
(iii) G is nilpotent and G' is a finite p-group.

Since (ii) = (i) is trivial and (ii) <> (iii) is a result of Khripta [3] and [7, pp. 179-
181], it is enough to show only that (i) = (iii). The remainder of this article is devoted
to proving precisely this implication.

In addition to conventional notation, the following will be used: (x,y) = xyx_l v
is the group commutator of group elements x and y; ¢ (G) denotes the FC-centre of the
group G; if h is a group element of finite order, let & = 2" ', Dr denotes a restricted
direct product; and if N< G, then A(G, N) is the kernel of the natural epimorphism KG —
K(G/ N) induced by G — G/ N. Unless specified to the contrary, throughout this paper,
K is assumed to be a field of characteristic p > 0 and G is a group containing a p-element
such that U(KG) is hypercentral.
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LEMMA 1. If G is any hypercentral group containing a p-element, then ((G), the
centre of G, contains an element of order p.

PROOF. By [5, 12.2.4], G hypercentral implies that G is locally nilpotent. Let P be
the set of p-elements in G. Then 1 # P< G by [5, 12.1.1], so that since G is hypercentral,
PN ¢(G) # 1by [6, 2.16].

The following is a generalization of an unpublished result of Jairo Goncalves.

PROPOSITION 1. G is an FC-group.

PROOF. Since U(KG) being hypercentral implies that G is hypercentral, by Lemma |
we may pick 2 € {(G) such that o(h) = p. Setn = h. Then n°> = 0sothat | +na €
U(KG) with inverse 1 — na, for any ¢ € KG. Assume to the contrary that G is not
an FC-group. Since G is hypercentral, the ascending central series of G reaches G [6,
p. 2.19]. Thus let A be the first ordinal such that the Ath centre of G, {(G) € #(G).
Notice that A cannot be a limit ordinal since if (,(G) C ¢ (G) for all « < A, then
G (G) = Ua<r (e (G) € ¢(G) as well. Hence, in particular, (G, () (G)) < (. ~1(G). Thus
by Poincare’s theorem, if ¢1, ¢z, ..., ¢, € (—1(G) C ¢ (G), then [G : Cs{cy,.... ¢} ] <
00. Now pick any g € {(G)\ ¢ (G).

We construct a sequence (g,) with the following properties:

(1) gn+1 € Cg{by,...,b,} where b; = (g;,8) € (—1(G); and

(2) n(1 —by)(1 —by)---(1 — bpyy) # 0 for all n.

Since [G : Cg(g)] = oo, we can find gy € G such that n(1 — by) # 0 and b; =
(g1,8) € {\—1(G). For recall that the right annihilator of a nonzero element of KG con-
tains only finitely many elements of the form g — 1, g € G. Suppose now we have
selected g1, g2, .. .,&n in G satisfying (1) and (2). Let H = Cg{b1,...,b,}. We claim
[H : Cy(g)] = oo. Indeed, if [H : Cy(g)] < 00, it follows that [G : Cs(g)] < (G :
Cu(g)] =[G : H][H : Cy(g)] < oo, contradicting our choice of g. Hence [H : Cy(g)] =
00, and we can choose an element g,,; € H such that b,,; = (g,44+1,8) € {—1(G) and
n(1 —b1)(1 —by) - - (1 — byyy) # 0. Thus the sequence may be constructed.

Finally, we claim (1 +ng,81,82,...,8:) = 1 +n(1 =b)(1 —b3)---(1 —b,)g, for all
n > 1, contradicting that U(KG) is hypercentral. Indeed,

(1 +ng.g) = (L+n9)a1(l —ng)g;
=1+ng—ngiggr' = 1+n(l —big,
so by induction we may assume the result for n > 1. Then
(1+ng,81,--..8n1) = 1+ (1 —b1) -+ - (1 — by)g, gn+1)
=1+ =b)---(1=b)g —n(1 —b1)- - (1 = b)gns188,.
=1+n—b1)---(1 —bu)g.
This proves the proposition.
LEMMA 2. Forevery x,y € G, there is anm € N (depending on x and y) such that
(6 y") = 1%,
PROOF. [7, VL. 3.2]

https://doi.org/10.4153/CJM-1991-025-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-025-3

GROUP RINGS WITH HYPERCENTRAL UNIT GROUPS 427

LEMMA 3. G is a p-group.

