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Abstract
This paper presents a decentralized, cooperative, real-time avoidance control strategy for robotic manipulators. The
proposed avoidance control law builds on the concepts of artificial potential field functions and provides tighter
bounds on the minimum safe distance when compared to traditional potential-based controllers. Moreover, the
proposed avoidance control law is given in analytical, continuous closed form, avoiding the use of optimization
techniques and discrete algorithms, and is rigorously proven to guarantee collision avoidance at all times. Examples
of planar and 3D manipulators with cylindrical links under the proposed avoidance control are given and compared
with the traditional approach of modeling links and obstacles with multiple spheres. The results show that the
proposed avoidance control law can achieve, in general, faster convergence, smaller tracking errors, and lower
control torques than the traditional approach. Furthermore, we provide extensions of the avoidance control to robotic
manipulators with bounded control torques.

1. Introduction
Robotic manipulators are used in a wide range of applications, including handling of hazardous materi-
als, sorting facilities, manufacturing and assembling lines, construction, and health care, to name a few
[1]. In all these scenarios, the manipulators are expected to interact with their environment, which may
involve the presence of obstacles, people, and other robots. For instance, consider the two 3-degrees-
of-freedom (DOF) articulated robots in Fig. 1. The robots need to avoid collisions not only with static
and dynamic objects in their environment but also with other robots and with themselves. Therefore, it
is critical to develop control protocols that can guarantee the safety of the manipulators at all times.

1.1. Related work
Collision avoidance for robotic manipulators can be solved using motion planning algorithms, where the
objective is to design a safe trajectory for the manipulator to follow over some period of time, or real-time
control, where control inputs are updated online based on the continuous interaction and perception of
the robot with its surrounding. Several motion planning algorithms have been proposed over the years
[2]. Examples include the use of C-space obstacle [3], rapidly exploring random trees [4–6], probabilistic
roadmaps [7], and model predictive control [8, 9]. Other frameworks incorporate the use of artificial
potential field functions to compute a safe path [10, 11], define geometric algorithms to detect potential
collisions [12–16], or use machine learning (ML) tools to learn obstacle avoidance strategies [17, 18].
Nevertheless, many of these methods assume global knowledge of the environment (i.e., a centralized
approach which might be impractical) are not rigorously developed to guarantee collision avoidance at
all times or may be based on kinematic models [19] that ignore dynamic properties of the manipulators
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Figure 1. Illustration of two robotic manipulators with an obstacle. Two different shape approximations
or envelopes conventionally used in collision avoidance are represented: the use of a single convex shape
on the manipulators and the use of multiple spheres on the obstacle.

such as inertia, leading to non-smooth trajectories and potential collisions when maneuvering at high
speeds. Furthermore, several applications, such as teleoperation, may involve robots that are not fully
autonomous, for which the amount of planning might be constrained and where a real-time approach
might be more suitable.

Real-time avoidance control, also known as reactive avoidance control, generates forces or control
inputs that respond to information gathered at the moment either via sensing or communication. Of
particular interest are distributed real-time avoidance frameworks that are provably safe, that is, that
are theoretically guaranteed to avoid collisions at all times. For instance, frameworks based on artificial
potential fields [20, 21] can be implemented in a decentralized manner and can be rigorously proven
to avoid collision by applying Lyapunov theory. Examples include the works in [22–27]. A common
drawback of these approaches is the modeling of links and segments of obstacles as spheres, a collec-
tion of spheres [26, 28] (see Fig. 1 for the obstacle in the example), or other primitive shapes [11, 29,
30] which may lead to the implementation of several artificial potential field functions or unnecessary
conservatism due to the loose approximations. Other approaches introduce the idea of critical points
along the surfaces of obstacles [20, 27], which in turn results in control discontinuities due to the con-
siderations of discrete proximity points. Furthermore, some require optimization algorithms that may
not yield control torques in closed form [27].

Similar to the use of artificial potential field functions, recent efforts have proposed the concept of
control barrier functions [31]. The aim is to design real-time controllers that keep the robot trajectories
within a safety set [32]. These approaches, however, tend to be based on similar conservative ideas, such
as the approximation of obstacles as spheres [33] or approximations of the shortest distance which yield
nonsmooth controllers [34].

Recently, the use of ML methods to approximate the shape, shortest distance to collision, or safe
boundaries has been proposed. For instance, in ref. [35], the authors propose a computationally efficient
signed distance-based avoidance control [36] where the self-collision boundary is approximated using
neural networks. Similarly, [37] presents a fast method to learn the shortest distance from the robot to an
obstacle as a neural joint space implicit distance function. Yet, as is the case of most ML-based avoidance
control methods, these techniques cannot rigorously guarantee stability and safety at all times.

1.2. Contributions
In this paper, we propose a decentralized, cooperative artificial potential field method based on avoid-
ance functions for rigid manipulators. The control law is decentralized since only information from
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other robots and obstacles within a bounded predefined distance needs to be considered and coopera-
tive, given that it can guarantee collision avoidance at all times if other robots and dynamics obstacles
abide by the same control policy [38]. The novelty of the approach is the proposal of a shape- and
orientation-dependent, continuously differentiable safety minimum distance between two links or obsta-
cles that yield continuous, closed-form controllers. The safety distance is a smooth analytical function
that does not require optimization or discrete algorithms and which derivatives can be computed offline.
The use of a continuous differentiable shortest distance eliminates the discontinuity of defining critical
points or the conservatism of assuming spherical or ellipsoidal shapes. Moreover, our approach provides
the development of closed-form analytical control input torques that are smooth and well defined. We
prove, via Lyapunov analysis, that the cooperative control strategy guarantees the safety of the robotic
manipulators at all times. We then provide explicit distance continuously differentiable formulas for
manipulators with cylindrical links as well as simulations for two- and three-dimensional manipulators
that illustrate the performance and efficacy of the proposed approach in comparison to the traditional
use of spherical approximations. Finally, we formulate extensions of the proposed collision avoidance
framework to other Lyapunov-based controllers, trajectory tracking controllers, and robotic systems with
bounded control torques.

