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Wave turbulence is the study of the long-time statistical behaviour of equations describing
a set of weakly nonlinear interacting waves. Such a theory, which has a natural asymptotic
closure, allows us to probe the nature of turbulence more deeply than the exact
Kolmogorov laws by rigorously proving the direction of the cascade and the existence
of an inertial range, predicting stationary spectra for conserved quantities, or evaluating
the Kolmogorov constant. An emblematic example is given by fast rotating fluids for
which a wave turbulence theory has been derived by Galtier (Phys. Rev. E, vol. 68,
issue 1, 2003, p. 015301). This work involves non-trivial analytical developments for a
problem that is anisotropic by nature. We propose here a new path for the derivation
of the kinetic equation by using the anisotropy at the beginning of the analysis. We
show that the helicity basis is not necessary to obtain the wave amplitude equation for
the canonical variables that involve a combination of poloidal and toroidal fields. The
multiple time scale method adapted to this anisotropic problem is then used to derive
the kinetic equation that is the same as the original work when anisotropy is eventually
taken into account. This result proves the commutativity between asymptotic closure and
anisotropy. In addition, the multiple time scale method informs us that the kinetic equation
can be derived without imposing restrictions on the probability distribution of the wave
amplitude such as quasi-Gaussianity, or on the phase such as random phase approximation
that naturally occurs dynamically.
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1. Introduction

As we celebrate two hundred years of the Navier—Stokes equations, it is remarkable to
note that hydrodynamic turbulence is still a much studied subject. Among the different
fields of study, there is wave turbulence that has become important in geophysics and
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astrophysics where waves are omnipresent (Galtier 2023b). The strength of the (weak)
wave turbulence theory is that it offers the possibility of a deep understanding of physical
systems composed of a set of random waves interacting nonlinearly. The reason for this is,
first of all, the possibility of analytically deriving a set of integro-differential equations for
second-order spectral cumulants — the so-called kinetic equations — which are free from the
closure problem classically encountered in eddy turbulence. Indeed, in wave turbulence
there is a natural asymptotic closure rooted on the existence of a small parameter, the
wave amplitude. Secondly, exact solutions (Kolmogorov—Zakharov spectra) can be found
from the kinetic equations. In addition to the usual thermodynamic solutions, the kinetic
equations have finite flux solutions that capture the flow of conserved densities from
sources to sinks. Thirdly, these solutions correspond to power law spectra that can be
compared with the data. The number of experiments, observations and diagnostics have
increased considerably over the past two decades and today, thanks also to direct numerical
simulations (DNS), wave turbulence has become a leading field in turbulence where new
fundamental questions are being raised (Galtier & Nazarenko 2017; Hassaini & Mordant
2017; Hassaini et al. 2019; Savaro et al. 2020; Galtier & Nazarenko 2021; Ricard & Falcon
2021; David & Galtier 2022; Falcon & Mordant 2022; Griffin er al. 2022; Hrabski & Pan
2022; Kochurin & Kuznetsov 2022; Onorato et al. 2022; Rodda et al. 2022; Zhang & Pan
2022; Dematteis & Lvov 2023; Galtier 2023a; Lanchon et al. 2023; Novkoski, Pham &
Falcon 2023; Zhu et al. 2023).

Rotating fluids are one of the most studied examples in (strong/weak) wave turbulence
as it involves inertial waves that are easy to excite experimentally (Hopfinger, Gagne &
Browand 1982; Jacquin et al. 1990; Morize, Moisy & Rabaud 2005). This regime is of
interest in a number of fields such as geophysics where the Coriolis force is felt, for
example, through large-scale atmospheric motions. Very early, it was recognized that
rotating turbulence behaves differently from classical eddy turbulence with a reduction
of the cascade along the axis of rotation 2y with possibly a steeper energy spectrum than
the well-known Kolmogorov spectrum (Hossain 1994; Zeman 1994; Zhou 1995; Cambon,
Mansour & Godeferd 1997; Smith & Waleffe 1999; Baroud et al. 2002; Godeferd & Moisy
2015). Another remarkable feature, still not understood, is the self-similarity found in the
scaling of velocity structure functions in the direction transverse to £ = 2pe (Baroud
et al. 2002; van Bokhoven et al. 2009), which is in strong contrast with intermittency
observed in hydrodynamic turbulence. In recent years, the (weak) inertial wave turbulence
regime has been specifically studied experimentally (Yarom & Sharon 2014; Monsalve
et al. 2020). For example, it was shown that the energy spectrum is concentrated along the
dispersion relation, as expected in wave turbulence, with a scaling in agreement with the
theoretical prediction. Numerical simulations (including DNS) have also been carried out,
notably to study the spectral properties (Bellet et al. 2006; Scott 2014; Clark di Leoni &
Mininni 2016; Le Reun et al. 2017; Sharma, Verma & Chakraborty 2018; Galtier & David
2020; Le Reun, Favier & Le Bars 2020; Yokoyama & Takaoka 2021). They confirm the
previous experimental and theoretical results and reveal, for example, the existence of a
non-stationary solution different from the stationary Kolmogorov—Zakharov spectrum.

The theory of inertial wave turbulence has been derived by Galtier (2003). The kinetic
equation obtained is valid in the most general case, i.e. without making the assumption
of anisotropy. However, a simple argument based on the resonance condition shows that
the cascade is anisotropic with a transfer mainly in the perpendicular (L) direction to
£2¢. Using this feature, the kinetic equation was eventually reduced to the axisymmetric

case from which the exact (Kolmogorov—Zakharov) energy spectrum was derived. This

solution takes the form E(kj, k) ~ kls/zkr/z, with k = k| + ke the wavevector.
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As recently proved by David & Galtier (2023), this energy spectrum corresponds to a local
turbulence (with an inertial range independent of the largest and smallest scale) for which
we can also estimate the Kolmogorov constant. The derivation of the kinetic equation
of inertial wave turbulence in the general case (without the axisymmetry assumption) is
cumbersome and the use of the Hamiltonian formalism does not drastically simplify the
calculation (Gelash, L’vov & Zakharov 2017). Here, it is proposed to take another path for
the derivation of such an equation by using the anisotropy assumption (k; > k) at the
beginning of the analysis. As shown in § 2, in this case the wave amplitude equation can
be obtained without the introduction of a complex helicity basis, which is an interesting
simplification: the velocity field is decomposed into poloidal and toroidal fields from
which we can define the canonical variables. In §3 the multiple time scale method
introduced by Benney & Saffman (1966) is adapted (a few points are also clarified) to
this anisotropic problem and then used to derive such a kinetic equation that is the same
as the original work when anisotropy is finally taken into account. This result shows the
commutativity between asymptotic closure and anisotropy. Furthermore, the multiple time
scale method informs us that the kinetic equation (of weak wave turbulence) can be derived
without imposing restrictions on the probability distribution of the wave amplitude such
as quasi-Gaussianity, or on the phase such as random phase approximation that naturally
occurs dynamically. Finally, we conclude with a discussion in § 4.

