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Abstract

The term moderate deviations is often used in the literature to mean a class of large devi-
ation principles that, in some sense, fills the gap between a convergence in probability
of some random variables to a constant, and a weak convergence to a centered Gaussian
distribution (when such random variables are properly centered and rescaled). We talk
about noncentral moderate deviations when the weak convergence is towards a non-
Gaussian distribution. In this paper we prove a noncentral moderate deviation result for
the bivariate sequence of sums and maxima of independent and identically distributed
random variables bounded from above. We also prove a result where the random vari-
ables are not bounded from above, and the maxima are suitably normalized. Finally,
we prove a moderate deviation result for sums of partial minima of independent and
identically distributed exponential random variables.
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1. Introduction

The theory of large deviations gives an asymptotic computation of small probabilities on
an exponential scale; see [5] as a reference for this topic. The basic definition of this theory
is the concept of a large deviation principle (LDP for short). More precisely, a sequence of
probability measures {7, : n > 1} on a topological space X satisfies the LDP, with speed v, and
a rate function I, if the following conditions hold: v,, — oo as n — oo, the function /: X —
[0, oo] is lower semicontinuous,

1
lim inf — log ,(O) > — inf I(x) for all open sets O,
n—>00 Yy xe0
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and

1
lim sup — log 7,,(C) < — in(fj I(x) for all closed sets C.
Xe

n—oo Vn

Moreover, we talk about weak LDP (WLDP for short) if the above upper bound for closed sets
holds for compact sets only. We also recall that, if every level set {x € X : I(x) < n} is compact
(for n > 0), the rate function / is said to be good. Finally, we say that the sequence {7, : n > 1}
can often be seen as a sequence of laws of X'-valued random variables {X,, : n > 1} defined on
the same probability space (2, F, P), i.e. m, = P(X,, € - ) for every n > 1, and, with a slight
abuse of terminology, we say that {X,, : n > 1} satisfies the LDP.

In several common cases the rate function is good and uniquely vanishes at a certain point
Xoo € X. Then we can show that {X,, : n > 1} converges in probability to x..; moreover, roughly
speaking, if E is a Borel subset of X’ such that xo, ¢ E, P(X,, € E) tends to zero as e /) (as
n— 00), where I(E) := inf,cg I(x) > 0.

The term moderate deviations is used for a class of LDPs that fills the gap between two
asymptotic regimes:

(i) the convergence in probability of some random variables {X,, : n > 1} to some constant
Xoo, governed by the LDP with speed v,,, and a good rate function / (this LDP will called
the reference LDP);

(i) the weak convergence to a centered Gaussian distribution of a centered and suitably
rescaled version of the random variables {X,, : n > 1}.

More precisely, we mean a class of LDPs for which the random variables involved depend
on a class of positive sequences {a, : n > 1} (called scalings) such that

a,—0 and a,v,— o0 (asn— 00); (D

the speed will be 1/a, (so the speed is less fast than v, and this explains the term moderate),
and these LDPs are governed by the same quadratic rate function J which uniquely vanishes at
zero. Moreover, we can say that, in some sense, we can recover the asymptotic regimes (i) and
(i1) above by choosing a,, = 1 /v, (so the second condition in (1) fails) and a, = 1 (so the first
condition in (1) fails), respectively.

Some recent moderate deviation results in the literature concern cases in which the weak
convergence is towards a non-Gaussian distribution. Hence we talk about noncentral moderate
deviations (NCMD for short) and typically the common rate function J for the class of LDPs
is not quadratic. Some examples of NCMD results can be found in [11], where the weak con-
vergences are towards Gumbel, exponential, and Laplace distributions. In the same reference
the interested reader can find references in the literature with other examples. The examples
in the literature essentially concern univariate random variables; the only multivariate example
we are aware of is presented in [17], where the weak convergence is trivial because a sequence
of identically distributed random variables is considered.

The aim of this paper is to prove two moderate deviation results, and a further LDP. The
first moderate deviation result fills the gap between convergence to a constant for the bivari-
ate sequence of sums and maxima of independent and identically distributed (i.i.d.) random
variables (under suitable hypotheses; in particular they are bounded from above), and weak
convergence towards a pair of independent random variables with standard Gaussian and
Weibull marginal distributions (more precisely, we always have the Weibull distribution of
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parameter 1, i.e. the distribution of a random variable U such that —U is exponentially dis-
tributed with mean 1); the weak convergence is a consequence of [4, Theorem 1] (see also
[1, 13] for generalizations; here we also cite [2, 16, 21] among the other references on the joint
distribution of sums and maxima). Thus we obtain the NCMD result for a bivariate sequence. In
particular, in this paper we also prove the reference LDP with speed v, = n, i.e. Proposition 3.

We prove Proposition 6, which can be seen as a suitable modification of Proposition 3
(under some other suitable hypotheses; in particular they are not bounded from above). As we
shall see, this new result is the LDP with v, =log n.

The second moderate deviation result fills the gap between convergence to a constant for
the sequence of sums of partial minima of i.i.d. exponential random variables, and weak
convergence to a centered Gaussian distribution proved in [12]. Thus we obtain a moderate
deviation (MD) result. In this case the reference LDP with speed v, =log n is a known result
[10, Proposition 5.2].

By taking into account that in this paper we present some results with sums and maxima, we
also recall here some other references which describe the impact of maximal order statistics
in the asymptotics of the sum in the normal deviation region: [14, 15, 19]. Actually, these
references concern the case with heavy-tailed i.i.d. random variables.