PROOF. For (x,y) € G, we may assume G = (x,y). Then G is a finitely generated
FC-group by Proposition 1, so that G is residually finite [7, 1.4.7]. Since G’ is a torsion
group, let ¢ € G’ have prime order g. Let N < G be such that G/ N is finite and g ¢ N.
Since G/ N is finite and satisfies (x), there is an integer m such that (G/ NY" C {(G/ N).
So by Schur’s lemma [7, 1.4.2], then (G/ N)Y'Y' = 1 for some integer ¢, so that (G/NY =
G'N/ N is a p-group. Hence p = g since 1 # gN € G'N/ N, proving the lemma.

PROPOSITION 2. G’ N ¢ (G) cannot contain a direct product of infinitely many non-
trivial subgroups.

PROOF. Suppose Drieny H; € G'N{(G) with 1 # H; for all i. Then, in particular, the
p-group G’ N ¢ (G) contains a subgroup H = Dren C;, where each C; is a cyclic group
of order p.

We construct sequences (g,) and (hy,—;) in G with the following properties:

(1) g1,82 € G are such that (g5, g1) = by # 1;

(2) hi € H\(b1);

(3) gom+1-8m+2 € C{81,82,...,82m} are such that (2442, 82041) = bons1 €

(b],b3,. .. ,b;)_,,Al,hl,hL. .. ,hz,,_l); and

“4) hy € H\ <b1,b3, coosbonst, by s, hz,,_l) for all n.

Certainly such gi, g» and h; can be found. Suppose as well that for n > 1,
g1,82,---,8m and hy, h3, ..., hy,— satisfy (1)—(4). Since G is an FC-group by Propo-
sition 1, [G : C] < oo where C = Cg{ g1.82,---, 8} - Hence by [8, 7.5], C' is infinite
since G’ is. Since G is locally finite, so is C'. Thus C’ contains infinitely many commuta-

tors boe1 = (g2n42,82n41) With goui1,80000 € C. Since F) =
(b1,b3,...,boy—1,h1,h3,...,hoy_1) C G is finite, we may pick by,e1 ¢ Fj. Similar-
ly since F, := (b1, b3,...,bans1, b1, k3, ..., hay—y) is finite and H is not, we can choose

hyue1 € H\ F,. Thus the sequences can be constructed.
Observe that since o(ha,41) = p, clearly (4) implies

(hane1) N (b1, b3, ... bopsr, by by hopy) =1

forall n > 0. This together with the fact that by, ¢ (b] ,by,....by 3,0, R, .., hz,,_3>
for all n > 1 implies easily that

hihs - By (1 = b1)(1 = b3) (1 —byu_1) # 0

for all n > 1 since the coefficient of 1 is exactly 1.
Finally, by an easy induction (see [7, p. 181] and [1, Lemma 5]), we have foralln > 1
(L+higi, 1 +h3g283, 1 +hsgags, ..., 1+ hour182n82041)
=1+ hihs - hon1(81, 8283, - - - » 82n82ns1)
= 1+hihy - hyp(1 = b1)(1 = b3)- - (1 = b2-1)g182  * 82n41
# 1.
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This contradicts the fact that U(KG) is hypercentral, and the proposition is proved.

DEFINITION.  If G is a possibly nonabelian group, let us say that a p-element gy in G
has infinite p-height if we can find a g, in G such that gf = go and recursively a g, in
G satisfying g%, = g; foreach i > 1.

In particular notice that if j > i then gf - gi» o that g; and g; commute. Also
observe o(g;) = p'o(go). Thus since o(go) is assumed to be a power of p, for i > 1 the g

also have infinite p-height. It now becomes apparent that the union of the subgroups

(g0) <(g1) < (&) <--

is isomorphic to the Priifer group Z(p™) (see [5, p. 23]). The converse is easily seen to be
true as well: if G contains a subgroup isomorphic to Z(p), then G contains a nontrivial
element of infinite p-height.