2. Wave amplitude equation
2.1. Canonical variables
The Navier—Stokes equations with the Coriolis force read
aw 2
5 220 -Viu=w-V)Yu— (u-V)w+vV-w, 2.1

where u is a solenoidal velocity (V - u = 0), w = V X u the vorticity and 2 a constant
rotation rate. Hereafter, we neglect the viscosity. We introduce the toroidal (i) and
poloidal (¢) scalar fields in the following manner:

u=V x e +V x(Vx(ge))). (2.2)
Here the Fourier transform writes
i = iUk x e — gk x (k x e)) = iYk x e + gp (ke — kyk), (2.3)
from which we deduce the vorticity vector (|k| = k)
W = I&k(kzen — k”k) + ik2¢?kk X e|. (2.4)

It is straightforward to show in Fourier space that the linear contribution of (2.1) leads,
after projection, to

b . k-
W = ZIQOk—zwk, (250)
W . 2

The linear solutions are the well-known (helical) inertial waves with the angular frequency
(8> = —a),% can be used)

w} = 40231, (2.6)
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From this property, we introduce the canonical variables

A} = A (k) = Iy — skijn, 2.7)
with s = =+ the directional polarity. With such a choice of canonical variables, we have
AL+ 1AL P = 2l (2.8)
and at the linear level
0A; .
a7 + iswrAy = 0. (2.9)

2.2. Resonance condition
The resonance condition for three-wave interactions can be written as (Galtier 2023b)
sy + spwp + sqwg = 0, (2.10a)
k+p+q=0. (2.10b)
In the case of inertial waves, these relations are equivalent to the conditions

Sq4 = SpP _ sk — sqq _ P — sk
Swk Spwp 54y

@2.11)

Assuming that the system is initially excited at large scale in a narrow isotropic domain
in Fourier space, a situation often considered in DNS, the dynamics will initially be
dominated by local interactions such that k >~ p >~ g. As the locality of the interactions
is a property of turbulence that is generally verified, we can extend its use beyond the
initial instant. We obtain

Sq—SpNS—SqNSP—S' (212)

sk SpPI - Sqd|

From this expression, we can show that the associated cascade is necessarily anisotropic.
Indeed, if k| is non-zero, the left-hand term will only give a non-negligible contribution
when s, = —s,. The immediate consequence is that either the middle or the right-hand
term has its numerator that cancels (to leading order), which implies that the associated
denominator must also cancel (to leading order) to satisfy the equality: for example, if s =
sp then g 2 0. This condition means that the transfer in the parallel direction is negligible:
indeed, the integration of the wave amplitude equation in the parallel direction (see below)
is then reduced to a few modes (since p| = k), which strongly limits the transfer between
parallel modes. The cascade in the parallel direction is thus possible but relatively weak
compared with that in the perpendicular direction. In the following, we take advantage of
this property and consider the anisotropic limit k| >> k| to simplify the derivation. Note
that once turbulence is anisotropic, we can still use the locality condition with k ~ k_ ;
we then obtain k| ~ p) ~ g, whereas the parallel wavenumbers are limited to a narrow
domain.

2.3. Wave amplitude equation

In the derivation of the wave amplitude equation, we consider a continuous medium that
can lead to mathematical difficulties connected with infinite dimensional phase spaces.
For this reason, it is preferable to assume a variable spatially periodic over a box of finite
size L. However, in the derivation of the kinetic equation, the limit L — +ooc is finally
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taken (before the long-time limit, or equivalently, the limit € — 0). As both approaches
lead to the same kinetic equation, for simplicity, we anticipate this result and follow the
original approach of Benney & Saffman (1966). Note that the anisotropic limit (k| > k)
will also be taken before the (asymptotic) long-time limit.

The first nonlinear term of (2.1) writes

W Vg =i / (- @itgt.pg dp dg

=i / lidpdap*(q - ( % e) (e — q1q) — Spigp*(q - (p x €)))(q X e])

- \@png(l?np -q—p*q) (e — q1q9) — i%@p@q(l?up -q—p*q) (g x )]
X 8k pg dp dgq, (2.13)

with 8y g = 8(k —p —¢q). In the anisotropic limit (ky > kj), the following first
simplification arises

(muk = i_/[iépéqpiﬁ(eu - (gL xp1)e| — ép@qpi(en (gL xp1))(qL X e))

— Upbeqt (PypL - 4L — PLape) — iVpVrg(ppL - g1 — PLa (gL x e))]
X 8k pg dp dg. (2.14)

The second nonlinear term of (2.1) reads

(u-Vyw, = i/(ilp . q)ﬁ"qsk,pq dpdg

=i / lidpdy(P°q) — P1P - 997 (q % €))
+ ép@q(pqu —pip - 9(G%e — 919
— ]/}p(ll;q(q - (p x e))q*(q x e))

+ivpVg(q - (p x e) (g e — q19)]
X 81.pq dp dq. (2.15)

which simplifies in the anisotropic limit to

(- Vyw, = i/ﬂli[iépéq(piqn —pipL-qL)(qL X e))

+ @%(ﬁiqn —PIPL - qL)e|

— Updgle - (gL x p1))(qL x e +iv,i,(e) - (gL x p1))ey]
% 81.pq dp dg. (2.16)
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The addition of these two nonlinear contributions leads to the simplified expression
NL() = (w+ Vuy — (- Vyw,
= /Qgp‘iqpiqi(ell - (pL X q1))e|0k pq dp dg
+i/<13p1/74192l(e| - (pL x q1))(qL x e))dkpgdpdg

