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DISTRIBUTION OF UNITS OF

REAL QUADRATIC NUMBER FIELDS

YEN-MEI J. CHEN, YOSHIYUKI KITAOKA and JING YU1

Dedicated to the seventieth birthday of Professor Tomio Kubota

Abstract. Let k be a real quadratic field and �
k, E the ring of integers and

the group of units in k. Denoting by E( � ) the subgroup represented by E of
( �

k/ � )× for a prime ideal � , we show that prime ideals � for which the order
of E( � ) is theoretically maximal have a positive density under the Generalized
Riemann Hypothesis.

§1. Statement of the result

Let k be a real quadratic number field with discriminant D0 and fun-

damental unit ε (> 1), and let ok and E be the ring of integers in k and the

set of units in k, respectively. For a prime ideal p of k we denote by E(p) the

subgroup of the unit group (ok/p)× of the residue class group modulo p con-

sisting of classes represented by elements of E and set Ip := [(ok/p)× : E(p)],

where p is the rational prime lying below p. It is obvious that Ip is inde-

pendent of the choice of prime ideals lying above p. Set

`p :=







1, if p is decomposable or ramified in k,

p − 1, if p remains prime in k and Nk/Q(ε) = 1,

(p − 1)/2, if p remains prime in k and Nk/Q(ε) = −1,

where Nk/Q stands for the norm from k to the rational number field Q.

In [IK] we have shown that `p divides Ip and we observed that in each case

the set of prime numbers satisfying Ip = `p has a natural density. K. Masima

found that the values in tables there, are connected with the Artin constant

A :=
∏

p

(

1 − 1
p(p−1)

)

= 0.3739558 · · · and showed in [M] that the set of

decomposable prime numbers satisfying Ip = `p has a density under the
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Generalized Riemann Hypothesis (GRH) following [H]. In this paper, we

treat the case where prime numbers remain prime in k following [H], [M].

However, instead of counting prime ideals which are completely decompos-

able, we use the Chebotarev Density Theorem by [LO], [S] under the GRH.

Our main result is the following.

Theorem. Let P(x) be the set of odd prime numbers p ≤ x which

remain prime in k and let N(x) be the subset of p ∈ P(x) satisfying Ip = `p.

Then we have

]N (x) = c0Li(x) + O(x log log x/(log x)2)

for a positive constant c0 under the GRH.

Here fields where the GRH is involved are k(ζ2n, t
√

ε ) for square-free

natural numbers n and t = n or 2n, where ζm stands for a primitive m-th

root of unity. The function Li(x) stands for
∫ x
2 dt/ log t as usual.

§2. Algebraic preparation

Throughout this paper, we keep the notation in Section 1. The main

results in this section are Theorems 1 and 2.

Lemma 1. Let n be a square-free integer (≥ 1) and suppose that k 6⊂
Q(ζ2n) and suppose 2n

√
ε ∈ R. Set

K :=

{

k(ζ2n, 2n
√

ε ), if Nk/Q(ε) = 1,

k(ζ2n, n
√

ε ), if Nk/Q(ε) = −1,

and let N := [K : k(ζ2n)] be the extension degree of fields. Then we have

N = [K : Q]/2ϕ(2n)

=







n, either if Nk/Q(ε) = 1 and
√

ε ∈ k(ζ2n),

or if Nk/Q(ε) = −1 and 2 - n,

2n, if Nk/Q(ε) = 1 and
√

ε /∈ k(ζ2n),

where ϕ(m) is the Euler function.

Proof. Let us recall that

for an integer m, and an element a in a field F (ch(F ) 6= 2)

which is not contained in F p for every prime divisor p of m, a

polynomial xm − a is irreducible either if 4 - m, or if 4|m and

−4a /∈ F 4.
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Let q be an odd prime or 4 and suppose q|2n. We show q
√

ε /∈ k(ζ2n) first.

Suppose q
√

ε ∈ k(ζ2n); then Q( q
√

ε ) = Q(( 2n
√

ε )2n/q) ⊂ R is a subfield of

an abelian field k(ζ2n). Hence any conjugate element of q
√

ε should be real.

This is a contradiction. Hence q
√

ε is not in k(ζ2n).

Let us show that x2n − ε is irreducible over k(ζ2n) if
√

ε /∈ k(ζ2n). We

have only to consider the case of 2|n. Suppose that 2|n, 4
√
−4ε ∈ k(ζ2n)

and
√

ε /∈ k(ζ2n); then
√
−4ε ∈ k(ζ2n) and

√
−1

√
ε ∈ k(ζ2n) hold. This

contradicts that
√

ε /∈ k(ζ2n) since
√
−1 ∈ k(ζ2n) holds by 2|n. Thus the

above criterion yields that a polynomial x2n − ε is irreducible over k(ζ2n)

if
√

ε /∈ k(ζ2n). Then we have N = [k(ζ2n, 2n
√

ε ) : k(ζ2n)] = 2n. If, next√
ε ∈ k(ζ2n), then a polynomial xn −√

ε is irreducible over k(ζ2n) and then

we have N = [k(ζ2n, (
√

ε )1/n) : k(ζ2n)] = n. Similarly, xn − ε is irreducible

over k(ζ2n) if Nk/Q(ε) = −1 and 2 - n.

Remark. In Lemma 1, a rational prime p is unramified in K if p - 2nD0.

Proposition 1. Let n, K, N be those in Lemma 1. Let η ∈
Gal(k(ζ2n)/Q) be an automorphism such that η(ζ2n) = ζ−1

2n and η induces

the non-trivial automorphism of Gal(k/Q).

