Combinatorics, Probability and Computing (2023), 32, pp. 183-224

X CAMBRIDGE
d0i:10.1017/S0963548322000190

UNIVERSITY PRESS

ARTICLE

Degree sequences of sufficiently dense random uniform
hypergraphs

Catherine Greenhill'(®, Mikhail Isaev*(®, Taméas Makai'@® and Brendan D. McKay’*

1School of Mathematics and Statistics, UNSW Sydney, NSW 2052, Australia, 2School of Mathematics, Monash University,
VIC 3800, Australia, and 3School of Computing, Australian National University, Canberra, ACT 2601, Australia
*Corresponding author. Email: brendan.mckay@anu.edu.au

(Received 15 June 2021; revised 16 May 2022; accepted 4 July 2022; first published online 15 August 2022)

Abstract

We find an asymptotic enumeration formula for the number of simple r-uniform hypergraphs with a
given degree sequence, when the number of edges is sufficiently large. The formula is given in terms of the
solution of a system of equations. We give sufficient conditions on the degree sequence which guarantee
existence of a solution to this system. Furthermore, we solve the system and give an explicit asymptotic
formula when the degree sequence is close to regular. This allows us to establish several properties of the
degree sequence of a random r-uniform hypergraph with a given number of edges. More specifically, we
compare the degree sequence of a random r-uniform hypergraph with a given number edges to certain
models involving sequences of binomial or hypergeometric random variables conditioned on their sum.
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1. Introduction

Hypergraphs are useful for modelling relationships between objects in a complex discrete system,
and can offer improvements over graph models in areas such as ecology [10], quantum comput-
ing [24] and computer vision [26]. A hypergraph H = (V, E) consists of a finite set V of vertices
and a finite set E of edges, where each edge is a subset of the vertex set. Here edges do not con-
tain repeated vertices, and there are no repeated edges. A hypergraph is r-uniform if every edge
contains r vertices. We present an asymptotic enumeration formula for the number of r-uniform
hypergraphs with a specified degree sequence, where the degree of a vertex is the number of edges
containing it. Our formula holds for 3 < r < %n and nr* lognkd< %(:’:11), where d is the average
degree, under very weak restrictions on how much the degrees can vary. By symmetry, the ranges
obtained by complementing the edge set and/or complementing each edge are also covered. Using
this formula, we establish some results on the degree sequence of a random r-uniform hypergraph
with a given number of edges, verifying a conjecture of Kamcev, Liebenau and Wormald [15] for
our parameter range.

To be more precise, we must introduce some notation. Let [a] denote the set {1,2,...,a} for
any positive integer a. For infinitely many natural numbers n, let r(n) satisty 3 < r(n) <n — 3 and
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let d(n) = (dl(n), RN dn(n)) be a sequence of positive integers. We simply write r for r(n), and
similarly for other notation. We assume that for infinitely many n,

r divides Z d;. (1.1)
jeln]

All asymptotics in the paper are as n tends to infinity, along values for which (1.1) holds. Define
H,(d) to be the set of simple r-uniform hypergraphs with vertex set V.=1{(1, 2, ..., n} and degree
sequence d. Write e(d) := % Zje[n] d; for the number of edges and d:= d(d) = % Zje[n] d; for
the average degree.

Our first aim is to find an asymptotic expression for H,(d) = |#H,(d)| for degree sequences d
which are neither too dense nor too sparse.

Our approach to hypergraph enumeration is based on the complex-analytical method. The
answer is expressed in terms of high-dimensional integrals resulting from Fourier inversion
applied to a multivariable generating function. Then, these integrals are approximated using mul-
tidimensional variants of the saddle-point method; see Section 2 for more details. In the context
of combinatorial enumeration, this method was pioneered by McKay and Wormald in 1990 [21].
Since then, many other applications of this method have appeared; see for example [4, 5, 20], and
the many results cited in [13]. In particular, Kuperberg, Lovett and Peled [17] prove an asymptotic
formula for the number of r-uniform d-regular hypergraphs on n vertices which holds when the
number of edges in the hypergraph and its complement are each at least #n° (which implies that
r > ¢) for some sufficiently large constant ¢ which is not identified explicitly.

Recently, Isaev and McKay [13] developed a general theory based on complex martingales for
estimating the high-dimensional integrals which arise from the complex-analytical method. In
this paper, we apply tools from [13] in the hypergraph setting.

For a survey of enumeration results for graphs with given degrees, see Wormald [29]. Here we
discuss only r-uniform hypergraphs with r > 3. Dudek, Frieze, Ruciniski and Sileikis [7] gave an
asymptotic formula for the number of d-regular r-uniform hypergraphs on n vertices when r > 3
is constant, assuming that d = o(n'/?). Building on [2], Blinovsky and Greenhill [3, Corollary
2.3] gave an asymptotic formula for H,(d) that holds when the maximum degree dpmay satisfies
rid3 . = o(nd). These results were obtained using the switching method.

By adapting the “degree switching and contraction mapping” approach of [18, 19], Kamcev,
Liebenau and Wormald [15, Theorem 1.2] proved that the degree sequence of a randomly chosen
r-uniform hypergraph with m edges is closely related to a random vector with entries chosen from
suitable independent binomial distributions, conditioned on the entries of the vector having sum
nd. More precisely, they prove that the ratio of the probabilities of a particular vector d in these
two models is well-approximated by a simple function of r and d. We will restate their theorem
as Theorem 1.6 below. This result holds under the assumptions that the degrees do not vary too
much, the edge size is not too large and the average degree is at most a sufficiently small constant

times %(:’:11) Kamcev, Liebenau and Wormald also considered sparse degree sequences in [15,
Theorem 1.3], which subsumes the enumeration results of [2, 7].

Our second aim is to apply our enumeration formula to study the degree sequence of ran-
dom uniform hypergraphs with a given number of edges. In particular, we prove a companion
result to [15, Theorem 1.2] which allows larger edge size, more edges and more variation between
the degrees, when the average degree is large enough. Furthermore, we verify (for our range of
parameters) a conjecture made in [15], showing that vectors of independent hypergeometric ran-
dom variables, conditioned on having sum nd, closely match the degree sequence of a random
uniform hypergraph with nd/r edges almost everywhere.
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1.1 Notation, assumptions and our general results
Define the density A as a function of #n, r and the average degree d by

d:x("_ 1). (12)
r—1

Write S;(n) to denote the set of all subsets of [#] of size r. Given a vector 8 = (B, . . ., Bn) € R",
for all W € S,(n) define
ereW Bi

Aw(B) = (1.3)

1+ ereW Bi’

Note that Aw () is the probability that the edge W appears in the S-model for hypergraphs with
given degrees, see for example [27]. Let 1(B) be the average values of the Ay (8); that is,

-1
M) = (’:) 3 aw(B)

WeS, (n)

Observe that A (8), A(B) € (0, 1).
Define the positive symmetric 7 x n matrix A(B) = (aj) as follows:

2D awB —aw(B),  forj=ke [n];
=1 (1.4)
> Aaw(B)A—Aw(B), forjkeln], j#k.

WD {j.k}

o=

We use |M| to denote the determinant of a matrix M.
Let B* € R" be a solution to the system of equations

> aw(B*)=d; forjenl. (1.5)
Wsj
Summing (1.5) over j € [n] gives
1 r o wfn—1
d:;Zd]:; > aw(BH)=A(B )<r—1)‘ (1.6)
jeln] WeS,(n)

This shows that A(8*) equals the density A defined in (1.2). Similarly, if we write Ay or A without
argument, we always mean that the argument is 8*.
Our main enumeration result is the following.

Theorem 1.1. Let d =d(n) = (d, . . ., d,) be a degree sequence. Suppose that r = r(n) satisfies 3 <
r<n-—3and

rP(n—r) logn < A(1 —k)n(n). (1.7)
r
Further assume that B* = (,3;‘, e ,3:) is a solution of (1.5) such that
n
_pfl=0 —— ). 1.8
e CRL L ) o
Let Ay = Aw(B™) be defined as in (1.3), for all W € S,(n), and let A = A(B*) be defined as in (1.4).
Then
r(14 0(e)) "y —(1=2w)
@ =5 nn 11 (o (1 = 2y~ 0=40),

WeS,(n)
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Table 1. This table shows how the degrees, average degree, solution to (1.5), values of the lambda
parameters with W € S;(n), and determinant of the matrix, behave under the symmetries

Held) Ha—r(d) H:(d) Ho-r(d)

49  ed-4  ()-q  ()-ed+d
d g kg L) fo=r)

B a7 (Xkern BE) — B7 -8 B — 2 (Cketm BY)
w Aw(B') = Aw Aw(B)=1—Aw )\V\W(E/) =1-w
A(BY)] (25)? 1A(BY)] AGBY)| (25)? 1A(BY)]

where

_ r(n—r)n log9 n ( r(n—r)? )3/2 —Q(logn) _ -1
= 0= + = NG +n =o((logn)™").

The implicit constant in the O(e) term depends only on the implicit constant in (1.8).

The enumeration problem has two natural symmetries: given a hypergraph, we may replace
every edge by its complement, or we may take the complement of the edge set. These symmetries
show that for a given degree sequence d,

Hr(d) = Hn—r(d/) = Hr(z) = Hn—r(a/) (1-9)
where

Fom ) e~ ).

n—1 n—1
(r—1>_d1""’(r—1)_d”>’ (1.10)
()

Using these symmetries, we may assume that

L
Il

r<mn/2 and e(d)fl(n).
2\r

When these inequalities are both satisfied, we say that (r, d) belongs to the first quadrant.

The conditions in Theorem 1.1 are invariant under these two symmetries. It is true, but not
obvious, that the asymptotic formula in Theorem 1.1 is also invariant under these symmetries.
We prove this in Lemma 1.2 below.

Lemma 1.2. Suppose that B* is a solution to (1.5). Let B/, B, B be vectors with entries B), B Ef

defined in the fourth row of Table 1 for all j € [n]. Then B/, B, B are solutions of (1.5) for the

degree sequences d, dandd defined in (1.10), respectively. Furthermore, the following relationships
hold:

anwB)=rw, AwB=1-rw, Anw(B)=1-2w  forall WeS,n);
— 2 ~ 2

4B = (=) 1B [AB)| =146 [AB)|= (=) 146

65—l = =Bl = 5~ Bl = |85 —pi] sl kel
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For the reader’s convenience, in Table 1 we summarise information about our parameters
under these symmetries.

It follows from (1.9) and Lemma 1.2 that it suffices to prove Theorem 1.1 when (r, d) belongs
to the first quadrant. In this case, using (1.6) the assumptions of Theorem 1.1 become

1 1/n—1
3<r<-n nmitlognkd<- and max |8 — B |=0(r 1), 1.11
= =2 & _2<r—1) j,ke[n]LBJ prl=0("") (L1D)

and the error term becomes

nrr r°nlog’ n o
- —Q(log n)
O< p + - +n .

Here we use the fact that A(1 — 1)(”) is a lower bound on the number of edges of any hypergraph
in H,(d) and its complement. The following lemma provides sufficient conditions on r and d
which guarantee the existence of solutions to (1.5).

Lemma 1.3. Let (r, d) belong to the first quadrant. Assume that there exists A > 0 such that for all
je[n],
de™?/" < d; < de®/".

Further, assume that one of the following two conditions hold:

(i) A < Ay for some sufficiently small constant Ay > 0;
(i) rd=0(1)(""}), r=o(n), and A = O(1).

Then there exists B* satisfying (1.5) such that max; ke [n] |ﬂj* — /3,’(“| =0(A/r).