2. Preliminaries
2.1. Robot kinematics
We consider the task of safely coordinating the motion of N ni-DOF rigid, nonlinear manipulators with
generalized coordinates (or joint configurations) given by:

qi(t) = [qi1(t), · · · , qini (t)]
T , for i ∈N (1)

where N= {1, · · · , N} denotes the set of robots. The joints and links are labeled in ascending order
from the most proximal to the most distal, as shown in Fig. 1. The position of the geometric center
of each link with respect to a common world reference frame is denoted in Cartesian coordinates by
pij(t) := pij(qi(t)) ∈R

n, where n is the dimension of the robots’ workspace. The joint velocity q̇i(t) and
the velocity of the geometric center ṗij(t) are related by the translational Jacobian Jij:

ṗij(t) = Jij(qi(t))q̇i(t), Jij(qi(t)) = ∂pij(t)

∂qi(t)
. (2)

In addition, we define the angular orientation of each link with respect to the common world
frame as:

θ ij(t) := [φij(qi(t)), ϑij(qi(t)),ψij(qi(t))]
T (3)

where φij, ϑij, and ψij denote the orientation of ith robot’s jth link in Euler angles with respect to the xy,
zx, and yz planes (or, equivalently, about the z, y, and x axes), respectively. Similar to the linear velocities,
the angular velocities are related to joint velocities by the rotational Jacobian Jij:

θ̇ ij(t) =Jij(qi(t))q̇i(t), Jij(qi(t)) = ∂θ ij(t)

∂qi(t)
. (4)

Note that in the case of planar manipulators, that is, n = 2, only one angular orientation is required. In
what follows, we will omit the time argument of signals.

2.2. Robot dynamics
The manipulators are assumed to be fully actuated with nonlinear Lagrangian dynamics given by:

Mi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = τ i, i ∈N (5)
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where Mi(qi) ∈R
ni×ni are the positive definite inertia matrices, Ci(qi, q̇i) ∈R

ni×ni are the matrices of
Coriolis and centrifugal terms, gi(qi) = [gi1(qi), · · · , gini (qi)]

T are the gravitational torques and forces,
and τ i = [τi1, · · · , τini ]

T are the control inputs for the ith robot. We assume that gi(qi) ∈R
ni are known

and, therefore, can be compensated via active control and that the manipulators satisfy the following
standard properties for all qi and q̇i [39].

Property 1. ∃mi ≥ mi > 0 such that mi ≤
∥∥M(qi)

∥∥≤ mi.

Property 2. Ṁi(qi) − 2Ci(qi, q̇i) is skew-symmetric.

2.3. Control objective
For simplicity, we assume that the links can be approximated (or enclosed) by elongated convex shapes,
as shown in Fig. 1. Furthermore, we assume that adjacent links (i.e., those that share a joint) are offset
from each other, which implies that they can move freely without colliding. Using the geometric centers
as reference points, we define a minimum safe distance between two nonadjacent links, pij and pkl, as:

rkl
ij := rkl

ij (pij, pkl, θ ij, θ kl) = rij
kl, for k ∈N, l ∈L

k
ij (6)

where rkl
ij is a continuous, differentiable function of the links’ positions, orientations, and systems

geometrical parameters, including length, depth, and width, and where

L
k
ij := {l ∈ {1, · · · , nk} | k ∈N/i} ∪ {l ∈ {1, · · · , ni}/{j − 1, j, j + 1} | k = i} (7)

represents the set of all nonadjacent links to the ith robot’s jth link. It is assumed that this minimum
safe distance is known or that it can be approximated from above. Then, we can formulate the control
objective as follows. Design τ i such that

∥∥pij − pkl

∥∥> rkl
ij ∀ t ≥ 0, j ∈ {1, · · · , ni}, k ∈N, l ∈L

k
ij.

2.4. Approximation functions
In what follows, we make use of the following continuous differentiable functions to approximate the
minimum, the maximum, and the absolute value functions. Let {a1, · · · , am, ε, δ} be a set of positive
scalar constants. Then, the following functions

λ̃δ(a1, · · · , am) :=
(

m∑
i=1

a−δ
i

)− 1
δ

≥ min{a1, · · · , am} (8)


̃δ(a1, · · · , am) :=
(

1

m

m∑
i=1

aδi

) 1
δ

≤ max{a1, · · · , am} (9)

α̃ε(a1) :=
√

a2
1 + ε2 = α̃ε( − a1)> |a1| (10)

are approximations of the minimum (from above), maximum (from below) [40], and absolute value
(from above). Moreover, note that λ̃δ(·) → min{·}, 
̃δ(·) → max{·}, and α̃ε(·) → | · | when δ→ ∞ and
ε→ 0.

3. Collision avoidance control
3.1. Avoidance functions
We use the concept of avoidance control [21, 38] and define an avoidance function, Vkl

ij := Vkl
ij (pij, pkl, rkl

ij ),
between two nonadjacent links as:

Vkl
ij :=

(
min

{
0,

∥∥pij − pkl

∥∥2 − (
rkl

ij + ρkl
ij

)2

∥∥pij − pkl

∥∥2 − (
rkl

ij

)2

})2

(11)
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where ρkl
ij = ρ

ij
kl > 0 is a constant parameter. Herein, the term rkl

ij + ρkl
ij represents the distance at which the

ith robot’s jth link should start avoiding the kth robot’s lth link. Note that Vkl
ij = 0 ∀ ∥∥pij − pkl

∥∥≥ rkl
ij + ρkl

ij ,
Vkl

ij → ∞ as
∥∥pij − pkl

∥∥→ rkl
ij , and its gradient with respect to pi and rkl

ij are

⎡
⎢⎢⎢⎣
∂VklT

ij

∂pij

∂Vkl
ij

∂rkl
ij

⎤
⎥⎥⎥⎦=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

f kl
ij

⎡
⎣ pkl − pij

2rkl
ij ρ

kl
ij + ρkl

ij
2 + ∥∥zi − zj

∥∥2

⎤
⎦ if

∥∥pij − pkl

∥∥ ∈ (rkl
ij , rkl

ij + ρkl
ij )

undefined, if
∥∥pij − pkl

∥∥= rkl
ij

0T , otherwise

(12)

where

f kl
ij = 4ρkl

ij

((
rkl

ij + ρkl
ij

)2 − ∥∥pij − pkl

∥∥2
)(∥∥pij − pkl

∥∥2 − (
rkl

ij

)2
)−3

. (13)