(I) The case of Nk/Q(ε) = 1. There exists an automorphism ρ of order 2

in Gal(K/Q) such that ρ = η on k(ζ2n) if and only if (i) N = 2n, (ii) N = n

is odd, or (iii) N = n is even and η(
√

ε )
√

ε = 1. When ρ exists, it is in the

center of Gal(K/Q) and satisfies ρ( 2n
√

ε ) = ± 2n
√

ε
−1

and both signs ± are

possible if and only if N is even.

(II) The case of Nk/Q(ε) = −1. If n is odd, then there exists a unique

automorphism ρ of order 2 in Gal(K/Q) such that ρ = η on k(ζ2n). It is

in the center of Gal(K/Q) and ρ(n
√

ε ) = − n
√

ε
−1

. If n is even, then there

is no such automorphism.

Proof. Set t = 2n or n according to Nk/Q(ε) = 1 or −1, respectively.

If ρ ∈ Gal(K/Q) is an extension of η and ρ2 = id., then setting ρ( t
√

ε ) =

δ t
√

ε
−1

for some δ ∈ K, we have δ2n = 1 and hence δ is a 2n-th root

of unity and hence ρ(δ) = η(δ) = δ−1 and t
√

ε = ρ2( t
√

ε ) = ρ(δ t
√

ε
−1

) =

δ−1(δ t
√

ε
−1

)−1 = δ−2 t
√

ε. Thus we have δ = ±1.

Proof of the case (I).

Suppose Nk/Q(ε) = 1. Assume that either N = 2n, or N = n is odd,

first. We define ξn = ±1 by

ξn :=

{

1, if N = 2n,

η(
√

ε )
√

ε, if N = n,
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where if N = n,
√

ε ∈ k(ζ2n) holds by virtue of Lemma 1, and η can act

on
√

ε.

Let η′ ∈ Gal(K/Q) be an extension of η ∈ Gal(k(ζ2n)/Q); then we

have

(η′( 2n
√

ε ) 2n
√

ε ξn)N = η(ε)ε = 1

and hence η′( 2n
√

ε ) = ζr
Nξn

2n
√

ε
−1

for some integer r and a primitive N -th

root ζN of unity. Since K = k(ζ2n)( 2n
√

ε ) and N = [K : k(ζ2n)], there exists

an automorphism α ∈ Gal(K/k(ζ2n)) such that α( 2n
√

ε ) = ζr
N

2n
√

ε. Thus an

automorphism ρ := αη′ is an extension of η and satisfies ρ( 2n
√

ε ) = ξn
2n
√

ε
−1

and the order of ρ is equal to 2.

Secondly, we consider the case where N = n is even. By Lemma 1,

we have
√

ε ∈ k(ζ2n). Take any extension η′ in Gal(K/Q) of η. Since

(η′( 2n
√

ε ) 2n
√

ε )2n = η(ε)ε = 1, we have η′((
√

ε )1/n) = ζt
2n(

√
ε )−1/n for some

integer t, and

η(
√

ε ) = ζtn
2n

√
ε
−1

.

If, hence η(
√

ε )
√

ε = 1, then t is even and since [K : k(ζ2n)] = n and√
ε ∈ k(ζ2n), we can take α ∈ Gal(K/k(ζ2n)) so that α( 2n

√
ε ) = ζt

2n
2n
√

ε,

and therefore ρ := αη′ is what we want. If η(
√

ε )
√

ε = −1, then t is odd

and the order of η′ is not equal 2, since η′2( 2n
√

ε ) = ζ−t
n

2n
√

ε 6= 2n
√

ε. Thus

we have completed the proof of the first assertion. Next, we show that if

ρ± ∈ Gal(K/Q) is an extension of η such that ρ±( 2n
√

ε ) = ± 2n
√

ε
−1

, then

ρ± is in the center of Gal(K/Q). Take an element u ∈ Gal(K/Q); then

u( 2n
√

ε ) = ζr
2n

2n
√

ε or ζr
2n

2n
√

ε
−1

for some integer r. If u( 2n
√

ε ) = ζr
2n

2n
√

ε, then

ρ±u( 2n
√

ε ) = ±ζ−r
2n

2n
√

ε
−1

and uρ±( 2n
√

ε ) = u(± 2n
√

ε
−1

) = ±ζ−r
2n

2n
√

ε
−1

and

hence ρ±u = uρ±. The case of u( 2n
√

ε ) = ζr
2n

2n
√

ε
−1

is similar and then ρ±
is in the center of Gal(K/Q). Lastly, suppose that N is even; then there

is an automorphism κ ∈ Gal(K/k(ζ2n)) such that κ( 2n
√

ε ) = − 2n
√

ε and

hence both signs ± are possible. Conversely, if there exist automorphisms

ρ± ∈ Gal(K/Q) such that ρ± = η on k(ζ2n) and ρ±( 2n
√

ε ) = ± 2n
√

ε
−1

, then

ρ−ρ+ is the identity on k(ζ2n) and ρ−ρ+( 2n
√

ε ) = − 2n
√

ε and hence the order

of ρ−ρ+ ∈ Gal(K/k(ζ2n)) is two and it yields that N = [K : k(ζ2n)] is even.

Thus we have completed the proof of the case (I).

Proof of the case (II).