Uniqueness is a feature of similar situations [1, Section 3.3.4], but we have not found a proof of
uniqueness in our case in the literature. For completeness we provide a short proof.

Lemma 1.4. For a given degree sequence d, the solution B to (1.5) is unique if it exists.

Even though (1.5) doesn’t have an explicit solution in general, we can evaluate the formula in
Theorem 1.1 accurately if we have a sufficiently precise estimate of B*. Stasi, Sadeghi, Rinaldo,
Petrovi¢ and Fienberg [27] stated without proof a generalisation of an algorithm of [6] that gives
geometric convergence to B* if it exists. Though we didn’t use the iteration from [27], we will
demonstrate how the precision to which an estimate of B* satisfies (1.5) can be used to validate
the corresponding estimate of H,(d). Our example will be degree sequences that are not far from
regular, which will allow us to investigate the degree sequences of random hypergraphs.

For j € [n] define §; := d; — d. Define § := (81, . . ., 84) and Spmax := max{||8]/c0, 1}. Also define
Rg= 31, 8;1 for g > 0 and note that Ry = 0.

Recall the definition of A from (1.2). We will find it convenient to write some quantities in
terms of the parameter Q, which is invariant under the symmetries of (1.9):

Qim (1— M —nd=r1—n =" (”)

n r

We continue to use the error term of Theorem 1.1, which in terms of Q is

Pn—r1)? 1®n—r)° log9 n Q
_ —Q(log n)
e=—q t—mgn " . (1.12)
Our criterion for being “near-regular” is
Smax = O(Q/°n™3), (1.13)

which in the first quadrant is equivalent to dmax = O(d3/3).
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Theorem 1.5. If3 <r < n — 3 and assumptions (1.7) and (1.13) hold, then

— — 1)1\1/2 n
Hr(d):(r(n Nin—1) ) (=it~ O

2n T[n Qn
(n—1Ry, #n*R, (1—=20)(n—2rmR; n’Ry "
X exp(— 20 + Q2 + 62 - 1205 + O(8) |,

where & := & + Smaxn>/°Q 3/ and ¢ is defined in (1.12).

1.2 Degree sequences of random uniform hypergraphs

Assumption (1.13) is weak enough to include the degree sequences of random hypergraphs with
high probability. Following the notation of Kamcev, Liebenau and Wormald [15], we define three
probability spaces of integer vectors. Formulas will be given in Section 7.

o Dy(n,m) is the probability space of degree sequences of uniformly random r-uniform
hypergraphs with 7 vertices and m edges.

« B,(n,m) is the result of conditioning # independent binomial variables Bin((:':ll), p) on
having sum nd. (This distribution is independent of p.)

+ Note that each component of D,(n, m) has a hypergeometric distribution. 7;(n, m) is the
result of conditioning n independent copies of that distribution on having sum nd.

The most important previous result on the near-regular case was obtained by Kam¢ev, Liebenau
and Wormald [15]. All the overlap between [15, Theorem 1.2] and Theorem 1.1 occurs in
Theorem 1.5, so we restate their theorem here.

Theorem 1.6. ([15, Theorem. 1.2]). Fix ¢ € (%, %) For some constant ¢ > 0 and every C > 0, sup-
pose that 3 <r < cn'/*/logn, r*d" =3¢ < ¢ and log" n <« d < 5(:’:11) Let d be a degree sequence
with mean d and Spax < d'~%. Then

—1 —1)R
IP)Dr(n,m)(d) = PBr(n,m)(d) eXP(r > - 21 (_r )»)(31 _2 Nd + 0(77)>,

where

1 2 d2—4<p
%Jr—judl—”, if r =3
n n

r? log2 n
Jn

The conditions of Theorem 1.6 allow for much lower average degree than Theorem 1.1, but at
the cost of stricter upper bounds on the edge size, the number of edges, and the variation between
the degrees.

As can be seen, the relation between D,(n, m) and B,(n, m) becomes rapidly more distant
as r increases. Theorem 1.5 would allow a statement for all , but we prefer a statement that is
more easily compared to Theorem 1.6. Note that our formula agrees with the expression given in
Theorem 1.6 if r = o(n'/?), since then ((n — 1) /(n — ) n=1/2 o Gr=1)/2,

+ O+ nr2d T3, ifr>a.

Theorem 1.7. Suppose that 3 <r <cn and 0 < A < c for some fixed c < 1. If d> r*nlogn and
Simax = O(d/?) then

P, s () = P, 1 (@) (

n— 1)(%*1)/2 <_ (r—1)R,
2(

(5 09

n—r

where & := & + Smaxd >/° and ¢ is defined in (1.12).

https://doi.org/10.1017/50963548322000190 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000190

Combinatorics, Probability and Computing 189

As noted in [15], one can expect 7;(n, m) to be a better match to D,(n, m), especially for large
edge sizes. We prove this for the full range of our parameters.

Theorem 1.8. If3 <r <n — 3 and assumptions (1.7) and (1.13) hold, then

n—1\(n=1/2 R R
P, 1) () = P71 () () exp(f2 + om),

1 R )
=P7mm(d) eXP(—E + f) +o(n ! + e)),

where & := & + 8maxn>/>Q3/° and ¢ is defined in (1.12).

Kamcev, Liebenau and Wormald [15] conjectured that D,(n, m) is asymptotically equal to
T;(n, m) almost everywhere.

Conjecture 1.9. ([15]). Let 2 <r <n — 2 and min{m, (':) — m} = w(log n). Then there exists a set

20 that has probability 1 — 0(n=*W) in both Dy(n, m) and T;(n, m), such that uniformly for all
d e 0,

P, (n.m)(d) = P (n,m)(d) (1 4 0(1)).
We prove their conjecture for our range of parameters.

Theorem 1.10. If 3 <r <n — 3 and assumption (1.7) holds, then there exists a set 20 that has
probability 1 — n=S208") iy both D,(n, m) and T;(n, m), such that uniformly for all d € 20,

Pp, (nm)(d) = (1+ O(e + n*/1°Q 0 log n + n~/2 log? n) )P (s, my ().

1.3 Structure of the paper

Having now stated our main results, we describe the overall structure of the paper. In Section 2, we
outline how H,(d) can be expressed as an n-dimensional integral and state the lemmas which lead
to its evaluation. In Section 3 we prove some necessary bounds concerning the quantities Ly (8)
and A(f), and then in Section 4 we apply them to evaluate the integral, completing the proof of
our main enumeration result, Theorem 1.1. In Section 5 we address existence and uniqueness of
solutions to (1.5), proving Lemma 1.3 and Lemma 1.4. Section 6 examines the near-regular case,
proving Theorem 1.5. Then in Section 7 we prove our results about the degree sequence of random
uniform hypergraphs, as stated in Section 1.2. Finally, Section 8 contains several technical proofs
that have been deferred, including the proof of Lemma 1.2.

Some of the calculations in this paper are rather tedious, particularly in Sections 6 and 7. We
carried out the worst of them first using the computer algebra package Maple and later checked
them by hand. All infinite series are based on Taylor’s theorem and so have clear-cut truncation
criteria.

2. Proof outline for Theorem 1.1

We will take advantage of Lemma 1.2 to work in the first quadrant, where the conditions of
Theorem 1.1 are given by (1.11).

The number H,(d) of simple r-uniform hypergraphs with degree sequenced = (d, . . . , d,,) can
be expressed using a generating function, where the power of variable x; gives the degree of vertex
jforje [n]. Each W € S,(n) will contribute a factor of HjeW xj, if W is an edge in the hypergraph,

or 1 if W is not an edge. Using [x'f‘ e xﬁ"] to denote coefficient extraction, this gives
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Hd) =[x | ] (1+]‘[x,-)

WeS,(n) jew

d+1 %>

]e n] j

yg ?g [Twes.m) 1+1—[]€fo>

(2711)"

using Cauchy’s coefficient formula for the second line. Each integral is over a contour enclosing
the origin. Recalling that * is a solution of (1.5), we choose the jth contour to be a circle of radius

¢, for j € [n]. This choice leads to the expression
l—[ s 1+ 1—[ eﬁ +ib;
(d) — (27[ —n exp( Z ,3] ) / / WeS; (n) jeW ) 4o
jeln] - - exp( ZJE [n] dj 9])

[Twes, (n) 1 + 2w (exp(i Ljew ) — 1))
— P8 / / o,
o Jem eXP(i 2jenl dﬂj)

(2.1)

where the factor in front of the integral is given by
P, ()= 2n)™" exp( S8 d) I1 (1 4 eXjew f’f*). (22)
jeln] WeS, (n)

Let F(@) denote the integrand, that is,

l_lesy(n)(l +AW(6XP(" ZJEWQJ') B 1))

@) :=
F exp(i Zje[n] djej)

(2.3)

As we will see in Lemma 4.1, our choice of B* ensures that the linear term in the expansion of
log F(@) vanishes.

The maximum value of |F(@)| is 1, which is achieved if and only if ZjeW 8 =0(mod 2r) for
all W e S,(n). If this condition holds then all 6; must be equal modulo 27, as can be seen by
considering two r-subsets W, W’ which differ in just one vertex and observing that such a pair of
subsets exists for any pair of vertices. Hence there are precisely r points where F(6) is maximised

in (=7, 1", namely 8, . . ., 0%, where for t € [r] the point §) = (Ql(t), o ,Gr(lt)) is defined by

2t
Q(t) Q(t) = 9,50 = i (mod 2m).
r

We will estimate the value of the integral first in the regions close to 8, for some t € [r], then
for the remainder of the domain. Write U, (p) for the ball of radius p around the origin, with
respect to the infinity norm; that is,

Uu(p) := {xe R™ : |xj| < p forj e [n]},
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and for p > 0 define the region R(p) as

R(p) = Uu(p)N {0 eR":

Z 9]-‘ < nr_l/z,o}. (2.4)

j€ln]

Evaluation of the integral proceeds by the following sequence of lemmas, whose proof
is deferred to Section 4. The first two lemmas give an estimate of the value of the inte-
gral over Uy, (r~!), by providing an estimate over R(d~1/?logn) and Uy, (r~!) \ R(d~'/?log n)
respectively.

Lemma 2.1. If assumptions (1.11) hold then
n/2

b4
F(0)do =(1+ O(¢)) ——,
/R(dl/z log n) |A|1/2
where ¢ is given in (1.12).

Lemma 2.2. If assumptions (1.11) hold then

. ﬂn/Z
f E@)] db = n~2oen T
Un(r1)\R(@~1/2 log n) |A]
Define the regions U® fort e [r] by
UW:= (6" 16 (mod2m):0 € U,(r ")} (2.5)

Let B:= Uy U®. Since F(0(t) +60)=F(@) for all 6 cU,(r), each of the regions
UM, ..., U™ makes an identical contribution to the integral. Lemmas 2.1 and 2.2 imply that
under assumptions (1.11) we have

rah/?
/;3 F(0) d0 = (14 O(¢)) A (2.6)
The integral in the region U, () \ B is approximated in the next result.
Lemma 2.3. If assumptions (1.11) hold then
/ F@)] do == T
Un(r\B |A|1/2

Continuing with the proof of Theorem 1.1, by combining Lemma 2.3 and (2.6) we obtain

n/2

riw
F0)do =(1+0 —_— 2.7
/Un(n) (6)d8 =1+ 0(e) T 27)

We can express P,(8*) in a more convenient form, as follows:
[Twes,m (1 + 2w ﬁj)

eXp(Zje[n] B 2owsj AW)
[Twes,m (1 e ﬁj*)

exp(ZWES,(n) Aw ZjeW 13]*>
1 + ereW ﬂj*

WeS, (n) eXP(?»W Djew /3]-*>

(L3)

P(B*) = (2m)™"

=)™

= (2m)™"
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Z'e ﬂ?k Aw —
=em)™ ] (—1+e = ]> (1+erewﬁj*>1 hw

ow B

weso \ e P

13 5y I (WAW(I_AW)—U—AW)). (2.8)
WeS, (n)

The proof of Theorem 1.1 in the first quadrant is completed by substituting (2.7) and (2.8) into
(2.1). The full statement of Theorem 1.1 then follows from Lemma 1.2.