LEMMA 4. Let G be any FC-group, and define Q(G) = {g € G : g has infinite
p-height }. Then
(i) Q(G) is a central subgroup of G;
(ii) Q(G/ Q(G)) = 1;
(iii) if F is a central subgroup of G of finite exponent a power of p, then Q(G) = 1
implies Q(G/ F) = 1; and
(iv) if we further assume G is nilpotent and F is a finite normal p-subgroup of G, then

Q(G) = 1 implies Q(G/ F) = 1.

PROOF. (i) Suppose G contains an element g¢ of infinite p-height. Then for each
i > 1, we can choose g; inductively such that gf’ =gi1.If go ¢ ¢ (G), then we can find

anx ¢ Cg(go). Then since glp = go, certainly x ¢ Cg(g;) for all i > 0. By assumption
go is a p-element, so let o(gg) = p’. Since G is FC, the set {x¥ : i > 0} is finite.
Thus we can produce integers i, j > O such that j > i + r and satisfying x% = x%, that
is, x € Cs(g; 'g)). Notice that since o(go) = p’, o(g)) = p'p' = p™*". Hence we get
(g7! gj)”m =g = 8j—(i+r)» SO that x € C5(gj—(i+n), @ contradiction. This shows gy was
in fact central.

It remains to show Q(G) is a subgroup of G. Indeed, if gy and Ay both have infinite
p-height, there exists { g;} and {h;} of G such that g = g;_ and #/ = h;_, for each
i > 1. Since each g; and A; is of infinite p-height, they lie in Q(G) and so are central as
shown above. Hence (g:h;)’ = g'h? = gi_1h;_, for each i > 1. Also since go and hy
are commuting p-elements, gohg too is a p-element. We now see that gohg has infinite
p-height.

(i1) Suppose goQ(G) € G/ Q(G) has infinite p-height. Then there exists 4; in G such
that (h,'Q(G))‘!7 = goQ(G). Thus gy = K| ay for some ag in Q(G). Since ag € Q(G), we can
find an a; in Q(G) such that @ = ay. Then since Q(G) is central, go = hjag = Kd] =
(hya Y. Let gy = hjya;. Then gy = g’l7 Now since g10(G) = hja1Q(G) = hQ(G)
has infinite p-height in G/ Q(G), we can similarly find an A, in G and b; in Q(G) such
that g; = H3b,. Since by € Q(G), we can find b, € Q(G) such that b5 = b,. Hence

https://doi.org/10.4153/CJM-1991-025-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-025-3

GROUP RINGS WITH HYPERCENTRAL UNIT GROUPS 429

g1 = (hoby)’. Let go = hyb,. Then g1 = gg Proceeding in this manner shows that we
can find recursively a g; in G such that g = g;_; for each i > 1. Finally notice that
since goQ(G) is a p-element and elements of Q(G) are p-elements, necessarily gg is a
p-element. Thus go € Q(G), and so goQ(G) = 1.

(iii) Suppose 1 # goF has infinite p-height. Then we can find inductively g; € G and
fi € Fsuch that g7 = g;_f; for i > 1. Pick j large enough that g;F has order exceeding

n

p", the exponent of F. Set h; = ¢’ fori > 0. Then 4} = g]”+:1 = (gjﬂ;ijﬂ-)pn ==
h;_; fori > 1 since F is central. Since goF is a p-element and F has exponent p”, then gg
and hence hy = gp # 1 is a p-element. Thus we have shown 1 # hy € Q(G).

(iv) We use induction on |F|. If |F| = 1, the result is trivial. So suppose now that
the result holds for all nilpotent groups G; and finite normal p-subgroups F; of G| such
that | F{| < |F|. Since G is nilpotentandF;é LLFN (G # 1. Hence if Fi = pis
then | Fy| < |F|. Now if G| = Fﬂ((G)’ then Q(G,) = 1 by (iii), so that by the induction
hypothesis, Q(G,/ Fi) = 1. Butclearly G,/ F| =< G/ F.

LEMMA 5. (i) IfA is any central p-subgroup of a group G, then A(G, A) is a nil ideal
of KG. (ii) If I is any nil ideal of KG, then the natural projection KG — KG/ I induces
an epimorphism U(KG) — U(KG/ I).