Furthermore, one can show that Vkl
ij is almost everywhere continuously differentiable that

∂Vkl
ij

∂pij

= ∂Vij
kl

∂pij

= −∂Vkl
ij

∂pkl

= −∂Vij
kl

∂pkl

,
∂Vkl

ij

∂rkl
ij

= ∂Vij
kl

∂rij
kl

(14)

and that

1

2

N∑
i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

V̇ kl
ij = 1

2

N∑
i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

(
∂Vkl

ij

∂pij

∂pij

∂qi

q̇i +
∂Vkl

ij

∂rkl
ij

∂rkl
ij

∂pij

∂pij

∂qi

q̇i +
∂Vkl

ij

∂rkl
ij

∂rkl
ij

∂θ ij

∂θ ij

∂qi

q̇i

+ ∂Vij
kl

∂pkl

∂pkl

∂qk

q̇k + ∂Vij
kl

∂rij
kl

∂rij
kl

∂pkl

∂pkl

∂qk

q̇k + ∂Vij
kl

∂rij
kl

∂rij
kl

∂θ kl

∂θ kl

∂qk

q̇k

)

=
N∑

i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

(
∂Vkl

ij

∂pij

Jij +
∂Vkl

ij

∂rkl
ij

∂rkl
ij

∂pij

Jij +
∂Vkl

ij

∂rkl
ij

∂rkl
ij

∂θ ij

Jij

)
q̇i. (15)

Note that in contrast to other definitions of avoidance functions [23, 38], the ones defined here use a
nonconstant safe distance radius.

3.2. Control law
Herein, we will consider the control task of achieving a desired, constant joint configuration, qd

i ∈R
ni ,

while avoiding collisions. Accordingly, we propose a proportional derivative (PD) control law with
gravity compensation and collision avoidance given by:

τ i = gi − Ai(qi − qd
i ) − Biq̇i −

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij (16a)

ukl
ij = JT

ij

(
∂Vkl

ij

∂pij

+ ∂Vkl
ij

∂rkl
ij

∂rkl
ij

∂pij

)T

+JT
ij

(
∂Vkl

ij

∂rkl
ij

∂rkl
ij

∂θ ij

)T

(16b)

where ukl
ij ∈R

ni represents the avoidance control torque generated by the interaction between the ith
robot’s jth link and the kth robot’s lth link and where Ai = diag(ai1, · · · , aini ) and Bi = diag(bi1, · · · , bini )
are positive-definite, diagonal matrices. As it will be shown next, the closed-loop control law (16)
guarantees a safe minimum distance among nonadjacent links at all times.

Proposition 1 (Collision Avoidance). Consider a group of N ni-DOF manipulators with dynamics
and control inputs given by (5) and (16). Assume that

∥∥pij(0) − pkl(0)
∥∥> rkl

ij for all i, k ∈N, j ∈
{1, · · · , ni}, l ∈L

k
ij. Then,

∥∥pij(t) − pkl(t)
∥∥> rkl

ij ∀ t ≥ 0.
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Proof. Consider the Lyapunov candidate function:

V= 1

2

N∑
i=1

(
(qi − qd

i )TAi(qi − qd
i ) + q̇T

i Miq̇i

)+ 1

2

N∑
i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

Vkl
ij (17)

which is positive for all [qi − qd
i , q̇i]

T �= 0 (from Property 1). Taking its time derivative and using
equations (5), (15), and (16) yields

V̇=
N∑

i=1

(
(qi − qd

i )TAiq̇i + q̇T
i

(
Miq̈i +

Ṁi

2
q̇i

))
+

N∑
i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

(
∂Vkl

ij

∂pij

Jij +
∂Vkl

ij

∂rkl
ij

(
∂rkl

ij

∂pij

Jij +
∂rkl

ij

∂θ ij

Jij

))
q̇i

=
N∑

i=1

⎛
⎝(qi − qd

i )TAiq̇i − q̇T
i

⎛
⎝Ciq̇i + Ai(qi − qd

i ) + Biq̇i +
ni∑

j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij + Ṁi

2
q̇i

⎞
⎠
⎞
⎠

+
N∑

i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij

T q̇i = −
N∑

i=1

q̇T
i Biq̇i +

1

2

N∑
i=1

q̇T
i (Ṁ − 2Ci)q̇i = −

N∑
i=1

q̇T
i Biq̇i (18)

where we used Property 2. Since V̇≤ −∑N
i=1 bi

∥∥q̇i

∥∥2 ≤ 0, where bi > 0 is the smallest eigenvalue of Bi,
we have thatV is non-increasing and bounded byV(0) for all t ≥ 0. Now, suppose that for some nonad-
jacent links

∥∥pij(t) − pkl(t)
∥∥→ rkl

ij for some t. The latter would imply that Vkl
ij → ∞ ⇒V→ ∞, which

is a contradiction. Since the solutions of equation (5) are continuous, one has that
∥∥pij(t) − pkl(t)

∥∥> rkl
ij

for all t ≥ 0 and the proof is complete. �

3.3. Extensions, considerations, and limitations
3.3.1. Lyapunov-based controllers
It is worth noting that other closed-loop controllers can be used in place of a traditional PD-type control,
including nonlinear controllers. For instance, consider a controller of the form:

τi = gi −
∂Ai

∂qi

− ∂Bi

∂q̇i

−
ni∑

j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij (19)

whereAi := Ai(qi − qd
i ) and Bi := Bi(q̇i) are functions with the following properties:

• Ai is positive-definite, that is,Ai = 0 for qi − qd
i = 0 andAi > 0 otherwise.

• Ai is radially unbounded, that is,Ai → ∞ if
∥∥qi − qd

i

∥∥→ ∞.
• (∂Bi/∂q̇i)q̇i ≥ 0 ∀q̇i.

Then, following the steps of the proof of Proposition 1, one can show that the time derivative of the
following candidate Lyapunov function

Vi = 1

2

N∑
i=1

(Ai + q̇T
i Miq̇i

)+ 1

2

N∑
i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij (20)

is V̇i = −∑N
i=1 (∂Bi/∂q̇i)q̇i ≤ 0 and the same statements from Proposition 1 will hold.