We conclude this section with an outline of the paper. We start with some preliminaries
in Section 2. We prove the NCMD result for the bivariate sequence in Section 3, and the MD
result for the sums of partial minima of i.i.d. exponential random variables in Section 5. Finally,
in Section 4 we prove Proposition 6.

2. Preliminaries

We start with a standard way to obtain the LDP with speed v,, on a Polish space X. First, if
we denote by Br(x) the open ball centered at x with radius R, we can obtain a weak LDP (i.e.
the lower bound for open sets, and the upper bound for compact sets) showing that

1 1
—I(x) < lim lim inf — log 77,(Br(x)) < lim lim sup — log 77,(Bgr(x)) < —I(x)
R—0 n—o0 vy, R—0 p—soo Vn

for all x € & (this can be seen as a consequence of [5, Theorem 4.1.11]); actually, we can
consider an arbitrary basis of neighborhoods of each point x € X instead of open balls. We can
successively (see, e.g., [5, Lemma 1.2.18]) obtain the full LDP (i.e. the upper bound for closed
sets), showing that the exponential tightness condition holds (see, e.g., [5, p. 8]): for all b > 0
there exists a compact set K}, such that

lim sup 1 log 7, (K}) < —b

n—oo Vn
or, equivalently,
T (K,f) <age b eventually
for some a > 0.
Moreover, in view of what we present in the next sections, we recall two results. The first

is the well-known Girtner—Ellis theorem [5, Theorem 2.3.6(c)]. Here we recall a simplified
version of the theorem, with X = R.
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Proposition 1. Let {7, : n > 1} be a sequence of probability measures on R, and let {v, :n > 1}
be a speed function. Moreover, assume that, for all 6 € R, the limit

1
A@®):= lim — / e"%% 77, (dx)
R

n—>00 vy,

exists as an extended real number, and that 0 € (D(A))°, where D(A) := {0 e R: A(0) < oo}.
Then, if A is essentially smooth and lower semicontinuous, the sequence {m, : n > 1} satisfies
the LDP with good rate function A* defined by A*(x) := supycp{0x — A(6)}.

For completeness, we recall that the function A is essentially smooth [5, Definition 2.3.5] if
it is differentiable throughout the set (D(A))° (assumed to be nonempty), and if it is steep, i.e.
|A’(6,)| tends to infinity whenever {6, : n > 1} C (D(A))° is a sequence which converges to a
boundary point of D(A).

The second result is [3, Theorem 2.3], which plays a crucial role in the proof of the first
moderate deviation result (i.e. the one for the bivariate sequence of sums and maxima of
i.i.d. random variables). In this case we have X =) x Z, where ) and Z are Polish spaces.
Moreover, for any given probability measure 7, on X =) x Z, we consider the marginal dis-
tributions 7} on Y and 7Z on Z, i.e. w} (dy) = [z m,(dy, dz) and 7/ (dz) = [y 7a(dy, dz), and

the conditional distributions {n,{ ‘Z(dy |2):z€ Z } on ) such that

7a(dy, dz) = 7, (dy | 2) 7(da).
Proposition 2. Let {rr, : n > 1} be a sequence of probability measures on X =Y x Z, where
Y and Z are Polish spaces. We assume that the following conditions hold.
(C1) The sequence {nf n> 1} satisfies the LDP with speed v, and a good rate function Iz.

(C2) If {zn:n> 1) C Z and zp — z € Z, then {n,f'z(dy 12 :n> 1} satisfies the LDP with

speed v, and good rate function Iy|z( - | z), where {IY|Z( ‘l2):z€ Z} is a family of good
rate functions such that

(v, 2 = Iyiz(y | 2) is lower semicontinuous. 2)

Then {nn n> 1} satisfies the WLDP with speed v, and rate function Iy z defined by
Iy 7(y, 2) := Iy|z(y | 2) + I7(2). Moreover, {n; n> 1} satisfies the LDP with speed v,
and rate function ly defined by

Iy(y):= Zig{ly,z(y, )= Zig{IYIZ()’ | 2) + 1z(2)};

{mtn : n > 1} satisfies the full LDP if the rate function Iy z is good and, in such a case,
the rate function Iy is also good.

In what follows we apply Proposition 2 in the proofs of Propositions 3 and 5. Actually,
we omit the statement for {n,f n> 1} because it would allow us to recover well-known
results.
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3. NCMD for sums and maxima of i.i.d. random variables
Throughout this section we assume the following.

Assumption 1. Let {W,, : n > 1} be a sequence of i.i.d. real random variables with density func-
tion f which is assumed to be positive only on an interval (m,M), where —oo <m <M < +o0.
We set

- [m, M] if m> —o0,
I=(m,M)= :
(=00, M] if m=—oo0.
Moreover, as usual, we set F(z) := ffoof(w) dw for z e R; then FIM)=1 and, if m > —o0,
F(m) = 0. Finally, we also assume that, for every z € I, the function ky|z( - | z) defined by

Om if z=m> —o0,
ky)z(0 | 2) == : (3)

log [(f* . €?"f(w) dw) /F(2)]  otherwise

is finite in a neighborhood of the origin 0 = 0, essentially smooth and lower semicontinuous.

We are interested in the asymptotic behavior of the sequence of bivariate random variables
{(Yn, Z,) : n > 1} defined by

Wit +W,
(Yn, Zn) = (T"

, max{Wy, ..., Wn}>.

The first result in this section is the reference LDP, i.e. Proposition 3, which provides the
full LDP of {P((Y,, Z,)€-):n>1} in the final part of the statement of the proposition.
Successively, under some further conditions (see Assumption 2), in Proposition 4 we show
that we have weak convergence towards a non-Gaussian distribution, and in Proposition 5 we
prove the NCMD result. Both Propositions 3 and 5 will be proved by applying [3, Theorem
2.3], i.e. Proposition 2.