—i / Upbad’ (e - (pL X q1))(qL X €))8kpg dpdg

- / DoV (e - (L X q1))e1drpg dp g, @.17)
The introduction of the canonical variables
A 1
V=5 ;sA,i, (2.184)
A 1
= A3, 2.18b
b e Z (2.18b)

gives
— 1
NL(k) = 7 > / AJAG (e - (1 X q1))e)8k pg dpdg
SpSq

- Z / AS"ASq . e (L x ) (gL x €))dkpg dpdg

Yp Sq

4 Z/ Y”AY" i (e|| (PL x q1))(qL x e|)dkpqdpdq

SpSq
Sp q.
- Z f A;PA;‘fspqu(e” - (pL X q1))e8k pg dp dg. (2.19)
SpSq

The dummy variables p, g and s, s, can be exchanged to symmetrise the equation; we find
that

_ s, e (PJ_ X q1)
NL(k) = Z As; ASq - o (p ql)spsqe”(sk pq dpdq

Squ

i e - X q1)
3 f A,SfAff”(;:'TqJ'(qu L — sgp) (kL % e))8kpgdpdg.  (2.20)

SpSq

Coming back to the wave amplitude equation, we can write

a i ~ -~
(% - 2190k|¢k> Kiep+ ( K % + 2520k||1ﬂk> ke =NL(ky;  (221)
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therefore, after projection and use of the dispersion relation, we obtain
3‘# e - (pLxq1)
ok = / ApAy -t Z A T (P1 = aD)spsqdkpgdpdg,  (2.220)
pLqL

SpSq

3(]3/( e L Xq1)
9Pk _ wk_ 3 / Ayay (‘2” T (5001 — sqp)Skpgdpdq.  (2.22b)
ot ot 8kipiLqL

With the introduction of the canonical variables (2.7), the weighted addition of the
previous expressions gives

IAL el (pLxq1)
+isaopA] = /ss sq AP Z B (R — PP sk (sqq1 — spp L))
at % P 8kipiqy + 1 P
X Ay Ay Sk pg dp dg. (2.23)
Remarking that
g1 —pL = (sq41 — sppL)(sppL + 5441, (2.24)
we can rearrange the expression in the following manner:
dA} X q1)
Y + iswrA} = ; / SSqu SkLpLCIl (quIJ_ - SppJ_)(SkJ_ +spp1L + SqQJ_)
P°q
X A Ay 8k pg dp dg. (2.25)
We introduce the interaction representation for waves of weak amplitude (0 < € < 1)
© = €ay exp(—iswit), (2.26)
and eventually get the wave amplitude equation after a few last manipulations,
oa;
k =e) / L a) dy exp(iS2k pg!)S pq dp dg, (2.27)
SpSq

with 2y pg = swi — spwp, — sqw, and

sspsg €+ (pL X q1) Sqq1 — SpPL
Lkpq = a)kmspsq (T) (SkL + SpP 1L + SqQL). (228)
Expression (2.28) satisfies the following properties (relation (2.11) is used):
SSpSq _
Lo,y =0 (2.29a)
885g, S85pS,
quj”’ = Lkp”q", (2.29D)
SpSSq _ stP $8pSq
Lg s Ling (2.29¢)
—85—8p—S, SSpS
Ly P = —Lkp’;q, (2.29d)
SSpS, SSpS,
L_Zp’; = Lkp’qq, (2.29¢)
L =L (2.297)

The wave amplitude equation (2.27) governs the slow evolution of inertial waves of weak
amplitude in the anisotropic limit. It is a quadratic nonlinear equation that corresponds to

974 A24-7
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the interactions between waves propagating along p and ¢, in the positive (sp, s; > 0) or
negative (sp, s; < 0) direction. The multiple time scale method introduced in the next
section is based on this expression. The symmetries listed above will also be used to
simplify the derivation of the kinetic equation. Unlike the original derivation by Galtier
(2003), expression (2.27) has been derived without going through a complex helicity
basis. The wave amplitude equation tells us that the nonlinear coupling between the states
associated with the wavevectors pj and ¢ vanishes when these wavevectors are collinear.
Moreover, we note that the nonlinear coupling disappears when the wavenumbers p; and
g1 are equal if their associated directional polarities, s, and s,, are also equal. These are
general properties for helical waves (Kraichnan 1973; Waleffe 1992; Turner 2000; Galtier
2003, 2006, 2014).

3. Asymptotic sequential closures

The method outlined here was first proposed by Benney & Saffman (1966) for three-wave
interactions, but to our knowledge it has never been explicitly applied to a physical system.
In fact, originally the main motivation for such a development was four-wave interactions
that describe gravity waves (Hasselmann 1962; Newell 1968), and for which the main
prediction of wave turbulence (Kolmogorov—Zakharov spectrum) is now well observed
(Lenain & Melville 2017).

Unlike the classical perturbation analysis, the multiple time scale method is based on the
existence of a sequence of time scales, Tp, 71, T3, . . ., with by definition (Nayfeh 2004)

To=t, Ti=et, Th=¢et,.... (3.1)
Because of the weak dependence in ¢ of Tq, T3, ..., all these variables will be treated
(it is an approximation) as independent. Furthermore, the smaller € is, the better the
approximation. The variation of the wave amplitude with 7| and 7> represents the slow

variation that we wish to extract. (In practice, our analysis will be limited to 0(€?).) Using
the chain rule, we obtain (7 being replaced by r)

0 0 ad SSpSq S .
(81‘ + Ea—Tl + €2 8_7'2 + - ) ap =€ ; / Lkp';qappaq exp(i§2x, pgt) 0k, pg dpdgq. (3.2)
°pq

The variable a; must also be expanded to the power of € to make the various scales appear
in time,

