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108.08 Cone and Integral

Introduction
The process of deriving an equation by finding the value of a quantity in

two different ways and then equating those values with each other has been
there in mathematics since antiquity. In this Note, we employ the same
technique to evaluate an integral by finding the volume of a right circular
cone in two different ways.

Description of the cone
Let us consider a right circular cone that has a circular base of radius

in the horizontal -plane. The centre of the circle lies at the origin, , of
coordinates. The apex, , of the cone lies on the vertical -axis at the point
with  coordinates , where  is the cone's height. Let
be the point of intersection of the cone with the positive -axis,  be any
point on the surface of the cone above the -plane and  be a point on the
-axis having the same  coordinate as . In terms of spherical polar

coordinates , we take  to be the angle measured in space from the -
axis and  to be the distance from . The diagram is as follows:
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The surface of the cone is then ,  and
. Since ,

r = f (θ) OC = r cos θ
CB = r sin θ �DCB ∼ �DOA

CD
CB

=
OD
OA

⇒
CD

r sin θ
=

H
R

⇒ CD =
Hr sin θ

R
.

Since, ,OC + CD = OD

r cos θ +
Hr sin θ

R
= H

which after some simplification gives,

r = f (θ) =
RH

R cos θ + H sin θ
. (1)

Volume integral and its evaluation
From multivariable calculus it is known that, volume ( ) of any three

dimensional solid ( ) is given by,
V

U

V = ∫ ∫ ∫
U

 dx dy dz

since the above integral becomes complicated in Cartesian coordinates (as
the limits involved are variables). It is therefore convenient to evaluate it in
spherical polar coordinates (where 5 of the 6 limits are constant, [1]). Hence,
transforming the coordinate system from Cartesian to spherical polars, we
obtain

V = ∫
2π

0 ∫
π/2

0 ∫
r(θ)

0
r2 sin θ dr dθ dφ = 2π ∫

π/2

0 ∫
r(θ)

0
r2 sin θ dr dθ.

This can be simplified as

V = 2π ∫
π/2

0

⎡⎢⎣sin θ
r3

3
⎤⎥⎦

r(θ)

0
dθ =

2π
3 ∫

π/2

0
r3 (θ) sin θ dθ.

Substituting (1) in the above integral, we have,

V =
2π
3 ∫

π/2

0 ( RH
Rcosθ + H sinθ )3

sinθ dθ =
2πR3

3 ∫
π/2

0

sinθ
( R

H cosθ + sinθ)3dθ

which can be found in [2].
We define the parameter . We also re-express the integral by

making the substitution , from which we
obtain,

a = R
H

u = cos θ ⇒ du = − sin θ dθ

V =
2πR3

3 ∫
0

1

−du
(au + 1 − u2)3

since the volume of any right circular cone of height  and radius  is given by,H R

V =
πR2H

3
.
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We therefore have,

πR2H
3

=
2πR3

3 ∫
1

0

du
(au + 1 − u2)3 ⇒ ∫

1

0

du
(au + 1 − u2)3 =

1
2a

.

Thus we have the following result:

Theorem: If the parameter , thena > 0

∫
1

0

du
(au + 1 − u2)3 =

1
2a

(2)

where the condition  must be satisfied since  will give rise to a
non-integrable singularity within the interval of integration.

a > 0 a ≤ 0

Corollary
Substituting  where  in (2) and dividing the main result by

, we have,
a = 1

b b > 0
b3

∫
1

0

du
(u + b 1 − u2)3 =

1
2b2

. (3)

If we differentiate (3) with respect to  repeatedly,  times, we obtain after
some simplification,

b n

∫
1

0

(1 − u2)n/2

(u + b 1 − u2)3 =
1

bn + 2 (n + 2)
(4)

where  . The detailed proof of (4) and why is it valid
for  and not for any other negative integer, is left as an exercise for
the reader.

n = −1, 0, 1, 2, 3, …
n = −1
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