3. Properties of A and other useful bounds

We will need to analyse the behaviour of A/ (8), A(8) and A(f), not only when B is a solution of
(1.5), but more generally. We also need

-1
n
AB):= (r) Y awB1—w(B)).
WeS,(n)
Recall that the elements of A(f) are sums of terms of the form Aw (8)(1 — Aw(B)). We start by
establishing bounds on Ay (8) and 1 — Aw(B).

Lemma 3.1. Denote by f : R" — R the function

eZ}:l Xj
X) = —r.
16 14 e2=1%
Let x, y satisfy |x; — yi| < 8/r for some constant § > 0, and define p := H] 1 xj # yj} ’ Then

e_ap/rifﬁsésp/r, e—ép/ril_—f(x)feép/r.
f» 1—=f)
Proof. First suppose that p =1 and without loss of generality assume x; # y;. Then if y; < x; we
have

x1+X y1+X
f(x): el ‘1—|—e1 <ex1_y1<eé/r,
fo) Tgentx omx =€ TS

y —
where X = Z}:z Xj= Z}:z »j- Observe that }igx < &~ whenever x < y. Therefore when y; > x,

+X +X yi+X
JE: i . 1+t < 1+e7 <17 < A7
f()’) 1_|_eX1+X ntX = 1_|_ex1+X - -

As x and y are arbitrary vectors in R", by symmetry we also have

’@ > e_a/”.
f
Similarly,
— y1+X —
1—fx) — 1+e7 <max{e" ™,1} <¢¥" and 1 /) > 0/,
I=fy) 14entX 1-f()
For arbitrary x, y, let zo, . . ., z, be a sequence of elements of R"” with 29 = x, 2z, = y such that
zj and z;_; differ in only one coordinate for j=1, ..., p. Then
f& ﬁf(zj_n 1—f(x) lﬁl 1 —f(zj-1)
o) T @ 1) T 1S
and the statement follows as there are exactly p factors. U
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We will apply this lemma in two slightly different scenarios. First we compare A(8) to A(ﬁ) for
two different vectors 8 and B.

Lemma 3.2. Let B and B satisfy maXje[n] |,3j — E]| < §/r for some nonnegative constant 8. Then

eO1(B) < A(B) < A (B).

Proof. By Lemma 3.1 we have for each W € S,(n) that e*‘s)xw(/ﬁ\) <Aiw(B) < egkw(ﬁ). The result
follows from the definition of A(B). O

In the second application, we consider the ratios of Ay (B8) and Ay (B) for W, W’ € S,(n).

Lemma 3.3. Let B satisfy max;e(n) |Bj — Bk| < 8/r for some nonnegative constant §. Then

=8 A= IWOW'I/r) _ Aw(B) < P =AW/

“aw(B) T
¢~ A=IWW'I/n) 1—2w(B) < S a=IWnW/)
1 —Aw(B)

forall W, W’ € S,(n). Hence

_5 < )\){:\E(ﬂf) < 66 and 6_25 < )LW(ﬂ)(/ll(_ﬂ))\W(ﬂ)) < 625

e

forall W € Sp(n).

Proof. Note that the f; terms corresponding to j€ W N W' appear in both Aw(8) and Ay (B).
Together with Lemma 3.1 this implies the first half of the statement. The bounds involving A(f)
and A(B) follow from the definitions of these quantities. O

We use the previous result to deduce that A(f) and A(B) have the same order of magnitude
when A(B) is small enough.

Lemma 3.4. Let B satisfy max;e(n) |Bj — Bkl < 8/r for a given nonnegative constant §. If A(B) <
7/8 then

-6

56 +(B) = A(B) = (B).

Proof. The upper bound holds as

(:)A(ﬂ)= Y awBU—awB) < Y. Aw(ﬁ)=(’:)x<ﬂ).

WeS,(n) WeS;(n)
Now consider the set S = {W € S;(n): Aw(B) > } First assume that |S| < |Sr(n)|. Then
Nawz Y @02 Y = (ﬁ)
r = W WARIT = 16 ~ 256
WeS,(n)\S WeSr(n)\

On the other hand if |S| > % |Sy(n)], then

wlt)-go-(2)/0)-10)

contradicting our assumption. U
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Now we turn to the matrix A(8) and establish that the diagonal entries are relatively close to
each other, and similarly for the off-diagonal entries.

Lemma 3.5. Let B satisfy max;ke(n) |8j — Bkl < 8/r for some nonnegative constant 8. Then the
entries of A(B) = (aj) satisfy

e/ < ik < M, W/ < 4jj < M
ajk Akk

foranyj, k,j, k' € [n] withj#k andj # k'. Furthermore,

! e_48/r/1(/3)(:l: j) < a3 AP )C:Z)’

2 2
1 s n—1 U as/r n—1
— A < . < — A .
Ze ®) r—1 _a]]_Ze B r—1
Proof. We start with the case when j# k and j' #k'. Let Sj = {W € S;(n) : W D {j, k}}. Recall

that

ar=3 Y w1 —rwB) and @r=3 Y hw(B-rw(B)

Wésjk W/eSj/k/

Both Sj and Sy contain exactly (:’:g) elements. We will show that there exists a bijection
¢ :Sjx — Syx such that for every pair (W, W’) with W' = ¢ (W), we have

e M (B)A = Aw(B) < Aw(B)(1 — Aw(B)) < /Ay (B)(1 — Ay (B)).

By Lemma 3.3, this follows if [W N {(W)| > r — 2 for all W € Sj.

We can assume that either {j, k} N {j/, kK'} =@ or j=j'. Now consider the function b: V — V,
which is the identity for every vertex in V'\ {j, k, j’, k'} and switches j with j’ and k with k'. This
function can be extended to a function ¢ : Sjx — Syx by assigning to each set W € S the set
{b(j) : j € W}. Clearly b is a bijection and so is ¢, and [WN¢(W)| >r—2 for all W € Sy, as
required.

The remaining results follow as

1 1
ajj = — Zajk and A(ﬂ):; Zajj,
k=1 j=1
k#j
completing the proof. U

We also establish an upper bound on the determinant of A(8). It follows easily from the Matrix
Determinant Lemma (see for example [22, equation (6.2.3)]) that for any real numbers a, b,

lal + bJ| = a™ Y(a + bn), (3.1)

where I is the n x n identity matrix and ] is the #n x n matrix with every entry equal to one.

Lemma 3.6. Let B satisfy max;e(n) |Bj — Bk| < §/r for some nonnegative constant §. Then

@1 =exp( 0 tog 48)(" 1)) )
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Proof. Note that for any x € R" we have

XA(B) x Z 2w(B)(1— 1w (B)) (Zx;)

WeS (n) jew

2
L%s%ezaA(ﬂ) Z (Zx]) =xU'x,

weS,(n) \jeW

where A’ = 1 e A( ﬂ)((r 1)I + (7 2) ) (Here x' is the transpose of x.) Therefore, by the min-max

theorem, the k-th largest eigenvalue of A(B) is at most the k-th largest eigenvalue of A’. Since A(S)
is positive semidefinite, all its eigenvalues are non-negative, implying that |A(B)| < |A’|. Using

(3.1), we have
w1=exp (0 0g(a8)(" 1))

and the result follows. g

3.1 Inverting A(B)

Next we bound the entries of A(8)~! and find a change of basis matrix T which transforms A(B)
to the identity matrix. For p € {1, 2, oo}, we use the notation ||-||, for the standard vector norms
and the corresponding induced matrix norms (see for example [12, Section 5.6]). In particular, for
an n x n matrix M = (m;;),

1Ml =max > fmyl. Moo =max > |myl.
s e = et
The proof of this lemma is given in Section 8.2.

Lemma 3.7. Let § be a nonnegative constant. For every B such that max;e(,) |8j — Bx| < 8/r the

following holds.
Let A(B)~' = (ojt) be the inverse of A(B). There exists a constant C, independent of §, such that

for n > 16¢* we have

Ce358
——, ifj=k
apCy
lojk| < (3.2)
Ce358
otherwise.

AB(T)n
In addition, there exists a matrix T = T(B) such that TA(B)T = I with

12
1Tl 1 Tloe = O(A(l””2 (:_ 11> )

Furthermore, for any p > 0 there exists p1, p2 = @(,0 A(B)/? (7:11)1/2> such that

T(Un(p1)) S R(p) € T(Un(p2))s
where R(p) is defined in (2.4).
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4. Evaluating the integral

In this section we prove Lemmas 2.1-2.3. We have already seen that these lemmas establish
Theorem 1.1.

Throughout this section we assume that (1.11) holds and thus A = (7~ 11) i< % Therefore, by
Lemma 3.4, for A := A(B*) we have

A <”_ 1) :@(A(” - 1)) —0®d). 4.1)
r—1 r—1

4.1 Proof of Lemma 2.1
First, we will estimate the integral of F(#) over R(d~/?logn). For £ €[0,1] and x € [—1, 1],
|E (e — 1)| is bounded below 1 and the fifth derivative of log(l + & (ei" — 1)) with respect to x
is uniformly O(§). Using the principal branch of the logarithm in this domain, we have by Taylor’s
theorem that uniformly

4
log(1+&(e™ — 1)) =Y iPcy(€) x + O(&) |xP, (4.2)
p=1
where the coefficients are

aE) =& a@)= %su _E), al)= %s(l —E)1-28),
ca(E) = 2—145(1 —£)(1— 6 + 682).

Lemma4.1. Let p := d~'/? log n. Then, for @ € Uy(p), we have
4 4
) nrt log® n
log F(0) =—0'40 + Y " Y iPcy(hw) (Z 9]) + O( B2 )
p=3 WeS;(n) jeEW

Proof. Recall that Ay € (0, 1) for all W, and note that (1.11) implies that 7o = o(1). Hence, recall-
ing (2.3), we can apply (4.2) for each W € S,(n), taking £ = Ay and x = Zjew 6. The linear term
of log F(@) (which includes terms from the denominator of F(8)), is

2((5+)4

which equals zero by (1.5). In addition, for the quadratic term,

2
Z %Aw(l—lw)<29j> = Z Z %)xw(l—)»w)ej@kzotAo.

WeS,(n) jew jke[n] Wo{jk}
Now Aw = O(A) for all W € S;(n), by Lemma 3.3, so the combined error term is

41005
n\ 5,527, 5 \&D nr®log’ n
O(k(r)r d—'“log n) = O(—d3/2 ) -

Recall that for a complex variable Z, the variance is defined by
VarZ = E|Z — EZ|> = VarRZ + Var3Z,
while the pseudovariance is

VZ =E(Z — EZ)*> = VarRZ — Var3Z + 2i Cov(RZ, IZ).
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The following is a special case of [13, Theorem 4.4] that is sufficient for our current purposes.