+00

ay=Y €a,(t.T1.Ts,..) =ay,+ea, | +eay,+ . (3.3)

n=0
Expression (3.3) is then introduced into the fundamental equation (3.2); we obtain, for the
first three terms,

ai’o =0 (3.4a)
day | .
ar 3T1 Lkppqq p. an 0 SXP (82, pg?) Sk pg dp dg, (3.4b)
5
86;1;,2 Baak 1 8ak 04 Z/Li;”qu [ a, 1a ‘o +a an 1] exp(i82% pg) 8% pq dp dg.
a 3.4c)
974 A24-8
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To lighten the writing, the time dependency of the variables has been omitted. After
integration on ¢, one finds that

apo = @ o(T1, T2, .. ), (3.5q)
oa;
ay =~ 7",10 + by, (3.5h)
2 82 s da’ t 9bs
17074y o .0 k.1
s o0 A R — A+ b , 35
%2 =5 or,  Jo o, T k2 (3:50)
with by definition
=Y / Ly a) oac A% pg)k.pg dp dg, (3.6)
_Spbq
t iXt
, —1
A(X)E/ eXtgr=S 3.7)
0 iX
and
b= / L / a1+ arodsy | explfe ) didpg dpdg.  (38)
Squ

The previous equation is modified when expression (3.5b) is introduced; one finds that
- 8(a od 0) )
$ g = Z / ,i; ;‘1 aqu ( /0 1 exp(i$2% pyt) dt) Sk.pg dp dgq

+Z/ L (/ (b 1a, o+ b, a ;O)CXp(l.Qkpqt)dt) Skpgdpdg.  (3.9)

SpSq
Expression (3.5¢) becomes
2925
20 a o Bako

R L B o, 3.10
W23 T, Tk (3-10)

8(a Oa 0)
k2 =" Z/Lls;qs qu </ [A($2k,pg) + 1exp(i82spq)] dt) Sk.pq dp dgq

0Sq 1 SpSp/ g Sy Sy !
+ Z ‘/2142),;%;(] “70a70“;0(/ A(Qppq/)eXP(IQkpqt)df)

S[; Squ/ Sq/
X Ok pgbp g dp dq dp’ dg’. (3.11)
The time integrals give the relations
t
f [A(R21pg) + 1exp(iS2k pgt) | df = tA(S2k pg), (3.12)
0
! A2k pqq) — A8k pg)
A2y ) exp(iS2p pgt) dt = ———L 414 Lo (3.13)
/ pr'q Pq (kg — 2hpg)
that will be used below in the long-time limit.
974 A24-9


https://doi.org/10.1017/jfm.2023.825

https://doi.org/10.1017/jfm.2023.825 Published online by Cambridge University Press

S. Galtier

3.1. First asymptotic closure at time T

With the previous definitions, the perturbative expansion of the second-order moment
writes

/ / / /
(may) = ((ag g +€ap + ezaig + ) ay o+ eap + ezai/’z +--4))
/ / /
= (ar 0@ o) + €lay oy | + a1y o)
/ / /
+ € ay gy o + ) @y g+ @ )+ (3.14)

where () denotes the ensemble average. We shall assume that this turbulence is statistically
homogeneous. In this case, the second-order moment can be written in terms of the

second-order cumulant, qss/ (k, k) = qisl, such that

(@lal) = ¢ sk + k), (3.15)

where the presence of §(k + k') is the consequence of the statistical homogeneity (Galtier
2023b). We have to adapt the original formalism developed for isotropic problems (Benney
& Saffman 1966) to this anisotropic case where the dispersion relation depends not only
on the wavenumber & but also on the component k. In this case, a contribution from g~ is
only relevant if s = s’, whereas it is for s = —s’ in the case of an isotropic problem. (With

such conditions qis/ is real.) We assume — and this is the basic idea of the method — that

the second-order moment (in fact, the coefficient qis/ in front of the delta function) on the
left-hand side of expression (3.14) remains bounded at all time (Benney & Saffman 1966).
As an example, we can think of the energy spectrum that, as we know, remains physically
bounded. Therefore, the contributions on the right-hand side must also be bounded at each
order in €. We will see that secular terms can appear at different orders in €; this leads to
certain conditions to cancel their contributions to keep the development uniform in time.
As we shall see, at order O(e?) this condition leads to the so-called kinetic equations. The
main problem is therefore to account for all the secular contributions.

At order O(€), we have the contribution of <ai,0“i’,o> that will therefore be assumed to
be bounded at all times.

At order O(e'), we have the contribution

P s s ' s 8a‘,i//’0 g 8ak 0 ¢
(ak’oak/’l + ak,lak/,0> = ak’() —1 3T1 + b 1 + - a + b ak,,O

a / /
= aT (ak Oak/ 0> + (ai’obS/J) + < i,lai/,())' (316)

The first term on the right-hand side gives a secular contribution proportional to ¢. For the
second term, we have

> / Lyb{a 00" o+ 0) A(S2% pg)Sk.pg dp dg. (3.17)
SpSq
The long-time limit (r > 1/w) of this oscillating integral will be given by the
Riemann-Lebesgue lemma (the proof requires the use of generalized functions)

CIXI—I t— +o00

AX) = ns(X) +iP (}l() , (3.18)

iX
974 A24-10
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where P is the Cauchy principal value of the integral. Therefore, the long-time limit of
expression (3.17) gives no secular contribution. The same conclusion is obtained for the
third term of expression (3.16). Also, the condition to cancel the unique secular term is

day oy o)
0T
which means that the second-order moment does not evolve over a time scale 7. As will be
seen later, a turbulent cascade in inertial wave turbulence is only expected on a time scale
T>. (Here we have a point of disagreement with expression (2.43) in Benney & Saffman
(1966): it is not correct, but this has no impact on the rest of the paper.)

—0, (3.19)

3.2. Second asymptotic closure at time T
The analysis continues at order O(€?). With expression (3.10), the next contribution reads

s 5 s s 8le 0 8alsc//,O s
(ag 1ap | + a0ty o + a2 o) = (| — aT + b _t—aTl + by

2 s s’ 2
ey Pay, taa,i/,o wn N aat Ara, aako s
“O\2 a1} oT 2) o2 T o ’

(3.20)
which gives after development and simplifications
20%(as jal o) dal gal o)
, / / t k,0%K",0 k,0%k’,0
(aivlai/’l + aivoai/’z + ai’zai/,()) = 5 aTZ - 8T2 + ( i’] i/,1>
I
_ day 99,0 L day k’O
T AR T 9T
+{al gbY 5 + ay ob ). (3.21)

The first term on the right-hand side cancels over the long time as required by the first
asymptotic closure. The second term gives a secular contribution. The other three terms
can potentially give a secular contribution: it is obvious for the fourth term and non-trivial
for the third and fifth terms that require further development.