Suppose Nk/Q(ε) = −1. First we consider the case where n is odd; Since

η(ε) = −ε−1, taking an extension η′ ∈ Gal(K/Q) of η ∈ Gal(k(ζ2n)/Q), we

have η′(n
√

ε ) = −ζr
n

n
√

ε
−1

for some integer r. There exists an automorphism

α ∈ Gal(K/k(ζ2n)) such that α(n
√

ε ) = ζr
n

n
√

ε since [K : k(ζ2n)] = n is odd.
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We have only to set ρ := αη′. ρ is in the center of Gal(K/Q) as above. If

there are two automorphisms ρ± of order 2 such that ρ± is η on k(ζ2n),

then ρ±(n
√

ε ) = ± n
√

ε should hold as at the beginning of the proof. As in

the proof of the case (I), it implies the extension degree [K : k(ζ2n)] = n

is even, which is a contradiction. Lastly suppose that n is even and there

is an automorphism ρ of order 2 in Gal(K/Q) such that ρ = η on k(ζ2n);

then ρ(ε) = −ε−1 implies ρ(n
√

ε ) = ζr
2n

n
√

ε
−1

for an odd integer r. Then
n
√

ε = ρ2(n
√

ε ) = ζ−r
2n (ζr

2n
n
√

ε
−1

)−1 = ζ−2r
2n

n
√

ε implies ζr
n = ζ2r

2n = 1, which

is a contradiction, since 2|n and 2 - r. This completes the proof of the

proposition.

Lemma 2. Suppose Nk/Q(ε) = 1 and let p be an odd prime which

remains in k. Then for a square-free natural number n, n(p− 1)|Ip holds if

and only if p + 1 ≡ 0 mod 2n and each prime ideal of k(ζ2n) lying above p

is completely decomposable at K = k(ζ2n)( 2n
√

ε ).

Proof. First note that p − 1 divides Ip as in the introduction. Let us

show the “only if” part. Suppose that n(p − 1)|Ip and set t = Ip/n(p − 1)

(∈ Z). Since p2 − 1 = ](o/(p))× = Ip · ]E((p)), we have (p + 1)/n =

(p2 − 1)/n(p − 1) = Ip · ]E((p))/n(p − 1) = t]E((p)) ≡ 0 mod 2 since

]E((p)) ≡ 0 mod 2 by ±1 ∈ E((p)). Hence we have p + 1 ≡ 0 mod 2n.

Next we show the following

Claim. The relative degree of p at k(ζ2n)/Q is 2.

Let p be a prime ideal of k(ζ2n) lying above p. In the local field k(ζ2n)p,

the closure of k is an unramified extension of Qp of degree 2 and p ≡
−1 mod 2n implies the closure of Q(ζ2n) has the same property, and the

uniqueness of the unramified extension of degree 2 over Qp implies that

k(ζ2n)p is the unramified extension of degree 2 over Qp. This completes the

proof of the claim.

Let α ∈ ok be a generator of (ok/(p))× and r the order of ε in (ok/(p))×,

and define an integer u with (u, r) = 1 by ε ≡ αu(p2−1)/r mod (p). Since

p2−1 = Ip ·]E((p)) ≡ 0 mod n(p−1)·r ≡ 0 mod 2nr, we have p2−1 = 2nrw

for some integer w. Then ε ≡ (αuw)2n mod (p) implies that the equation

x2n = ε has a solution in the local field k(p) by successive approximation by

Newton. Let p be a prime ideal of k(ζ2n) lying above p; then k(ζ2n)p
∼= k(p)

follows from the Claim and hence the equation x2n = ε has a solution in

k(ζ2n)p, hence p is completely decomposable in k(ζ2n, 2n
√

ε ).
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Next let us show the “if” part. Let P, p (= P∩ k(ζ2n)) be prime ideals

of k(ζ2n, 2n
√

ε ), k(ζ2n) lying above p, respectively. By the assumption, the

relative degree of P/p is one. Hence the equation x2n − ε = 0 is soluble in

the local field k(ζ2n)p. Since p+1 ≡ 0 mod 2n, p is unramified in Q(ζ2n) and

the closure of Q(ζ2n) in k(ζ2n)p is Qp or its unramified quadratic extension.

Thus k(ζ2n)p is the unramified quadratic extension of Qp and hence x2n = ε

is soluble in k(p)
∼= k(ζ2n)p. Hence there exist a primitive root α ∈ ok and

an integer u ∈ Z such that

(αu)2n ≡ ε mod (p).

(i) The case where E((p)) = 〈±1, ε mod (p)〉 but E((p)) 6= 〈ε mod (p)〉.
We note that the assumption yields εt 6≡ −1 mod (p) for any integer

t. Let r be the order of ε mod (p) in (ok/(p))×. If r is even, (εr/2)2 ≡
1 mod (p) and hence εr/2 ≡ ±1 mod (p). Since r is the order of ε mod (p), we

have εr/2 ≡ −1 mod (p). It contradicts the assumption. Hence r is odd and

]E((p)) = 2r implies p2−1 = Ip ·2r. Now we have 1 ≡ εr ≡ (αu)2nr mod (p)

and then we have 2nru ≡ 0 mod p2 − 1 and 2ntu 6≡ 0 mod p2 − 1 for any

proper divisor t of r, since r is the order of 〈ε mod (p)〉. Set 2nru = w(p2−1)

for an integer w. Then we have

(r,w) = 1 and ru = w(p − 1)
p + 1

2n
.