Theorem 4.2. Let A be an n X n positive definite symmetric real matrix and let T be a real matrix
such that T'AT = I. Let §2 be a measurable set and let f : R" — C and h: 2 — C be measurable
functions. Make the following assumptions for some p1, p2, ¢:

(a) T(Un(p1)) € $2 € T(Un(p2)), where p1, p2 = O(log n).
(b) Forx € T(Uy(02)), 202 I Tl |3 0)| <¢nV* <2 for1<j<nand

403 I Tl I Tlloo 1 Hlloo < @pn™ /3,

where H = (hj) is the matrix with entries defined by

hjx= " su
x€T(Un(p2))

2
9.
0x;j dx
(c) [f(x)] < nOWOU/M *dx uniformly for x € R".

Let X be a Gaussian random vector with density = ="/?|A|1/? e~¥AX Then, provided Vf(X) is
finite and h is bounded in 2,

/ RN g (1 4 )2 A2 B+ SV,
2

where, for sufficiently large n,
)
K| < 2V (3087417 54 qup i _q ).
x€S2
Now we will prove Lemma 2.1.

Proof of Lemma 2.1. Let p = d~'/? log n. Applying Lemma 4.1 gives

/ F(6) de =/ exp(—OtAo +f(0)+h(0)) do
R(p) R(p)

where

4 p
fO)="3%" Z#’cp(xw)<zej>,

WeS,(n) p=3 jew
h(9) = O(nr4d_3/2 log® n) (1Y) O(nrz/d). (4.3)

We will apply Theorem 4.2 with Q@ = R(p). Let T, p1, p2 be asin Lemma 3.7. Then T(U,(p1)) €
R(p) € T(U,(p2)). Observe that p;, p, = @(pdl/z) = B(log n), by (4.1). Clearly p; < p; and thus
condition (a) in Theorem 4.2 is satisfied.

Now for j € [n],

3
aag 6) = wau —aw)(1 = 6Aw + 623 )( > 9,3)

WB]

. 2
- % wa(l —aw)(1 - 2Aw)( Z 9@) :

Wwsj tew
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Thus, for all 0 € T(U (p2)) and all j € [n] we have

n—1\ , 2 ) _ n—1\ , ,
S e O

by Lemmas 3.3 and 3.4 and using the fact that rp = o(1). Hence, by (4.4) and Lemma 3.7,

of _1pfn—1 2 m—1 (4.0) 210g3n
——(8)| =Oflogn- A™1/? A 2 0 45
89j( )‘ <0gn (r—l) r—1)" o’ 4z (4.5)

for every @ € T(U,(p2)) and j € [n]. Also for all j, k € [n] (including j = k),

3%f 1 ’
3%, 00 O)=3 > rwli- ,\W)<1 — 6hw + 6,\%\,)( > 9@)

202 1Tl

WD {j,k} Lew
—1i Z Xw(l—)\w(l—ZXw<Zeg>
Wik} tew

Arguing as above, if € T(U,(p2)) then

' 2 ‘ O(A<'::11)r||0||oo), ifj= ke
0)

36; 06, 02 .
ol A Nk 0llcc | » otherwise.
r —

(4.6)

Then (4.6) and Lemma 3.7 imply that
403 ITN1 1 Tlloo 1 H oo

1 n—1 n—2 2 log’ n
—OlOg l’lA(n I)A o1 +(1’l_1) 2 rp =0 W . (47)
r—1
By (4.5) and (4.7) there exists
2 nl3log’ n
b= O(dl—/zg (4.8)

such that the left side of both (4.5) and (4.7) are at most ¢pn—/3.
Recall that the 2-norm of the real symmetric matrix A~! equals the largest eigenvalue of A~?.
Using this we obtain

@) =0((rl0ll0 + *11011%) 0'40) = O((1 +*||0]3) 6'46)
= O(0'460 + n*(0'40)*| A7)
2/t 2
20(gup + 04 2 o(gta0 1 n(otre)?)
A7)
_ O(n360‘A0/n)J

so condition (c) is satisfied.
By Theorem 4.2 we have

—

T2 1
/U”(p) F6)do=(1+K)— 75 AL exp(Ef(X)+ EVf(X)),
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where

2

In the last step we use the fact that ¢ = o(1) and e P2 = o(1). The nr?/d term inside the O( -)
is the bound on 4 from (4.3). To complete an estimate of K, it remains to bound

3

Var(3f(X)) = Var é > aw@—aw)d=2aw) | DX

WeS,(n) jeW

We will rely heavily on Isserlis’ theorem (also called Wick’s formula) in order to establish bounds
for the variance of Jf(X) and later for the pseudovariance of f(X). Isserlis’ theorem states that the
expected value of a product of jointly Gaussian random variables, each with zero mean, can be
obtained by summing over all partitions of the variables into pairs, where the term corresponding
to a partition is just the product of the covariances of each pair. See for example [23, Theorem 1.1].

In particular, for a normally distributed random vector (Y7, Y,) with expected value (0, 0), we
have

E(Y7) =0,E(Y}) = 3Cov(Y1, Y1),
E(Y; Y3) = 9Cov(Y1, Y1) Cov(Y3, Y2) Cov(Yy, Y2) 4 6Cov(Y7, Y2)?,
E(Y} Y3) = 9Cov(Y1, Y1)*Cov(Y3, Y2)* 4 72Cov(Y1, Y1)Cov(Y2, Y2)Cov(Y1, Y2)?
+24Cov(Yy, Y2)*.

Since the sum of components of a normally distributed random vector is also normally distributed,
we can apply Isserlis’ theorem to sums involving the random variables Xj, j € [n]. Then for any

W € S,(n) we have
3
]E[(Z)g) }:0, (4.9)
JEW

om- 2, 5 (29 (4]

WeS (n) WeS,(n)

and so

For W, W' € §,(n) let
(W, W):= COV[ZX, > Xk]
jeW kew’

Now Cov([Xj, Xi] equals the corresponding values of (2A)™" and hence, by Lemma 3.7
and (4.1),
o(3), ifj=k
Cov[Xj,Xk]: (d) J
o( nid ), otherwise.

Since covariance is additive, we have
|[W N W/|

7\ rz
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Using this together with Isserlis’ theorem, for any pair W, W/,

3 3
E[(Z)g) ( > Xk) } =90(W, W) (W, W)a(W, W) +605(W, W)?

JEW kew’
2
= O(— o (W, W/))

£
_o r +r2|WﬂW’|
T\ nd? &3 '

The average value of |W N W’'| over pairs of r-sets is r? /n, so we can sum over W, W’ € S,(n) to

obtain
2 4 2 (,2 2
~ _ 2 (P r r* (r'/m)\\ @y [ nr
Var(«sf(X))—O(A (r) (—nd3 + )) = O(Tz )

By (1.11) this term tends to 0, implying that K = O(nr?/d + ¢ + e_/’lz).
All that is left is to establish bounds on Ef(X) and Vf(X). Due to (4.9), we have

4
]Ef(X):% > Aw(l—kw)(l—6kw+6A2VV)E|:(Z)(j)j|

WeS, (n) jew

o272

Again using Isserlis’ theorem, for any W € S,(n) we have

4 2
3 @10) (1
]E[<jewxj> }:3U(W’ WS (ﬁ>

nr?
Ef(X)=0 ( 7) .
Now Vf(X) satisfies

IVFX)| = |E (f(X) — Ef(X))?*| <E |[f(X) — Ef(X)|* = Var(Rf (X)) + Var(Jf(X)).

Since we already established a bound on Var(3f(X)), we only need to consider Var(if(X)). Note
that

Hence by (4.1),

4 4
Var(f(X) < Y. Y clwdealhw) E[(ZXJ) <Z Xk> }

WeS, (n) WeS, (n) jeW kew’

By Isserlis’ theorem, we have

4 4
E[(ZX]) ( Z Xk) } =90 (W, W)2a (W, W)? + 720 (W, W)a (W, W)a (W, W')?
jEW kew’
+ 240 (W, WH*

Since o (W, W) = O(r/d) from (4.10),
n\2 Y\ @y 22\ qan [ nr
Var(fft(f(X))):O(AZ(r) ﬁ) = o<7> = o<7>.
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Therefore |V(f(X))| = O(nrz/d) and so

n/2

F(0)do =" E(F(X)) + ~VF(X) + O AR
/R(p) TE exp( (f +2 f(X)+ (d +¢” +e ))

2 6 9 n/2
. nre  ronlog'n _gaogp) 7
_<1+O<7+W+n A2

using (4.8) and the definition of p;. U

4.2 Proof of Lemma 2.2

In this section we evaluate the integral over the region U,(r~!) \ R(p). The following technical
bound will be useful: for any t € R and X € [0, 1], we have

2
11+ A(e" — 1) 5exp<—%<l—1t—2> A(I—A)t2>. (4.11)

Proof of Lemma 2.2. We will show that for any p satisfying (2r) ™' > p > d~'/2 log n, we have

nn/z

_ ,,—Q(logn)
|F(0)| d6 = n A

/ (4.12)
UnA\R(H)

Observe that
-1

-1 ~1/2 0+1 5-1/2 € -1/2
Un(2N™)\R(d""*1logn) < ZL;JO (Un<2 d="/*log n) \R(Z d~"/*log n))

for L = [log,((2r)~!/(d~1/?log n))] = O(r log n), and that
Un(r_l) \7?,(d_1/2 log n) - (Un(r_l) \R((Zr)_l)) U (U,,((2r)_1) \R(ti_l/2 log n)) .

This expresses the region of integration in the lemma statement as a union of regions of the form
given in (4.12), and the result follows.
It remains to prove (4.12). Using (4.11), for any such o

IF(0)| db < / R0 gy

/Un(Zﬁ)\R(ﬁ) R™MR(#)

Let T be as in Lemma 3.7 and note that |T| = |A|~!/2. Then by Lemma 3.7 and (4.1) there exists
a f1 = O(pd!/2) such that T(U,(1)) € R(p). By taking | = (1 —r*5?/3)"/* b1 we find that
(1— r2,62/3)71/2 Un(5;) = Un(p1) and hence

(1= r25%/3) "2 T(UL(5})) = T(Ua(51)) S R(D).

Therefore, substituting § = (1 — r?5%/ 3)_1/ *Tx gives
—n/2

2 A2
/ e—(1—72ﬁ2/3)0tA0 do < (1 -r '01/23) / e—xtx dx.
RM\R() |AJY RM\Uy (5])

Note that (1 — r2,<32/3)_n/2 = exp (O(rz,ézn)). In addition we have p; = ©(p1) = @(ﬁdl/z) and
thus

/ e ™% dx < nexp (—Q(p7)) = nexp (—2(p*d)).
R™M\Un(67)
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We deduce that
. /2
—(1-r262/3)0%a0 242 A2 1 —Qogm T
e(1 p d0 < n exp(O(r*p*n) — Q(p=d =n gn)
/R"\Rm) PO 7n) — (7)) |A|/2 |A|1/2
as d > r’n, by (1.11), and p°d = Q(log” n). O

4.3 Proofof Lemma 2.3

In this section we complete the evaluation of the integral by examining the values in the region
Un(m) \ B. For x € R, define |x|,; = mingcz |x — 2km| and note that |1+ A(e™ — 1)| depends
only on |x|a.

