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Abstract

We study the Diophantine transference principle over function fields. By adapting the approach of Beres-
nevich and Velani [‘An inhomogeneous transference principle and Diophantine approximation’, Proc.
Lond. Math. Soc. (3) 101 (2010), 821–851] to function fields, we extend many results from homogeneous
to inhomogeneous Diophantine approximation. This also yields the inhomogeneous Baker–Sprindžuk
conjecture over function fields and upper bounds for the general nonextremal scenario.
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1. Introduction

The theory of metric Diophantine approximation on manifolds began with Mahler’s
conjecture which states that almost every point on the Veronese curve Vn :=
{(x, x2, . . . , xn) : x ∈ R} is not very well approximable. Sprindžuk [20] proved this
conjecture in 1960 and conjectured [21] that the conclusion of Mahler’s conjecture
is true for any nondegenerate analytic submanifold of Rn. This was strengthened
by Baker and is commonly referred to as the Baker–Sprindžuk conjecture. After
some partial results, the conjecture in its full generality was finally resolved in 1998
by Kleinbock and Margulis [15] using techniques from homogeneous dynamics.
Beresnevich and Velani and others [1–4] observed that, sometimes, the results of
homogeneous Diophantine approximation can be transferred to the inhomogeneous
context by a transference principle. In [4], Beresnevich and Velani proved many
results of inhomogeneous Diophantine approximation, including the inhomogeneous
Baker–Sprindžuk conjecture in this way. Our aim is to explore this theme in the context
of function fields.

Consider the function field Fq(X), where q = pd, p is a prime and d ∈ N. Define a
nonarchimedean absolute value | · | on Fq(X) by

© The Author(s), 2024. Published by Cambridge University Press on behalf of Australian Mathematical
Publishing Association Inc.

216

https://doi.org/10.1017/S0004972724000029 Published online by Cambridge University Press

http://dx.doi.org/10.1017/S0004972724000029
https://orcid.org/0000-0002-2547-7089
https://orcid.org/0000-0002-7305-8946
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0004972724000029&domain=pdf
https://doi.org/10.1017/S0004972724000029


[2] Diophantine transference principle 217

|0| := 0 and
∣∣∣∣∣ fg
∣∣∣∣∣ = edeg f−deg g for f , g ∈ Fq[X] \ {0} .

By Fq((X−1)), we denote the field of Laurent series in X−1 over the finite field Fq. Note
that Fq((X−1)) is the completion of Fq(X) with respect to the absolute value | · | and
the absolute value of Fq(X) extends to an absolute value of Fq((X−1)) as follows. For
f ∈ Fq((X−1)) \ {0}, we can write

f =
∑
�≤�0

α�X� where �0 ∈ Z, α� ∈ Fq and α�0 � 0.

We define | f | := e�0 . With respect to this absolute value, Fq((X−1)) is an ultrametric,
complete and separable metric space. Every local field of positive characteristic is
isomorphic to some Fq((X−1)).

From now on, Fq[X] and Fq((X−1)) will be denoted by Λ and F, respectively. We
equip Fn with the supremum norm:

||y|| := max
1≤i≤n
|yi| for y = (y1, y2, . . . , yn) ∈ Fn.

In the topology induced by the sup norm,Λn is discrete in Fn and the local compactness
of F implies that Fn is locally compact. By λ, we denote the Haar measure on Fn such
that λ({x ∈ Fn : ‖x‖ ≤ 1}) = 1.

Diophantine approximation over function fields has been studied extensively since
Mahler developed the geometry of numbers in this context [18]. We refer to the survey
in [17] and to [7, 13, 19] for recent developments. Let us first recall Dirichlet’s theorem
over function fields.

THEOREM 1.1 [9, Theorem 2.1]. Let m, n ∈ N, � = m + n and

α+ :=
{
t := (t1, . . . , tl) ∈ Z�+ :

m∑
i=1

ti =
n∑

i=1

tm+i

}
.

Let Z be an m × n matrix over F. Then for any t ∈ α+, there exist solutions
q = (q1, . . . , qn) ∈ Λn \ {0} and p = (p1, . . . , pm) ∈ Λm of the system of inequalities:

{
|Ziq + pi| < e−ti for i = 1, 2, . . . , m,

|qj| < etm+j for j = 1, 2, . . . , n ,

where Z1, . . . , Zm are the row vectors of Z.

Here, Z+ denotes the set of nonnegative integers. We will not pursue this much
generality, but only consider unweighted Diophantine approximation. We denote the
set of all m × n matrices over F by Fm×n.
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218 S. Das and A. Ganguly [3]

DEFINITION 1.2 [10]. Given Y ∈ Fm×n and θ ∈ Fm, we define the inhomogeneous
exponent ω(Y , θ) of Y as the supremum of real numbers ω ≥ 0 such that there exists a
solution (p, q) ∈ Λm × (Λn \ {0}) to the system of inequalities

‖Yq + p + θ‖m < e−ωT and ‖q‖n < eT

for arbitrarily large T ≥ 1.

DEFINITION 1.3. Given Y ∈ Fm×n and θ ∈ Fm, we define the inhomogeneous uniform
exponent ω̂(Y , θ) of Y as the supremum of real numbers ω̂ ≥ 0 such that there exists a
solution (p, q) ∈ Λm × (Λn \ {0}) to the system of inequalities

‖Yq + p + θ‖m < e−ω̂T and ‖q‖n < eT

for all sufficiently large T ≥ 1.

