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Abstract Motivated by new examples of functional Banach spaces over the unit disk, arising as the
symbol spaces in the study of random analytic functions, for which the monomials {2"},>¢ exhibit
features of an unconditional basis yet they often don’t even form a Schauder basis, we introduce a notion
called solid basis for Banach spaces and p-Banach spaces and study its properties. Besides justifying
the rich existence of solid bases, we study their relationship with unconditional bases, the weak-star
convergence of Taylor polynomials, the problem of a solid span and the curious roles played by cg. The
two features of this work are as follows: (1) during the process, we are led to revisit the axioms satisfied
by a typical Banach space of analytic functions over the unit disk, leading to a notion of X™?* (and
X™in) - as well as a number of related functorial constructions, which are of independent interests; (2)
the main interests of solid basis lie in the case of non-separable (p-)Banach spaces, such as BMOA and
the Bloch space instead of VMOA and the little Bloch space.
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1. Introduction and main results

A number of new Banach spaces of analytic functions over the unit disk arise naturally
as the symbol spaces during the study of random analytic functions in Hardy spaces,
Bergman spaces, Dirichlet spaces and their multipliers, analytic functions of bounded
mean oscillation (BMOA), ete. [11-13, 29, 32, 34]. Let X be a Banach space of analytic
functions over the unit disk D. Let {X,},>0 be independent, identically distributed
symmetric random variables over a probability space (2, F,P). The symbol space X, for
random X-functions is another deterministic space, consisting of ‘symbols’ for random
elements in X"

X, ={feHD): P(Rf € X)=1},
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where Rf(z) = RIEnIn}f(2) is given by Rf(2) = Y00 ,anX,2", where f(z) =
Sl anz™ € H(D). By the Kolmogorov zero-one law, for any f(z), P(Rf € X) € {0,1}
under mild conditions. This justifies the introduction of X.

The first nontrivial example of X, is perhaps the Littlewood theorem, reformulated as
follows. Let f(2) = ag + a1z +azz?+--- € H*(D) be an element of the Hardy space over
the unit disk. Let {€, }»,>0 be a sequence of independent, identically distributed Bernoulli
random variables, that is, P(e, = 1) = P(¢, = —1) = § for all n > 0. Littlewood’s
theorem, proved in 1930 [29], states that (Rf)(z) = Y., ~,anenz" € HP(D) almost
surely for all p > 0. When f ¢ H?(D), for almost every choice of signs, Rf has a radial
limit almost nowhere. This implies, in particular, H?(D), = H?(D) for any p >0. The
same is true for a standard Steinhaus sequence [28, 36] and a standard Gaussian sequence
([22], p. 54). More generally, a Gaussian process version is obtained in [10].

When the random series Rf represents an H°°(D)-function almost surely is much
harder, where H* (D) denotes the bounded analytic functions. Paley, Zygmund and
Salem [35, 38] gave some necessary conditions and sufficient conditions. In [6], Billard
showed that the Bernoulli case is equivalent to the Steinhaus case. A remarkable char-
acterization was finally obtained by Marcus and Pisier in 1978 [31] (see also [22, 32]).
Their characterization, or, in other words, a description of H*°(DD),, builds on the cel-
ebrated Dudley—Fernique theorem. The space H> (D), can be equipped with a Banach
space norm and lies strictly between the standard Dirichlet space and H?(D). Further
understanding of H>° (D), appears desirable.

In 1974, Anderson, Clunie and Pommerenke [2] studied the case of the Bloch space B.
Among other things, they showed that the condition Y > | |a,|*logn < co implies that
S g e?mang, 2" € B a.s. By Paley and Zygmund [35], this condition does not imply that
oo o an€nz"™ € H®(D) a.s. On the other hand, the condition Y-, |a,|*(logn)'™¢ < co
for some €>0 implies that Y~ an€,2" € A as., where A denotes the disk algebra.
A necessary and sufficient condition for a random Taylor series to represent a Bloch
function is given by Gao [18]. The space B, is less understood so far, and although not
explicitly discussed in [18], it differs for the Gaussian and the Rademacher/Steinhaus
randomization methods.

In 1981, Sledd [39] showed that the condition » . |an|*logn < oo implies
that >°° jan€,z” € BMOA as. Actually, he proved that it is indeed in the
class of analytic functions of vanishing mean oscillation (VMOA). Then, some
related results were extended by [42]. Sledd and Stegenga [40] showed that
Yoo g€nanz" ¢ BMOA as. for some sequence {a,}n,>0 € ¢*. In [16], Duren
explored the difference between (,_,.., H?(D) and BMOA for the random Taylor
series. Konyagin—Queffélec-Saksman—Seip provide one sufficient condition for a random
Dirichlet series belonging to BMOA [24]. It remains an outstanding open problem to char-
acterize BMOA, and VMOA,, which are different according to Nishry and Paquette [34].