Proof of Lemma 2.3. Let § € U, (7r) \ B. First suppose that |6, — 0|2, > (2r)~! for some a,b €
[n]. For any W}, W, € S,(n) that W1 A W, = {g, b}, we have

Z 9]' — Z 9]‘ > (21’)_1.

j€W1 j€W2 27
So ‘Zjewl 6’]"27[ > (4r) lor |Zjewz 9j|2ﬂ > (4r)7!, or both. In any case, by Lemma 3.3 and (4.11)
we have

e IR SR P T RS

Note that there are exactly ("_2)=®(("_1)) pairs Wi, W, such that W; A W, = {a, b}.

r—1 r—1
Furthermore, every W € §,(n) is contained in at most one such pair. Then, multiplying inequali-

ties (4.13) for all such pairs, we obtain

|F(0)| =exp (—Q(A <’: : 11>/T2>> (4=1) efg(d/rZ)‘

By (1.11), % > nr? log n, while by Lemma 3.6 and because d < n’, we have |A| = ¢O"logd) —
eOnrlogm) Therefore, the total contribution to the integral from this case is at most
) T[n/z
|A] 1/2°

All remaining points 6 € U,(7)\ B satisfy |6, — 6plar < (2r)~1 for all a,be[n] and
minje (), ke(r] 10 — #| 2z > (2r)7L. These two conditions imply that for any such @ there exists
k € [r] such that for all j € [n] we have

2k 1 2n(k+1) 1

+— <0< .
r 2r J r 2r

(27‘[)"679(‘1”2) = e,w(m,z log ") — o

Summing the above over any W € S,(n) implies that % < ‘Z]EW 9j|2 <. Hence (4.11) implies
T

that
|F(8)| = exp(—Q(A) (':)) .

Again, multiplying by (27)" for an upper bound, we see that the contribution of all such points
0 to the integral is at most

— n/2
o e ) -en (s )= 25

completing the proof. U
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5. Solving the beta-system
We first prove that the solution to (1.5) is unique if it exists.

Proof of Lemma 1.4. Suppose B’ # B” both satisfy (1.5). For y € Rand W € S,(n) define £y (y) :=
(1= »Aw(B) + yAw(B”). Consider the entropy function

1 1
S(y) == 1 — los—— .
») W;m(swm 08 gy T (- Ewi)log - (y)>
The derivative of S(y) at y =0 is
/ / ” )‘W(ﬂ/)
S = A —A log ———
(0) w§<m( w(B) —hw(B") log T~ "oi
(1.3) / " /
= " (wB)—rw(B") DB
WeS,(n) jew
=38 (w8 — 1w(8) E 0.
j=1 Wsj

Similarly, the derivative of S(y) at y =11is §'(1) = 0.
On the other hand, B’ # B” implies that Ay (B’) # Aw(B”) for at least one W € S,(n). The
second derivative of S(y) equals

= Y (Aw(B) = aw(B)) Ew() T (L - Ew (),

WeS,(n)

and hence is strictly negative when B’ # B”. Therefore, S(y) is strictly concave and cannot have
more than one stationary point. This completes the proof. U

To prove Lemma 1.3 we will employ the following lemma from [9].

Lemma 5.1. [9, Lemma 7.8] Let V:R"—>R", n>0 and U={BcR":|B — ﬂ(0)|| <
77||\IJ(,B(0))||} and ,B(O) € R", where ||-|| is any vector norm in R". Assume that

U is analytic in U and sup =Bl < n,

xeU

where ] denotes the Jacobian matrix of W and ||-|| stands for the induced matrix norm. Then there
exists B* € U such that ¥(B*) = 0.

In connection with the system of (1.5), we consider ¥ : R” — R”" defined by

wi(B)=>_ rw(B) —d (5.1)

Wsj

Clearly, W is analytic in R”. Observe that

d X X X
— = 11—
dx<1+ex+X> 1+ex+X< 1+ex+X>

and thus J(B) = 2A(B), where J(B) is the Jacobian matrix of W(f) and A(B) is defined by (1.4).
We start by bounding [|J~!(B) ||« as required for Lemma 5.1.
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Lemma 5.2. Let ﬂ(o) € R" and real numbers 81,8, > 0 satisfy max;xe[n] ‘ﬂj(o) — ‘5]((0)| <é,/r and

e52k(ﬂ(0)) <7/8. Suppose that n > 164011852 Then for any B € R" such that || — ,3(0) loo <&2/1,
we have
36814735,

177 B)lloe = 1CAB)) Moo <2°Cr)
(=) (B?)

where C is the constant from Lemma 3.7.

Proof. Let B € R" satisfy |8 — B9 |00 < 8,/r. Then
31 + 232
max B = ful < max |87 = B0+ 218 — BVe < =
Applying Lemma 3.7 for 8 implies for all sufficiently large n that
e3551+7052

71 *
AB)(2)
By Lemma 3.2 and our assumptions we have L(f) < eaz)\(ﬂ(o)) < 7/8. Therefore, the conditions
of Lemma 3.4 are satisfied and we have

12AB)) s < C

63651-‘1-7252
(7mD)A8)
The result follows as A(8) > e~ 1(8?)) by Lemma 3.2. O

Further, we explain how to carefully choose U and 8*) depending on whether d is small relative

to ("” 11) or not.

12A(B) s < 28C

5.1 Proof of Lemma 1.3(i)
Recalling (1.2), define

1 A 1 A
©.— (=1 ., —log ——
A (r AR rogl—x)

and note that ||\If(/9(0))||oo = maXje[,) |d — dj|. Define
= {B:1B -8Bl <nI¥(B?) o} = {ﬁnﬂ ﬂwmm<nnmﬂd dq

where n = 2!°C/d and C is the constant from Lemma 5.2. Since max; ke(n] ‘ﬁ( ) ,3(0) ’ =0, we set
81 := 0. Now assume that A is sufficiently small, in particular A < Ag:= m1n{(217C) 1. 1}. Then
forany g e U,

21 C A _ 1
— B <nd (AT —1)<2ndA)r="—"". 5.2
18 = Blloo < nd (e )smdAfr=—=.— =< (5.2)

Hence we define §, := 1/64. Since
n—1\""a 1
© 01
+B7) = (r—l) -2

7
0)\ 82 1/64 (0) 1/64
A(ﬂ )e <e )\(ﬂ )<e /2<—8.

we deduce that
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Therefore, the conditions of Lemma 5.2 are met for §; and §; as above, and we deduce for every
BeU,

67332 210C
< —
1
HBO)CD)
Hence all the conditions of Lemma 5.1 hold, and applying this lemma shows that there exists a

solution $* to (1.5). Finally note that (5.2) implies that maXx; ke|y] ’ ,3 - B | = O(1/r), completing
the proof.

171 (B)lloo = AB) oo < 2°C

5.2 Proof of Lemma 1.3(ii)
For part (ii), we define B = ( io)’ - ,(10))t by

(0) 1
,3~ = logd;: — —lo S,
j g ] r g

where

S:= —n—;-l-l Z Hdk-

WeS,_1(n) kew

Note that max; xe[y) |/3(O) ,3(0)| = maX; e[y | log dj — log di| < 2A/r. Define

=1{B:1B- BV <A/}

For any W e S,(n), using the assumptions of the lemma we have

o (Seo A7)
=0(1
1+ eXP(ZkeW /SIEO)) S

a1 )l )

and so, using our assumption on rd,

hw (8Y) = O(i> =o(r™).
(r—l)
It follows that for all j € [n], Lemma 3.3 implies that Aw(ﬂ(o)) = @(A (ﬂ(o))), and hence

exp(ZkeW :3(0)>
1+ exp(ZkeW ,3(0)>

nkEW — O(l) dr

w (BY) =

Furthermore,

= (1-+0(3(p))) Hee &

Aw(BQ) = S

=(1+0(r™")) —ersw dk.

It follows that for all j € [n],

Z }‘W(ﬁ(O)) = dj(l + o(r_l)) ZW9} l_gkew—j dj

Wsj
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Next, we observe that the quantity ZW;; ]_[kew - dy. depends insignificantly on j. Indeed, by
our assumptions we have

. n—1\ , 4
> T dk_®(1)<r_l>d

Wsl keW—¢
for € € {j, j'}, while

oIl d=-2 Il = > @G- ]]4

W3j keW—j Waj' keW—j WeS,_»(n) kew
W EW
- (n —§>d(eA/r AT @20
e

—O( —1)( )dr 1

The last line uses the fact that for any x € R we have

X

&M —1< — (5.3)

This shows that for any j,j’ € [n],

ZWaj erW—j d

=1+0(n".
ZW;}" erW—j/ di

Observe also that

XY =" Y [Ja-s

jeln] Waj kew—j WeS,_1(n) keW

S

Combining the above and using the assumptions, we conclude that for all j € [#],
> aw(BD) = (1+0(r™!) + 0 ) d; = (1+0(r ")) d;. (5.4)
Wsj

Taking the average of (5.4) implies that

-1
x(ﬂm))(” 1) =0(d) and A(BQ)e? =0(1).
r—
Applying Lemma 5.2 with §; := 2A and 8, := A, we conclude that for every g € U,
= (B)lloo = 12AMB)) oo = O(d™) -

By the definition of W and our assumptions on dj, it follows from (5.4) that ||\ W(B (O)) loo = 0(d/7).
Hence we can apply Lemma 5.1 with 1 := A(r|| \I/(ﬂ(o) lloo) ™! = w(d™1), completing the proof.

6. The near-regular case

In this section we will prove Theorem 1.5. As mentioned at the end of Section 1, we have omitted
some of the calculations in this and the following section. These calculations can be verified using
the identities in Section 9. It will be convenient for us to begin the analysis in the first quadrant. By

assumption (1.13), Lemma 1.3(i) guarantees the existence of a solution 8* = (87, ..., B;) which
satisfies (1.8), and by Lemma 1.4 this solution is unique. Therefore we are justified in applying
Theorem 1.1.
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Next, recalling (1.2), define y* = (", ..., ¥,;) by
1 A
* __ _ * H
'Bj_rlogl—k+)/j’ forj € [n].

In the regular case, B* satisfies (1.5) when y* =0. For W € S,(n), define y;j, := ZjeW yj*. In

addition, for W € S,;(n) and s € N, define I's = I,(W) := ZjeW (SJ?.

Lemma 6.1. Under assumptions (1.7) and (1.13) in the first quadrant, there is a solution of (1.5)
with
2 3
. (n—1)4; (n—2kn—2r)n; 5 'R,

T = — J . S —-1,_-135-3/5
ey e BTy o v il T o UL

uniformly for j € [n].
Proof. Equations (1.5) can be written as @(y) = §, where @ : R” — R” is defined by

e’ —1
Pi(y)=r1-2)y ———
J % 14+ A(erw —1)

for j € [n]. Consider y = (31, . . ., ¥») defined by

(-1 (n—2An—2rn 8].2 N 8].3 R, N Ry
T Ao n—nd 20— 22— r2d2 38 2n—nPde | 2n(n—nd®
The function L(x) =(¢* —1)/(1 + A(¢* — 1)) has bounded fifth derivative for A € [0,1], x €
[—1, 1], so by Taylor’s theorem we have in that domain that

1 1 17 3
L(x) = — ) ==+ 22 ) P+ — = A+ A2 =2 ) A+ Oo(xP). (6.1
(%) x+(2 )x +(6 + )x +<24 5 +2 x4+ 0(|x).  (6.1)

For W € S,(n), define yy := Zjew ¥j- Now

yw= o(d—1 > aj) = O(Smaxrd '),

JEW

which implies that (pw)°> = O(r_ln_ld_3/5). Therefore, from (6.1) we have

L) = (n—11 (n* —2xn* —2n+1)IE  (n—3)n? I}
WS A= m—nd T 20— Am—E | 6(n—rpd
nt It nin—2an—2r0 (-2 N T3 62)
24(n—r)tdt 20— 22 —r2d>  2(n—1r)3dB T 3d° '
rirmm—n+r)R, rn Ry 21 —1 -3
— — 0 d=3/).
o=l 2 O )
Summing (6.2) over the (:’:11) =d/A sets W that include j, for each j, we verify that
1 (7) = 8l = O(r'n~"d??). (6.3)

These calculations rely heavily on the identities given in Section 9.2.
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Define C' := 219C, where C is the constant from Lemma 5.2, and let
_ c _
u(ch) = {xt lx—¥lloo < gll‘P()’) - 3”00} .