Let us show (r, p − 1) = 1. If a prime number q divides (r, p − 1), then q is

odd, since r is odd. On the other hand, Z 3 Ip/(p − 1) = (p + 1)/2r and

q|r imply q|(p + 1). Therefore q divides p± 1 and hence q = 2, which is the

contradiction and hence (r, p− 1) = 1. Thus r divides (p+1)/2n and hence

Ip/n(p − 1) = 2rIp/2rn(p − 1) = (p2 − 1)/2rn(p − 1) = (p + 1)/2rn ∈ Z

which yields that n(p − 1) divides Ip.

(ii) The case where E((p)) = 〈ε mod (p)〉.
Since 1 6≡ −1 mod (p), the order r of ε mod (p) in (ok/(p))× is even. As

in the case (i), we have 2nur ≡ 0 mod p2 − 1 and for any proper divisor t,

we have 2nut 6≡ 0 mod p2−1. Set 2nur = w(p2−1) (w ∈ Z); then (r,w) = 1

follows and if a prime number q divides (r, p − 1), then q|r and

p + 1

r
=

Ip

p − 1
∈ Z
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imply q|(p + 1) and hence q = 2. Set r = 2t · r′ (r′ : odd); then we have

shown (r′, p − 1) = 1 and 2tr′u = w(p − 1)p+1
2n implies

r′
∣

∣

p + 1

2n

by (r,w) = 1 and (r′, p − 1) = 1. Let us show nr|(p + 1). If n is odd,

then (p + 1)/r ∈ Z implies 2t|(p + 1) and hence (p + 1)/2nr′ ∈ Z implies

r = 2tr′|p+1
n . If n is even, then p + 1 ≡ 0 mod 2n ≡ 0 mod 4, and hence

(p− 1)/2 is odd. Since 2tr′u = w p−1
2

p+1
n and

(

r, w p−1
2

)

= 1, we have r|p+1
n .

Thus we have Ip = (p2 − 1)/r = p+1
nr · (p− 1)n ≡ 0 mod (p− 1)n and hence

we have completed the proof.

Theorem 1. Suppose that Nk/Q(ε) = 1 and p is an odd prime number

which remains prime in k. Let n be a square-free integer (≥ 1). Then n(p−
1)|Ip holds if and only if k 6⊂ Q(ζ2n) and for a prime ideal P of K =

k(ζ2n, 2n
√

ε ) lying above p, the Frobenius automorphism ρ0 =
(

K/Q
P

)

is equal

to an automorphism ρ given in Proposition 1.

Proof. Suppose n(p − 1)|Ip; then p + 1 ≡ 0 mod 2n follows from

Lemma 2 and hence ρ0 is the complex conjugation on Q(ζ2n) and then

ρ0 fixes each element in k if k ⊂ Q(ζ2n). On the other hand, p remains

prime in k by the assumption and hence ρ0 is a non-trivial automorphism

of k, which is a contradiction. Thus we have k 6⊂ Q(ζ2n). By Lemma 2, the

relative degree of P is two and so ρ2
0 = id. and hence we have ρ0 = ρ given

in Proposition 1.

Conversely suppose that k 6⊂ Q(ζ2n) and ρ0 is an automorphism of

order 2 and it is equal to η in Proposition 1 on k(ζ2n). Then ρ0 is the

complex conjugation on Q(ζ2n) and then p+1 ≡ 0 mod 2n. Since the order

of ρ0 is two, we have [KP : Qp] = 2 and [k(p) : Qp] = 2, which yields

that the relative degree of P at K/k and hence at K/k(ζ2n) is one. Now

Lemma 2 implies n(p − 1)|Ip.

Lemma 3. Suppose Nk/Q(ε) = −1 and let p be an odd prime which

remains prime in k. Then for a square-free natural number n, np−1
2 |Ip holds

if and only if p + 1 ≡ 0 mod 2n and each prime ideal of k(ζ2n) lying above

p is completely decomposable at K = k(ζ2n)(n
√

ε ).

Proof. We note that p−1
2 |Ip as in the introduction ([IK]). Set r :=

]E((p)). We claim r ≡ 0 mod 4. Because of εp+1 ≡ −1 mod (p) ([IK]),
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E((p)) is generated by ε mod (p). ±1 ∈ E((p)) implies r ≡ 0 mod 2. Suppose

that r = 2t for some odd integer t; then we have ε(p+1)t ≡ −1 mod (p) and

on the other hand (p+ 1)t ≡ 0 mod 2t implies ε(p+1)t ≡ 1 mod (p), which is

a contradiction. Therefore r ≡ 0 mod 4 and note p2 − 1 = Ip · r.
First suppose np−1

2 |Ip and set Ip = np−1
2 · t for an integer t. Then we

have (p + 1)/n = (p2 − 1)/n(p − 1) = Ipr/n(p − 1) = tr/2 ∈ 2Z and then

p + 1 ≡ 0 mod 2n.

Since the order of ε in (ok/(p))× is r, we can take a generator α ∈ ok of

(ok/(p))× so that ε ≡ αu(p2−1)/r mod (p) for an integer u with (u, r) = 1.

Then we have ε ≡ (αu(p2−1)/nr)n mod (p), where (p2 − 1)/nr = Ip/n is an

integer. Hence xn ≡ ε mod (p) is soluble in ok and xn = ε has a solution in

the local field k(p). Let P be a prime ideal of K = k(ζ2n, n
√

ε ) lying above p

and set p = P ∩ k(ζ2n); then p + 1 ≡ 0 mod 2n implies that the closure of

Q(ζ2n) in k(ζ2n)p is an unramified extension of degree 2, at most over Qp

and therefore k(ζ2n)p = k(p). Hence the solubility of the equation xn = ε in

k(p) = k(ζ2n)p yields that p is completely decomposable at K/k(ζ2n).

