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1' In t roduc t ion . In this note we cons ide r the poss ib i l i t y of 
un i so lvence of a family ty of r e a l continuous functions on a c o m p a c t 
s u b s e t X of m - d i m e n s i o n a l Euc l idean s p a c e . Such a study is of 
i n t e r e s t for two r e a s o n s . F i r s t , an e legant t heo ry of Chebyshev 
app rox ima t ion has been cons t ruc ted for the c a s e where the 
approx ima t ing fami ly •% is un iso lven t of d e g r e e n on an i n t e r v a l 
[a, p ] . We study what s o r t of t heo ry r e s u l t s f r o m un iso lvence of 
d e g r e e n on a m o r e g e n e r a l s p a c e . Secondly, un iqueness of b e s t 
Chebyshev app rox ima t ion on a g e n e r a l compac t space to any 
cont inuous function on X can be shown if the approx imat ing family \j 
is un iso lven t of d e g r e e n and Qj s a t i s f i e s c e r t a i n convexity 
cond i t ions . It i s t h e r e f o r e of i m p o r t a n c e to Chebyshev app rox ima t ion 
to cons ide r the domains X on which un iso lvence can o c c u r . We wil l 
a l so study a m o r e g e n e r a l condit ion on iy involving a v a r i a b l e 
d e g r e e . 

2 . Un i so lvence . 

DEFINITION. A fami ly .&j of r e a l continuous functions i s called 
un iso lvent of d e g r e e n on a space X if for any given d i s t inc t poin ts 
x , . . . , x , and r e a l n u m b e r s w , . . . , w , t h e r e ex i s t s a unique 

I n I n 
e l e m e n t G e •% such that 

G(x.) = w. i = 1, . . . , n . 

Such a fami ly is called by T o r n h e i m and Cur t i s an n - p a r a m e t e r f ami ly . 

LEMMA 1. Let fy be un iso lven t of d e g r e e 2 on a closed 
i n t e r v a l [x , x ], then two d i s t inc t app rox iman t s G and G cannot 

have a d i f ference G -G^ with an i n t e r i o r z e r o at which no s ign change 
1 2 —• • • - s — — ' — * — 

o c c u r s . 

defini t ion of un i so lvence G -G^ can have no o ther z e r o s . Selec t 
1 2 

Proof . Suppose such a p p r o x i m a n t s G and G ex i s t . By 

.tion of uniso] 

G £ 9j such that 
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G,(x ) = G Ax), GAx) = (G (x )+G (x ))/2. 
3 1 1 1 3 2 1 Z L L 

By drawing a d i a g r a m it i s s een that one of the d i f f e rences G -G , 

G -G m u s t have two z e r o s in [x , x ] . 

A t r ipod i s a se t of m - d i m e n s i o n a l r e a l space cons i s t ing of 
t h r e e n o n - d e g e n e r a t e l ine s e g m e n t s S , S , S , joined at and only at 

one c o m m o n endpoint, a r a m i f i c a t i o n poin t . In [ 1 , pp . 16-17] can be 
found a d i a g r a m of a t r ipod and H a a r ' s ingenious a r g u m e n t tha t a 
un i so lven t l i nea r fami ly of d i m e n s i o n g r e a t e r than one cannot ex i s t on 
a space containing a t r i p o d . 

THEOREM 1. Let y be un i so lven t of d e g r e e n on X, n > 2 , 
then X does not conta in a t r i pod . 

P roo f . A s s u m e the t h e o r e m is f a l s e . In the c a s e n > 2 we can 
take d i s t i nc t po in t s x„ , . . . , x in the i n t e r i o r of the s e g m e n t S , and r 3 n 1 
if we choose va lues w„, . . . , w , the r e q u i r e m e n t that 

3 n 

G(x.) = w. i = 3, . . . , ii 

g ives us a subse t of ~j which is un i so lven t of d e g r e e 2 on a se t 
c o m p r i s i n g S ., S , and a s u b s e t S ' of S connected with the o ther 

s e g m e n t s . We t h e r e f o r e have a f ami ly £j ' un i so lven t of d e g r e e 2 on 
the tripod S » U S 0 ( J S 0 . 