PROOF. (i) By [7, p. 2], we know A(G,A) = A(A,A)KG, and any 6 € A(G,A) can
be written as § = YL, (a; — 1)a; where a; € A and «; € KG. Let p" = max;{o(a;)}.
Then since A is central, we have by Frobenius’ theorem §7" = Y0 (a” - Da? " =0.

(i1) The proof of [7, VL.3.3] uses only the fact that [ is nil.

PROPOSITION 3. Under our assumptions, if G' contains no subgroups isomorphic to
the quasicyclic p-group, Z(p™), that is Q(G') = 1, then G is nilpotent and G' is a finite
p-group.

PROOF. Let us show first that G is nilpotent. Thus we can assume G' # 1. By [8,
1.16] since G is FC and hypercentral, ¥, (G) C ((G). If7,,(G) is infinite, then G' N { (G)
contains a countably infinite abelian p-group C without nontrivial elements of infinite
p-height. By [5, 4.3.15] then C is the direct product of (infinitely many) cyclic groups.
However, this cannot be by Proposition 2, so that necessarily Y, (G) is finite.

Now since 7,(G) is a finite central p-subgroup of G, Q((G/ ’Yw(G))') =
0(G'/7,(G)) = 1 by Lemma 4(iii). Also by Lemma 5, A(G,7,,(G)) is nilpotent and
hence U (KG/ A(G, ’yw(G))> ~ U (K (G/ %(G))) is hypercentral. Clearly G/7,(G)
has p-elements as G’ is a p-group by Lemma 3. Finally since 7,,(G) C ¢(G), and so
G/7.,(G) is nilpotent if and only if G is nilpotent, we need only examine the case when
Yu(G) = 1.

If G is not nilpotent, then ¥,(G) # 1 for every n > 1. Thus we can find 1 # ¢, €
¢ (G)NY,(G) (since G is hypercentral and 1 # ¥,(G)< G) forevery n. Then { ¢, : n > 1}
is infinite for otherwise there exists an i > 1 such that ¢; € 7,(G) for infinitely many
n, and hence 1 # ¢; € Y,(G). But then C = (¢, : n > 1) is a countably infinite
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abelian subgroup of G’ N ¢ (G) without elements of infinite p-height. This contradicts
Proposition 2 as above; hence, G is indeed nilpotent.

It remains only to show that G’ is finite. Suppose to the contrary that G’ is infi-
nite. Since G is nilpotent there then exists an integer r such that 7,(G) is infinite but
Y,+1(G) is finite. Therefore since A(G, Y,+1(G)) is nilpotent by [7, 1.2.21], by Lemma 5
(ii) U(K(G/ 7,+1(G))) is hypercentral and G/ 7,.1(G) has p-elements. Also Q(G') = 1
implies O(G'/¥,41(G)) = 1 by Lemma 4(iv). Thus since (G/7::1(G)) = G'/V,1(G)
is finite if and only if G’ is finite, we may assume ¥,,1(G) = 1. Hence 7,(G) is an infi-
nite central subgroup of G'. As above, this contradicts Proposition 2, so that indeed G’ is
finite.

COROLLARY. (i) (G/ Q(G)Y = G'/G' N Q(G) is a finite p-group and G| Q(G) is
nilpotent.

(ii) G" is a finite p-group and G is nilpotent.

PROOF. (i) Since (G/ Q(G)) = G'Q(G)/ Q(G) = G'/G' N Q(G) is a p-group
by Lemma 3, either G/ Q(G) has p-elements or it is abelian. So suppose without loss
that G/ Q(G) has p-elements. By Lemma 4(ii), Q(G/ Q(G)) = 1, so that in particular
o(G/ Q(G)Y) = 1. By Lemmas 4(i) and 5 we also have that U(KG/ A(G, Q(G))) =
U (K(G/ Q(G))) is hypercentral. Hence by Proposition 3, we are done.

(i) Since G’ N Q(G) € G' N ¢(G) C ¢(G), by (i), G’/ ((G') is finite. Hence by
Schur’s lemma, G” is finite, too. Finally, since Q(G) C ¢ (G) by Lemma 4(i), G / oG)
being nilpotent implies that G itself is nilpotent.