Note that the PD-type controller in (16a) belongs to this class controllers withAi = (qi − qd
i )TAi(qi −

qd
i ) and Bi = q̇T

i Biq̇i.
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3.3.2. Trajectory tracking
The analysis performed in this section assumes a desired constant configuration q̇d

i ≡ 0. However, many
applications require the robotic manipulator to move along a trajectory. Therefore, let’s consider a
desired trajectory (qd

i , q̇d
i , q̈d

i ) along with an inverse dynamics controller of the form:

τi = Miq̈d
i + Ciq̇d

i + gi − Ai(qi − qd
i ) − Bi(q̇i − q̇d

i ) −
ni∑

j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij . (21)

Substituting (21) into (1) yields

Mi
¨̃qi + Ci

˙̃qi = − Aiq̃i − Bi
˙̃qi −

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij (22)

where q̃i = qi − qd
i . Then, the following result about collision avoidance follows.

Proposition 2 (Collision Avoidance with Trajectory Tracking). Consider a group of N ni-DOF manip-
ulators with feedback dynamics given by (22). Assume that

∥∥pij(0) − pkl(0)
∥∥> rkl

ij for all i, k ∈N, j ∈
{1, · · · , ni}, l ∈L

k
ij and that desired trajectory chosen such that the following inequality is satisfied

bi

∥∥∥ ˙̃qi

∥∥∥2 + q̇dT

i

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij ≥ 0, ∀ i ∈ {1, · · · , N}. (23)

Then,
∥∥pij(t) − pkl(t)

∥∥> rkl
ij ∀ t ≥ 0.

Proof. The proof follows similar to the steps from Proposition 1. Consider the following Lyapunov
candidate function:

Ṽ= 1

2

N∑
i=1

(
q̃T

i Aiq̃i + ˙̃qT
i Mi

˙̃qi

)
+ 1

2

N∑
i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

Vkl
ij . (24)

Taking its time derivative, one obtains

˙̃V= −
N∑

i=1

˙̃qT
i Bi

˙̃qi −
N∑

i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

(q̇i − q̇d
i )Tukl

ij +
N∑

i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij

T q̇i

≤ −
N∑

i=1

⎛
⎝bi

∥∥∥ ˙̃qi

∥∥∥2 +
ni∑

j=1

N∑
k=1

∑
l∈Lk

ij

q̇dT

i ukl
ij

⎞
⎠≤ 0 (25)

where we used assumption (23). Since ˙̃V is nonpositive, one has that Ṽ is non-increasing and bounded.
Using similar arguments as in Proposition 1, one can finally conclude that a collision cannot take
place. �

Note that (23) is always satisfied for q̇i = 0. Therefore, to avoid violation of (23), one can alternatively
freeze the desired trajectory until the conflict is resolved as proposed in ref. [41]. It is also worth noting
that the inverse dynamics control law (21) requires accurate estimation of the system parameters, and
so does (16) for the compensation of the gravitational torques. In ref. [42], the authors discuss adaptive
and robust inverse dynamics control laws that can be applied in lieu of (21) with little alteration to the
collision avoidance results. Similarly, the work in ref. [43] summarizes different system identification
methods for robotics manipulators that could be combined with the proposed avoidance control.
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3.3.3. Path planning
The proposed minimum safe distance approach has been formulated for real-time, reactive collision
avoidance control laws. It is a function of the agents’ relative position, orientation, and shapes. The pro-
posed formulation of the minimum distance can potentially be adapted to path planning algorithms that
employ potential field functions similar to the work in refs. [10, 25]. Yet, the time-varying property of
the minimum safe distance, which molds the shape of the artificial potential field functions, adds another
degree of complexity to the path planning problem. The latter is particularly significant if obstacles in
the robot’s environment are also moving.

3.3.4. Deadlocks
A deadlock or an unwanted local minimum refers to the convergence of the manipulator to a config-
uration different from the desired one. This is a common drawback of decentralized motion planning
algorithms and potential field methods, including the one proposed in this paper. Conventional solutions
to help avoid or escape deadlocks include changing, at least temporarily, the desired configuration when
a deadlock is reached or adding a perturbation control torque to (16) as in ref. [44]. Yet, none of these
methods can guarantee with certainty that the robot will not return to a deadlock.

3.3.5. Dynamic obstacles
The proposed control law is cooperative, meaning that it assumes that all other robots apply the same
avoidance control. The results of collision avoidance naturally extend to static obstacles of any shape,
given that their velocities are zero. Problems may arise when interacting with dynamic obstacles, for
which collision avoidance is, in general, not guaranteed. For instance, a manipulator with a stationary
base cannot avoid a collision with an approaching obstacle. Similarly, a manipulator trapped in a dead-
lock might not be able to resolve the conflict with other noncooperative, fast-moving objects. Yet, the use
of artificial potential field functions has been shown to be robust against non-threatening, slow-moving
dynamic obstacles [44]. The work in ref. [45] presents sufficient conditions for avoidance control laws
based on artificial potential field-like functions.

3.3.6. Kinematic and dynamic constraints
Of practical interest is the consideration of kinematic and dynamic constraints, such as joint and control
torque limits. Joint limitations can be handled as obstacles that move with the links and, in general, may
not represent a threat of collision when interacting with cooperative objects, as these other robots or links
will aim to avoid a collision. Dynamic constraints, on the other hand, can be handled by careful consid-
eration of the control law. For example, consider a group of robotic manipulators with bounded control
torques, that is, ∃Tij ∈ (0, ∞) such that |τij| ≤ Tij for all i ∈ {i, · · · , N}, j ∈ {1, · · · , ni}. In addition,
assume that the gravity torques are also bounded, that is, ∃Gij ∈ [0, ∞) such that |gij| ≤ Gij. The latter
property is satisfied by a wide range of robotic manipulators, including those with only revolute joints
[46]. Now, consider the following saturated control PD-type controller with gravity compensation:

τi = gi − sati

(
Aiq̃i + Biq̇i

)
, satij(a) =

⎧⎨
⎩

a, if |a| ≤ωij

ωij
a
|a| , otherwise

(26)

where sati(·) = [sati1(·), · · · , satini (·)]T is the saturation function and 0<ωij ≤ Tij − Gij are some control
parameters. Note that |τij| ≤ Ti ∀ i, j. Consider then the following positive-definite function:

Wi = 1

2
q̇T

i Miq̇i +
∫ q̃i

0
sati(Air)dr. (27)
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In ref. [47], it is shown that Ẇi ≤ 0 ∀ t ≥ 0 and that qi → qd
i , q̇i → 0 as t → ∞. Using these results,

one can prove the following statement.