1 Z 5 

It only r e m a i n s to show tha t no fami ly ty un i so lven t of d e g r e e 2 
on a t r ipod S KJ S U S„ can e x i s t . Le t G, and G^ be two 

1 2 3 1 2 
a p p r o x i m a n t s with the s a m e va lue at the r a m i f i c a t i o n poin t and differ ing 
on s o m e o the r fixed po in t . By defini t ion G -G has no o the r z e r o s . 

On two of the t h r e e s e g m e n t i n t e r i o r s , G -G has t h e r e f o r e the s a m e 

sign; a s s u m e without l o s s of g e n e r a l i t y that t h e s e s e g m e n t s a r e S 

and S . We t h e r e f o r e have the d i f fe rence of two d i s t i nc t a p p r o x i m a n t s 

having an i n t e r i o r z e r o with no s ign change on the i n t e r v a l S U S . 

By l e m m a 1 this is i m p o s s i b l e and the t h e o r e m is p r o v e n . 

THEOREM 2 . A L e t */ be un i so lven t of d e g r e e n > 1 on X 
containing a subse t X h o m e o m o r p h i c to the c i r c u m f e r e n c e of a c i r c l e 

A 

in 2- s pace , then X = X and n is odd. 

P roof . F i r s t we c o n s i d e r the c a s e w h e r e n is even . Le t 
x , . . . , x be n d i s t i nc t points on X and let G and G^ be chosen 

I n 1 2 
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in h such that G, (x.) = G ( x . ) (i = 1, . . . , n-1) and G f x ) ^ G (x ). 
v 1 1 2 1 l n 2 n 

G and G a r e d i s t inc t e l e m e n t s of KÀ which a g r e e on the n - 1 poin ts 

{x , . . . , x } ; by definit ion they can a g r e e on no o the r poin t . F r o m 
1 n - 1 

A 

the c i r c u l a r i t y of X, oddness of n - 1 , and continuity of G - G , the 
d i f fe rence G -G cannot change s ign at a l l i t s z e r o s ; hence t h e r e is 

1 2 
a z e r o x. of G -G at which no s ign change o c c u r s . Let S be a 

J ^ 1 2 

s e g m e n t of X containing x. as an i n t e r i o r point and no o ther z e r o s 

of G - G . Le t M ^ be the fami ly of e l e m e n t s G of "M such that 
1 2 2 o 

G(x. ) = G (x.) (i = 1, . . . , n - 1 , i i- j ) ; then " w i s uniso lvent of 
i l l u 2 

d e g r e e 2 on S and conta ins G and G . Applying the l e m m a , we 
1 2

 A 
obta in a con t rad ic t ion , and so n m u s t be odd. Next suppose X~X i s 
a n o n - e m p t y se t containing x and n i s odd, then define \À to be 

0 ^ J n 
the se t of e l e m e n t s G of Xj such that G(x ) = 0. ^j i s un iso lvent 

A 

of d e g r e e n - 1 , which is even, on X, which is i m p o s s i b l e by the 
p r e v i o u s a r g u m e n t . The t h e o r e m i s p r o v e n . 

If we cons ide r compac t a r c w i s e - c o n n e c t e d subse t s X of 
m - d i m e n s i o n a l Euc l idean space , we find t h e r e a r e only t h r e e 
p o s s i b i l i t i e s topologica l ly . F i r s t , X can be h o m e o m o r p h i c to a 
c losed i n t e r v a l , which is topological ly equivalent to a p r o p e r a r c w i s e -
connected subse t of the c i r c u m f e r e n c e of the c i r c l e . Secondly, X can 
be h o m e o m o r p h i c to the c i r c u m f e r e n c e of the c i r c l e . Th i rd ly X can 
conta in a t r ipod . Applying the p r e v i o u s r e s u l t s we obtain 

THEOREM 3 . Let *3 be unisolvent of d e g r e e n g r e a t e r than 
one on a compac t a r c w i s e - c o n n e c t e d subse t X of m - d i m e n s i o n a l 
Euc l idean space', then X i s h o m e o m o r p h i c to an a r c w i s e - c o n n e c t e d 
s u b s e t of the c i r c u m f e r e n c e of the c i r c l e in 2 - s p a c e . If n i s even the 
s u b s e t of the c i r c u m f e r e n c e m u s t be a p r o p e r subse t . 