LEMMA 6. If x is an element of order p" > 1 in a group G, then (1 —x)’" ! = & in
KG.

PROOF. (1 —xy"~ ' = Ef:ol (” ";')(—l)kxk by the binomial theorem. But

e A (e O
k ) kl@pr—1—k!

_ @ =D =2 (" =k _ (=D

k! k!
= (—-l)k modulo p.

Hence (1 —xy"~' = s ' x* = % as claimed.
PROPOSITION 4. G’ is finite.

PROOF. Suppose to the contrary that G’ is infinite. We first show that it is sufficient
to consider only the case when G' & Z(p®™).

Since G” is finite by the preceding corollary, we may assume G’ is abelian by factoring
by G”. Indeed (G/G"Y = G'/G" is finite if and only if G’ is finite. Also as G” is a
finite p-group, A(G, G") is nilpotent by [7, 1.2.21]; hence by Lemma 5(ii), UK(G/ G") is
hypercentral. Clearly G/ G” has p-elements as G’ is a p-group.
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Now by the structure theorem for divisible abelian groups, G' N Q(G) is a direct
product of copies of Z(p™) [5, 4.1.5]. There can be only finitely many such factors
by Lemma 4(i) and Proposition 2. Thus since G’/ G’ N Q(G) is finite by the preced-
ing corollary, G’ is an abelian Cernikov group, and hence by [5, 5.4.23 and 4.2.11] we
have G’ = ( Dri_, Qi) x H where each Q; & Z(p*™) and H is finite. Since G’ was assumed
to be infinite, necessarily 7 > 1.

We now make the following reductions. Let A = Dri_, Q;. Then by Lemma 4(i),
A is a central p-subgroup of G, so that by Lemma 5, UK(G/ A) is hypercentral. Further,
(G/A) = G'/A = Q; x H. So to derive a contradiction, it suffices to consider G' =
Q) X H. Next let in be the exponent of H, thatis, H”" = 1.SetB= {x € G’ : " = 1}.
Then B O H and B is a finite characteristic subgroup of G’. Hence B4 G. Since B is a finite
normal p-subgroup of G, UK(G/ B) is hypercentral as above with G” replaced by B. But
clearly (G/ BY = G'/ B = Z(p™). Thus indeed it is enough to consider G’ = Z(p>).

First we consider the case when p is odd. Since G’ & Z(p™), for each j € N choose
¢2+1 € G’ inductively such that o(q;) = p and q@m = qzj—1. We now construct a
sequence (g,) C G with the following properties:

(1) g1,82 € G withb; = (g2,81) ¢ (q1); and

(2) gan+1,82n42 € C{ 81582, -+ > 82n} With bopi1 = (82042, 82n41) E (b2n—1,G2n41)s

foralln > 1.

Indeed, since G’ & Z(p™), G’ is locally finite. Thus since G’ is infinite, there exist in-
finitely many commutators (x, y), x and y in G. Since (q;) is finite, such g, and g, exist.
Next suppose g1, 82, - - - , §2» have already been chosen satisfying properties (1) and (2).
Let C = C6{g1,82,----8m}- Thensince G is FC, [ G : C] < oo by Poincare’s
Theorem. Hence |G'| = oo implies that |C'| = oo by [8, 7.5]. Thus C has infinitely
many commutators (x,y) with x,y € C since C' C G’ is locally finite. So now since
(ban—1,Gans1) 1s finite, 2,41, 2n+2 € C exist, and such a sequence can be constructed.