The third term on the right-hand side writes

/] KXYy S80S, /
< i,l i’,]) = Z /Lkppquk/pI; ! ( pan Oa /0(1 /0>A(~Qkpq)A(~Qk/ ’)
SpS qu/Sq/
X 8k.pgdk pq dpdgqdp’ dq'. (3.22)
Here again, the theory of generalized functions gives us the long-time behaviour of this
oscillating integral (with the Poincaré—Bertrand formula — see, e.g. Benney & Newell
1969),

AX)A(=X) =2 25u8(X) + 2P ( 1) az; (3.23)

Therefore, a secular contribution (proportional to ¢) involving a Dirac function is possible.
The fourth-order moment in expression (3.22) can be decomposed into products of
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second-order cumulant plus a fourth-order cumulant such that (the statistical homogeneity
is used as well as (a‘fc o) =0)

/ / SI;SqS‘/S‘ SpSq
(a p()aqoa/oa r()) = Dpgp' 0 “Sp+q+p +q)+q qp/o 8([’+‘I)8(P +4)
SpS,t S
+4,0 a0, 5P+ +q) +q,4 a0 5@ +4)8q+p). (3.24)

Note that according to expression (3.14) by homogeneity we also have the relation k =
—k’. We obtain

, 5SSy SpSqSy/ Syl
habii = 2 /Lz;pqsql’k/pq [ql;quo Sp+q+p +4q)
SquS /S/
+a) 0 a0 8P+ 5@ +4)+4,d a0 S +p)Sq+4q)
Spj/ Sqé

—{—qpo 2.0 8(p+q)8(q+p)] A2k pg) A2y pr g ) Sk pg i p/ rdpdqdp/dq/. (3.25)

We are looking for secular contributions. In the second line the first term does not
contribute since it imposes k = 0 that cancels Li;” qs ?, but the second term can contribute

(in this anisotropic problem) when the conditions s, = s,y and s; = s, are satisfied.
Likewise, in the third line a contribution is possible when s, = s, and s, = s,/. There
1s no contribution from the first line, which means that the situation is the same as if the
distribution were Gaussian (however, we do not make this assumption). In summary, in the

long-time limit the secular contribution, written C{ i 1b}§,/,1>’ is

Cilbi by | ) =dmty / L L o 4" (2k.pg) Sk padiie dp dg

Squ
— 4y f L2 G (2 p)Stpdias dpdq.  (3.26)
SpSq

The fourth term on the right-hand side of (3.21) does not contribute over the long time
because it depends on the 7' derivative. The proof is given by a new relation involving the
n-order moments that can be written as

v

s 5 s s s K
(qapag, - ) = {a o oG g+
i S/ S” B S/ S// s S, _g//
4 E<ak’1ak”0ak”,0 e+ ak,Oak’,lak”,O e+ ak,Oak/,Oak”J B >
ey o2

As for the second-order moment, we demand that the moments (i.e. the coefficients in
front of the delta functions) of order n are bounded. At order O(¢), we obtain the relation

s S/ S// s S/ s’/ s s/ S//
(a1 ot o Ao G o+ Qo oGy )

_ aai’() b % ! P 8(1%,/’0 bv,
B - 8T1 + k.1 ak,;oak”,o et ak,O _ta—Tl + 1 ak// 0" B R

/ v
olay nas, \al, o)
k0% ,0%",0 s § s s ps
3T + b a0 o) Fag oby @) o (3:28)
1
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Only the first term of the last line gives a secular contribution over the long time, which
means that we have to impose the asymptotic condition

Nas & as . )
k,0%k’,0°k"”,0
a7

at any order n. Therefore, the probability density function does not depend on 77 and we
can assume that the variable itself does not depend on 7. (It is a mild hypothesis because it
is difficult to imagine a turbulent system where everything fluctuates, and in which it would
be possible to have a 71 dependence for the amplitude whereas the probability density
function has no such dependence.) This shows that the fourth term on the right-hand side
of (3.21) does not contribute in the long time.

The last term of (3.21) writes

=0, (3.29)

s S/ S/ s _ S"SpSq sps /Y / s Sp/ Sq/ Sq
(@ 0bp 2 + @ obr2) = Z /ZLk/pq Lppq (k00 0%y 094.0)

SquS /S /

« (A(Qk/,p/q’q) - A(*Qk/,pq)

. 5/{/, ) 7 /dpdqdp/ dq/
(2 pgq — 2K pg) ) renra

+ Z 0] 55p8a Lsﬂs ’S/( & asp’ as,/ & ) Ak prqq) — A2k pg)
kpg “pp'q’ \TK,0%p'.0%¢',0%¢,0 (2% ara — 2k.pa)
SpSqSy/Sy! a9 P4

X 8k.pg®p.pq dpdqdp’ dq'. (3.30)

The secular contributions will be given by the theory of generalized functions with the

relation
AX) = A@O0) t— +o0
iX

A
n8(X) + itP (}-{) . (3.31)

We also need to use the following development (and its symmetric in k'):

Wy Sq s S8 /sq/sqa k sSq Sy q(Sk 5
<ak0a,, 09 0000) = Qo Sk +p + 4 +q)+qkoq,,/ (k+ 5@ +4)
SS/ S

+qkoq/05(k+q)5(p +q)+qkoq I8k +p)s(q + q). (3.32)

On the right-hand side of expression (3.32) the first two terms do not give a secular
contribution; however, the last two terms give a contribution when the following conditions
are satisfied, namely s = s, s,y = 5, and s = 5,7, 54 = 54, respectively. After substitution
and simplification, we obtain the secular contributions in the long-time limit

s 78 s s
Cilay oby o + ap obr2)

1
=4y / Ly gl <753(~Qk/ pg) +iP ( 5

)) Sk pgSix dp dq

S5pSq K.pq
+4ty / L L a0q, (mS(.Qk pq) +17D( )) Sk pgdu dp dgq
o $2kpq
=8mry / L L 410, o8 (2k pg)Sk padin dp dg. (3.33)
SpSq
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The last writing is obtained by using the general property L’ ’,;”’p g = Lj;” q" and the
symmetry in p — —p and ¢ — —q.