Proposition 3 (Collision Avoidance with Bounded Inputs). Consider a group of N ni-DOF manipula-
tors with control input given by:

τi = gi − sati

(
Aiq̃i + Biq̇i

)−
ni∑

j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij (28)

and define

uij := eT
j

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij (29)

as the ith robot’s jth joint’s total avoidance control law, where ej is the zero vector with jth element 1.
Assume that

∥∥pij(0) − pkl(0)
∥∥> rkl

ij for all i, k ∈N, j ∈ {1, · · · , ni}, l ∈L
k
ij and that

|uij| ≤ Uij = Tij − Gij −ωij, ∀ i, j. (30)

Then, |τij| ≤ Tij and
∥∥pij(t) − pkl(t)

∥∥> rkl
ij ∀ t ≥ 0.

Proof. The first statement follows from

|τij| ≤|gij| + |satij(aij(qij − qd
ij) + bijq̇ij)| + |uij| ≤ Gij +ωij + Uij ≤ Tij. (31)

To prove the second statement, consider the following Lyapunov candidate function:

W=
N∑

i=1

Wi + 1

2

N∑
i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

Vkl
ij . (32)

Following the steps of the proof of [47, Proposition 1], one can show that

Ẇi ≤ −
ni∑

j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij

T q̇i (33)

and, therefore

Ẇ=
N∑

i=1

Ẇi −
N∑

i=1

ni∑
j=1

N∑
k=1

∑
l∈Lk

ij

ukl
ij

T q̇i ≤ 0. (34)

Using the same arguments as in Proposition 1, one can conclude that boundedness of W implies
boundedness of Vkl

ij , which in turns implies collision avoidance at all times. �
Note that assumption (30) cannot always be enforced and, therefore, collisions might not be averted at

all times. The work in ref. [48] discusses alternative solutions that could potentially be adapted to robotic
manipulators to guarantee collision avoidance in the presence of these control limitations. These include
controlling the desired trajectory such that control bounds are enforced.

3.3.7. Computational complexity
The proposed avoidance control framework defines the avoidance (or potential field) functions (11)
with respect to a state-dependent radius (6). Since the radius is not constant, the avoidance control input
(16b) includes as extra terms the partial derivatives of the radius, which increases the complexity of
the algorithm. However, these terms, which are a function of the dimensions of the links and objects as
well as the position and orientation, can be given in closed form and do not have to be derived online.
In addition, the multi-agent control algorithm has time complexity O(N2n2), where N is the number of
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(a) (b)

(c)

Figure 2. Projections of two cylinders in a plane and the minimum safe distance relative to their
orientations.

robots and n is the number of links per robot. In contrast, traditional artificial potential field functions
that approximate links as an arrangement of spheres have a time complexity of O(N2n2

i m2), where m is
the number of spheres per link.

4. Examples: ni-manipulators with right cylindrical links
Herein, we will consider the case in which the links of the robotic manipulators can be approximated by
right circular cylinders. Accordingly, consider two cylindrical bodies, namely the ath and bth links, as
seen in Figure 2a. Let the lengths and diameters for the ath and bth links be given by (�a, wa) and (�b, wb),
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respectively. We will now approximate the minimum safe distance of the link’s rectangular projections
in all three orthogonal planes, xy, yz, and zx.

For generality, consider an orthogonal χμ-plane, where χ is the abscissa and μ is the ordinate (refer
to Figure 2b). Let �a and �b be the projected lengths along the abscissa and wa and wb the projected
widths for the ath and bth links. Define σa and σb as the orientations of the links with respect to the
χ -axis and let

βb
a := β(�a, �b, wb, σa, σb) = �a

2
+ �b

2
α̃ε( cos (σa − σb)) + wb

2
α̃ε( sin (σa − σb)) (35a)

γ b
a := γ (�b, wa, wb, σa, σb) = wa

2
+ �b

2
α̃ε( sin (σa − σb)) + wb

2
α̃ε( cos (σa − σb)) (35b)

represent the combined length of the two links along the χ - and μ-axis, respectively, and where α̃ε(·) is
the smooth approximation of the minimum function defined in (10). Moreover, let (χa,μa) and (χb,μb)
be the coordinates of the ath and bth link’s centers and define ϕb

a = atan2(μb −μa, χb − χa) − σa as
the relative orientation of the bth link’s center with respect to the ath link. Then, the equation of the
rectangle with sides βb

a and γ b
a (rotated by σa) in polar coordinates (�b

a, ϕb
a ):

ζ b
a := ζ (�a, �b, wa, wb, σa, σb, ϕb

a ) = α̃ε(γ
b

a cos ϕb
a + βb

a sin ϕb
a ) (36)

ηb
a := η(�a, �b, wa, wb, σa, σb, ϕb

a ) = α̃ε(γ
b

a cos ϕb
a − βb

a sin ϕb
a ) (37)

�b
a := �(�a, �b, wa, wb, σa, σb, ϕb

a ) = 2βb
aγ

b
a

ζ b
a + ηb

a − 2ε
> 0. (38)

Figure 2c shows a representation of �b
a as a function ϕb

a for fixed parameters �a, �b, wa, wb, σa,
and σb. Now, let us repeat the process but from the perspective of the bth link. That is,
compute βa

b := β(�b, �a, wa, σb, σa), γ a
b := γ (�b, �a, wa, σb, σa), ζ a

b := ζ (�b, �a, wb, wa, σb, σa, ϕa
b ), ηa

b :=
η(�b, �a, wb, wa, σb, σa, ϕa

b ), and �a
b := �(�b, �a, wb, wa, σb, σa, ϕa

b ) using equations (35)-(38), where ϕa
b =

atan2(μa −μb, χa − χb) − σb. This yields the equation in polar coordinates (�a
b, ϕa

b ) of the rectangle with
sides βa

b and γ a
b , rotated by σb. Then, the minimum safe distance between the rectangular projection of

both links in the χμ-plane, denoted as rb
a, can be approximated from above by:

rb
a = ra

b = λ̃δ(�
b
a, �a

b), for some δ > 0 (39)

where λ̃δ is the approximation of the minimum function (8). Figure 2c illustrates how the minimum
distance rb

a changes in magnitude as a function of ϕb
a .