Another elegant example is a theorem due to Cochran, Shapiro and Ullrich on the
Dirichlet space [13]. They proved in 1993 that a Dirichlet function with random signs is
a.s. a Dirichlet multiplier. Equivalently, M(D), = D. This result is generalized in [30].
Our preliminary investigation suggests that extending this result from D = D? to D?,
p >0, leads to a new family of nontrivial Banach spaces.

On the other hand, for essentially every example of X, which we encounter, the
monomials {2"},,>0 exhibit features of an unconditional basis, yet they often don’t even
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form a Schauder basis. When this happens, the space under consideration is usually non-
separable. There is clearly a lack of proper technical tools in the current literature to
describe such a phenomenon, and it prompts us to introduce the following definition,
which is the focus of this study. Let & = {a = (a1,a9,  * ,ap, -+): a, € C, n > 1}
denote the vector space of sequences of complex scalars. Then, & is a locally con-
vex vector space under the seminorms p,(a) = |a,|, n > 1. For simplicity, let
e,=(0,---,0,1,0,---), n>1.

Definition 1. Let E be a Banach space, or a p-Banach space with p € (0,1),
and {en}n21 a sequence of unit vectors in E. We say that {en}n>1 is a solid basis
for E if there exists a linear map T : E — &, called the coefficient map, with
To=((Tx)1, -, (Tx)n, ) and Te, = e,, n > 1, such that

(i) || 22[:1 )\nanenHE < H ny:l anenHE for A, €C, |\] <1, N € N and a,, € C; and
) Jim | SV (Ta)uea]l = lolls. = € E.

Remarks. (a) Recall that a functional || - || : E — [0,00) is called a p-norm with
p € (0,1) if F is a complex vector space and z,y € E, then

(i) |lz|| > 0 if  # 0, and ||Az| = |||z, A € C; and
(i) [z +yll” < llzl|” + [lyl|*-

If (E,d), with d(z,y) = ||z — y||?, is a complete metric space, then it is called a
p-Banach space. Banach spaces are p-Banach spaces for each p € (0,1), although we
don’t need such an identification in this paper.

(b) For convenience, let Py (z) = ZnNzl(Tx)nen, x € E, which we view as an abstract
Taylor polynomial.

(c¢) By Definition 1, the quantity ||Py(z) — z||g is necessarily decreasing in N; hence,
the limit gap(x) = limy_ o0 || Py (2) — z|| g exists. Those elements such that gap(z) =0
form a closed subspace of E. The situation when gap(x) > 0 is the more interesting part
of our study, and this happens usually when FE is non-separable.

In order to quantify the clause ‘essentially every example of X,’ above and to put
our study on a proper footing, we are led to revisit the axioms satisfied by canonical
Banach spaces of analytic functions over the unit disk. This is a subject with a long
history. The first systematic investigation is probably due to Taylor in 1951 [41]. Two
subsequent developments, somehow similar to our study in spirit, are due to Brown and
Shields [9], in which the authors proposed a set of axioms suitable for their research of
cyclic vectors, and due to Blasco and Pavlovié¢ [7], in which they presented a framework
suitable for the study of coefficient multipliers. In this paper, we present another set
of axioms (Definition 2), which are suitable not only for our study of random analytic
functions but also of interests for the general study of Banach spaces of analytic functions.
Compared with earlier works, a feature of our axioms is that they lead to several functorial
constructions.

For any (p-)Banach space X of analytic functions over the unit disk D, let ¢, denote
the point evaluation functional: 0,(f) = f(2), f € X,z € D and let f,(2) = f(wz) for
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z € D and w € D. Our axioms for canonical Banach spaces of analytic functions are the
following:

Definition 2. A functional Banach space, or a functional p-Banach space with p €
(0,1), X of analytic functions over D, which contains all the polynomials, is called of
homogeneous type if

(i) the point evaluations are continuous: {5, : z € D} C X*;
(ii) the rotations preserve the norm: ||fe|lx = || fllx for f € X and § € T;
(ili) the dilation is continuous: The function F = Fy(-) : D — X, defined by F(z) = f.
for f € X, is well-defined and continuous; and
(iv) the morm is increasingly continuous: supg<, <1 || frllx = ||fllx for f € X.

Each of the above four axioms is clearly familiar to a practitioner in the field, and
they are inclusive enough to accommodate every example of interests to us. The main
point, which we stress again, is that they turn out to suit our study of X, well. Note that
the function r — || f,.|| x is necessarily continuous and increasing over (0,1) which follows
from (iii) and (iv) in Definition 2. In this paper, we usually use E to denote an abstract
(p-)Banach space and X a functional (p-)Banach space. Moreover, let Syf denote the
degree-N Taylor polynomial for f € H(D) (N > 0).