If in expression (3.21) we impose the nullity of the sum of the different secular
contributions, we find the asymptotic condition (after integration over k')

0
T —an 3 [ ALY 4 5B g

k
a1, o Pq
+8m )y / L L o4, (2k.pg)Sk.pg dp dg. (3.34)

SpSq

Introducing e; = ¢;°), we end up with (some simple manipulations are also used to
symmetrise the equation)

aek sin Oy .
ot 16Sa)k Z/ ( ) (SPPJ- - quJ_) (sk, + sppL + Squ)
X [swkefpl’gzq + s[,wpeie‘;‘f + 5404 e e;}p] 5 (Rupg)S1pq dp dg, 335)

with 6y the opposite angle to k£ in the triangle k1 = p1 + g1 . Expression (3.35) is the
kinetic equation for inertial wave turbulence in the anisotropic limit (see (7) in Galtier
(2003); the small difference (sign and numerical factor) depends only on the normalisation
of the canonical variables (2.7)). This result proves that the anisotropic and asymptotic
limits commute. Note that the kinetic equation for inertial wave turbulence does not
describe the slow mode (k| = 0) that involves strong turbulence.

4. Discussion and conclusion

Our study completes the original derivation of Galtier (2003) where the delicate issue
of the asymptotic limit was mentioned but not explicitly used. We obtained the kinetic
equation using a multiple time scale method that leads to sequential asymptotic closures
at times 77 and T,. This method consists of imposing the nullity of secular terms
(proportional to t) that emerge over asymptotically long times in order to guarantee a
bounded value for the associated moments and, thus, keep the development uniform
in time. These secular terms do not involve fourth-order cumulants but only products
of second-order cumulants. Consequently, the derivation of the kinetic equation (3.35)
is performed in a systematic and consistent manner, and does not require any closure
assumptions such as quasi-Gaussianity. In addition, the random phase approximation is
natural as it arises dynamically from the separation of time scales. The latter property
was first mentioned by Benney & Saffman (1966), but has not always been recognized as
an inherent property of wave turbulence (Zakharov, L’Vov & Falkovich 1992; Nazarenko
2011). Generally, the random phase approximation is introduced (initially or subsequently)
to fully justify the closure. This fundamental difference with the multiple time scale
method suggests that the latter is the most natural method for deriving the kinetic equation
of wave turbulence. Note, however, that the derivation made, although systematic, says
nothing about the remaining terms (not used to obtain the kinetic equation) in the small €
perturbation expansion, the implicit conjecture being that they are subdominant. The proof
of this conjecture remains a mathematical challenge (Deng & Zaher 2021).

The domain of validity of wave turbulence has already been discussed in Galtier
(2003). The conclusion is that we can always find a finite domain where inertial wave
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turbulence exists. To show this, we introduce the linear time Ty ~ 1/wi ~ k/(k)$20) and
the nonlinear time Ty ~ 1/(ku). In the anisotropic limit we have k ~ k; , and we obtain
the time ratio

™w kﬁ_u
TNL k” .Q() ’

X = 4.1)
which depends on the scale. If the system under study is initially excited locally at large
scale, isotropically and with a Rossby number much smaller than 1, then we can obtain
x < 1 at large scale, which is the condition for having weak turbulence. As we have
explained, such turbulence becomes anisotropic, with the energy cascading towards a
region of Fourier space where k| >> k). This leads to an increase of x (the dependence
of u on wavenumbers does not alter this trend). Clearly, at sufficiently large values of k|,
we can find x ~ 1, which is synonymous with strong turbulence (and the critical balance
regime). There is therefore a domain in Fourier space where the condition for the validity
of wave turbulence can be satisfied even in the anisotropic limit.

In summary, it can be said that inertial wave turbulence for three-wave interactions is
characterised by a dynamics on two time scales. On short time scales, of the order of the
wave period, there is phase mixing that leads, due to the dispersive nature of the waves,
to the decoupling of the correlations if they are initially present and to a statistics close
to Gaussianity, as expected from the central limit theorem. This happens with a decay
in 1/t. On a longer time scale, the nonlinear coupling — weak at short times — becomes
non-negligible due to the resonance mechanism. This coupling leads to a regeneration of
the cumulants via the product of lower order cumulants. It is these terms that are at the
origin of the energy transfer mechanism.

The second novelty of our study is the demonstration that anisotropy and asymptotic
closure commute. (Note that this property was also found in Alfvén wave turbulence
Galtier et al. 2002.) Therefore, to obtain the main properties of inertial wave turbulence
(exact power law solution, direction of the cascade, Kolmogorov constant, existence of
an inertial range), the limit k| >> k| can be taken before any statistical development. The
study also reveals that it is not necessary to use an helicity basis, which simplifies the
treatment. The third novelty is that the multiple time scale method has been generalized
to an anisotropic problem involving different types of correlation in terms of directional
polarity.

Note that in the present derivation, the system under study is assumed to be of infinite
size and can therefore be treated as continuous. The numerical simulation with its grid of
points escapes this description. Effects (freezing of the cascade) linked to the discretisation
of the Fourier space can appear because the resonance conditions are a priori more
difficult to satisfy (see, for example, Connaughton, Nazarenko & Pushkarev (2001) for
capillary waves). In theory, the weaker the nonlinearities, the more important these
effects are. In inertial wave turbulence, Bourouiba (2008) has shown that discretisation
effects become non-negligible when the Rossby number, R, is smaller than 10~3. Beyond
this value, but still for a small R, < 1, these effects are negligible because of the
quasi-resonances that, with the resonances, contribute to the energy transfer.

Acknowledgements. I would like to thank and pay tribute to Professor V. Zakharov, whose contribution to
wave turbulence has been profound and inspiring for me.