3.1. The reference LDP
We start with the following proposition.

Proposition 3. Assume that Assumption 1 holds. Let Iz be defined by Iz(z) := — log F(2) for
z € Z, with the rule log 0 = —oo for the case z = m when m > —o00; moreover, for each 7 € Z, let
Iyz(- | 2) be the function defined by Iy|z(y | z) := Supger{fy — ky|z(0 | 2)}, where ky|z(0 | z) is
defined by (3). Then {P((Yy, Z,,) € - ) : n > 1} satisfies the WLDP with speed n and rate function
Iy 7 defined by Iy 7(y, z) := Iy|z(y | 2) + I7(2). Moreover, {P((Yy,, Z,) € - ) : n > 1} satisfies the
Sfull LDP if the rate function Iy 7 is good and, in such a case, the rate function ly is also good.

Proof. We want to apply Proposition 2 (on the product space )V x Z:= 71 x T) to the
sequence {1, : n > 1} defined by 7,,( - ) = P((Yy, Zy,) € -). It is known that Condition (C1) triv-
ially holds; see, e.g., [9, Proposition 4.1]. So, in the remainder of the proof, we have to show
that Condition (C2) holds.

First, we can easily check the condition in (2). Indeed, if we take {(y,, z,):n> 1} CZ x T
such that (y,, z,) = (v, 2) € Z x Z, we have

Iyizvn | 20) = Oyn — ky1z(0 | z,) forall @ e R,
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which yields (if z>m this is trivial; if z=m > —oco it follows from an application of
L’Hopital’s rule)

liminf Iy|z(y, | za) > 0y — ky|z(0 | z) forall 0 e R,

n— oo
and we get liminf,,_, oo Iy|z(yn | z1) > Iy|z(y | 2) by taking the supremum with respect to 6 € R.
Thus, (2) is checked.

In order to complete the proof of Condition (C2), some preliminaries are needed. Namely,
we recall a well-known result on order statistics, and we introduce a suitable family of

densities.
e Foreveryn>1,let Wy, ..., Wy, be the order statistics of Wy, ..., W,. Then the joint
distribution of (Wy.,, ..., W,.;) has density
gwi, ..., wy)=nlf(wy) - 'f(Wn)1W|<---<wn-
e For every z € 7 such that z 7= m when m > —o00, we introduce the density f( - | z) defined
by
Jfw)
wlz)=—=1c_ w). 4
Jwl2) Q) (—00.2)(W) )
We assume for the moment that
log E[e""" | Z, =24 = (n — Dikyz(0 | za) + 0z, foralld eR; (5)

this will be checked below. Then, by (5), we get
1
lim —logE[e""" | Z, =z,] =kyz(0 |2) forall 0 eR,
n—oon

and, by the hypotheses on the functions {«yz( - | z) : z € Z}, we see that Condition (C2) holds
by a straightforward application of the Girtner—Ellis theorem, i.e. Proposition 1.

To conclude, we have to check (5), and for simplicity we write z in place of z,,. Actually, the
case z =m, when m > —o0, is immediate; therefore, from now on, we assume z > m. Firstly
we have

=E|:exp {9 Xn: Wi;n} | Wi :z:|

i=1

n—1
= . gWL, - Wpm1,2)
B A@H exp {9 ( ; Wit Z) } n(F(2)"f(z) dwy -+ - dwp—q

n—1
0z ) nlf(wy) - - 'f(wn—l)f(z)lwl<»~-<w,,,1<z
/R exp 0w n(F@)Y"~'f(2)

€

dW] te de,1

€

dW1 . -dw,,_l

n—1
m—DIYfw1) - WDl << <2
0z 0 ; 1 n—1
/R X102 (FyT

[ exp {0 3w DY 1 SO0t |y i,
]Rnfl
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Then let WgZ) e, Wffjl be i.i.d. random variables with common density f(-|z) in (4);
@ w We have

moreover, we denote their order statistics by W2, ..., W~ .

n—1
E[enQYn |Zn :Z] :eGZE|:CXp {9 Z Wz(zn)—l >:|

i=1

n—1 n—1
= e91E|: exp {9 Z Wl.(Z) }:| — b2 l_[ ]E[eQW;Z)],

i=1 i=1

and, by taking into account the definition of the function ky|z( - | z) in (3), we get

E[e""" | Z, = 2] =% (exp {kyiz(0 1 D))" =exp {(n — Dicyyz(6 | 2) + 6z}.

Thus (5) is checked. [l
We have the following remarks.

Remark 1. The sequence {P((Y,, Z,) € - ) : n > 1} satisfies the full LDP (because the rate func-
tion Iy 7 is good) if m > —oo, i.e. if Z is compact. Indeed, in such a case, every closed level set
of Iy z is compact (indeed it is a subset of Z x 7). We also recall that if m > —o0, the function
ky|z( -] z) is finite and differentiable.

Remark 2. We can wonder whether we can obtain a version of Proposition 3 when the dis-
tribution of the random variables {W,, : n > 1} is not bounded from above, i.e. when M = oo.
Firstly, in such a case, the rate function Iz in Proposition 3 is not good, and therefore we can-
not apply Proposition 2. However, we can prove Proposition 6, i.e. a suitable modification of
Proposition 3 with {P((Yy, Z,/h,) € -):n> 1} in place of {P((Yy, Z,) € -):n > 1}, for some
hy, such that h, — oo.

It is interesting to present the following example in which the rate function /y z is good
even if m = —o0.