DEFINITION 1.4. Given Y ∈ Fm×n and θ ∈ Fm, we define the multiplicative inhomoge-
neous exponent ω×(Y , θ) of Y as the supremum of real numbers ω ≥ 0 such that there
exists a solution (p, q) ∈ Λm × (Λn \ {0}) to the system of inequalities∏

(Yq + p + θ) < e−ωT and
∏
+
(q) < eT

for arbitrarily large T ≥ 1, where
∏

(y) :=
m∏

j=1

|yj| and
∏
+
(q) :=

n∏
i=1

max{1, |qi|}

for y = (y1, . . . , ym) ∈ Fm and q = (q1, . . . , qn) ∈ Λn.

In a similar manner, given any Y ∈ Fm×n and θ ∈ Fm, we define the multiplicative
inhomogeneous uniform exponent ω̂×(Y , θ) of Y. Note that the analogous homogeneous
exponents are provided by the special case of θ = 0, where 0 = (0, . . . , 0) ∈ Fm, that is,
ω(Y) := ω(Y , 0), ω̂(Y) := ω̂(Y , 0), ω×(Y) := ω×(Y , 0) and ω̂×(Y) := ω̂×(Y , 0). Also

ω×(Y , θ) ≥ ω(Y , θ) for all Y ∈ Fm×n, θ ∈ Fm. (1.1)

By Dirichlet’s theorem, ω(Y) ≥ 1 for all Y ∈ Fm×n. Hence, ω×(Y) ≥ 1. An easy
application of the Borel–Cantelli lemma shows that ω(Y) = 1 and ω×(Y) = 1 for
λ-almost every Y ∈ Fm×n. We say that Y ∈ Fm×n is very well approximable (VWA)
if ω(Y) > 1 and Y ∈ Fm×n is very well multiplicatively approximable (VWMA) if
ω×(Y) > 1.

The function field analogue of the Baker–Sprindžuk conjecture states that almost
every point on an analytic nondegenerate submanifoldM of Fn, identified with either
columns Fn×1 (in simultaneous Diophantine approximation) or rows F1×n (in dual
Diophantine approximation), is not VWMA with respect to the natural measure on
M. In the language of exponents, ifM is any analytic nondegenerate submanifold of
Fn, then

ω×(Y) = 1 for almost every Y ∈ M, (1.2)
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and this clearly implies that

ω(Y) = 1 for almost every Y ∈ M. (1.3)

This was settled by Ghosh in [11]. The manifolds of Fn which satisfy (1.2) and (1.3)
are referred to as strongly extremal and extremal, respectively. In view of the above
discussion, we have the following theorem.

THEOREM 1.5 [11, Theorem 3.7]. LetM be an analytic nondegenerate submanifold
of Fn. ThenM is strongly extremal.

Kleinbock, Lindenstrauss and Weiss introduced the idea of measures being extremal
rather than sets. Following their terminology, a measure μ supported on a subset of
Fm×n is extremal (strongly extremal) if ω(Y) = 1 (ω×(Y) = 1) for μ-almost every point
Y ∈ Fm×n. Due to Khintchine’s transference principle, we say that a measure μ on Fn

is (strongly) extremal if it is (strongly) extremal as a measure on F1×n or Fn×1.

THEOREM 1.6. Let μ be a friendly measure on Fn. Then μ is strongly extremal.

We will define the notion of friendly measure in Section 3. Friendly measures
provide us with a large class of measures on Fn that includes the natural measure
on a nondegenerate analytic manifold. The proof of Theorem 1.6 is analogous to that
of Theorem 11.1 and Corollary 11.2 of [16]. Hence, Theorem 1.6 implies Theorem 1.5.

DEFINITION 1.7. A measure μ supported on a subset of Fm×n is said to be inhomoge-
neously extremal if, for all θ ∈ Fm, we have ω(Y , θ) = 1 for μ-almost every Y ∈ Fm×n.
We call μ inhomogeneously strongly extremal if, for all θ ∈ Fm, we have ω×(Y , θ) = 1
for μ-almost every Y ∈ Fm×n.

It is easy to see that this naturally generalises the notion of extremality in the
homogeneous case (θ = 0). In the homogeneous case, strong extremality implies
extremality but it is not at all clear why an inhomogeneously strong extremal measure
would be inhomogeneously extremal. The following proposition, proved in Section 4,
answers this question.

PROPOSITION 1.8. Suppose that μ be a measure supported on a subset of Fm×n. Then

μ is inhomogeneously strongly extremal =⇒ μ is inhomogeneously extremal.

As mentioned earlier, in the homogeneous case, both the simultaneous and dual
forms of Diophantine approximation lead to the same notion of extremality due to
Khintchine’s transference principle. As there is no Khitchine’s transference principle
in the inhomogeneous case, one has to deal with simultaneous and dual forms of
Diophantine approximation separately.
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DEFINITION 1.9. A measure μ supported on a subset of Fn is said to be dually inhomo-
geneously (strongly) extremal if μ is inhomogeneously (strongly) extremal on F1×n. We
call μ simultaneously inhomogeneously (strongly) extremal if μ is inhomogeneously
(strongly) extremal on Fn×1. Furthermore, we say that μ is inhomogeneously (strongly)
extremal if μ is both dually and simultaneously inhomogeneously (strongly) extremal.

In [10], Ganguly and Ghosh proved the inhomogeneous Sprindžuk conjecture over
a field of positive characteristic.

THEOREM 1.10 [10, Theorem 1.1]. LetM be an analytic nondegenerate submanifold
of Fn. ThenM is inhomogeneously extremal.

2. Main results

In this section, we describe the main results of this paper.