COROLLARY. Let X be a compac t a r c w i s e - c o n n e c t e d subse t 
of finite d imens iona l m - s p a c e and J(i be uniso lvent of d e g r e e n on X. 
If {G }E £j conve rges poin twise to G e Jh on a se t of n d i s t inc t 

po in t s , then {G } conve rges uni formly to G . 

Proof of C o r o l l a r y . The r e s u l t i s ea s i ly seen to be t r u e in the 
c a s e w h e r e n = 1. In the case n > 1 we can a s s u m e without loss of 
gene ra l i t y that X is an a r c w i s e - c o n n e c t e d subse t of the c i r c u m f e r e n c e 
of the c i r c l e , and it is r e a d i l y shown by the a r g u m e n t s of T o r n h e i m 
[4, p p . 450-462] , for the ca se X is an i n t e r v a l and the a r g u m e n t of 
Cur t i s [ 2 , p . 1014], for the case X is the c i r c u m f e r e n c e , that the 
r e s u l t i s t r u e . If the hypo theses of the c o r o l l a r y a r e sa t is f ied it 
follows that c losed bounded s u b s e t s of ty a r e compac t . 

4 7 1 
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We obta in the s t anda rd a l t e rna t ing theory [4, p p . 463-466] of 
Chebyshev a p p r o x i m a t i o n if we i n s i s t that X be a r c w i s e - c o n n e c t e d and 
Ki be uni so lvent of d e g r e e n on X. 

In c a s e X is not connected, uni so lven t f a m i l i e s m a y no longer 
p o s s e s s the topologica l p r o p e r t i e s given in the c o r o l l a r y . F o r example , 
le t X be a space of 2 po in t s , x , x^, and le t n be a 1-1 function 

f r o m r e a l s to r e a l s , then the fami ly of funct ions y - ( F ( a , . )} , 

F ( a , x ) = a F ( a , x 2 ) = p ( a ) , 

'ij nee i s un i so lven t of d e g r e e 1 on x. -y need have no topologica l 
s t r u c t u r e if p i s highly d i s c o n t i n u o u s . If n is s e l ec ted such that for 
any r e a l s b, c ,b< c, {p(a):b< a< c} is dense in the r e a l l ine , then 
the only functions on X with b e s t Chebyshev a p p r o x i m a t i o n s a r e 
e l e m e n t s of -Ê/ . S imi l a r pa tho log ica l c a s e s can be given for 
un i so lvence of h igher d e g r e e and X cons i s t ing of a finite point s e t 
p lus an i n t e r v a l . It is an open ques t ion whe the r the c o r o l l a r y is t r u e 
when n > 1 and X c o n s i s t s of n o n - d e g e n e r a t e i n t e r v a l s . 

3 * F a m i l i e s with v a r i a b l e d e g r e e . P r o p e r t i e s m o r e g e n e r a 1 
than un i so lvence a r e a l so i m p o r t a n t in Chebyshev a p p r o x i m a t i o n . Among 
these p r o p e r t i e s is R i c e ' s un i so lvence of v a r i a b l e d e g r e e [3 ] ; we 
in t roduce a m o r e g e n e r a l p r o p e r t y including R i c e ' s p r o p e r t y . It is 
convenient to give the space of cont inuous funct ions on X the n o r m 

| | g | | = m a x {|g(x)| : x e X} . 