Example 1. We take Z =(—o00, 0] (so M =0 and m = —o00). Let f be defined by f(w):=
e"1(—c0,0)(w). Then, for z € (—o0, 0], we have F(z) = e*, which yields I7(z) = —z;

° efe dw z
Ky)z(0 | z) =log —*———— =log (e—z/ eO+Dw dw>
—00

el

—z+1lo
Z g )

ifo+1>0 [6z—log®+1) ifo>—1,
) o ifo <—1,
00 ifo+1<0

and therefore, for y <z <0,

Iyiz(y|2) = ;uI[é {0y —Kkyjz(0 1 2} = esupl{Q(y —2)+log@+Di=@E—y)—1—1log(z—y)
€ >—

(indeed, the supremum above is attained at 0 = (1/(z — y)) — 1).
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Now we are able to check that Iy 7z is a good rate function. For every > 0 we have

(0, €T XTIy z(y, 2 <ny={(0.2) €L x L:Iyjz(y | 2) + Iz(z) < n}
={0,2):y<z2<0,z—y)—1—log(z—y) —z<n}
C{n2):y<z2=0, -y —1—-logz—y) =n, —z=nk

moreover, for every z € [—1, 0], there exist r{, r; such that 0 <7/ <1<7r) and (z—y) —
1 —log(z—y) <n if and only if | <z—y<r); therefore the (closed) level set {(y,z) €
I xZ:1yz(y, z) <n} is a subset of the compact set (it is a parallelogram) {(y, 7):—n<z<
0,z—r;7 §y§z—r?}.

3.2. Weak convergence and NCMD

Throughout this paper we consider the Weibull distribution with parameter 1, i.e. the dis-
tribution of a random variable U such that P(U < u) = min{e“, 1} for all u € R (thus —U
is an exponentially distributed random variable with mean 1). We start with the following
assumption.

Assumption 2. Let {W,,:n> 1} be a sequence of i.i.d. real random variables as in
Assumption 1 with density function f (so the random variables {W, : n > 1} have finite mean
w <M and variance o> > 0; indeed, ky|z(0 | M) =log E[eewl] is finite in a neighborhood of
the origin @ = 0). Moreover, we assume that F'(M—) > 0, i.e. the left derivative of F at M, exists
and that f(M) = F'(M—). Finally, let {L(n) : n > 1} be a sequence such that L(n) — F'(M—) as
n— oQ.

It is well known that, if Assumption 2 holds, we have the following weak convergence
results (as n — 00):

(i) By the central limit theorem,

Yn_,u.
{o/ﬁ‘”zl}

converges weakly to a standard Gaussian distribution;
(i) {nL(n)(Z, — M) :n> 1} converges weakly to a Weibull distribution with parameter 1.

Indeed, for every z < 0, for a suitable remainder o(1/n) (as n — 00), for n large enough
we have

P(L(n)(Z, — M) <7) = P(zn <M+ = )

nL(n)
n z
- (M+ nL(n))
, z Ny .
= (1 + F (M_)nL(n) +0<;>> — ¢° (as n — 00).

Remark 3. The weak convergence of {nL(n)(Z, — M) :n > 1} in (ii) can be related to a par-
ticular case of the Fisher—Tippett—Gnedenko theorem [6, Theorem 3.2.3]. More precisely, we
mean the weak convergence of

Zn—M
n>1
{M—Fla—l/n) }
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when the random variables {W,, : n > 1} are in the maximum domain of attraction of the Weibull
distribution with parameter 1; see [6, Table 3.4.3, p. 154] for @ =1 (for the related theory,
see [6, Section 3.3.2]). Indeed, we have M — F~!(1 — 1/n) =n"'L(n) for a slowly varying
function L;; then, since M = F~1(1), we get

F ') —F ' —1/n)

1
Lin) = T ~F )= 5o

as n— 0o,

and therefore L;(n) plays the role of 1/L(n) (at least for n large enough).

Actually, as we state in the next proposition, we have a stronger result, i.e. the weak
convergence of the bivariate sequence towards a bivariate distribution with independent
components.

Proposition 4. If Assumption 2 holds, then
Y, —
{ (—“ nL(n)(Zy - M)) izl }

o n

converges weakly to a bivariate distribution with independent components distributed as a
standard Gaussian distribution and a Weibull distribution with parameter 1.

Proof. This is a consequence of [4, Theorem 1]. U

The next proposition provides a class of LDPs that fills the gap between the convergence of
{(Yn, Z,) :n> 1} to (u, M) (governed by the LDP in Proposition 3 with speed v,, = n) and the
weak convergence in Proposition 4. Then we have the NCMD result because the weak con-
vergence in Proposition 4 is towards a non-Gaussian distribution (indeed, the second marginal
distribution is not Gaussian).

Proposition 5. Assume that Assumption 2 holds. Then, for every sequence of positive numbers
{a, : n> 1} such that (1) holds with v,, = n, the sequence

{P((m%, annL(n)(Zy —M)> c > ‘n> 1}

satisfies the LDP with speed 1/a, and good rate function Jy z defined by

2
y .
5 —z ifz=0,
Jyz(,2)=1 2 .
00 otherwise.

Proof. We want to apply Proposition 2 (on the product space Y x Z:= R x (—o0, 0]) to
the sequence {r;, : n > 1} defined by

() ZP((@%a aynL(n)(Zy, _M)> € )

Notice that here we use some slightly different notation (i.e. Jz, Jy|z, and Jy 7z in place of Iz,
Iy|z, and Iy 7z in Proposition 2, respectively). The proof is divided into three parts: the proof of
Condition (C1), the proof of Condition (C2), and the proof of the goodness of the rate function

]y,z.
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Condition (Cl1). Here we consider the sequence {Tt’nZZ}'lZl} defined by nnZ(~)=

P(ay,nL(n)(Z, — M) € - ). We have to prove that {nnz n>1 } satisfies the LDP with speed 1/a,,
and good rate function Jz defined by

—z ifz=<0,
o0  otherwise.