Conversely, we suppose p + 1 ≡ 0 mod 2n and each prime ideal of

k(ζ2n) lying above p is completely decomposable at K. Let P be a prime

ideal of K lying above p, and set p = P ∩ k(ζ2n). Since p ≡ −1 mod 2n,

the closure of Q(ζ2n) in KP is an unramified extension of degree 2 over

Qp and so is the closure of k. Hence by the assumption, KP = k(ζ2n)p

holds where p = P ∩ k(ζ2n), and the equation xn = ε is completely soluble

over k(ζ2n)p = k(p). Take a generator α ∈ ok of (ok/(p))× and an integer

u such that (αu)n ≡ ε mod (p). 1 ≡ εr ≡ αrun mod (p) implies run ≡
0 mod p2 − 1 and for any proper divisor t of r, tun 6≡ 0 mod p2 − 1 holds

from the definition of r. Set run = w(p2−1) (w ∈ Z); then (r,w) = 1 holds.

If a prime number q divides (r, p − 1), then 2(p+1)
r =

Ip

(p−1)/2 ∈ Z implies

q|2(p + 1) by q|r and hence q = 2 because of q|(p − 1). Set r = 2t · r′ (r′ :

odd); then we have shown (r′, p−1) = 1 and then ru = 2t ·r′u = w(p−1)p+1
n

and (r,w) = 1 = (r′, p − 1) imply (r′, w(p − 1)) = 1 and 2tu = w(p − 1)p+1
nr′

and

nr′|(p + 1).

To show np−1
2 |Ip, i.e.,

Ip

n(p−1)/2 = 2(p+1)
nr ∈ Z, we have only to show

ord2
2(p+1)

nr ≥ 0, where a := ord2(b) is defined by 2a‖b. At the begining of

the proof, we showed 4|r and then t ≥ 2. (r,w) = 1 implies that w is odd.
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If n is odd, then 2(p+1)
r =

Ip

(p−1)/2 ∈ Z yields ord2
2(p+1)

nr = ord2
2(p+1)

r ≥ 0.

If n is even, then p + 1 ≡ 0 mod 4 implies 0 ≤ ord2 u = ord2
w(p2−1)

nr =

ord2
p+1
nr + ord2(p − 1) = ord2

p+1
nr + 1 = ord2

2(p+1)
nr . Thus we have shown

ord2
2(p+1)

nr ≥ 0 and then
Ip

n(p−1)/2 = 2(p+1)
nr is an integer and hence we have

completed the proof of Lemma 3.

Theorem 2. Suppose that Nk/Q(ε) = −1 and p is an odd prime num-

ber which remains prime in k. Let n be a square-free natural number. Then

np−1
2 |Ip holds if and only if k 6⊂ Q(ζ2n), n is odd and for each prime ideal P

of K = k(ζ2n, n
√

ε ) lying above p, the Frobenius automorphism ρ0 =
(

K/Q
P

)

is equal to ρ given in Proposition 1.

Proof. Suppose np−1
2 |Ip; then by Lemma 3, ρ0 induces the complex

conjugation on Q(ζ2n) and the order of ρ0 is two, since KP is a quadratic

unramified extension of Qp. If k ⊂ Q(ζ2n), then ρ0 induces the trivial

automorphism on k, which is a contradiction. Hence k 6⊂ Q(ζ2n) holds and

then Proposition 1 implies that n is odd and the uniqueness implies ρ0 = ρ.

Now let us show the converse. Since ρ0 = ρ and ρ induces the complex

conjugation on Q(ζ2n), p + 1 ≡ 0 mod 2n holds. Since the order of ρ0 = 2,

and the closure of k in KP is a quadratic unramified extension of Qp, the

relative degree of P at K/k and hence K/k(ζ2n) is one and then Lemma 3

implies np−1
2 |Ip.

§3. Analytic part of the proof of the theorem

Hereafter q denotes a prime number and p denotes an odd prime number

which remains prime in the real quadratic field k. We set ˜̀
p := Ip/`p, which

is an integer ([IK]). As in the Section 1, we denote by P(x) the set of odd

prime numbers p ≤ x which remains prime in k. Set for x ≥ 3,

N(x) := ]{p ∈ P(x) | ˜̀
p = 1},

N(x, η) := ]{p ∈ P(x) | q - ˜̀
p for ∀q ≤ η},

M(x, η1, η2) := ]{p ∈ P(x) | q|˜̀p for η1 < ∃q ≤ η2},
P (x, n) := ]{p ∈ P(x) | n|˜̀p},
ξ1 := 6−1 log x, ξ2 :=

√
x(log x)−2, ξ3 :=

√
x log x.

Then it is easy to see N(x, ξ1)−M(x, ξ1, ξ2)−M(x, ξ2, ξ3)−M(x, ξ3, x−1) ≤
N(x) = N(x, x − 1) ≤ N(x, ξ1).
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Lemma 1. M(x, ξ2, ξ3) = O((x log(log x))/(log x)2).