We use this sequence in G to construct a new one in U(KG). For each i € N, set
e2ir1 = p — 1 if there exists no integer j(i) such that o(bajii+1) = P+ = 0(gain1). If such
a j(i) does exist, set ez;41 = p — 2. Notice that in the latter case, this j(i) is necessarily
unique and less than i by the construction of (g,). Also as byj+1 € G' = Z(p™), then
bajiyr1 = gyir) for some integer ray1, p fraisi-

We make the following claim:

() st = T o(1 = i) 720 (1 — baist) # 0; and
(i) (1 -1 —gD%gn 1 — (1 —g3)°g83 ... 1= (I = @onr)™ g2ngons1) =
1 — (—=1)"a2n+18182 - - - §2n+1, forall n > 1.
Assuming the claim can be established, we then see immediately that U(KG) is not hy-
percentral, a contradiction that implies G’ is in fact finite as required.
PROOF OF CLAIM.  First recall by Lemma 4, G' & Z(p™) implies that G’ C ¢ (G).

i+l

il €2n+1 o, o
Since for n > 1, ((1 — Qon+1)! )p = (1 - q‘z’,m) " = 0, it is clear that each
I — (1 — gan+1)' g2n82n+1 € U(KG). Also since necessarily e; = p — 1, and thus
2e; >p,wehave (1 — (1 —g)%g) ' =1+ —q))g1.
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Now we show a1 # Oforall n > 1. To this end, let p” = o(b2,—1). Thenm—1 > n
since byy—1 ¢ (gon—1) and o(gan—1) = p". Let! = {i| ezisy = p—2and0 <i <n—1}.
Then by previous remarks, i lies in / precisely when there exists a unique j(i) such that
0<jih<i<n—1 and sz(,')+1 = ‘1;2.3:'1 with p *rzi“. Moreover,

1= by = 1= g5
= (1 = goie)(1 + Goivt + Gaiy +- -+ g5 7).

Also notice for 0 < i < m— 1, o(qai+1) | p™, so that if ez, = p — 2, then j(i) < n — 1
since o(b,,_1) = p™. Hence

m—1 n—1
B = [T1A —qu)™ [T = baiv1)
i=0 i=0

1
IT( =gt TT (1 + qaist + @iy +- -+ g5 ")

=0 il
= (Hr2i+1>¢?2m—1 #0
iel

since

m—1 . m—1 ity 1)
Ha =gy =[Aad—qmay ©®
=0 =0
m—1 m__ "
=1 =g )P VENY = (1 = g2 1) ™" = Gom

by Lemma 6. But since m — 1 > n, ay,41 divides 3, so that a4 # O either.
It remains to show (ii). To see this, let us first prove (1 — g2p41)*" a2p1 = 0. Let [
be as above. Then

(1 = g2n+1)™ 2p1

n—1 n—1
= (1 — gan)*™ H(l ) A H (1 +@ivt + Qo+ F q;z,f;‘l_') 11 = bainr).
i=0 i€l I?I)
But as above H;’;O'( 1—g241 " = G2,—1. We have two cases to consider. If e2,,) = p—1,
then 2e5,,1 > p, and hence (1 — g2,41)*** = (1 — g2,_1)7, say, annihilates go, . If
exne1 = p — 2, then there exists j(n) < n not in / (by its uniqueness) such that by, =

T2n+l

gy, for some p Jrans1- Then (1 — g2,41)%*! @241 contains the factor

Gan-1(1 = 204> (1 = bajimye1)
= an_l(l — q2n+1)2(p_2)(1 — q2n+l)(1 + Q2n+1 +qgn+l +-- +q§::-l|7]) =0

since 2p — 3 2 p for p > 3. This concludes the proof that (1 — gp,41)** Q2n41 = 0.
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We now prove (ii) by induction on n > 1. For n = 1, we have

(1= =q)"g1, 1= (1 —q3)"8283)
=0 =0—g)"¢ —(—g3)"g8+(1 —q1)" (1 — g3)°818283)"
(14 (1 =g g1+ (1 — g3)"gagy + (1 — g3)g585 + )

(1= (1 —g3)"g2g3 + (1 — q)" (1 — q3)?(1 — b1)g18283)
(1+(1 = g3)"g2g3 + (1 — g3)*'g383 + - )