4.1. Example: 2D manipulators
Consider a group of N ni-DOF planar manipulators in the xy-plane with link center coordinates pij =
[xij, yij]T ∈R

2 and orientation θ ij = φij ∈R. We assume that the links can be approximated by right circu-
lar cylinders with length �ij > 0 and width wij > 0, with lengths aligned with the x-axis. Define distance
formulas �kl

ij := �(�ij, �kl, wij, wkl, φij, φkl, ϕkl
ij ) and �ij

kl := �(�kl, �ij, wkl, wij, φkl, φij, ϕ
ij
kl) using (38), where

ϕkl
ij = atan2(ykl − yij, xkl − xij) − φij and ϕij

kl = atan2(yij − ykl, xij − xkl) − φkl. Then, one can approximate
the minimum safe radius from above as:

rkl
ij = rij

kl = λ̃δ(�
kl
ij , �

ij
kl), for some δ > 0. (40)

To illustrate the performance of the control law, we now simulate the interaction of two distinct
4-DOF revolute planar manipulators with parameters listed in Table I, where mij denotes the mass
of the ith robot’s jth link. The manipulators implement the control law in (16), taking into account
the safe interactions with a rigid wall at y = 0 (m) and the centers of each nonadjacent link. The con-
trol parameters are then given by Ai = diag(9, 6, 4, 4), Bi = diag(8, 8, 8, 8), ρkl

ij = 0.25 (m), ε= 0.02, and
δ = 8, with desired configurations qd

1 = [ 1
2
π , − 1

2
π , − 1

2
π , 1

2
π ]T (rad) and qd

2 = [ 1
2
π , 1

2
π , 1

6
π , 1

2
π ]T (rad).

https://doi.org/10.1017/S0263574724001334 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574724001334


12 Erick J. Rodríguez-Seda and Michael D. M. Kutzer

Table I. Parameters for the planar manipulators.

Robot 1 Robot 2: Links
Parameter Link 1 Link 2 Link 3 Link 4 Link 1 Link 2 Link 3 Link 4
�ij (m) 1.0 0.5 1.0 0.5 1.0 1.0 0.5 0.5
wij (m) 0.15 0.15 0.1 0.1 0.15 0.15 0.1 0.1
mij (kg) 2.0 1.0 2.0 1.0 2.0 2.0 1.0 1.0

Parameters for Traditional Avoidance Control with Spherical Approx.

# of Spheres 4 3 4 3 4 4 3 3
radius (m) 0.146 0.112 0.135 0.097 0.146 0.146 0.097 0.097

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)

Figure 3. Simulation of two 4-DOF planar manipulators interacting with a wall. The top row (a)–(e)
Illustrates the case of no avoidance control, the row in the middle (f)–(j) depicts the case of the proposed
avoidance control, while the lower row (k)–(o) depicts the use of artificial potential field functions (11)
with links approximated by a collection of spheres. The first and second robots are denoted in blue
and green, respectively, with the desired configurations given in red. The sequential motion of both
manipulators is illustrated by the transparent configurations time spaced by 0.5 (s).
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Proposed Avoidance Control
Avoidance with Spherical Approx.

Tracking Error for the First Manipulator

(a)

(b)

0 5 10 15 20 25 30
0

1

2 Proposed Avoidance Control
Avoidance with Spherical Approx.

Tracking Error for the Second Manipulator

Figure 4. Vector norm of the configuration errors for both manipulators.

The results for the case in which no-collision control is applied, that is, ukl
ij ≡ 0, are given in

Figs. 3(a)-(e). Note that the robots, illustrated in blue and green with desired configurations in red,
encounter a collision with each other at t ≈ 8 (s) (see Fig. 3(c)). The first robot collides with the wall at
t ≈ 8 (s) and with itself moments later (see Fig. 3(d)), before stabilizing at the final desired configuration.

The manipulators are then simulated with the proposed control strategy, with results illustrated in
Figs. 3(f)-(j). The static wall is simulated as another rectangular link, centered at x = y = 0 (m), with zero
orientation, and with length and width equal to 6 (m) and 0.05 (m). Note that the robotic manipulators
can successfully converge to the desired configurations while avoiding collisions with each other, with
themselves, and with the wall.

For the sake of comparison, Figs. 3(k)–(o) show the sequential motion of the manipulators when the
traditional artificial potential functions (11) are applied, and the links are approximated by a collection
of spheres centered along the links’ axes. The number of spheres per link, as well as their radius, are
given in Table I, where the location and radius were chosen such that the links are entirely covered
without any overlapping. The manipulators avoid all collisions, but as seen in Figs. 3(n) and 3(o), the
manipulators took a longer time to converge to their desired configurations.

Finally, Figs. 4 and 5 depict the norm of the tracking errors and control torques when using the pro-
posed method and the traditional artificial potential field functions with spherical approximations. Note
that, in general, the proposed avoidance control had a slightly faster convergence and lower torques. This
might be due, in part, to the consideration of more artificial potential field functions when computing the
control torques using the traditional approach, which approximates links and obstacles with a collection
of spheres. In addition, the proposed continuously differentiable minimum safe distance can provide, in
general, a tighter bound on the distance to a collision, reducing the interference of artificial potential
field forces.