THEOREM 2.1. (A) Let μ be an almost everywhere contracting measure on Fm×n. Then

μ is extremal ⇐⇒ μ is inhomogeneously extremal.

(B) Let μ be an almost everywhere strongly contracting measure on Fm×n. Then

μ is strongly extremal ⇐⇒ μ is inhomogeneously strongly extremal.

We will define a (strongly) contracting measure in the next section. Strongly
contracting measures form a class of measures containing friendly measures. Hence, in
view of Theorem 2.1 and Corollary 3.5, we have the following inhomogeneous version
of Theorem 1.6.

THEOREM 2.2. Let μ be a friendly measure on Fn. Then μ is inhomogeneously strongly
extremal.

It is well known that the natural measure supported on an analytic nondegenerate
manifold is friendly. Hence, as an immediate consequence of Theorems 2.1, 1.5 and
Corollary 3.5, we get the inhomogeneous Baker–Sprindžuk conjecture.

THEOREM 2.3. Let M be an analytic nondegenerate submanifold of Fn. Then M is
inhomogeneously strongly extremal.

Furthermore, we prove the following upper bounds for the nonextremal case.

THEOREM 2.4. (I) Let μ be a measure on Fm×n which is contracting almost every-
where. Suppose that ω(Y) = η for μ-almost every Y ∈ Fm×n. Then, for all θ ∈ Fm,

ω(Y , θ) ≤ η for μ-almost every Y ∈ Fm×n.

(II) Let μ be a measure on Fm×n which is strongly contracting almost everywhere.
Suppose that ω×(Y) = η for μ-almost every Y ∈ Fm×n. Then, for all θ ∈ Fm,

ω×(Y , θ) ≤ η for μ-almost every Y ∈ Fm×n.

The above theorem is the function field analogue of [12, Theorem 2.2].
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3. Strongly contracting and friendly measures

We retain the notation and terminologies of Beresnevich and Velani from [4]. Let
X be a metric space and B ⊆ X be a ball. For a > 0, aB denotes the ball with the
same centre as B and radius a times the radius of B. We say that a measure μ on X
is nonatomic if μ({x}) = 0 for any x ∈ X. The support of a measure is defined to be the
smallest closed set S such that μ(X \ S) = 0. We say that μ is doubling if there exists a
constant c > 0 such that for any ball B with centre in S, we have μ(2B) ≤ cμ(B).

Consider the plane Lb,c := {Y ∈ Fm×n : Yb + c = 0} for b ∈ Fn with ‖b‖ = 1 and
c ∈ Fm. For ε = (ε1, . . . , εm) ∈ (0,∞)m, we define the ε-neighbourhood of the plane
Lb,c by

L(ε)
b,c := {Y ∈ Fm×n : |Yib + ci| < εi for all i = 1, . . . , m}, (3.1)

where Yi is the ith row of Y . If ε1 = · · · = εm = ε, we simply denote it by L(ε)
b,c.

DEFINITION 3.1. Let μ be a finite, nonatomic and doubling Borel measure on Fm×n.
Then μ is said to be strongly contracting if there exists C,α, r0 > 0 such that for any
planeLb,c, any ε = (ε1, . . . , εm) ∈ (0,∞)m with min{εj : 1 ≤ j ≤ m} < r0 and 0 < δ < 1,
the following property is satisfied: for all Y ∈ L(δε)

b,c ∩ S, there is an open ball B centred
at Y such that

B ∩ S ⊂ L(ε)
b,c (3.2)

and

μ(5B ∩ L(δε)
b,c ) ≤ Cδαμ(5B). (3.3)

We call the measure μ contracting if the same property holds with ε1 = · · · = εm = ε.
Further, μ is (strongly) contracting almost everywhere if for μ-almost every point
Y0 ∈ Fm×n, there is a neighbourhood V of Y0 such that the restriction μ|V of μ to V
is (strongly) contracting.

First, note that if a measure μ is strongly contracting then it is contracting. Next, we
recall the notion of friendly measures from [14, 16]. For this, we first need to define
nonplanarity and (C,α)-decaying for a measure μ. Let μ be a Borel measure on Fn and
S := the support of μ. We say μ is nonplanar if μ(L) = 0 for any hyperplaneL. Given a
hyperplane L and a ball B of Fn with μ(B) > 0, we define ‖dL‖μ,B to be the supremum
of dist(y,L) over y ∈ S ∩ B, where dist(y,L) = inf{‖y − l‖ : l ∈ L}. Given an open set
V of Fn and C,α > 0, we say that the measure μ is (C,α)-decaying on V if for any
nonempty open ball B ⊂ V centred in S, any affine hyperplane L of Fn and any ε > 0,

μ(B ∩ L(ε)) ≤ C
(
ε

‖dL‖μ,B

)α
μ(B),

where L(ε) is the ε-neighbourhood of L.

https://doi.org/10.1017/S0004972724000029 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972724000029


222 S. Das and A. Ganguly [7]

DEFINITION 3.2. Let μ be a nonatomic Borel measure on Fn. We say that the measure
μ is friendly if for μ-almost every point y0 ∈ Fn, there exists a neighbourhood V of y0
such that the restriction μ|V of μ to V is finite, doubling, nonplanar and (C,α)-decaying
for some C,α > 0.

Following [4], the notion of d-contracting measure on Fn generalises the notion of
contracting measure on Fn (identified with F1×n or Fn×1).

DEFINITION 3.3. Let d ∈ N with 0 ≤ d ≤ n − 1. A finite, nonatomic and doubling
Borel measure on Fn is said to be d-contracting if it satisfies the conditions (3.2) and
(3.3) for a contracting measure with the plane Lb,c replaced by any d-dimensional
plane L.