Proof. Since ˜̀
p = Ip/`p divides 2Ip/(p − 1) and Ip divides p2 − 1, ˜̀

p

divides 2(p + 1). For a prime number q with ξ2 < q ≤ ξ3, q|˜̀p implies

q|2(p + 1) and then p ≡ −1 mod q. Thus we have

M(x, ξ2, ξ3) ≤
∑

ξ2<q≤ξ3

]{p ∈ P(x) | p ≡ −1 mod q}

= O((x log(logx))/(log x)2),

as is shown in [H].

Lemma 2. M(x, ξ3, x − 1) = O(x(log x)−2).

Proof. For a prime number p ∈ P(x), suppose that a prime number q

with ξ3 < q ≤ x − 1 satisfies q|˜̀p. Set

δ =

{

1, if Nk/Q(ε) = 1,

2, if Nk/Q(ε) = −1.

Then δ`p = p − 1 and 2(p+1)
q]E((p)) =

2(p+1)Ip

q]E((p))Ip
=

2(p+1)`p
˜̀
p

q(p2−1)
=

2˜̀
p

δq is an integer.

Hence ]E((p)) divides 2(p + 1)/q, where we note that 2(p + 1)/q is an

even integer. Thus ε2(p+1)/q ≡ 1 mod (p) holds and then Nk/Q(ε2(p+1)/q −
1) ≡ 0 mod p2. Here 2(p + 1)/q < 2(x + 1)/

√
x log x � √

x/ log x. Thus

p2 divides
∏

m�√
x/ log x, m:even Nk/Q(εm − 1). Denote by ε1 the conjugate

of ε; then |ε1| < 1 and for an even integer m, we have |Nk/Q(εm − 1)| =

|εm − 1||εm
1 − 1| < εm − 1 < εm, and then we have

22M(x,ξ3,x−1) ≤
∏

p

p2 ≤
∏

m�√
x/ log x

εm,

where p runs over the set which defines M(x, ξ3, x − 1). Therefore we have

M(x, ξ3, x − 1) � ∑

m<
√

x/ log x m � x/(log x)2.

Lemma 3. M(x, ξ1, ξ2) ≤
∑

ξ1<q≤ξ2
P (x, q).

Proof. It is obvious.

Lemma 4. Set Q(ξ1) :=
∏

q≤ξ1
q ; then we have N(x, ξ1) =

∑

n|Q(ξ1)

µ(n)P (x, n), where µ(n) is the Möbius function.
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Proof. N(x, ξ1) is equal to

]{p ∈ P(x) | (Q(ξ1), ˜̀
p) = 1} =

∑

p∈P(x)

∑

n|(Q(ξ1),˜̀p)

µ(n)

=
∑

n|Q(ξ1)

µ(n)
∑

p∈P(x), n| ˜̀p

1 =
∑

n|Q(ξ1)

µ(n)P (x, n).

Thus we have

N(x) =
∑

n|Q(ξ1)

µ(n)P (x, n)+O

(

∑

ξ1<q≤ξ2

P (x, q)

)

+O(x log(log x)/(log x)2).

Now let n be a square-free natural number, and set

Kn :=

{

k(ζ2n, 2n
√

ε ), if Nk/Q(ε) = 1,

k(ζ2n, n
√

ε ), if Nk/Q(ε) = −1.

Then from Lemma 1 in the Section 2 follows that under the condition

k 6⊂ Q(ζ2n)

[Kn : Q] =







4nϕ(2n), if Nk/Q(ε) = 1 and
√

ε /∈ k(ζ2n),

2nϕ(2n), if Nk/Q(ε) = 1 and
√

ε ∈ k(ζ2n),

2nϕ(n), if Nk/Q(ε) = −1 and 2 - n.

Let C be a union of conjugacy classes consisting of automorphisms ρ in

Gal(Kn/Q) in Proposition 1 of the Section 2; then we have under the con-

dition k 6⊂ Q(ζ2n)

](C) =























2, if Nk/Q(ε) = 1, and

either 2|n,
√

ε ∈ k(ζ2n) and η(
√

ε )
√

ε = 1, or
√

ε /∈ k(ζ2n),

1, either if Nk/Q(ε) = 1, 2 - n, and
√

ε ∈ k(ζ2n),

or if Nk/Q(ε) = −1 and 2 - n,

0, otherwise,

where η is an automorphism such that it is the complex conjugation on

Q(ζ2n) and is the non-trivial automorphism on k, and note that the equality

[Kn : k(ζ2n)] = n implies
√

ε ∈ k(ζ2n) by Lemma 1 in the Section 2 when

Nk/Q(ε) = 1. Moreover Theorems 1 and 2 imply that

P (x, n) =























]
{

p ∈ P(x) | k 6⊂ Q(ζ2n),
(

Kn/Q
P

)

∈ C
}

, if Nk/Q(ε) = 1,

]
{

p ∈ P(x) | k 6⊂ Q(ζ2n), n:odd,
(

Kn/Q
P

)

∈ C
}

,

if Nk/Q(ε) = −1,
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where P is any prime ideal of Kn lying above a prime ideal p. We apply the

Chebotarev density theorem under the GRH ([LO], Théorème 4 in [S]):

Chebotarev Density Theorem. Suppose that the GRH holds for

Kn. Let C be the union of conjugacy classes of Gal(Kn/Q) defined above.

Denote by πC(x,Kn) the number of unramified prime number p such that
(

Kn/Q
P

)

∈ C and p ≤ x, where P is a prime ideal of Kn lying above p.