Define the function v : R” — R" by

1 A
=21 L....,D'+x
v(x) ;" ogl_)\( Y4+x

Let W be the function defined in (5.1). Then for any x € R” we have ¥ (v(x)) = @ (x) — §. In par-
ticular this implies that J;, Y(x) = ]\;1 (v(x)) where Jg (x) and Jy (v(x)) denote the Jacobians of @ (x)
and W (v(x)) respectively.
We wish to apply Lemma 5.2. Then
81:= r max [v(y); — v(¥)k| =r max |y; — vkl = o(1).
jrkeln] jkeln]
Next, using (6.3), we have that

/

rC
32 = d

Finally, since A(v(0)) = A < 1/2 and maxje[] |Vj| = o(1/r), Lemma 3.2 implies that

12(¥) — 8lloo = o(1).

_ 7
e 20(7) =1 +o(h = 2.
Hence Lemma 5.2 implies that for every x € U(C’), we have
28Ceo(1) c
< <=
v(x) oo < 7o) d <7

Therefore, by Lemma 5.1 there exists x € U(C’) such that @(x) = 4. Setting y* = x proves the
lemma, since ||x — ¥ [loo = O(r~'n"'d%/®) and the last term of y; is O(r~1n~1d—3/°). a

75" @)oo = 75, (

Now we can calculate the values of the quantities that appear in Theorem 1.1.
Lemma 6.2. Under assumptions (1.7) and (1.13), we have in the first quadrant that

[T ¥wa—awmi?v
WeS, (n)

_ n — 1) R2 (1 —2)») R3 R4
— (1 — 01D (n _

(W=D exp 20—0m—nd  6(1— 122 " 124
Proof. Define zw by Ay = A(1 + zw) and

(A1 + 2)M1F(1 — 2 (1 4 2))1~H1+2)

+ O(Smax d—3/5)>.

=1 — Azl
1(z) =log W1 = a)h “08 T
Az \1-A(142)
— AM1+2) (1 _
_log<(1+z) (1 1_)») >
o .
Ayl : A .
= — ) +(=1Y)= - 7. (6.4)
;((1—))1 )(]—1)]
Recall that } s () 2w = 0, therefore,
[] ¥ra-awm'v=ra- W40 exp( > n(zw)>. (6.5)
WeS, (n) WeS;(n)
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Lemma 6.1 implies that yy;, = yw + O(n_ld_3/5). Recalling (6.1), this implies that L(yy;,) =
L(pw) + O(n=1d=3/), as y;y = o(1). Using (6.2), we have
_ (=)@ —1)

A (- MLy
e =4I

_ (n—1)I n(n—2)»n—2)1"12 n’ F13 (n—=2xn—=2rnrl,
o n—nd 20 —Nn—1)2d?  6(n—r3d  2(1 —A)(n—r)d?
F1F2 F3 7'2 R2

il Tt -1 4-3/5
243 + 3d3  2(n—r)2d? +0(n™1d7P7). (6.6)

The coefficients of the Taylor expansion of 7(z) are uniformly O(%), as shown in (6.4). Also note
that zy = O(8maxrd ') = O(d~1/°). This gives

AMn—1)> T} AMn—2an—3)n? I antrt AT} AT

W) = =P T 31— — i | sn—rid T sdh T 3d
Mn—2an—20n* 0 ATED arnRy Iy 1
- - - O(rrs d=8/%).
== 2dt 2= np O A
Using the identities in Section 9.1, we can sum over all W € S,(n):
(n— 1) Rz (1 —2)\.) R3 R4 —-3/5
Y nlew)= - e 4 O(Bmad ). (67)
Wesm 20l —=AN(n—rd 6(1—21)3d 12d
The lemma now follows from (6.5) and (6.7). U

Let Ag be the matrix A in the case thatd = (d, d, . . ., d). That is,
(1—=M)(n—r)d 1-2)(r—-1d

o= 2(n—1) I+ 2(n—1) J.
Then
Al 2(n—1) 2(r—1)
O T A—Mm-nd  (1-nr(n—nd”
. (1 —)»)ni’(}’l—r)n_ldn _ T'Qn
[Ag| = 21 (n — 1)1 - 21(n —r)(n — 1)n-1 > (6.8)

where the determinant follows from (3.1).

Lemma 6.3. Under assumptions (1.7) and (1.13), we have in the first quadrant that

R
|A] = |Ap| exp(—ﬁ + O(amaxd_?’/s))-

Proof. Define the matrix E by A = A + E. Then
A=A¢I—-D)"'I+M), where

L (1—2)1)8, (1—=2)1)8,
D:= dlag( T nd " 0—nd ) and

M:= —D+ (I - D)A;'E.

For W € §,(n) we have Ay = A(1 4 zw ), where zy is given by (6.6). This gives

A1 =201 N AT AD
2d a2 4ad?

1 1
SAw(l=dw) =221 -3) + + O(Admaxn 1 d33).
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Summing over W > jand W 3 j, k, using Sections 9.2 and 9.3, we have E = (ejx), where

1
51 =235+ O(8maxn ' d*®), if j = k;

ejk =
(1 =22)(r — 1)(8; + dk) n (r — 1)8;0x

2n 2nd

+ O(8maxrn2d*®),  ifj#k.
This implies that AO_IE = (e]/.k), where

(1—21)8;

| T e O, ifj =k
€., =
Tl =200 =18 (r—1)86
j Ok -2 4-3/5 .
o(s d , ifj#k.
(1—A)nd 2T (Smaxrm ). ifj#
Finally, we have M = (mjk), where
2
—d—fz + O(8maxnrd /%), if j=k;
"EEY A—ae—1s =D& (- 158
- r—1)oj Y "= 1)0jok -2 4-3/5 Y
— O(6max d , if k.
(1—)nd o T T OCman ) ifj#

To complete the proof, note that
n -1
_ (1-21)4; Ry _
1 j 3/5
j=1
and, since [|M|l2 < V/IIM[[1[M]loc = o(1),

n

T+M =] Q+pu)=exp| Y (1;+O(Injl?)) | = exp(trM + O(IM]|7))

j=1 j=1
Ry _
= exp <_ﬁ + O(Smaxd 3/5)>,
where i1, ..., i, are the eigenvalues of M and ||M||F is the Frobenius norm. The penultimate
equality follows by [30, equation (3.71)], which states that 2?21 |Mj|2 < ||M||12:. O

Corollary 6.4. Under assumptions (1.7) and (1.13), we have in the first quadrant that

- A=)
Hi(d) = 2" T2 | Ag|1/? (=1
(n—1)Ry Ry (1-2M)R3 Ry _
_— + = - Oo() ),
x exP( 2 —nn—nd TaE Tea e a0
where & = & + Smaxd >/° and |Ag| is given by (6.8).
Proof. This follows by substituting Lemmas 6.2 and 6.3 into Theorem 1.1. U

Finally, Theorem 1.5 removes the assumption of being in the first quadrant.

Proof of Theorem 1.5. Since the formula is invariant under the symmetries and matches
Corollary 6.4 within the error term in the first quadrant, it is true in all quadrants. To see this,
observe that under either of our two symmetries, R3 becomes —R3 and (1 — 2A)(n — 2r) becomes
—(1 =2X)(n —2r).
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7. Degrees of random uniform hypergraphs

We now show how to apply the results of Section 6 to analyse the degree sequence of a random

uniform hypergraph with a given number of edges. Define B(K, x) = (, If—&-x) where K, AK + x are
integers. The following lemma is a consequence of Stirling’s expansion for the gamma function.

Lemma 7.1. Let K, x, A be functions of n such that, as n — oo, A € (0, 1), A(1 — L)K — 0o and
x=0(A(1 = 1)K). Then

A—)»K—x—l/Z (1 _ )\')—(I—X)K-‘rx—l/z

B(K, x) = e
T
X2 (1 —20)x 1— x4 22 (1—20)3
X ex — - -
PUTO0 0K " 200 = 0K 1201 =K | 622(1 — 2)2K2
(1 =214 22%)x2 (1—20)x (1 — 31 +32%)x

42(1— A)2K2 | 1222(1—A)2K2 12231 — A)3K3

+o( Ix]® +1 N |x]° )
(1 —A)3K3 A1 —a)ikE) )

Proof. This follows from Stirling’s expansion for the factorial, which we use in the form

1
N!'= /27 NNt1/2,-N exp(m + O(N3)>.

From this we obtain

KK+1/2
B(K, x) =
V271 (WK 4 x)MKAx+1/2((1 — WK — x)(I-MDK=x+1/2
1 . ! + 0| ————
x exp| — — — .
P 12K 12(AK 4+ x) 12((1 — A)K — x) 23(1 — A)3K3
Now write

1
(UK + x) K12 — (g gy K12 exp<<K T E> log<1 " %)>

and similarly for ((1 —A)K —x)1~K=*+1/2" Expanding the logarithms gives the desired
result. O

Proof of Theorem 1.7. For some p € (0, 1), let X, . . ., X, be iid random variables with the bino-
mial distribution Bin((’r':ll), p). Then B,(n, m) is the distribution of (X, . . ., X,) conditioned on

the sum being nd. Since the sum has distribution Bin(n('::i), p), we find that the conditional
probability is independent of p :

me@:(g%1ﬁ<i%'

j=1
Consequently,
-1
Pp,em(d) _ B(n(;Z,), 0)Hr(d)
= — .
B @ B((9,0) [T B((-)15)
Now use Theorem 1.5 for H,(d) and Lemma 7.1 for the other factors. O
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LetZy,. .., Z, beiid random variables having the hypergeometric distribution with parameters
("), m, ('::11), where m = e(d). That is,

Pz = k)= ((m)><(k)> ((':)m— _(':k:%)) o

Note that Z; has precisely the distribution of the degree of one vertex in a uniformly random
r-uniform hypergraph with n vertices and m edges. Now let 7,(n, m) be the distribution of
231, ..., Z, when conditioned on having sum nd. If P:= P(Z; + - - - + Z, = nd), for which there
seems to be no closed formula, we have

B (d) = P ((m)) N ( ((’:;)) ((’:)m—_(gi)))_ 02

j=1

Lemma 7.2. Let Zy, ..., Z, be independent hypergeometric variables with distribution given by
(7.1) and let X1, . . ., X, be the same conditioned on Z;’Zl Zj =nd. Then

(a) Each Zj and Xj has mean d. Also, Zj has variance

» =Nm—nd g( B <n>_1 >—1
o= nd — rr T n : r ' 7.3)

(b) Fort> 0, we have for any j that

2 2exp(~4), 0=t=3d
IP’(IZj—dlzt)SZexP<—2 )5

+t/3)) 7 | 2e-304, £>3d.