It is easy to see that a contracting measure on F1×n is essentially the same as a
0-contracting measure on Fn and a contracting measure on Fn×1 is essentially the same
as an (n − 1)-contracting measure on Fn.

THEOREM 3.4. Let d ∈ N with 0 ≤ d ≤ n − 1. Then any friendly measure on Fn is
d-contracting almost everywhere.

PROOF. Let d ∈ N, 0 ≤ d ≤ n − 1, and μ be a friendly measure on Fn. Then for
μ-almost every point y0 ∈ Fn, there exists a neighbourhood V of y0 such that the
restriction μ|V of μ to V is nonplanar, finite, doubling and (C,α)-decaying on V
for some C,α > 0. For the sake of simplicity, without loss of generality, we may
assume that μ = μ|V . We need to show that there exists C′,α′, r0 > 0 such that for
any d-dimensional plane L of Fn, 0 < ε < r0 and 0 < δ < 1, the following property is
satisfied: for all y ∈ L(δε) ∩ S, there is an open ball B centred at y such that

B ∩ S ⊂ L(ε) (3.4)

and

μ(5B ∩ L(δε)) ≤ C′δα
′
μ(5B), (3.5)

where S is the support of μ.
First we observe that any d-dimensional plane of Fn is of the form

L = {y = (y1, . . . , yn) ∈ Fn : bi1y1 + · · · + binyn + ai = 0 for i = 1, . . . , s},

where bi = (bi1, . . . , bin) ∈ Fn with ‖bi‖ = 1 and s ∈ {1, . . . , n}. Then

L(ε) = {y = (y1, . . . , yn) ∈ Fn : |bi1y1 + · · · + binyn + ai| < ε for i = 1, . . . , s}.

Since μ is nonplanar, the support S of μ contains n linearly independent points
y1, . . . , yn of Fn. Hence, we can find r0 > 0 such that whenever 0 < ε < r0, the
ε-neighbourhood of any d-dimensional plane L cannot contain all the points
y1, . . . , yn. Therefore, for any d-dimensional plane L and 0 < ε < r0,

S � L(ε). (3.6)
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Fix 0 < δ < 1. If S ∩ L(δε) = ∅, then there is nothing to show. So we now assume that
S ∩ L(δε) � ∅ and let y ∈ S ∩ L(δε). Our goal is to find a ball B centred at y such that
(3.4) and (3.5) hold. Since L(δε) is an open set, we can find a ball B′ centred at y such
that

B′ ⊂ L(ε). (3.7)

In view of (3.6) and (3.7), there exists a real number γ ≥ 1 such that

5γB′ ∩ S � L(ε) and γB′ ∩ S ⊂ L(ε).

Hence, there exists a point y′ = (y′1, . . . , y′n) ∈ (5γB′ ∩ S) \ L(ε) and this implies that

|bl1y′1 + · · · + blny′n + al| ≥ ε for some l ∈ {1, . . . , s}. (3.8)

Consider the hyperplane L0 = {y = (y1, . . . , yn) ∈ Fn : bl1y1 + · · · + blnyn + al = 0}. In
view of (3.8) and using the ultrametric triangle inequality, dist(y′,L0) ≥ ε.

Take B = 5γB′. From the above discussion, it is clear that ‖dL0‖μ,B ≥ ε. Since μ is
(C,α)-decaying with δε in place of ε,

μ(5γB′ ∩ L(δε)) ≤ μ(5γB′ ∩ L(δε)
0 ) ≤ C

(
δε

ε

)α
μ(5γB′) = Cδαμ(5γB′).

Therefore, the ball γB′ satisfies conditions (3.4) and (3.5) and μ is d-contracting. �

COROLLARY 3.5. (1) Any friendly measure on Fm×1 is (strongly) contracting almost
everywhere.

(2) Any friendly measure on F1×n is (strongly) contracting almost everywhere.

PROOF. From Theorem 3.4, it follows at once that any friendly measure on Fm×1 or
F1×n is contracting almost everywhere.

The proof that any friendly measure on Fm×1 or F1×n is strongly contracting almost
everywhere is the same as the proof of Theorem 3.4. �

4. Lower bounds for Diophantine exponents

For the nontrivial implication in Theorem 2.1(B), we need to show that a certain
measure μ on Fm×n is inhomogeneously strongly extremal. This amounts to showing
that the following two statements hold for all θ ∈ Fm:

ω×(Y , θ) ≤ 1 for μ-almost every Y ∈ Fm×n, (4.1)

ω×(Y , θ) ≥ 1 for μ-almost every Y ∈ Fm×n. (4.2)

Proving the nontrivial implication in Theorem 2.1(A) amounts to showing analogous
upper and lower bounds for ω(Y , θ). We devote this section to prove (4.2), that is,
the lower bound for inhomogeneous strong extremality. As a by-product, we get the
lower bound for inhomogeneous extremality. Before going to the proof of this result,
we collect some results related to the Diophantine transference principle over function
fields. The first is the function field analogue of a result by Bugeaud and Laurent [5].
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THEOREM 4.1 (Bugeaud and Zhang, [6]). Let Y ∈ Fm×n. Then for all θ ∈ Fm,

ω(Y , θ) ≥ 1
ω̂(Yt)

and ω̂(Y , θ) ≥ 1
ω(Yt)

. (4.3)

Furthermore, equality occurs in (4.3) for almost all θ ∈ Fm.