Then we have
∣

∣

∣

∣

πC(x,Kn) − ](C)

[Kn : Q]
Li(x)

∣

∣

∣

∣

< c

(

](C)

[Kn : Q]

√
x log(dKnx[Kn:Q])

)

,

where c is an absolute constant and dKn stands for the absolute discriminant

of Kn.

Hereafter we apply this theorem assuming the GRH. Now set d(n) :=

](C)[Kn : Q]−1; then we have

d(n) =











































(2nϕ(n))−1, if Nk/Q(ε) = −1, n is odd and k 6⊂ Q(ζn),

(nϕ(2n))−1, if Nk/Q(ε) = 1, n is even,
√

ε ∈ k(ζ2n),

η(
√

ε )
√

ε = 1 and k 6⊂ Q(ζ2n),

(2nϕ(n))−1, if Nk/Q(ε) = 1, n is odd,
√

ε ∈ k(ζ2n) and

k 6⊂ Q(ζ2n),

(2nϕ(2n))−1, if Nk/Q(ε) = 1,
√

ε /∈ k(ζ2n) and k 6⊂ Q(ζ2n),

0, otherwise.

Note that d(n) = 0 if k ⊂ Q(ζ2n). By the theory of algebraic number fields,

it is easy to see

dKn|(2n)8nϕ(2n)D
2nϕ(2n)
0 ,

where D0 is the discriminant of k as in the introduction. Theorems 1 and 2

in the Section 2 imply πC(x,Kn) = P (x, n) under the following condition

c(n):
{

k 6⊂ Q(ζ2n), if Nk/Q(ε) = 1,

n : odd and k 6⊂ Q(ζ2n), if Nk/Q(ε) = −1.

Note that if the condition c(n) is not satisfied, then d(n) = 0 holds. Hence

we have

N(x) =
∑

n|Q(ξ1)
c(n)

µ(n)πC(x,Kn) + O

(

∑

ξ1<q≤ξ2
c(q)

πC(x,Kq)

)

+O(x log(log x)/(log x)2).
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Lemma 5.
∑

ξ1<q≤ξ2, c(q) πC(x,Kq) = O(x log(log x)/(log x)2).

Proof. It is easy to see that
∑

ξ1<q≤ξ2
c(q)

πC(x,Kq)

=
∑

ξ1<q≤ξ2

d(q)Li(x) + O

(

∑

ξ1<q≤ξ2

d(q)
√

x log(dKqx
[Kq:Q])

)

.

Now we have
∑

ξ1<q≤ξ2

d(q) �
∑

q>6−1 log x

q−2 � 1/ log x,

and
∑

ξ1<q≤ξ2

d(q) log dKq �
∑

ξ1<q≤ξ2

(log q + 1) �
√

x(log x)−2 <
√

x
log log x

(log x)2
,

and lastly
∑

ξ1<q≤ξ2

d(q)[Kq : Q] log x � π(ξ2) log x �
√

x(log x)−2

�
√

x log log x/(log x)2.

From these follows the assertion.

Lemma 6.

∑

n|Q(ξ1)
c(n)

µ(n)πC(x,Kn) =

( ∞
∑

n=1

µ(n)d(n)

)

Li(x) + O(x log log x/(log x)2).

Proof. By using the Chebotarev density theorem under the GRH, we

have

the left-hand side

=
∑

n|Q(ξ1)

µ(n)
{

d(n)Li(x) + O(d(n)
√

x log(dKnx[Kn:Q]))
}

=

(

∑

n|Q(ξ1)

µ(n)d(n)

)

Li(x) +
√

x log xO

(

∑

n|Q(ξ1)

d(n)[Kn : Q]

)

+
√

xO

(

∑

n|Q(ξ1)

d(n) log dKn

)

.
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The first term is equal to

∑

n≥1

µ(n)d(n) + O

(

∑

n

?
(nϕ(n))−1

)

,

where
∑?

n means that the sum on n which has a prime divisor larger than

ξ1 = 6−1 log x, and it is easy to see

∑

n

?
(nϕ(n))−1 <

∑

n>ξ1

1

n2

n

ϕ(n)

�
∑

n>ξ1

n−2
∑

d|n
1/d =

∞
∑

d=1

1/d

∞
∑

m>ξ1/d

(md)−2

�
∞
∑

d=1

1/d3 · 1

ξ1/d
� 1/ξ1 � 1/ log x.

We note that log Q(ξ1)/(6−1 log x) =
∑

q≤6−1 log x log q/(6−1 log x) < 1.1

and then Q(ξ1) < x1.1/6 if x is large. The second term is

√
x log xO

(

∑

n|Q(ξ1)

1

)

=
√

x log xO(Q(ξ1)
δ)

= O(x log log x/(log x)2)

where δ is an arbitrary small positive number. The third term is

√
x O

(

∑

n|Q(ξ1)

(nϕ(n)

nϕ(n)
log n + 1

)

)

=
√

xO

(

∑

n<Q(ξ1)

(log n + 1)

)

= O(
√

xQ(ξ1) log Q(ξ1)) =
√

xO(x1.1/6 log x1.1/6)

= O(x log log x/(log x)2).

Thus we have

N(x) =

( ∞
∑

n=1

µ(n)d(n)

)

Li(x) + O(x log(log x)/(log x)2)

and we have only to show that the infinite series
∑∞

n=1 µ(n)d(n) is a pos-

itive constant to complete the proof of the main theorem. The absolute

convergence follows from ϕ(n) � n/ log log n and then |∑∞
n=1 µ(n)d(n)| �

∑∞
n=1(log log n)/n2 < ∞. Set c0 :=

∑∞
n=1 µ(n)d(n).
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(I) The case of Nk/Q(ε) = −1.