Jz(z) = {

We start with the proof of the upper bound for every closed set C C (—o0, 0]. If 0 e C it is
trivial. If 0 ¢ C, we set z¢ := sup C and therefore we have z¢c = — inf,e¢c Jz(2) <0, with z¢ €
C. Then, for a suitable remainder o(1/a,n) (as n — 00), for n large enough we have

P(aynL(n)(Z, — M) € C) < P(apnL(n)(Z, — M) < zc)

ic
=P|Z, <M+
( "= annL(n)>

_n zc _ roag s 2C 1 "
=F <M+ a,mL(n)) o <1 +EM )annL(n) +0<ann>> ’

and therefore

1
lim sup
n—00 an

log P(aynL(n)(Z, — M) € C)

1
< lim sup a,n log (1 +F(M-) < + o<—>> =7c=— ingJZ(z).
ze

n—00 aynl(n) anh

Now the lower bound for open sets. For every open set O € (—oo, 0] such that z € O, we have
to check that

lim sup
n—oo n

log P(aynL(n)(Z, — M) € O) > —Jz(2).

This is trivial if z=0 because P(a,nL(n)(Z, — M) € O) — 1 (indeed, a,nL(n)(Z, — M) con-
verges in probability to zero as a trivial consequence of the Slutsky theorem). For z < 0 we
take ¢ > 0 small enough to have (z — €, z+ ¢) C O N (—0o0, 0) and, by also taking into account
some computations above from the proof of the upper bound for closed sets, for n large enough
we get

P(a,nL(n)(Z, — M) € O)
>P(z—¢e<amnln)(Z,—M)<z+e¢)

_p(m+ 2= oz e S
aynl(n) aynL(n)

n z+e n "¢
(e ) et )
/ z+e 1 " / i—¢ ] '
- (1+F(M_)annL(n) +0<ann)) - <1+F(M_)annL(n) +0(ann))

—(1+FPm—H==2 LY
_( +E( _)annL(n)+0<ann))

((1 + F(M=)(z+ &) /apnL(n) + o(1 /azn))" 1).
(1 + F(M—)z — &)/agnLn) + o(1/agm)y" ")’
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moreover,

lim inf
n— 00 /an

1
> liminfagnlog (14 F(M—)——* 4+
n—o00 ClnI’LL(f’l) anpn

1+ F'(M—)(z +¢&)/annL(n) + O(I/ann))) B 1)
1+ F'(M—)(z — &)/annL(n) + o(1/a,n) ’

log P(a,nL(n)(Z, — M) € O)

+ lim inf a, log < exp (n log (
n—oQ

where

1
liminfa,nlog {1+ F (M—) —¢ +o0 =z—¢
n— 00 a,,nL(n) ann

and

1 ( 1+ F'(M—)(z+ &)/apnL(n) + 0(1/ann)>
1+ F'(M—)(z — €)/annL(n) + o(1/ann)

F'(M—)2¢ /apynL(n) + o(1/ayn) ) L2

=nlog (1 + >
L+ F(M—) — €)/annL(n) + o(1/ayn)

an

so finally we have

1
lim inf 7 log P(apnL(n)(Z, — M) € O)>z—e+2e=—Jz(2) + ¢,
[

n—oo

and we conclude by letting ¢ go to zero.

Condition (C2). Here we consider the sequence {n,f |Z( “|zp)in> l} defined by

7752('|Zn)=P( ad € IannL(n)(Zn—M)=Zn>,

Y, —

a
N

where {z, :n > 1} C (—o00, 0] such that z,, — z (as n — 00) for some z € (—o0, 0]. Then we
have to prove that {n,f/ 12 (‘lzp):n> 1} satisfies the LDP with speed 1/a, and good rate func-
tion Jyz defined by Jyz(y | 2) = y2/2. Note that the condition in (2) trivially holds; indeed,
0, = Jyiz0 1 2) = y2 /2 is a lower semicontinuous function. Moreover, in what follows, we
simply write Jy(y) = y*/2 in place of Jyiz(y12)= y2/2.

We apply the Girtner—Ellis theorem, i.e. Proposition 1. Indeed, we show that

2
) | apnL(n)(Z, — M) = zn] = % (forall8 e R), (6)

0 Y, —
n—oo 1/a |:eXp < \/_

o//n

and therefore, for every z < 0, we get the desired LDP with rate function Jy defined by Jy(y) :=
supgeg {0y — 02/2} for all y € R, which coincides with the rate function Jy(y) = y*/2.
Now we recall that

Yn—u_nYn—nu

Van o/Jn  o/njay
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and a,nL(n)(Z, — M) = z,, if and only if Z, = M + z,,/a,nL(n); then, for n large enough, we

| M+

M + zn/apnL(n) + Silzi)l —np
e,
os/n/a,

W(Z” | such that

Zn

) (for all 8 € R).
a,nlL(n)

Zn M + z,/aynL(n) — nu

have
Y
P /\/_ -laynL(n)(Z, —M)=z, | =P
where Sﬁff)l is the sum of n — 1 i.i.d. random variables W](z"),
Zn)
log ]E[eewi ] =Ky|z (9 | M+
Thus, we get
0 Y, —
log E| exp \/_ /\/_ | apnL(n)(Z, — M) =z,
0
=n-1
4 m“(o@

a,,nL(n)) o.Jann ’

where, for a suitable remainder o(1//an,,) (as n — 00),

K 0 | M + “n
Yiz o./ayn a,nlL(n)