Next, we recall a positive characteristic version of Dyson’s transference principle
[8].

THEOREM 4.2 [10]. For any Y ∈ Fm×n, we have ω(Y) = 1 if and only if ω(Yt) = 1.

Now we are ready to prove the desired lower bound.

PROPOSITION 4.3. Let μ be an extremal measure on Fm×n. Then for every θ ∈ Fm, we
have ω×(Y , θ) ≥ ω(Y , θ) ≥ 1 for μ-almost every Y ∈ Fm×n.

PROOF. It is clear from the definitions that

ω×(Y , θ) ≥ ω(Y , θ) (4.4)

for all Y ∈ Fm×n and θ ∈ Fm. From Dirichlet’s theorem and the definition of uniform
exponent,

ω̂(Y) ≥ 1 and ω(Y) ≥ ω̂(Y) (4.5)

for all Y ∈ Fm×n. Since the given measure μ is extremal, ω(Y) = 1 for μ-almost every
Y ∈ Fm×n. From Theorem 4.2, ω(Yt) = 1 for μ-almost every Y ∈ Fm×n. Again from
(4.5), ω̂(Yt) = 1 for μ-almost every Y ∈ Fm×n. Finally, using Theorem 4.1,

ω(Y , θ) ≥ 1
ω̂(Yt)

≥ 1

for μ-almost every Y ∈ Fm×n. This completes the proof in view of (4.4). �

PROOF OF PROPOSITION 1.8. Let μ be an inhomogeneously strongly extremal mea-
sure on Fm×n. Given any θ ∈ Fm, we have ω×(Y , θ) = 1 for μ-almost every Y ∈ Fm×n.
Therefore, ω(Y , θ) ≤ 1 for all θ ∈ Fm and for μ-almost every Y ∈ Fm×n by (1.1).

To complete the proof, we need to show that ω(Y , θ) ≥ 1 for all θ ∈ Fm and for
μ-almost every Y ∈ Fm×n. Since μ is inhomogeneously strongly extremal, it is trivially
extremal. So the desired result follows from Proposition 4.3. �

5. Inhomogeneous transference principle

The main ingredient in the proof of Theorems 2.1 and 2.4 is the inhomogeneous
transference principle [4, Section 5]. Let (X, d) be a locally compact metric space.
Given two countable indexing setsA and T, let H and I be two maps from T ×A × R+
into the set of open subsets of X such that

H : (t,α, λ) ∈ T ×A × R+ �→ Ht(α, λ)
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[10] Diophantine transference principle 225

and

I : (t,α, λ) ∈ T ×A × R+ �→ It(α, λ).

Also, let

Ht(λ)
def
=
⋃
α∈A

Ht(α, λ) and It(λ)
def
=
⋃
α∈A

It(α, λ).

Let Φ denote a set of functions φ : T→ R+. For φ ∈ Φ, consider the limsup sets

ΛH(φ) = lim sup
t∈T

Ht(φ(t)) and ΛI(φ) = lim sup
t∈T

It(φ(t)).

We call the sets associated with the maps H and I the homogeneous and inhomoge-
neous sets, respectively. Now we discuss two important properties, which are the key
ingredients for the inhomogeneous transference principle.
The intersection property. The triple (H, I,Φ) satisfies the intersection property if for
any φ ∈ Φ, there exists φ∗ ∈ Φ such that for all but finitely many t ∈ T , and all distinct
α and α′ inA, we have It(α, φ(t)) ∩ It(α′, φ(t)) ⊆ Ht(φ∗(t)).
The contraction property. Let μ be a nonatomic finite doubling measure supported on
a bounded subset S of X. We say μ is contracting with respect to (I,Φ) if for any φ ∈ Φ,
there exists φ+ ∈ Φ and a sequence of positive numbers {kt}t∈T satisfying

∑
t∈T kt < ∞,

and such that for all but finitely many t ∈ T and all α ∈ A, there exists a collection Ct,α
of balls B centred in S satisfying the following three conditions:

(C.1) S ∩ It(α, φ(t)) ⊆ ⋃B∈Ct,α
B;

(C.2) S ∩⋃B∈Ct,α
B ⊆ It(α, φ+(t)); and

(C.3) μ(5B ∩ It(α, φ(t))) ≤ ktμ(5B).

THEOREM 5.1 [4, Theorem 5]. If the triple (H, I,Φ) satisfies the intersection property
and μ is contracting with respect to (I,Φ), then

μ(ΛH(φ)) = 0 for all φ ∈ Φ =⇒ μ(ΛI(φ)) = 0 for all φ ∈ Φ.

6. Upper bounds for Diophantine exponents

In this section, we will prove Theorem 2.1(B) (the proof of Theorem 2.1(A) is
similar). Clearly, one direction is trivial. For the other direction, let μ be a measure
on Fm×n, which is strongly contracting almost everywhere. We want to show that

μ is strongly extremal =⇒ μ is inhomogeneously strongly extremal.

Earlier we observed that this amounts to showing the upper and lower bounds, (4.1)
and (4.2), respectively. We have already proved the lower bound in the last section. We
prove the upper bound in this section using the inhomogeneous transference principle.
In fact, we will prove the upper bound for the general nonextremal case (that is,
Theorem 2.4(II)). We follow the strategy of Beresnevich and Velani [4].
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Let μ be a measure on Fm×n, which is strongly contracting almost everywhere.
Suppose that ω×(Y) = η for μ-almost every Y ∈ Fm×n. We want to prove that, for all
θ ∈ Fm, ω×(Y , θ) ≤ η for μ-almost every Y ∈ Fm×n. Define

Uθm,n(η) := {Y ∈ Fm×n : ω×(Y , θ) > η}.