(c) If nd + y is an integer in [0, mn], then

2
n y -1 _ -
]P’( E i Zj:nd—i—y>: exp(—znaz) +0(n'o7?),

where the implicit constant in the error term is bounded absolutely.

oA/2mn

(d) For every nonnegative integer y, P(X, = y) = C()P(Zy = y), where uniformly

. P(Z};zzjznd_)’) _ 1 ()’—d)2 —1/2 -1
Cly) = P(Z}Ll Z= nd) =(14+0(n™") exp(—m> + O(ﬂ o )

(e) Ifo2 > 1 then fort > 0,

Emin{(Z; — d)%, £} =o* + O(eftz/(‘}d)d + e 944,
Emin{(X; — d)?, *} = (1+0(n™ ")) o? + O(e—tz/(4d)d I e—9d/4d)_

Proof. Part (a) is standard theory of the hypergeometric distribution. For parts (b) and (c), we
note that Vatutin and Michailov [28] proved that Z; can be expressed as the sum of m independent
Bernoulli random variables (generally with different means). Inequality (b) is now standard (see
[14, Theorem 2.1]), while (c) was proved by Fountoulakis, Kang and Makai [8, Theorem 6.3].
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For part (d), the standard formula for conditional probability implies that the expression for

P(Sis Z=nd-—y)

P(X; = y) holds with C(y) = —L———=+. Then by part (c) we have
P(Y0, Zi=nd)

- . — _ 1 _()’—d)z _1 2
F j:ZZZ]—nd—y N 2m(n—1) exP(Z(n—1)62>+O( )’

o

n
1
P Zi=nd | = (1—0—0(;1_1/20_1)),
; ! oA2mn

and dividing the first expression by the second gives the stated approximation for C(y).
For (e), we have

Emin{(Z; —d)% ) =0? = > (- £)P(Zy=d+0),

le]>t

where the sum is restricted to integer d + £. We will consider the upper tail, noting that the lower
tail is much the same:

S (@A) PZi=d+0)=) (2~ A)(P(Z=d+0) —P(Z =d+L+]1))

>t >t
<@+ DPZ zd+0)+)  Q+DPZizd+E+1).

>t

Now we can use the first case of part (b) to obtain the bound O(e’tz/ “d) 7) and the second case to
obtain the bound O(e™%/44).
For the second part of (e), we have

E(X; —d)?) =0 +Z C() — 1) P(Zy =) G — d)?

o2

o +Z<exp< 2((2_1; 2)—1+O(1/n)) P(Z1 =) G — d)’
4

=o*(1+0(n™) + o(%).

Since o2 > 1, the fourth central moment of Z; satisfies IE((Z1 — d)4) = O(c?), as follows from the
exact expression given in [16, equation (5.55)]. Therefore

E((X1 —d)?) =a*(1+0(n)).

Then the effect of truncation at t can be bounded as before, using the fact that C(¢) = O(1). UJ
Proof of Theorem 1.8. From the definitions of D,(n, m) and (7.2), we have

PD, nm)(d) _ B(("),0)"”" PHy(d)
Prowm@ 1 (B(00).8)B(() - (7). ~8))

Now use Theorem 1.5 for H,(d), Lemma 7.2(c) for P, and Lemma 7.1 for the other factors. U
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For the proof of Theorem 1.10 we need a concentration lemma.

Lemma 7.3. Let f(x1,...,xx): {0, K >R be a function such that |f(x) — f(x')| < a whenever
x,x' differ in only one coordinate. Let Z=(Z1, ..., Zk) be independent Bernoulli variables (not
necessarily identical), conditioned on having constant sum S. Then, for any t > 0,

2
P(|f(Z2) —Ef(2)| > t) <2 exp(—ﬁ).

Proof. According to Pemantle and Peres [25, Example 5.4], the measure defined by independent
Bernoulli variables conditioned on a fixed sum has the “strong Rayleigh” property. The proof is
completed by applying [25, Theorem 3.1].

Proof of Theorem 1.10. Probabilities in the hypergeometric distribution are symmetric under the
two operations (that is, replacing r by n — , or replacing m by (") — m). Since the error term given
in the theorem is also symmetric under these operations, it suffices to assume that (r, d) belongs
to the first quadrant.

Define

n

Ry(d):= Y  (dj—d)’* and Ry(d me {(d; — d)%, dlog® n},
j=1 j=1

and
W= {d:Smax < d"/?logn and |Ry(d) — no?| < n'/?02 log? n}.
Let Zy,. .., Z, be iid random variables with distribution (7.1). The distribution 7,(n, m) is that of
(Z1, ..., Z,) conditioned on Z?:l Zj=nd.
By the union bound, we have
P7;(nm) (IR2(d) — 10 ?| > n' 202 log? n) < P7,(s,m (Ro(d) # Ry(d))
+ Pm,m)(m’z(d) — ERy(d)| > n'/%0? log? n — |no? — ERz(d)|)
Since always C(i) = O(1), Lemma 7.2(b,d) and the union bound give
Prwm (Ro(d) #Ry(d) <n > Prum(Z =i) C(i) =n~ 2087,
itli—d|>d/2 logn

Next, note that in 7;(n, m) we have |no? — ER,(d)| = 0O(c%) = 0(d) by Lemma 7.2(e); for later
use note that this only relies on the condition 8pmax < d'/? log 1. Recall that each Z; is the sum of
m independent Bernoulli variables, so R} (d) is a function of mn independent Bernoulli variables
conditioned on fixed sum nd. Changing one of the Bernoulli variables changes the corresponding
dj by one and changes d by 1/n. Overall, this changes the value of R}, (d) by at most 2 4 4d 172 log n.
Applying Lemma 7.3, we have

PT-(nm) (IRy(d) — ERy(d)| > n'/*6? log? n — |no? — ER)(d)|) = n~*210g™), (7.4)
Therefore, P () (20) = 1 — n=41°8™_ Now we can apply Theorem 1.8 to obtain
Pp,(nmy(d) = (14 O(e + n'/1°Q7 10 log n + n™/% log? 1)) Pr(,my(d)

for d € 2. Here, ¢ and n'/1°Q~/1logn come from the error terms in Theorem 1.8, while

n~1/2 log2 n comes from the term R,/Q in Theorem 1.8 since no?> = Q(1 4+ O(n~1/? log2 n)) in
20, by the definition of 20 and (7.3).
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Now consider the probability space D,(n, m). Since the distribution of each individual degree
is the same as the distribution of Z;, using a union bound and applying Lemma 7.2(b) gives
P, (nm) Bmax > d'/? log n) = n~¥1°8" and hence

PDV(”J”) (RZ(d) # R/Z(d)) = n—Q(log ”)‘

In [15], concentration of Ry(d) in D,(n, m) is shown using a lemma on functions of random
subsets. However, that approach (at least, using the same concentration lemma) apparently only
works for r = o(n/ log n), so we will adopt a different approach.

By the same argument as used to prove (7.4),

P7:(nm) (IR2(d) — no?| > kn'/2dlog® n | Smax < d'/?log n) < ¢~ Ok log’ n

for any positive integer k and some constant C > 0 independent of k. (Similarly to before, we have
used |no? — ER’,(d)| = O(d).)
If Ry(d)<(k+1)n'/?02log"n then —1+ Rz(d) < % +0(1) and so applying
Theorem 1.8 gives
Ppr(n,m)(knl/zaz log2 n < |Ry(d) — no?| < (k+ l)nl/2 2 log n ‘ Smax < d 1/2 log n)

212 (k+ 1)10g n
§exp< Ck”log” n+ oz 0(1)).
Summing over k > 1, we have

Ppr(n,m)(le(d) — no?| > n'/?c? log n | Smax < d'/? log n) =y~ Slogn)

and therefore Pp, (;,m)(20) =1 — n—<logn) completing the proof. O

8. Deferred proofs
8.1 Proof of Lemma 1.2

We begin with the operation of replacing each edge by its complement in V, which sends d; to
dJ/- = e(d) — d; for each j. Recall that

(5n)n

Le(n]

and note that for all j, k € [n],

1 k * 1 k * k *
|,3]/_,31/(i= n—r( ﬁ‘5>_ﬂ1_n_r<zﬂ5>+ﬂk =|/3j _,Bk|-
Leln] Leln]
In addition, for any W € S,(n) we have
, n—r
P O AR W
jeEV\W Le(n] jeEV\W JEW
Therefore for any W € S,(n) we have
) ekev\w B ekew By .
w(B’) = + =Aw(BY). (8.1)

1 4 eXkev\w Br - 1 + e2okew By
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Note that summing (1.5) over j each edge is counted r times, so ZWES,(H) Aw(B*) =e(d). Hence

Z ﬂ)(S_l) Z Aw Z Aw(B*) — Z )\W(ﬂ*):e(d)_dj

Waj Wgj WeS, (n) Waj
weS,—r(n) WeS, WeS,

proving that (d’, B’) satisfies (1.5). It only remains to show that
|AB)|  1ABY)
n—r?2 2

For W C [n], define the n x n matrix Ew by

(8.2)

1, ifjkeW;
(Ew)jk =

0, otherwise.
Then,
ABH= D (B —rw(B) Ew.
WeS, (n)

Now note that (I — %])EW(I— %]): Ey\w for any W e Sy(n). (The case W={1,...,r} is
representative and easy to check.) Together with (8.1), this proves that

1 * 1 _ /
(1--1) A" (1= 1) = AB).
Finally, [T — l]| -t — by (3.1), which proves (8.2).
Next, consider the operatlon that complements the edge set, sendlng dj to d = ( ) d; with-

out changing the edge size. Recall that ,BJ ,8* for each j. Then |,3] ,3k| = |,3* B for all j, k.
Note that for any W € S,(n) we have

2 ~ eZkeW Ek e Zkew /3]): N "
fd —~ = = 1 - >
W= e = T w(B")
which implies that A(8) = A(8*). In addition,
~ n—1 N n—1 ~
S aw(B) = (r_ 1) =Y B = (r_ 1) 4=,

Wsj Wsj

proving that (E, ﬁ) satisfies (1.5).

The third operation, which complements both the edges and the edge set simultaneously, is
just the composition of the first two in either order. Hence the result for this operation follows
immediately, completing the proof.

8.2 Proof of Lemma 3.7
The following lemmas will be useful.

Lemma 8.1. ([11, (1.13)]). For p € R, define

1423 -1

ap(x) = 2

Then, for x € R",
I+ xx" ) =1+ ap(]|xl2) xx".

Also, for x> 0, |a_1/2(x)| <x™% and |y j2(x)] < x~L.
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For a matrix X = (xjt), || X|lmax := max; [xj| is @ matrix norm that is not submultiplicative.
The following is a special case of a lemma in [13].

Lemma 8.2. ([13, Lemma 4.9]) Let M be a real symmetric positive definite n x n matrix with
K ¢ t
IM—1I|lmax < — and xMx>y xx
n

forsome 1>y >0, k >0and all x € R". Then the following are true.

(a)
- (k +y)k
1M = Tllppax < ————.
yn
(b) There exists a real matrix T such that TMT = I and
K4yl - - (< + Dk +y'7?)
1T 1 Tlleo < —75— T s 1T oo < 17

The next result will be used to find a change of basis matrix to invert A(f).

Lemma 8.3. Let A= D + ss' + X be a symmetric positive definite real matrix of order n, where D is
a positive diagonal matrix and s € R". Define these quantities:

y := avalue in (0, 1) such that x’Ax > y x'(D + ss")x for all x € R”,
Din> Dmax := the minimum and maximum diagonal entries of D,

-1 -2
B:= 1+ DmaxD, lIsll1lIslloolIsll;
2 -1
k= B°D_; 1 ||X|lmax-

Then there is a real n x n matrix T such that TAT = I and the following are true:

(a)
5 Bk (k +1
”A_l — (D +$$t)_l | max < _K(K )) where
Dninyn
D lsstD™1
(D4ssH) '=p - — "~
L+ 1D1%]3
(b)

Tl [ Tlloe < BD/ 2y ™1 2(kc + 1);

min 14

(c) Forany p > 0, define

Q(p) = Un(p) N {x eR": |s'x| < D&”s”lp}.