1, 0
+ 5399KY|Z(0|M)020
+ 3§ZKY|Z(0 | M)G

moreover, we have dgxy|z(0| M) = u and agexy‘z(o |IM)=0
= F'(M—) is finite and positive)

IM fow) dw=1and f(M)

0
) = Opkyz(0 | M)UJa_

d 0|M
+ 3;ky|z(0 | M) ,,nL(n)

2 Z%

1
—92 0| M)——21
p + 5 -~ ky1z(0 | )a,%nsz(n)

(a)
o ;
anpn

2 and (we recall that F(M) = 1,

Zn
ayn amnlL(n)

F@)  fQFR) —f@) [, f(w)dw
aZKY‘Z(O | M) = Z 0w 2 fm = 0’
1 €@ f(w) dw F(2) 6.2)=(0.M)
Then we get the limit in (6), noting that
Lo B[ exp (L /a1 | aunLin)z, — M) =
o exp| — aznL(n =
1/ay, & P an o//n " “n
R SY PP R PO ) VA
= n— —_ _
an o an 2 o2aun 2 kYiz azn?L%(n)
Z 1 M + z,/a,nL(n) —n
T agZKle(O | M) n 0 +a,0 n/ annL(n) 1%
o Jan a,nlL(n) ann o.Jann
=% (ai—Dpt a0 D L
_U\/m n 122 9KY|Z nL(n) n nL(n) nn
0?n—1)  apnn— 1) 2 1 6%
0| M)—2— —1 —
+ on + 2 Z Y|Z( | M) 2n2L2(n) +an(n )0<ann> - )

(for each fixed 6 € R).
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Goodness of the rate function Jy z. Here we have to check that, for every n > 0, every closed
level set of Jy z is compact. This can be done by noting that, for every n > 0, we have

{(,2) e R x (=00, 0]:Jy z(y, 2) <1}
={(y, 20 € R x (=00,0]: Jy(y) + Jz(z) < n}
C{yeR:Jy(y) <n} x {z€(~00,0]:Jz(z) < n},

where both {y e R: Jy(y) <n} and {z € (—o00, 0] : Jz(2) < n} are compact sets; so every level
set is compact because it is a subset of a compact set. (|

Remark 4. The rate function Jy z(y, z) in Proposition 5 can be expressed as a sum of two
functions which depend on y and z only, i.e. the marginal rate functions Jy(y) and Jz(z) that
appear in the proof of that proposition. This is not surprising by the asymptotic independence
stated in Proposition 4.

4. A modification of Proposition 3 when M is not finite

In this section we prove Proposition 6, i.e. a suitable modification of Proposition 3 with
{P((Yy, Zn/hy) € ) :n> 1} inplace of {P((Yy, Z,) € - ) : n > 1}, for some h,, such that h, — o0;
actually, we consider some different hypotheses and, in particular, M = oo. In order to do that
we refer to [9, Proposition 3.1] (in place of [9, Proposition 4.1]; we mean the part of the proof
of Proposition 3 in which we check that Condition (C1) holds). We start with the following
useful lemma.

Lemma 1. Let {,,}, be a sequence of probability measures (on some Polish space) that sat-
isfies the LDP with speed s, and good rate function I, which uniquely vanishes at some ry.
Moreover, let t,, be another speed function such that s, /t, — 0o. Then {m,}, satisfies the LDP
with speed t,, and good rate function A( - ro) defined by

0 ifr=no,
oo if r#ry.

Proof. First, we can say that {r,}, is exponentially tight with respect to s, (this follows from
the LDP of the sequence {7,},, with speed s, and good rate function /, and [18, Lemma 2.6]).
Then {r,}, is also exponentially tight with respect to #,; indeed, if for every b > 0 there exists
a compact set Kj, such that 7, (KZ) <age b eventually for some a > 0, then we have the same
estimate with 7, in place s, because e ™5» < e~"r, So there exists at least a subsequence of {7, },
which satisfies the LDP with speed ¢, (see, e.g., [20, Theorem (P)]). We complete the proof by
showing that, for every subsequence of {r,}, (which we still call {m,},) that satisfies the LDP
with speed #,, the governing rate function is A( -;rp). Here, as in Section 2, we consider the
notation Br(r) for the open ball centered at r and with radius R. Then, by the hypotheses, we
have

A(-;ro)t={

1 1
—I(r) < lim lim inf — log 7r,,(Br(r)) < lim lim sup — log 7,,(Br(r)) < —I(r)
R—0 n—o00 g, R—0 p—oo Sp

for every r in the Polish space; our aim is to get the same estimate (up to a subsequence) with
t, in place of s, and A(-; rp) in place of 1.
We start with the case r = rg. Then we trivially have

1
lim sup - log 7, (Br(r)) < 0= —A(ro;r0),

n—oo n
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whence we obtain limg_,o lim sup,,_, o, (1/#,) log 7,(Br(r)) < —A(rp;ro). Moreover, for every
R > 0, we have 7,,(Br(r)) — 1; this yields

1
lim — log m,(Bg(r)) =0 = —A(ro;ro),
n— 00 tn

whence we obtain limg_, o liminf,_, » (1/t,) log 7,,(Br(r)) = —A(ro;ro). Thus, the desired
bounds for r = rg are proved, and we now consider the case r 7~ ry. Then, we trivially have

1
lim inf — log ,,(Bg(r)) > —00 = —A(r;r9),
n—o0o f,

whence we obtain limg_, ¢ lim inf,,_, », (1/1,) log 7,,(Bg(r)) > — A(r;rp). Moreover, we can find
p > 0 small enough that I(B,(r)) := inf{I(y) : y € B,(r)} > O (thus ro ¢ B,(r)). Then

1 1 _
lim sup — log 7, (Br(r)) < lim sup In 2 log (B, (1)) < —00 = —A(r3rp)
n—oo In n—oo In Sn

(because s,/t, — oo and limsup,,_, o, (1/s,)10g 7,(B,(r)) < —I(B,(r))); so, by the mono-
tonicity with respect to p, we get

1 1
im lim sup — log 7,(B(r)) < lim sup = log 7,(B, (1) = —A(r;ro).