In this case, we have c0 =
∑∞

n=1, n:odd, D0-n µ(n)d(n), where D0 is the

discriminant of k.

(I.1) The case of D0 ≡ 0 mod 2.

We have

c0 =
∞
∑

n=1
n:odd

µ(n)

2nϕ(n)
=

∏

q

(

1 − 1

q(q − 1)

)

= A > 0,

where q runs over the set of all prime numbers.

(I.2) The case of D0 ≡ 1 mod 2.

In this case, we have

c0 =

∞
∑

n=1, n:odd
D0-n

µ(n)

2nϕ(n)
=

∞
∑

n=1, n:odd

µ(n)

2nϕ(n)
−

∞
∑

n=1, n:odd
D0|n

µ(n)

2nϕ(n)

= A −
∞

∑

m=1, m:odd
(m,D0)=1

µ(D0)µ(m)

2D0mϕ(D0m)

= A − µ(D0)

2D0ϕ(D0)

∞
∑

m=1, m:odd
(m,D0)=1

µ(m)

mϕ(m)

= A − µ(D0)

2D0ϕ(D0)

∏

q -2D0

(

1 − 1

q(q − 1)

)

= A

{

1 − µ(D0)

2D0ϕ(D0)

∏

q|2D0

q(q − 1)

q2 − q − 1

}

= A

(

1 − µ(D0)
∏

q|D0

1

q2 − q − 1

)

> 0.

(II) The case of Nk/Q(ε) = 1.

We note some facts.

• Suppose that m is odd square-free. k ⊂ Q(ζ2m) = Q(ζm) if and only

if D0|m. k ⊂ Q(ζ4m) if and only if D0|4m.

• ∑∞
m=1, m:odd µ(m)/mϕ(m) = 2A.
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• ∑

m:odd, square-free 1/mϕ(m) =
∏

2 -p

(

1 + 1
p(p−1)

)

= 1.2957 · · ·.
Now we have

c0 =
∞

∑

n=1

µ(n)d(n)

=
∑

n:even≥1√
ε∈k(ζ2n), η(

√
ε)
√

ε=1
k 6⊂Q(ζ2n)

µ(n)

nϕ(2n)
+

∑

n:odd≥1√
ε∈k(ζ2n)

k 6⊂Q(ζ2n)

µ(n)

2nϕ(n)
+

∑

n≥1√
ε/∈k(ζ2n)

k 6⊂Q(ζ2n)

µ(n)

2nϕ(2n)

= −1

4

∑

m:odd≥1√
ε∈k(ζ4m), η(

√
ε)
√

ε=1
k 6⊂Q(ζ4m)

µ(m)

mϕ(m)
+

1

2

∑

m:odd≥1√
ε∈k(ζ2m)

k 6⊂Q(ζ2m)

µ(m)

mϕ(m)

+
1

2

∑

m:odd≥1√
ε6∈k(ζ2m)

k 6⊂Q(ζ2m)

µ(m)

mϕ(m)
− 1

8

∑

m:odd≥1√
ε6∈k(ζ4m)

k 6⊂Q(ζ4m)

µ(m)

mϕ(m)

=
1

2

∑

m:odd≥1
k 6⊂Q(ζm)

µ(m)

mϕ(m)
− 1

4

∑

m:odd≥1√
ε∈k(ζ4m), η(

√
ε)
√

ε=1
k 6⊂Q(ζ4m)

µ(m)

mϕ(m)

−1

8

∑

m:odd≥1√
ε6∈k(ζ4m)

k 6⊂Q(ζ4m)

µ(m)

mϕ(m)
.

The absolute value of the sum of the second and third terms is less than

1

4

∑

m:odd, square-free√
ε∈k(ζ4m)

1

mϕ(m)
+

1

8

∑

m:odd, square-free√
ε/∈k(ζ4m)

1

mϕ(m)

=
1

8

∑

m:odd, square-free√
ε∈k(ζ4m)

1

mϕ(m)
+

1

8

∑

m:odd, square-free

1

mϕ(m)

≤ 1

4

∑

m:odd, square-free

1

mϕ(m)
− 1

8

= 0.1989 · · · ,

where the last inequality follows from
√

ε /∈ k(ζ4).
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If 4|D0, then the first term is equal to

1

2

∑

m:odd

µ(m)

mϕ(m)
= A = 0.3739 · · ·

and hence c0 > 0 holds.

If D0 is odd, then the first term is

1

2

∑

m:odd
D0 -m

µ(m)

mϕ(m)
=

1

2

∑

m:odd

µ(m)

mϕ(m)
− 1

2

∑

m:odd
D0|m

µ(m)

mϕ(m)

= A − µ(D0)

2D0ϕ(D0)

∑

n:odd
(n,D0)=1

µ(n)

nϕ(n)

= A − µ(D0)

2D0ϕ(D0)

∏

q -2D0

(

1 − 1

q(q − 1)

)

= A

(

1 − µ(D0)

2D0ϕ(D0)

∏

q|2D0

q(q − 1)

q2 − q − 1

)

= A

(

1 − µ(D0)
∏

q|2D0

1

q2 − q − 1

)

≥ A(1 − 1/19) = 0.3542 · · · ,

where the inequality follows from the fact that D0 is divisible by a prime

≥ 5 and hence we have c0 > 0. Thus we have completed the proof of the

main theorem.
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