Observe that Theorem 2.4(II) reduces to proving

μ(Uθm,n(η)) = 0 for all θ ∈ Fm. (6.1)

Consider T = Zm+n. For each t = (t1, . . . , tm+n) ∈ T, let

at := diag{Xt1 , . . . , Xtm , X−tm+1 , . . . , X−tm+n} ∈ Fm×n.

For any matrix Y ∈ Fm×n, let

UY :=
[
Im Y
0 In

]
,

where Ik denotes the identity matrix of size k × k. We can view UY as a linear operator
on Fm+n. Now given any θ = (θ1, . . . , θm) ∈ Fm, we define the affine transformation UθY
on Fm+n by

UθY (a) := UθYa := UY (a) + Θ for all a ∈ Fm+n,

where Θ = (θ1, . . . , θm, 0, . . . , 0)t ∈ Fm+n. Let A = Λm × (Λn \ {0}). For ε > 0, t ∈ T
and α ∈ A, let

Δθt (α, ε) := {Y ∈ Fm×n : ‖atUθYα‖ < ε} (6.2)

and

Δθt (ε) :=
⋃
α∈A
Δθt (α, ε) = {Y ∈ Fm×n : inf

α∈A
‖atUθYα‖ < ε}.

For τ > 0, consider the function

φτ : T→ R+; t �→ φτt := e−τσ(t), (6.3)

where σ(t) := t1 + · · · + tm+n, and the set

ΔθT(φτ) := lim sup
t∈T

Δθt (φτ). (6.4)

For θ = 0, that is, the homogeneous case, we denote ΔθT(φτ) by ΔT(φτ). The following
proposition allows us to reformulate the setUθm,n(η) in terms of these limsup sets.

PROPOSITION 6.1. There exists a subset T of Zm+n such that∑
t∈T

e−τσ(t) < ∞ for all τ > 0 (6.5)

and

Uθm,n(η) =
⋃
τ>0

ΔθT(φτ) for all θ ∈ Fm.

https://doi.org/10.1017/S0004972724000029 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972724000029


[12] Diophantine transference principle 227

PROOF. First, we define the required set T ⊂ Zm+n. For u = (u1, . . . , um) ∈ Zm
+ and

v = (v1, . . . , vn) ∈ Zn
+, we define

σ(u) :=
m∑

j=1

uj, σ(v) :=
n∑

i=1

vi and ξ := ξ(u, v) =
σ(u) − ησ(v)

m + ηn
,

where Z+ = {s ∈ Z : s ≥ 0}. Given u and v as above, define the (m + n)-tuple
t = (t1, . . . , tm+n) as

t := (u1 − [ξ], . . . , um − [ξ], v1 + [ξ], . . . , vn + [ξ]), (6.6)

where for any x ∈ R, [x] denotes the greatest integer not greater than x. Finally,

T := {t ∈ Zm+n given by (6.6) : u ∈ Zm
+ , v ∈ Zn

+ with σ(u) ≥ ησ(v)}.
We show that T has the properties required in Proposition 6.1. First, let us record a

few inequalities which will be essential later. Note that

σ(t) :=
m+n∑
i=1

ti = σ(u) − m[ξ] + σ(v) + n[ξ] =
η + 1
η
σ(u) − m

(
ξ

η
+ [ξ]
)
+ n([ξ] − ξ)

(6.7)

and also

σ(t) = (η + 1)σ(v) + m(ξ − [ξ]) + n([ξ] + ηξ). (6.8)

From (6.7) and (6.8) respectively
η

η + 1
σ(t) = σ(u) − mη

η + 1

(
ξ

η
+ [ξ]
)
+

nη
η + 1

([ξ] − ξ)

≤ σ(u) − mη
η + 1

(
ξ

η
+ [ξ]
)
, since ξ − 1 < [ξ] ≤ ξ

= σ(u) − mη
η + 1

( [ξ]
η
+ [ξ]
)
+

mη
η + 1

( [ξ]
η
− ξ
η

)

≤ σ(u) − m[ξ], since ξ − 1 < [ξ] ≤ ξ (6.9)

and
1
η + 1

σ(t) = σ(v) +
m
η + 1

(ξ − [ξ]) +
n
η + 1

([ξ] + ηξ)

≥ σ(v) +
n
η + 1

([ξ] + ηξ), since ξ − 1 < [ξ] ≤ ξ

= σ(v) +
n
η + 1

([ξ] + η[ξ]) +
n
η + 1

(ηξ − η[ξ])

≥ σ(v) + n[ξ], as ξ − 1 < [ξ] ≤ ξ. (6.10)

Since ξ ≥ 0, in view of (6.9) and (6.10),

(η + 1)σ(v) ≤ σ(t) ≤ η + 1
η
σ(u). (6.11)
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From (6.9), (6.10) and using ξ − 1 < [ξ] ≤ ξ,

σ(t) =
η

η + 1
σ(t) +

1
η + 1

σ(t) = σ(u) + σ(v) − (m − n)[ξ]

≥ σ(u) + σ(v) − (m − n)ξ

= σ(u) + σ(v) − (m − n)
m + ηn

(σ(u) − ησ(v))

=
η + 1

m + ηn
(nσ(u) + mσ(v)). (6.12)

From (6.12), we will conclude that the series (6.5) is convergent and, for any r ∈ R+,

#{t ∈ T : σ(t) < r} < ∞. (6.13)

First, we show that

Uθm,n(η) ⊆
⋃
τ>0

ΔθT(φτ). (6.14)