4.2. Example: 3D manipulators
Consider now a group of 3−dimensional ni-DOF manipulators with dynamics given by (5) and link
coordinates pij = [xij, yij, zij]T and θ ij = [φij, ϑij,ψij]T . Once again, we assume that the links can be approx-
imated by right circular cylinders with length �ij and diameter wij and that their lengths are defined along
the x-axis. To approximate the minimum distance, we will start by projecting the links into the xy- zx-,
and yz-planes as rectangles and approximating the minimum safe distance in each case using (39).
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Figure 5. Vector norm of the control torques. Figures (c) and (d) depict the avoidance control torques
for the first and second manipulators when avoiding self-collisions (thick line), collisions with the other
manipulator (dotted line), and collisions with the wall (fine line).

Define Rx(a), Ry(b), and Rz(c) as the 3 × 3 orthogonal rotational matrices representing rotations by
a, b, and c about the x-, y-, and z-axis, respectively. Define⎡

⎢⎣
x̂ij

ŷij

ẑij

⎤
⎥⎦= Rz(φij)Ry(ϑij)Rx(ψij)

⎡
⎢⎣
�ij

0

0

⎤
⎥⎦ (41)

which represents the (x, y, z) coordinates of the line ��ij passing through the center of the cylinder after
the three rotations, as denoted in Figure 6a. Then, the projected lengths and orientations of the links in
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(a) (b)

(c) (d)

Figure 6. Planar projections of a 3D cylinder into the xy-, yz-, and zx-planes.

all three Cartesian planes can be approximated from above by:

�ij =
√

x̂2
ij + ŷ2

ij + ε2 + wijα̃ε(ẑij)

�ij

, σ ij = atan2(ŷij, x̂ij) (42a)

�ij =
√

x̂2
ij + ẑ2

ij + ε2 + wijα̃ε(ŷij)

�ij

, σ ij = − atan2(ẑij, x̂ij) (42b)

�ij =
√

ŷ2
ij + ẑ2

ij + ε2 + wijα̃ε(x̂ij)

�ij

, σ ij = atan2(ẑij, ŷij) (42c)

for some small ε > 0, where (�ij, σ ij), (�ij, σ ij), and (�ij, σ ij) denote the lengths and orientations of the
links when projected to the xy-, zx-, and yz-planes, respectively. In what follows, we will use the accents
−, =, and ≡ to denote variables in the xy-, yz-, and zx-planes. The addition of ε and α̃ε(·) in the approx-
imations is to guarantee that the projected lengths are continuous differentiable functions. The width
of the rectangular shapes, on the other hand, is always equal to the diameter of the cylinder, wij. Fig. 6
illustrates an example of the equivalent rectangular shapes projected in each plane.

Once the dimensions and orientations of each pair of links in each Cartesian plane is defined, one
can approximate the minimum safe distance between two projected links in xy-, zx-, and yz-plane as:

rij
kl = λ̃δ(�ij

kl, �kl
ij), rij

kl = λ̃δ(�ij
kl, �kl

ij), rij
kl = λ̃δ(�ij

kl, �kl
ij) (43)

https://doi.org/10.1017/S0263574724001334 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574724001334


16 Erick J. Rodríguez-Seda and Michael D. M. Kutzer

Table II. Parameters for the 3D manipulators.

Parameter Link 1 Link 2 Link 2 Link 4 Link 5
�ij (m) 0.45 0.3 0.3 0.4 0.4
wij (m) 0.08 0.05 0.05 0.04 0.04
mij (kg) 2.0 1.5 1.5 1.0 1.0

Parameters for Traditional Avoidance Control with Spherical Approx.

# of Spheres 7 5 5 6 6
radius (m) 0.051 0.039 0.039 0.039 0.039

for some large δ > 0, where λ̃δ(·) is the minimum approximation function from above and

�†
�

:= �(��, �†, w�, w†, σ �, σ †, ϕ†
�
), ϕ†

�
:= atan2(y† − y�, x† − x�) − σ � (44a)

�
†

�
:= �(��, �†, w�, w†, σ �, σ †, ϕ

†

�
), ϕ

†

�
:= atan2(x† − x�, z† − z�) − σ � (44b)

�
†

�
:= �(��, �†, w�, w†, σ �, σ †, ϕ

†

�
), ϕ

†

�
:= atan2(z† − z�, y† − y�) − σ � (44c)

for {�, †} ∈ {ij, kl}. Now, let’s define the minimum safe distance (in 3D) between the centers of ijth and
klth links along the vector pij − pkl as:

rkl
ij = rij

kl = h
∥∥pij − pkl

∥∥ (45)

where h> 0. To ensure that the links do not collide, one needs to guarantee that at least one of
the Cartesian plane’s minimum safe distance is satisfied. Mathematically, this means that one of the
following inequalities holds

h · ((xij − xkl)
2 + (yij − ykl)

2
)≥ (rkl

ij )
2 (46a)

h · ((xij − xkl)
2 + (zij − zkl)

2
)≥ (rij

kl)2 (46b)

h · ((yij − ykl)
2 + (zij − zkl)

2
)≥ (rij

kl)2. (46c)

Accordingly, one can pick h as:

h =
(

̃δ

(
(xij − xkl)2 + (yij − ykl)2

(rij
kl)2

,
(xij − xkl)2 + (zij − zkl)2

(rij
kl)2

,
(yij − ykl)2 + (zij − zkl)2

(rij
kl)2

))−1

(47)

where 
̃δ(·) is the smooth approximation of the maximum function from above (9). Note that rkl
ij , r

kl

ij , and

r
kl

ij are by definition larger than the cross-sectional radius of the links, that is, larger than (wij + wkl)/2> 0,
and therefore, h and rkl

ij are well defined and continuously differentiable.
An example with two identical 5-DOF revolute robotic manipulators is now presented. The sys-

tem parameters for the robots are given in Table II. The robots are assumed to be tasked with lifting
an object centered at (x, y, z) = (0.5, 0, −0.3) (m). Accordingly, the desired configurations are chosen
as qd

1 = [1.13, −2.23, 2.59, 1.44, 3.01]T (rad) and qd
2 = [0.32, −2.23, 2.59, 1.44, 3.01]T (rad). The robots

must also avoid a wall located at x = −0.15 (m).
The simulation results with the proposed avoidance control are given in Fig. 7. The control parameters

are chosen as Ai = diag(15, 15, 12, 12, 12), Bi = diag(8, 8, 8, 8, 8), ρkl
ij = 0.25 (m), ε= 0.02, and δ = 8.