D2 sl
Then
T(Un(p1)) € Q(p) € T(Un(p2))s
where
1 _ _
pri= =DMy 2 (c+1)"p,  pr:= BDulmy V2 (k +1)%p.

B

Proof. Define s, := D~Y/2s, X; := D™V2XD7V2, Ty := (I +s18})7/% and X, := Tt X; Ty. By
Lemma 8.1, we have

Ty =1+ a_12(lIs1ll2)s1s], (8.3)
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and note that Ty is symmetric, that is, T} = T{. Therefore
A=D+ss'+ X=D"* (I +s1s} + X;) D'/> =D"*1;! (I + X,) T; ' D'/ (8.4)
Recall that by Lemma 8.1 we have |a_1,2(|[s1112)| < I|s1 ||2_2, so by (8.3),

s s D sll1]ls
ol (T3l <1+ llsalioll ;”oo <14 max|| ”1”2”00 _B (8.5)
lIs11l5 Dminllsll3

Next we apply Lemma 8.2 with M = I + X,. By (8.4), x'Ax > yx'(D + ss')x is equivalent to
(T7'D2x)" (14 Xo) Ty ' DY2x > y (T7 ' DY) T, ' DYk
for all x € R". Also

min - mm

_ 8.5) _ K
X2 llmax < D 1T 112 Xl £ BD 1||)<||m—;

Therefore, M, y, « satisfy the conditions of Lemma 8.2. Consequently, there exists a transforma-
tion T, such that T(I + X;) T, = I. This, together with (8.4) implies that T = D~/2T; T, satisfies
T'AT = I. In addition, by Lemma 8.2(b), we have

IT2ll I Talloo <y V20 + 1), 1T 1 1Ty oo < v 7206 + 1) (8.6)

Together with (8.5) and ID~Y2||;, ID7Y2||oo <D ~L2 this proves part (b).

min

Next we prove the first inclusion of part (c). Let x € Uy,(p1), thatis, ||x]lcc < p1. Then || Tx| o0 <
ITlloo p1 < p by part (b), so Tx € Uy,(p). Next

|s'Tx| = |s] T1 Tox| < | Tust |1 ]| ToX ]l o
From (8.6), | Tax|loo < ¥ ~/2(k + 1)p1. Also (8.3) gives Tys; = (1 + |s; I|§)_1/251, o)

—1 1/2 =1/2, -1
[ Tisilly < llstllnlisilly ™ < Dmaxllsll1Dyyin " lIslly

Combining these bounds proves the inclusion, as B > 1.
For the second inclusion of part (c), consider x € Q(p). Lemma 8.1 implies that T, L
a1/2(Is11l2)s18}, and hence

1T %lloo = IT5 ' T ' D25l 00 < IIT5 Moo | DY/ 22 + et 2 (lIst 12)s18'%]|

Now apply (8.6) to || T;l l|so» the first part of the definition of Q(p) to || D'/?x|| 0, the second part

of the definition of Q(p) to |s'x|, and recall from Lemma 8.1 that |er /2 (|Is112)] < [Is1 ||;1. Then we
have

INE

s D s
||T_1x||ooSJ/_I/Z(K+1)2<Dr1r{a2xP+ ” 1”00 max” ”1 )
Istllz D sl

D sll1lls
Sy_l/z(KH)zDgip(H mgu ||”15||||2||oo>=
min 2

Finally, we prove part (a). Define X3 := I+X) ' —1I By (8.4) and since T} = T{ we have
T'D™1/2AD~Y2T; = + X,. Together with Ty = (I + s;s})~1/2, this implies

A =D V2T (14 X)) /D2 =D7V2 X3 T  D7V2 4 (D4 ssh) 7.
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By Lemma 8.2(a), || X3||max < «k(k + 1)y ~'n~! and thus using (8.5) we have

Bk (k +1)

A7 — (D4 58) oo < Dot IIT11I3 1 X5 max < .
Dmin yn

min

The expression for (D + ss')~! follows from the Sherman-Morrison theorem (see for example
[22, equation (3.8.2)]).

Proof of Lemma 3.7. Define A := A(B) and

Then let s:= (¢, ¢ ...,0)' and D:= diag(a; — .. apy — ). We write A(B)=
D+ss'+ X.

First we show that the entries of X are small. Note that all the diagonal entries of X are
exactly 0. By Lemma 3.5, the absolute value of any off-diagonal entry in X is at most

n=2\63e* . n—2
|ajk_C2|§(e46/r—1)A( ) < —A< ) (8.7)

r—2 r r—2

In addition, Lemma 3.5 also implies that for any 1 < j < n we have
. _ . _ . _ _ 48/r
aj— = e i (T DL R 2 e g (M) (12 2T
2 r—1 2 r—2 2 r—1 n—1
s s
(5>f) 36_45”/1 n—1 1 (r—1)(e* +71) 216_45”/{ n—1 - e 4 r
2 r—1 r(n—1) 2 r—1 n—1

oLy (P (8.8)
) r—1

where in the last step we used r < n/2 and n > 16¢*.
Consider the value of y as in Lemma 8.3. For any y € R"” we have

2 2
FaBy=5 Y )»W(ﬂ)(l—)»w(ﬂ))<2)’j> BRI Y (Zy;)

WeS,(n) jeEW WeS, (n) jeWw

—l_z‘sﬁt (n—1>1_<n—2 I+ n—2 ]>
_Ze y r—1 r—2 r—2 y
(=2, o (=2 (=Y

(e ()

On the other hand, by Lemma 3.5 we have

yo+sy= e i (" N+ ("2 (300
) r—1 2 \r=2 ,21]

J

[A
)

& ((’::f) Iy13 + (’::5) (gyj)z )
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where the last inequality holds as r < n/2. Therefore setting y := ¢~ /4, we have for any y € R"
that y'Ay > y y'(D + ss')y. Let B be as in Lemma 8.3. Then

14 Dmax|ls|l11ls]l oo 14 Dimax < 46807 (8.9)
Diin|s113 Dinin —

which follows from Lemma 3.5 and (8.8).
For «k as in Lemma 8.3, using (8.7), (8.8) and (8.9), we have

8451,71/1 (71—2)
KK =B* Dl 1 || X]|max < 80!0/ I=22py < 80200/ 43, (8.10)
A ()

Next we consider the matrix (D + sst) L. By Lemma 8.3 we have
D 1lsstD™!
(D+ssH '=D7 ' — —_—,
1+ ||D~12)|3

and we are interested in an upper bound on the absolute value of the elements of this matrix. First
consider the vector D™!s and note that

c
ay—c?

App—c?

Together with (8.8) this implies that every element in the matrix D~!ss'D~! has absolute value

at most
/‘1’ n—2 1
16€%/7 — (r‘zl)z <16e¥/"——. (8.11)
n,
Az(r—l) A(”)
Similarly
(ay — )72
D V2s=¢ ,
(@nn — CZ) 12
implying that
n X (n—2
1 L35 A, r
R S
=17 A(Z)
and hence
r
14 |D~Y%)% > 3 e /T, (8.12)
Therefore, by (8.11) and (8.12), every element of % has absolute value at most
2
16 elZ(S/r 6123/7‘
— — =32— , (8.13)
1
12 A7) AGI)n
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and thus so do the off-diagonal elements of (D + ss') ~!. As for the diagonal elements, by (8.8) and
(8.13), each has absolute value at most

5645/7 326125/1‘ 86125/r
< + = <= >
A(nfl) A(nfl)n - A(nfl)

r—1 r—1 r—1

asn > 16¢¥ > 16.

Now we have all the information needed to establish a bound on the absolute value of the
elements in A(f)~! using Lemma 8.3(a). In particular, using (8.8), (8.9) and (8.10), the diagonal
entries of A(B)~! have absolute value at most

8el2/T  Ble(c41)  8el2/r (gb03/r+145 . 008/r+145
1 (n—1 Deiovn  — A(M1 +— n—1 S(8+C) Y (m—1\
A(r—l) min} A(r—l) A(r—l)n A(r—l)

for some sufficiently large constant C. On the other hand, the off-diagonal entries have absolute
value at most

32e128/7 Bk +1)  32e12/7 C608/r+145 . [ 808/r+145
X (m—1 Do == n—1 + Y n—1 = (32+C) ~
A(r—l)” min} 7 A(r—l)n A(r—l)n A(r—l)n

The first statement follows by setting C = 32 + C and using the fact that r > 3.
Now for the second statement. Substituting (8.8), (8.9) and (8.10) into Lemma 8.3(b) gives

1T Tlleo =0 ————5
v _1\1/2
AV2(7)
as required.
Now for the last statement of the lemma. For any real z > 0, let

1/2
“ n D lIsll2
0(z) =z— 0= ¢p.
rl/2 Diaxllsll1
Then
0(3) =[x Un(3(2): | | <2mr 0.
j€ln]
Note that
1/2
_n Dilslh ( n sl C)_ n 1 e
1/2 = 12 12, )T 12 - RNV
rl/ Dmax|lsll1 rl/ Dn{in”s”l rl/ A1/2(i:_11)/ nc

nl/2 1 12(n—2 1/2 n(r—1) 1/2
r2 5y me1 TERCR P =0 (n—1)r =6
A / (rfl)
Therefore there exists z; = €2(1) such that 6(z;) < p and z; < 1. Together with Lemma 8.3, this
implies that

T(Un(p1)) € Q(4(21)) € R(p),
where
1 . v (n—1\?
=2 Dy (07 ) = @(A”z(r_ 1) p>.
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Similarly there must exist z, = O(1) such that o(z2) > p and z; > 1. Then by Lemma 8.3 we
have

T(Un(p2)) 2 Q((22)) 2 R(p)s

where

- R 5 0 —1\1/2
= BDplax ¥ 1/2(1+K)2p(z2)=®(/11/2< ) p).

r—1

This completes the proof. U

9. Appendix: useful identities

In this appendix we provide summations that help for the calculations in Section 6. We use the
notation

—1\ d
NZC—1)=X’ L=rw)=Y 5 R= Zai

leW

and recall that R; = 0. We provide approximations for some expressions, assuming that (r, d)
belongs to the first quadrant and 8. = O(d>/?). The error bounds are good enough for our
applications but are not necessarily tight.

9.1 Summations over all W € S,(n)

Z Ii=R, (£=1),

WeS,(n)
Z N = )Re+1 >0,
WES (n) -1
1 (n—r)(n—2r)R3
= > = = Ry + O(Smax d/),
N Wesm (n—2)(n—-1)
1 Z s 3r—Dm—rm—r—1DR: (n—r)(n®—6rn+6r>+n)Ry
- 4
Wes.(n) (n=3)n—-2)(n—1) (n=3)(n—2)(n—1)
3(r— 1)R?

==——2 + Ry + O(Smax d'*°),
n

1 —1 R2 — )R -1 RZ
- Z r= (r—1)R; n (n—nRsy _(r—DR 4 Ry + OSmax 4'),
n—1 n—1
WeS,(n)
Z = —1)(n—1R3 (n—r)(n—2r)Ry
1
WGS,(n) (” —2)(n—1) (n—2)(n—1)
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9.2 Summations over all W > j
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9.3 Summations over all W > {j, k} i
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