Let Y ∈ Uθm,n(η). Note that Y ∈ Uθm,n(η) if and only if there exists ε > 0 such that
for arbitrarily large T ≥ 1, there exists α = (p, q) ∈ A = Λm × (Λn \ {0}) satisfying
‖Yq + p + θ‖ ≤ 1/e such that∏

(Yq + p + θ) < e−(η+ε)T and
∏
+
(q) < eT . (6.15)

Since Y ∈ Uθm,n(η), (6.15) is satisfied for infinitely many T ∈ N. For any such T , there
is a unique u = (u1, . . . , um) ∈ Zm

+ and v = (v1, . . . , vn) ∈ Zn
+ such that

e−uj ≤ max{|Yjq + pj + θj|, e−(η+ε)T } < e−uj+1 for 1 ≤ j ≤ m (6.16)

and

evi ≤ max{1, |qi|} < evi+1 for 1 ≤ i ≤ n, (6.17)

where Yj denotes the jth row of Y ∈ Fm×n. From (6.16) and (6.17),

e−σ(u) < max
{∏

(Yq + p + θ), e−(η+ε)T
}

and eσ(v) ≤
∏
+
(q). (6.18)

Now (6.15) and (6.18) imply that e−σ(u) < e−σ(v)(η+ε). Therefore,

σ(u) − ησ(v) > εσ(v) ≥ 0. (6.19)

Hence, t given by (6.6) with u = (u1, . . . , um) and v = (v1, . . . , vn) satisfying (6.16) and
(6.17), respectively, is in T. If σ(u) ≤ 2ησ(v), then from (6.11) and (6.19),

ξ =
σ(u) − ησ(v)

m + ηn
≥ εσ(v)

m + ηn
≥ εσ(u)

2η(m + n)
>

εσ(t)
2(η + 1)(m + n)

.

If σ(u) > 2ησ(v), then from (6.11),

ξ =
σ(u) − ησ(v)

m + ηn
=

2σ(u) − 2ησ(v)
2(m + ηn)

>
σ(u)

2(m + ηn)
>

ησ(t)
2(η + 1)(m + ηn)

.
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In view of these two inequalities,

ξ > τ0σ(t), where τ0 :=
min{ε, η}

2(η + 1)(m + ηn)
. (6.20)

Now we take

at = X−([ξ]+1)diag{Xu1 , . . . , Xum , X−v1 , . . . , X−vn}.

From (6.16) and (6.17),

inf
α∈A
‖atUθYα‖ < e · e−([ξ]+1) ≤ e · e−ξ. (6.21)

Combining (6.20) and (6.21), we conclude that for 0 < τ < τ0,

inf
α∈A
‖atUθYα‖ < e−τσ(t) (6.22)

for all sufficiently large σ(t). Together, (6.15) and (6.16) imply that σ(u)→ ∞ as
T → ∞. Hence, in view of (6.12) and the fact that (6.15) holds for arbitrarily large
T ∈ N, we conclude that (6.22) holds for infinitely many t ∈ T. Therefore, Y ∈ ΔθT(φτ)
for any τ ∈ (0, τ0). This completes the proof of (6.14).

Finally, to complete the proof of Proposition 6.1, we show that

Uθm,n(η) ⊇
⋃
τ>0

ΔθT(φτ).

Let Y ∈ ΔθT(φτ) for some τ > 0. By definition, infα∈A ‖atUθYα‖ < e−τσ(t) for infinitely
many t ∈ T. For any such t, there exists α = (p, q) ∈ A such that ‖atUθYα‖ < e−τσ(t).
By taking the product of the first m coordinates and the last n nonzero coordinates of
atUθYα, respectively we get

m∏
j=1

etj |Yjq + pj + θj| < e−mτσ(t) and
∏

1≤i≤n, qi�0

e−tm+i |qi| < e−nτσ(t).

From (6.11) and the fact that σ(t) ≥ 0 (by (6.10)),
∏

(Yq + p + θ) < e−mτσ(t) · e−ησ(t)/(η+1) = e−(η+mτ(η+1))σ(t)/(η+1) (6.23)

and ∏
+
(q) < e−nτσ(t)eσ(t)/(η+1) < eσ(t)/(η+1). (6.24)

If we take T = σ(t)/(η + 1) and ε := mτ(η + 1), then (6.23) and (6.24) hold
for arbitrarily large T . Therefore, Y ∈ Uθm,n(η), completing the proof of
Proposition 6.1. �
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PROOF OF THEOREM 2.4. In view of (6.1) and Proposition 6.1, we first note that to
prove Theorem 2.4(II), it is enough to show that

μ(ΔT(φτ)) = 0 for all τ > 0 =⇒ μ(ΔθT(φτ)) for all τ > 0. (6.25)

We use the inhomogeneous transference principle to prove (6.25). From now on,
θ ∈ Fm is fixed and, without loss of generality, we assume that μ is strongly contracting
on Fm×n. Let X := Fm×n,A = Λm × (Λn \ {0}), T be as in Proposition 6.1, and the maps
H and I be given by

Ht(α, ε) := Δt(α, ε) = Δ0
t (α, ε) and It(α, ε) := Δθt (α, ε),

where ε > 0, t ∈ T, α ∈ A and Δθt (α, ε) is given by (6.2). From these definitions,
it follows readily that Ht(ε) = Δ0

t (ε) and It(ε) = Δθt (ε). Let Φ be the collection of
functions given by (6.3). Then

ΛH(φ) = ΔT(φ) := Δ0
T(φ) and ΛI(φ) = ΔθT(φ),

where ΔθT(φ) is given by (6.4). Now (6.25) will immediately follow by applying the
inhomogeneous transference principle if we can verify that the triple (H, I,Φ) satisfies
the intersection property and the measure μ is contracting with respect to (I,Φ).
The intersection property. Let α = (p, q) and α′ = (p′, q′) be two distinct elements in
A, where p, p′ ∈ Λm and q, q′ ∈ Λn \ {0}. Also let φ ∈ Φ. Then φ(t) = e−τσ(t) for some
τ > 0. Consider any element Y from It(α, φ(t)) ∩ It(α′, φ(t)). Then

‖atUθYα‖ < φ(t) and ‖atUθYα
′‖ < φ(t).