R—0 pnosoo In n—oo In

Thus, the desired bounds for r # r( are proved, and this completes the proof. (|

Now we are able to prove Proposition 6. In particular, we consider the notation in
Assumption 1, and we again use the notation p for the mean of the i.i.d. random variables
{(Wy:n>1}.

Proposition 6. Let {W,, : n > 1} be i.i.d. random variables with common continuous distribu-
tion function F such that ky(9) := log E[e®W1] is finite in a neighbourhood of 6 = 0. Assume
that M = oo. We set H(x) = —log (1 — F(x)). Moreover, let hy, be such that 1 — F(h,) =1/n,
or equivalently H(h,) =log n. We also assume that H is a regularly varying function at oo of
index a >0, i.e.

lim o) =x* forall x> 0.
50 H(Y)
Then {P((Yy, Z,/hy) € - ) : n> 1} satisfies the LDP with speed logn and rate function Hy z
defined by
_|Hz(z) ifz=landy=pu,
Hy z(y, 2):= {oo otherwise,

where Hz(z) := z% — 1.

Proof. It is well known that it is enough to prove the following two conditions:

(i) forall (y, z) e R?,

1
—Hy 7(y, 2) < lim lim inf log P(Yy, Zy/hy) € y — R,y +R) x (z— R, z+R))
R—0 n—oo logn

< lim lim sup
R—0 p—o00 lOgn

log P(Yn, Zy/hy) €y —R,y+R) x (z— R, z+R))

< —Hy z(y, 2);
@1i) {P((Yn, Z,/hy) € -):n> 1} is exponentially tight with respect to the speed log n.
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For the first condition we start with two trivial cases z < 1 and y # u, and it is enough to
check the upper bound. If 7 < 1 we have

P(Yn, Zy/h)€e(y—R,y+R) X (z—R,z+R)) <P(Z,/h, €(z—R, z+ R)) 7

and, for R > 0 small enough, limsup,_, ., (1/logn)log P(Z,/h, € (z— R, z+ R)) = —o0 by
the LDP in [9, Proposition 3.1]. If y # u we have

P((Yn, Zy/h) e —R,y+R) x (z2—R,z+R) <P, €y —R,y+R))

and, for R > 0 small enough, limsup,_, ., (1/logn)log P(Y, € (y — R, y+ R)) = —oc by the
LDP of {Y,, :n> 1} with speed logn with rate function A(-; ) in Lemma 1; this LDP is
a consequence of Lemma 1 together with Cramér’s theorem [5, Theorem 2.2.3] with I =«y
(where «y is defined by «(y) := supycg{0y — ky(#)}, which uniquely vanishes aty = ), s, =
n, and f, =log n.

So, we conclude the proof of the first condition by taking z>1 and y= . The upper
bound can be proved as we did before for the case z < 1; indeed, by (7) and by the LDP in
[9, Proposition 3.1], we have

lim lim sup
R—>0 p»o00 logn

log P(Yn, Zp/hn) € y =R,y +R) x (z— R, z+R))

< lim lim sup 1 log P(Z,,/h, € (z—R, z+ R)) < —Hz(2).

R—0 p—soo logn

For the lower bound, we take into account that

P((Yy, Zy/h)e(y—R,y+R)x(z—R,z+R))
=P(Zn/hnE(Z_R’Z+R))_P((Yn’Zn/hn)e(y_R’y+R)c X (z—R,z+R)),

and we get

lim lim inf
R—0 n—o0

log log P(Yn, Zn/hn) € (y =R,y +R) x (z =R, 2+ R)) = —Hz(2)

by applying [7, Lemma 19]. In order to do that, we remark that

lim inf
n—o0 log n

log P(Z,/h, € (z—R,z+ R)) > —Hz(2)

by the LDP in [9, Proposition 3.1], and

1
lim sup = log P((¥, Zu/hn) € 0 = Ry + R’ x (2= Ro2-+ R)

n—o00 n
<lim sup logP(Y, € y—R,y+ R < — inf A(s, ) = —00
n—soo logn s€(y—R,y+R)*

(here we take into account the LDP of {Y,, : n > 1} with speed log n stated above). Then, [7,
Lemma 19] yields

1
logn

lirlni%)gf log P(Yy, Zn/hy) €y —R,y+ R) x (z—R, 2+ R)) > —Hz(2),

and we easily get the desired lower bound.
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We conclude with the second condition, i.e. the exponential tightness. By [18, Lemma 2.6],
the marginal sequences are exponentially tight; thus, for all b > 0, there exist two compact sets
K,El) and Kl(f) such that P(Y, ¢ KIEI)) <aje?¢" and P(Z,/h, ¢ K,gz)) < azeb102" eventually,
for some ay, a; > 0. Then, since Kgl) X Kéz) is a compact set, we conclude the proof by noting
that

P((Yn, Zu/hn) € KV x KP) < P(Yy @ KO) 4 P(Zu/ha € KS) < (a1 + a)e b 102"

eventually. O

We conclude by noting that, as for the rate function Jy z(y, z) in Proposition 5 (see
Remark 4), we have an asymptotic independence interpretation for the rate function Hy z(y, z)
in Proposition 6.