DEFINITION. -£) has d e g r e e n at G if 

(i) G-G having n z e r o s i m p l i e s G = G , 

(ii) for given n d i s t i nc t po in t s , r e a l £ > 0, and r e a l n u m b e r s 
w , . . . , w taking va lues - 1 , 0, 1, t h e r e i s an e l e m e n t 

j> n 

G e ~y such that | |G - G | | < e and sgn [G (x.)-G(x.)] = \ 
1, 

LEMMA Z. Let "y have pos i t ive d e g r e e at a l l e l e m e n t s and X 
conta in a n o n - d e g e n e r a t e i n t e r v a l I, then for any e l e m e n t G at which 

4 ' " ~~ 
i m p l i e s \J has d e g r e e at l e a s t n _at_ G . 

has d e g r e e n, t h e r e ex i s t s 6 > 0 such that | [ G-G [ | < 5 

Proof . Let I conta in an o r d e r e d se t x , . . . , x of p o i n t s . 
1 n 

<V # Selec t G, e £/ such that 

sgn (G(x.) - G f x . ) ) = (-1) i = 1, . . . , - n . 
l 1 l 
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Let 6 = inf { I G(x.)-G (x ) I : i = 1, . . . , n) . Selec t G_e •-& such 
i 1 i 2 v/ 

that j | G - G | |< 5 . It i s eas i ly s een that 

3 g n ( G ( x . ) - G f x . ) ) = (-1)1 i = l , . . . , n , 
Z l 1 l 

and hence G -G has at l e a s t n -1 z e r o s in [ x . x 1. Hence the 
2 1 1 n 

d e g r e e of v at G i s a t l ea s t n, and the l e m m a i s p r o v e n . 

Le t <j have a m a x i m u m d e g r e e n and the hypotheses of l e m m a 2 
hold; then it i s e a s i l y seen f rom l e m m a 2 and the definit ion that the 
fami ly & , the se t of e l e m e n t s of Ô at which <r has d e g r e e n, 
has d e g r e e n at each of i t s e l emen t s on X. We can eas i ly obtain 
ana logues of l e m m a 1, T h e o r e m 1, and T h e o r e m 2, using s i m i l a r 
a r g u m e n t s on v an (^ f rom these we obta in the analogue of T h e o r e m 3 . 

n 

THEOREM 4 . Let *y have pos i t ive d e g r e e at a l l of i t s e l e m e n t s 
and have m a x i m u m d e g r e e n > 1 on a compac t a r c w i s e - c o n n e c t e d 
s u b s e t X of m - d i m e n s i o n a l Euc l idean space , then X is h o m e o m o r p h i e 
to an a r c w i s e - c o n n e c t e d subse t of the c i r c u m f e r e n c e of the unit c i r c l e 
in 2- s p a c e . If n i s even the subse t of the c i r c u m f e r e n c e m u s t be a 
p r o p e r s u b s e t . 

In the c a s e v/here X i s an i n t e r v a l or c i r c u m f e r e n c e of a 
c i r c l e and </ has a pos i t ive d e g r e e at a l l of i t s e l e m e n t s , it is r e a d i l y 
shown by a r g u m e n t s s i m i l a r to those of Rice [3 , pp . 300-3 01J that a 
n e c e s s a r y and sufficient condit ion for an e l emen t G at which -y has 
d e g r e e n to be a b e s t Chebyshev app rox ima t ion to f is that f-G 
a l t e r n a t e n t i m e s . It follows that we obtain the s t andard a l t e rna t ing 
theo ry if we r e q u i r e that X be a r c w i s e - c o n n e c t e d and -y have 
pos i t ive d e g r e e at a l l e l e m e n t s on X. 

It should be noted that r e s u l t s s t r o n g e r than those of this p a p e r 
have been es tab l i shed for l inear uniso lvent f ami l i e s by M a i r h u b e r and 
Cur t i s ( these r e s u l t s apply a l so to r a t i o n a l f ami l i e s with a d e g r e e ) . 
The proofs of this p a p e r a r e however much m o r e e l e m e n t a r y . 

The author would like to thank D r . E. B a r b e a u and D r . 
E . W. Cheney for the i r s u g g e s t i o n s . 
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