Since T satisfies (6.5) and (6.13),

‖atUY (α − α′)‖ = ‖atUθYα − atUθYα
′‖ < φ(t) (6.26)

for all but finitely many t ∈ T. Let α′′ := α − α′ = (p′′, q′′), where p′′ = p − p′ ∈ Λm

and q′′ = q − q′ ∈ Λn. If q′′ = 0, from (6.26), we get ‖p′′‖ < 1 for all but finitely many
t ∈ T. Then p′′ = 0 (since p′′ ∈ Λm), which is a contradiction as α � α′. Hence, q′′ � 0
and so α′′ ∈ A. Therefore, Y ∈ Δt(α′′, φ(t)) ⊂ Ht(φ(t)). This completes the verification
of the intersection property with φ∗ = φ ∈ Φ.
The contracting property. Recall that μ is a strongly contracting measure on Fm×n.
Without loss in generality, we may assume that the support S of μ is bounded. Note
that μ is already doubling, finite and nonatomic. Hence, to show that μ is contracting
with respect to (I,Φ), it only remains to verify conditions (C.1)–(C.3). Let φ ∈ Φ.
Then φ(t) = e−τσ(t) for some constant τ > 0. Define φ+ :=

√
φ ∈ Φ. Let r0 be as in the

definition of strongly contracting measure. Since T satisfies (6.5) and (6.13),

φ+(t) ≤ min{1, r0} and σ(t) ≥ 0 (6.27)

for all but finitely many t ∈ T. If t = (t1, . . . , tm+n) ∈ T and α′ = (p′, q′) ∈ A, the set
It(α′, φ(t)) is essentially the set of all Y ∈ Fm×n such that

|Yjq′ + p′j + θj| < e−tjφ(t) and |q′i | < etm+iφ(t) (6.28)
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for 1 ≤ j ≤ m and 1 ≤ i ≤ n. In a similar fashion, we see that It(α′, φ+(t)) is the set of
all Y ∈ Fm×n such that

|Yjq′ + p′j + θj| < e−tjφ+(t) and |q′i | < etm+iφ+(t). (6.29)

Now we define

εj = εj,t :=
e−tjφ+(t)
‖q′‖ for j = 1, . . . , m and δ = δt := φ+(t).

Equation (6.11) and σ(t) ≥ 0 imply that
∑m

j=1 tj ≥ 0. Hence, there exists some
l ∈ {1, . . . , m} such that tl ≥ 0. Therefore, since ‖q′‖ ≥ 1 and using (6.27),

min
1≤j≤m

εj,t < r0 and δt < 1.

Note that δεj = e−tjφ(t)/‖q′‖ for all j = 1, . . . , m. Let L(ε)
b,c and L(δε)

b,c be given by (3.1)
with c := X−(max1≤i≤n deg q′i )q′ and b := X−(max1≤i≤n deg q′i )(q′ + θ), where q′ = (q′1, . . . , q′n).
Then in view of (6.28) and (6.29),

It(α′, φ(t)) = L(δε)
b,c and It(α′, φ+(t)) = L(ε)

b,c. (6.30)

Since μ is strongly contracting, for all Y ∈ L(δε)
b,c ∩ S, there is an open ball BY centred

at Y satisfying (3.2) and (3.3). Following the notation from Section 5, define Ct,α′ to
be the collection of all such balls. Also, define

kt := C(φ+)α,

where C and α are constants as in the definition of strongly contracting measure. By
(6.5),

∑
t∈T kt < ∞. Observe that condition (C.1) follows from the definition of Ct,α′ .

Finally, conditions (C.2) and (C.3) follow from (3.2), (3.3) and (6.30). This shows that
μ is contracting with respect to (I,Φ). �

REMARK 6.2. To prove Theorem 2.4(I), we take Uθm,n(η) := {Y ∈ Fm×n : ω(Y , θ) > η}
and show that μ(Uθm,n(η)) = 0 for all θ ∈ Fm. Proposition 6.1 remains unchanged
and the only change needed in the proof of Proposition 6.1 is the definition
of T. For u ∈ Z+ and v ∈ Z+, let u := (u, . . . , u) ∈ Zm

+ , v = (v1, . . . , vn) ∈ Zn
+ and

ξ = (mu − ηnv)/(m + ηn). Given u and v, define t = (t1, . . . , tm+n) by

t := (u − [ξ], . . . , u − [ξ], v + [ξ], . . . , v + [ξ]). (6.31)

Define

T := {t ∈ Zm+n given by (6.31) : u, v ∈ Z+ with mu ≥ ηnv}.

The new version of Proposition 6.1 follows by appropriately modifying the arguments
of the proof of Proposition 6.1. Once we have Proposition 6.1, we can apply the
inhomogeneous transference principle to get our desired result. This also completes
the proof of Theorem 2.1(A).
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