=1+ —qg)"( — g1 — b1)g18283,

as required, since (1 — g3)® a3 = 0. Now consider n > 1. By induction we have

(=0 —=g)"g1 1 =1 —g3)°8283,- .., 1 — (I = q2043) 82n4+282n43)
= = (=1D)"a2m+18182 - &2n+1, 1 — (1 = g2043) 2 82n4282n43)
=1 = (=1)"a2,+18182 - * - 82ns1 — (1 = q2043) ™" 8204282043
+(=D"(1 = gone3) ™ 020418182 * * * 82n43)"
(1+(—=1)"020418182 - * 82ne1) - (1 — (1 — @2043) " g2n4282043)
= (1 = (1 — g2143)""* 8204282043
+(=D"(1 = g2043) ™" 020418182 * * * 82043
— (=D"(1 = g2n3)™ A2n4182n+282n+38182 * * * 82n+1)"
(1 = (1 = @2ns3)"" g2n4282043)
=(1-0-= q2n+3)e2m382n+282n+3
+(=D"(1 = g2n3) api (1 — b2ns1)g182 + * - 82043)
(1+ (1 = q2ns3) g2n4282m43 + (1 — G2ns3) > 83,1285043 + * * *)
=1— (=" om3g182 o3
since azzn 41 = 0and (1—¢2,43)*" 02,43 = 0. This concludes the proof of the proposition
for the odd p case.

Finally consider when p = 2. Recall that we can assume G’ & Z(2*). Let g € G’ be
such that o(q) = 2. Construct a sequence (g,) in G as follows:

(1) 81,82 € G with by = (g2,81) ¢ (g): and

(2) g2n+1582n42 € Cc{ 81,82, +» 82n} With bayst = (82042, 82n+1) & (b2n—1) 12,

In a similar fashion to the odd case, this can be done by using the fact that G is an FC-
group implies that G’ is locally finite, so that G and hence Cg{ g1,82,-..,82} contain
infinitely many commutators, while { by,_;) /2 C Z(2%) is finite.

We construct another sequence (gan+1) in G'. Let g1 = q. For n > 1, pick gan1 € G
such that ‘I%nn = g2, unless there exists aj(n) € N such that o(bajiy—1) = 20(g24—1), in
which case choose g, such that qgnﬂ = gon—1. Observe that if 0(b2jin)—1) = 20(q2.—1),
then o(bajiny+1) # 40(qan—1) for otherwise bojm1 € (b2jm—1) 172 contrary to (2). Thus
for each n > 1 there is precisely one “q” or “b” with order 2". Also (1) and (2) imply
20(q2ir1) < 0(byjr1) and 4o(biv1) < 0(byjyy) forall i < j.
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We claim now that
(1) @ane1 = T o(1 + @2ist) T2 (1 + boisr) # 0 and
(i) (1+(1+q1)g1, 1+(1+q3)g283, - - - » 1+(1+q2n+1)82n82n+1) = 14020418182 * 82041,
foralln > 1.

Obviously, this would contradict that U(KG) is hypercentral, and so G’ would be finite.

To prove the claim, first observe that if m is minimal such that 20(b2,—1) < 0(q2m+1),
then 8 = ITI% o(1 + q2is1) H;’;Ol(l + by;y1) 1s a nonzero scalar multiple of §y,+1. Indeed
q2m+1 1 the most primitive element appearing in the expression for 3, and by construction
precisely one element of each lesser order also appears. Then if x is one of the ¢’s or b’s

appearing in the expression, 1 +x = 1 + g3, for some integers r and j, where r is odd

and j is unique to x. Hence 1+x = (1+qams1)? (1 + G5, +- - +¢20 V). Now reasoning
as in the odd case, Lemma 6 gives us 3 = sgam+1 # O for some integer s. In particular,
since by the remarks above m > n, we see that o, divides 8 and thus cannot be zero.

It remains to prove (ii). To do this, we first show that (1 + g241)2,41 = 0. Let m be
maximal such that 20(byp—1) < 0(g2n+1), and let ¥ = T (1 + q2i+1)H;”;0‘(l + bois1),
where the latter product is considered to be 1 if no such m exists. Then ¥ = s§on+1
for some integer s by precisely the same arguments used on 3 above. Since necessarily
m < n,7 divides ay,+1. Thus since (1 + g244+1)Y = 0, we see (1 + gan+1)02n41 = 0. An
easy induction using this fact proves (ii).

This finishes the proof of the proposition.

Finally, notice that the proof of the theorem now follows at once by combining the
results of Lemma 3 and Propositions 3 and 4.
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