Remark 5. The rate function Hy, z(y, z) in Proposition 6 can be expressed as a sum of two
functions which depend on y and z only, i.e. the marginal rate functions A(y;u) and Hz(z) that
appear in the proof of that proposition.

5. MD for sums of minima of i.i.d. exponential random variables

We start with the following assumption.

Assumption 3. Let {W,, : n > 1} be a sequence of i.i.d. real random variables with exponential
distribution; more precisely, their common distribution function F is defined by F(x) := 1 —
e ™ for all x > 0. Moreover, let {X,, : n > 1} be the sequence of random variables defined, for
alln>2, by

_ 2k min{Wi, .. Wi

X
logn

Now we recall two results. The first one provides the reference LDP, namely the LDP which
governs the convergence of X, to 1/A (as n — 00); indeed, the rate function Iy in the next
proposition uniquely vanishes at x = 1/A.

Proposition 7. Assume that Assumption 3 holds. Then {P(X,, € -):n> 2} satisfies the LDP
with speed log n and rate function Ix defined by

Ix(x) = {g;/ﬁ_ 1)* ifx>0,

if x <O.

Proof. See [10, Proposition 5.2]. O

The second result concerns the following weak convergence to a centered Gaussian
distribution.

Proposition 8. Assume that Assumption 3 holds. Then (X, — 1/A)+/log n converges weakly (as
n— o0) to the centered Gaussian distribution with variance o> = 2/1%.

Proof. The random variables (X, — 1/1)/(A2/2)logn converge weakly to the standard
Gaussian distribution [12]; indeed, the distribution function F in Assumption 3 satisfies the
condition fol |F(x) — x/b]x~% dx < oo (required in [12]) if and only if b= 1/A. Then we can
immediately get the desired weak convergence. t
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The aim of this section is to prove Proposition 9, which provides a class of LDPs that fills
the gap between the convergence of {X,, : n > 1} to 1 /A (governed by the LDP in Proposition 7
with speed v, =log n), and the weak convergence in Proposition 8. Then we get a (central)
moderate deviation result because the weak convergence in Proposition 8 is towards a Gaussian
distribution. We also remark that, as typically happens, we have Iy(1/1) =1/ o? (where 02 =
2/2? as in Proposition 8); this equality can be checked with some easy computations, and we
omit the details.

Proposition 9. Assume that Assumption 3 holds. Then, for every sequence of positive numbers
{a,, : n > 1} such that (1) holds with v,, = log n, the sequence

(e )

satisfies the LDP with speed 1/a, and rate function Jx defined by Jx(x) = x*/(26%), where
o2 =2/2? as in Proposition 8.

Proof. We apply the Gértner—Ellis theorem, i.e. Proposition 1. Indeed, we show that

2} 1 0_202
[GXP< ( —X>\/an10gn>]= - (for all 0 € R), )

N
— 92/)}

n—oQ

and therefore we get the desired LDP with rate function Jy defined by

02
Jx(x) := sup {Gx— —2} (for all x € R),
feR A

which coincides with the rate function Jx in the statement.

We use a known expression for the moment-generating function of the random variable
Y iy min{Wi, ..., Wi} [8, 3.5)]:

wefon (2 ) )
e N )
ray, an

1
1/ay
=day

+ log IE|: exp

0/an 1
= _a+ogn +ay, 10g]E|:exp(

0 ZZ:I min{Wiy, ..., Wk}>i|
Japlogn

_0ay logn a4 S T < 6/(A/an logn) > ¢ ] -1
= A n Lak=1 108 k(1= (6/(rv/an Togn))) I/ay logn
00 otherwise;

then, for each fixed 6 € R, we can take n large enough to have 6/ ()M/an log n) < 1 (since
a, logn — 00, as n — 00).
Moreover, we remark that

1
forall v > o there exists 6 > 0 such that log (1 +x) > x — vx? for all x| <8 )
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(this can be proved by checking that the function g(x) := log (1 +x) — (x — vx2) has a local
minimum at x = 0); so, for § > 0 as in (9), we take n large enough to have

6/ (3/ar Tog ) ‘ _
1= (6/ (xanTog )

Finally, we set

0/anlogn anB / (+/an log n) Z 1
A 1 —(6/(A/anTlogn)) £
—60/a, logn/+6%/3% + ane/(xm) Yy 1/k
B 1= (6/(»an Togn))
(O/anTogn/())(=1+ (X4 1/k)/logn) +62/3°
B 1= (0/(\/a Togn)) ’

by = —

and, for n large enough, we have

6% /(7> log n) 1
b, —v —

(1— (9/()\4/761” Togn)))’
GW 0/(A/anlogn) -
Z log ( k(1 — (6/(r/ay Tog n)))> =bn

by using (9) with
_ 0/(xayTogn)
11— (0/(ranlogn))’

and by the well-known inequality log (1 4+ y) <y for every y > —1.
So, the desired condition (8) holds since

92 92/(0%1
lim b, = — li /3 logn) 2Zk2

s m
n— 00 AZ n—00 1 _ (9/()» /—an logn

Indeed, the first limit in (10) holds by (1) with v, =logn (which yields a, — 0 and
a, log n — 00), and by

10)

lim ,/10gn< Zk 11/k> 0;

n—00 logn

the second limit in (10) trivially holds by taking into account a,logn— oo and
Y, 1/k < 0. O

In order to make the paper more self-contained we remark that the limit in (8) with a, =1
yields the weak convergence in Proposition 8.
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