As can be observed from the snapshots, both manipulators stayed away from collisions and converged
to the desired configuration in less than 15 s.

We also simulated the robotic manipulators using spherical approximations and applying the tradi-
tional artificial potential field approach (11) with a constant radius. Given the fact that the spherical
approximation augments the size of the links, a slightly smaller safety range of ρkl

ij = 0.2 (m) was chosen
to ease mobility. The results are shown in Fig. 8. Note that the robots avoided collisions but took longer
to converge. In fact, after 15 (s), the robots have not quite stabilized yet at the desired position.
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Figure 7. Simulation of two identical three-dimensional robots with proposed avoidance control. The
desired configurations are illustrated in red, with the simulated object to be picked up in yellow.
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Figure 8. Simulation of two identical three-dimensional robots using spherical approximations for the
links and the wall. The desired configurations are illustrated in red, with the simulated object to be
picked up in yellow.
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Figure 9. Vector norm of the configuration errors for both 5-DOF manipulators.

For comparison, Figs. 9 and 10 illustrate the norm of tracking error in generalized coordinates and the
control torques for both manipulators, respectively. Note that while the manipulators under the proposed
avoidance control converged to the desired configuration in approximately 10 (s), it took more than
50 (s) for both manipulators to converge under the traditional use of spherical approximations. This
can be attributed to the interference with the desired task by several repulsive field forces generated
by multiple spheres. In addition, the proposed continuously differentiable minimum safe distance may
provide a tighter distance to collision bound than the approximation of elongated obstacles with spheres,
increasing the maneuverability of links through obstructed spaces. Finally, the control torques under the
traditional approach are also significantly higher than with the proposed avoidance control. The latter
can also be attributed to the interaction of multiple repulsive potential field functions. It is worth noting
that the spikes in the magnitude of the control torques are due to the repulsive forces, which tend to
rapidly increase when the distance between the link and the obstacle approaches zero.

4.3. Example: 3D manipulators with bounded torques
Next, we consider the case of robotic manipulators with bounded control torques.

Consider the two-robot system from Section 4.2 with parameters given in Table II. Assume now
that the control torque for each link is bounded by Ti1 = Ti2 = 100 (Nm), Ti3 = 80 (Nm), and Ti4 = Ti5 =
60 (Nm) for i ∈ {1, 2} and that the system implements the saturated PD-type control with gravity com-
pensation and collision avoidance strategy from Section 3.3.6, equation (28). Let the control parameters
for the minimum safety distance and PD control be the same as in Section 4.2 but with saturation bounds
for the PD control given by ωij = 1

2
Tij ∀ i, j. Similarly, let the bounds on the gravitational torques be

Gi1 = Gi2 = 0 (Nm), Gi3 = 30 (Nm), Gi4 = 16 (Nm), and Gi5 = 6 (Nm), which have been obtained by
numerical estimation. Finally, since the avoidance control term in (28) can exceed the manipulators’
input control bounds, the total input torque τij is further saturated at −Tij and Tij whenever it exceeds
these bounds.

The simulation results under the saturated PD-type control with gravity compensation and collision
avoidance strategy are illustrated in Fig. 11. Note that both manipulators are able to converge safely to
the desired configurations within 15 (s), similar to the use of the unbounded control law as presented in
Section 4.2. Fig. 12 compares the implementation of both controllers in terms of tracking error. Observe
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Figure 10. Vector norm of the control torques for both 5-DOF manipulators. Figures (c) and (d) depict
the avoidance control torques for the first and second manipulators when avoiding self-collisions (thick
line), collisions with the other manipulator (dotted line), and collisions with the wall (fine line).

that the responses of the unsaturated control (16) and the saturated one (28) exhibit similar behaviors,
with the saturated PD-type control taking just slightly longer to converge.

Fig. 13 shows the magnitude of the total control torque (i.e., |τij|), the saturated PD-type control (i.e.,
|satij(aijq̃ij + bijq̇ij)|), the gravitational torque (i.e., |gij|), and the total collision avoidance control torque
(i.e., |uij|) for each manipulator’s joint. Note that the total control torque remains within its bound Tij

at all times, reaching the maximum only when the avoidance control is also large. These maximum,
rapidly increasing control torque values result from the repulsive forces when a link rapidly approaches
an obstacle and are to be expected among potential field-based methods. Note that the saturated PD-type
control torque remains within its bound ωij, and the sum of the gravitational compensation torque and
the PD-type control never exceeds the total control bound. The avoidance control also remains within
the required bound Uij = Tij − Gij −ωij for guaranteed collision avoidance most of the time except at

https://doi.org/10.1017/S0263574724001334 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574724001334


Robotica 21

Figure 11. Simulation of two identical three-dimensional robots with bounded control torques and
proposed avoidance control. The desired configurations are illustrated in red, with the simulated object
to be picked up in yellow.
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Figure 12. Comparison of the norm of the tracking error, ‖q̃1‖ + ‖q̃2‖, when using the unbounded
PD-type control (16a) and the saturated PD-type control (28).

Figure 13. Norm of links’ control torques for the first robot (left-side) and second robot (right-side).

https://doi.org/10.1017/S0263574724001334 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574724001334


Robotica 23

critically safety instances when the links come close to a collision. Nevertheless, both manipulators are
able to avoid collisions at all times.

5. Conclusions and Future Work
This paper presented a cooperative, distributed avoidance control law for multiple robotic manipula-
tors. The control strategy builds on the concepts of potential field functions and approximates the links
and obstacles as shapes of smooth radii. However, in contrast to previous work, the proposed avoid-
ance control law reduces the conservatism of other potential field methods by avoiding the traditional
spherical and elliptical shape assumptions. Similarly, the control input torques are smooth, well-defined,
closed-form functions, simplifying the implementation and avoiding the discontinuities of other shortest
distance-based methods. Furthermore, the control approach is also rigorously shown to prevent colli-
sions at all times using Lyapunov analysis. Extensions to robotic manipulators with bounded control
torques and other Lyapunov-based tracking controllers are also given. Simulation examples with 2D and
3D revolute manipulators demonstrate the performance of the avoidance control strategy in comparison
to traditional spherical approximations.
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