Funding. This research has received a grant from Institut universitaire de France.
Declaration of interests. The authors report no conflict of interest.

Author ORCIDs.
Sébastien Galtier https://orcid.org/0000-0001-8685-9497.

974 A24-15


https://orcid.org/0000-0001-8685-9497
https://orcid.org/0000-0001-8685-9497
https://doi.org/10.1017/jfm.2023.825

https://doi.org/10.1017/jfm.2023.825 Published online by Cambridge University Press

S. Galtier

REFERENCES

BAROUD, C.N., PLAPP, B.B., SHE, Z.S. & SWINNEY, H.L. 2002 Anomalous self-similarity in a turbulent
rapidly rotating fluid. Phys. Rev. Lett. 88 (11), 114501.

BELLET, F., GODEFERD, F.S., SCOTT, J.F. & CAMBON, C. 2006 Wave turbulence in rapidly rotating flows.
J. Fluid Mech. 562, 83-121.

BENNEY, D.J. & NEWELL, A.C. 1969 Random wave closures. Stud. Appl. Maths 48 (1), 29-53.

BENNEY, D.J. & SAFFMAN, P.G. 1966 Nonlinear interactions of random waves in a dispersive medium. Proc.
R. Soc. Lond. A 289 (1418), 301-320.

VAN BOKHOVEN, L.J.A., CLERCX, H.J.H., VAN HEUST, G.J.F. & TRIELING, R.R. 2009 Experiments on
rapidly rotating turbulent flows. Phys. Fluids 21 (9), 096601.

BOUROUIBA, L. 2008 Discreteness and resolution effects in rapidly rotating turbulence. Phys. Rev. E 78,
056309.

CAMBON, C., MANSOUR, N.N. & GODEFERD, F.S. 1997 Energy transfer in rotating turbulence. J. Fluid
Mech. 337 (1), 303-332.

CLARK DI LEONI, P. & MININNI, P.D. 2016 Quantifying resonant and near-resonant interactions in rotating
turbulence. J. Fluid Mech. 809, 821-842.

CONNAUGHTON, C., NAZARENKO, S. & PUSHKAREV, A. 2001 Discreteness and quasiresonances in weak
turbulence of capillary waves. Phys. Rev. E 63, 046306.

DAVID, V. & GALTIER, S. 2022 Wave turbulence in inertial electron magnetohydrodynamics. J. Plasma Phys.
88 (5), 905880509.

DAvID, V. & GALTIER, S. 2023 Locality of triadic interaction and Kolmogorov constant in inertial wave
turbulence. J. Fluid Mech. 955, R2.

DEMATTEIS, G. & Lvov, Y.V. 2023 The structure of energy fluxes in wave turbulence. J. Fluid Mech. 954,
A30.

DENG, Y. & ZAHER, H. 2021 On the derivation of the wave kinetic equation for NLS. Forum Math. Pi 9,
1-37.

FALCON, E. & MORDANT, N. 2022 Experiments in surface gravity—capillary wave turbulence. Annu. Rev.
Fluid Mech. 54 (1), 1-25.

GALTIER, S. 2003 Weak inertial-wave turbulence theory. Phys. Rev. E 68 (1), 015301.

GALTIER, S. 2006 Wave turbulence in incompressible Hall magnetohydrodynamics. J. Plasma Phys. 72 (5),
721-769.

GALTIER, S. 2014 Weak turbulence theory for rotating magnetohydrodynamics and planetary flows. J. Fluid
Mech. 757, 114-154.

GALTIER, S. 2023a Fast magneto-acoustic wave turbulence and the Iroshnikov-Krachnan spectrum. J. Fluid
Mech. 89 (2), 905890205.

GALTIER, S. 2023b Physics of Wave Turbulence. Cambridge University Press.

GALTIER, S. & DAVID, V. 2020 Inertial/kinetic-Alfvén wave turbulence: a twin problem in the limit of local
interactions. Phys. Rev. Fluids 5 (4), 044603.

GALTIER, S. & NAZARENKO, S.V. 2017 Turbulence of weak gravitational waves in the early universe. Phys.
Rev. Lert. 119 (22), 221101.

GALTIER, S. & NAZARENKO, S.V. 2021 Direct evidence of a dual cascade in gravitational wave turbulence.
Phys. Rev. Lett. 127 (13), 131101.

GALTIER, S., NAZARENKO, S.V., NEWELL, A.C. & POUQUET, A. 2002 Anisotropic turbulence of
shear-Alfvén waves. Astrophys. J. 564 (1), L49-152.

GELASH, A.A., L’vov, V.S. & ZAKHAROV, V.E. 2017 Complete Hamiltonian formalism for inertial waves
in rotating fluids. J. Fluid Mech. 831, 128-150.

GODEFERD, F.S. & Moisy, F. 2015 Structure and dynamics of rotating turbulence: a review of recent
experimental and numerical results. Appl. Mech. Rev. 67 (3), 030802.

GRIFFIN, A., KRSTULOVIC, G., L’vOoV, V.S. & NAZARENKO, S. 2022 Energy spectrum of two-dimensional
acoustic turbulence. Phys. Rev. Lett. 128 (22), 224501.

HASSAINI, R. & MORDANT, N. 2017 Transition from weak wave turbulence to soliton gas. Phys. Rev. Fluids
2 (9), 094803.

HASSAINI, R., MORDANT, N., MIQUEL, B., KRSTULOVIC, G. & DURING, G. 2019 Elastic weak turbulence:
from the vibrating plate to the drum. Phys. Rev. E 99 (3), 033002.

HASSELMANN, K. 1962 On the non-linear energy transfer in a gravity-wave spectrum. Part 1. General theory.
J. Fluid Mech. 12, 481-500.

HOPFINGER, E.J., GAGNE, Y. & BROWAND, F.K. 1982 Turbulence and waves in a rotating tank. J. Fluid
Mech. 125, 505-534.

974 A24-16


https://doi.org/10.1017/jfm.2023.825

https://doi.org/10.1017/jfm.2023.825 Published online by Cambridge University Press

Multiple time scale approach for inertial waves

HosSAIN, M. 1994 Reduction in the dimensionality of turbulence due to a strong rotation. Phys. Fluids 6 (3),
1077-1080.

HRABSKI, A. & PAN, Y. 2022 On the properties of energy flux in wave turbulence. J. Fluid Mech. 936, A47.

JACQUIN, L., LEUCHTER, O., CAMBON, C. & MATHIEU, J. 1990 Homogeneous turbulence in the presence
of rotation. J. Fluid Mech. 220, 1-52.

KOCHURIN, E.A. & KUzZNETsOV, E.A. 2022 Direct numerical simulation of acoustic turbulence:
Zakharov—Sagdeev spectrum. Sov. J. Exp. Theor. Phys. Lett. 116 (12), 863-868.

KRAICHNAN, R.H. 1973 Helical turbulence and absolute equilibrium. J. Fluid Mech. 59, 745-752.

LANCHON, N., MORA, D.O., MONSALVE, E. & CORTET, P.-P. 2023 Internal wave turbulence in a stratified
fluid with and without eigenmodes of the experimental domain. Phys. Rev. Fluids 8 (5), 054802.

LE REUN, T., FAVIER, B., BARKER, A.J. & LE BARS, M. 2017 Inertial wave turbulence driven by elliptical
instability. Phys. Rev. Lett. 119 (3), 034502.

LE REUN, T., FAVIER, B. & LE BARS, M. 2020 Evidence of the Zakharov-Kolmogorov spectrum in
numerical simulations of inertial wave turbulence. Europhys. Lett. 132 (6), 64002.

LENAIN, L. & MELVILLE, W.K. 2017 Measurements of the directional spectrum across the equilibrium
saturation ranges of wind-generated surface waves. J. Phys. Oceanogr. 47, 2123-2138.

MONSALVE, E., BRUNET, M., GALLET, B. & CORTET, P.-P. 2020 Quantitative experimental observation of
weak inertial-wave turbulence. Phys. Rev. Lett. 125, 254502.

MORIZE, C., Moisy, F. & RABAUD, M. 2005 Decaying grid-generated turbulence in a rotating tank. Phys.
Fluids 17 (9), 095105-095105-11.

NAYFEH, A.H. 2004 Perturbation Methods. Wiley-VCH Verlag GmbH & Co. KGaA.

NAZARENKO, S. 2011 Wave Turbulence, Lecture Notes in Physics, vol. 825. Springer.

NEWELL, A.C. 1968 The closure problem in a system of random gravity waves. Rev. Geophys. Space Phys. 6,
1-31.

NoOVKOSKI, F., PHAM, C.-T. & FALCON, E. 2023 Evidence of experimental three-wave resonant interactions
between two dispersion branches. Phys. Rev. E 107 (4), 045101.

ONORATO, M., DEMATTEIS, G., PROMENT, D., PEzzI, A., BALLARIN, M. & RONDONI, L. 2022
Equilibrium and nonequilibrium description of negative temperature states in a one-dimensional lattice
using a wave kinetic approach. Phys. Rev. E 105 (1), 014206.

RICARD, G. & FALCON, E. 2021 Experimental quasi-1D capillary-wave turbulence. Europhys. Lett. 135 (6),
64001.

RODDA, C., SAVARO, C., DAVIS, G., RENEUVE, J., AUGIER, P., SOMMERIA, J., VALRAN, T., VIBOUD, S.
& MORDANT, N. 2022 Experimental observations of internal wave turbulence transition in a stratified fluid.
Phys. Rev. Fluids 7 (9), 094802.

SAVARO, C., CAMPAGNE, A., LINARES, M.C., AUGIER, P., SOMMERIA, J., VALRAN, T., VIBOUD, S. &
MORDANT, N. 2020 Generation of weakly nonlinear turbulence of internal gravity waves in the Coriolis
facility. Phys. Rev. Fluids 5 (7), 073801.

ScorT, J.F. 2014 Wave turbulence in a rotating channel. J. Fluid Mech. 741, 316-349.

SHARMA, M.K., VERMA, M.K. & CHAKRABORTY, S. 2018 On the energy spectrum of rapidly rotating
forced turbulence. Phys. Fluids 30 (11), 115102.

SMITH, L.M. & WALEFFE, F. 1999 Transfer of energy to two-dimensional large scales in forced, rotating
three-dimensional turbulence. Phys. Fluids 11 (6), 1608—1622.

TURNER, L. 2000 Using helicity to characterize homogeneous and inhomogeneous turbulent dynamics.
J. Fluid Mech. 408 (1), 205-238.

WALEFFE, F. 1992 The nature of triad interactions in homogeneous turbulence. Phys. Fluids A 4 (2), 350-363.

YAROM, E. & SHARON, E. 2014 Experimental observation of steady inertial wave turbulence in deep rotating
flows. Nat. Phys. 10 (7), 510-514.

YOKOYAMA, N. & TAKAOKA, M. 2021 Energy-flux vector in anisotropic turbulence: application to rotating
turbulence. J. Fluid Mech. 908, A17.

ZAKHAROV, V.E., L’Vov, V.S. & FALKOVICH, G. 1992 Kolmogorov Spectra of Turbulence I: Wave
Turbulence, Springer Series in Nonlinear Dynamics. Springer.

ZEMAN, O. 1994 A note on the spectra and decay of rotating homogeneous turbulence. Phys. Fluids 6 (10),
3221-3223.

ZHANG, Z. & PAN, Y. 2022 Numerical investigation of turbulence of surface gravity waves. J. Fluid Mech.
933, AS8.

ZHOU, Y. 1995 A phenomenological treatment of rotating turbulence. Phys. Fluids 7 (8), 2092-2094.

ZHU, Y., SEMISALOV, B., KRSTULOVIC, G. & NAZARENKO, S. 2023 Direct and inverse cascades in
turbulent Bose-Einstein condensates. Phys. Rev. Lett. 130 (13), 133001.

974 A24-17


https://doi.org/10.1017/jfm.2023.825

	1 Introduction
	2 Wave amplitude equation
	2.1 Canonical variables
	2.2 Resonance condition
	2.3 Wave amplitude equation

	3 Asymptotic sequential closures
	3.1 First asymptotic closure at time T1
	3.2 Second asymptotic closure at time T2

	4 Discussion and conclusion
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