Measurability assumption. Several results in this paper involve not only X above,
but also A, its symbol space. In order to make a statement about X, we still need
to impose another very weak but necessary assumption: For any f € H(D), the event
{Rf € X} is Borel measurable, so that P(Rf € X) is defined. The Kolmogorov zero-one
law implies, then, P(Rf € X) € {0,1}, and hence, X, is well defined. Subsequently, in
this paper, whenever we mention X, we assume that this measurability assumption is
in force. On the other hand, once X, is defined, this assumption will no longer enter any
argument.

The following is our principal example of solid bases.

Theorem A. Let {X,}n>0 be a standard random sequence (Definition 6).

(i) Let X be a functional Banach space of homogeneous type. Then
(i.1) X, is a functional Banach space of homogeneous type under the norm
1fllxe = ERS|x, which is necessarily finite.
(1.2) If {Xn}n>o0 is a standard Steinhaus or complexr Gaussian sequence, then
{%}n>0 is a solid basis for X,.
(i.3) If {X,}n>0 is a standard Rademacher or real Gaussian sequence, then
n . .
{Hziillx}nzo is a solid frame for X,. Moreover, ||f|lx, = 1SN £l s
for f € X,.
(ii) Let X be a functional p-Banach space of homogeneous type with p € (0,1). Assume

1
that lim |[z"||% = 1. Then
n—oo

lim
N—oo

(ii.1) Xy is a functional p-Banach space of homogeneous type under the p-norm
||f||;2* = (E||Rf||§()1/p, which is necessarily finite.
(ii.2) {”Z:ZTX}”N is a solid frame for X,.
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Definition 3. A sequence of unit vectors {e,}n>1 is said to be a solid frame for E,
a Banach or p-Banach space, if there exists a linear coefficient map T : E — & with
Tz = ((Tx)h T (Tm)nv o ) and Ten =€n, N > 17 such that

(i) there exists a constant C such that H ij:l )\nanenHE < CH 25:1 anenHE for any
A €C, [\ £1, and N €N, a, € C; and
(ii) there exist C' and C" such that C'|z||g < supysq [Py (7)||e < O ||z g,z € E.

Theorem E below explains how to transform solid frames into solid bases.
Remarks. (a) By the contraction principle ([21, Theorem 6.1.13, p. 9]) and Lemma 8,

1
we can choose C = 5,C" = C" = 1 and C' = 1,C" = 27! respectively, for the
constants of solid frames in (i.3) and (ii.2), Theorem A.
1
(b) From the assumption {6, : z € D} C X*, one can show that liminf ||2"||% > 1.
n—oo

Functorial constructions. Next, we summarize various functorial constructions for
X and E, which are features following from our choice of axioms for a typical (p-)Banach
space of analytic functions. Although they are motivated by the study of random analytic

functions, these constructions are clearly of independent interests for the general study
of functional (p-)Banach spaces.

(a) X™in and XM : We shall introduce a notion called homogeneous extension
(Definition 4), and in this sense, for any homogeneous X', we show that there exists
a unique X™" and a unique X™&* such that

Xmin cCXcC Jymax

Examples of the pair (X™® x™aX) include

- (A(D), H>* (D)), the disk algebra and bounded analytic functions
— (Bo, B), the little Bloch and Bloch spaces, and

- (VMOA, BMOA).

These notions appear in Theorem B, Theorem F and Lemma 10.

(b) Ep and E¥™2* : We shall introduce a notion called solid extension (Definition 5).
This allows us to introduce sequential analogs of X™™ and X™** for F, denoted
by Ep and E*™2* respectively. Then, for any £ with a solid basis {e,}n>1, Ep
is simply given by span{e, : n > 1} and E*™** by (7). Examples of the pair
(Ep, E5™) include
— (cp,£?), and
~ ((H®(D)),, (H=(D)),).

These notions appear in Theorem H, Theorem I, Proposition 14, Lemma 16 and
Proposition 17.
(c) (X,|l-]l4) : The construction

N

1l = sup sup || apanzt| (1)
N20[[A]lpoo <1 kZ:O X
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where f(z) = D07 jan2" € X, allows us to transform a solid frame into a solid
basis; see Theorem E.

(d) A pseudo-canonical embedding J: E — E** : Let E be a Banach space with a solid
basis {ej}n>1. Let J : E — E** be the canonical embedding map into its second
dual. We shall establish the weak-star convergence of J(Pyz) as N — oo, leading
to what we call a pseudo-canonical map J : £ — E**  which stands in interesting
contrast to the map J; see Theorem D. In particular, Jx = Jz if and only if x € Ep.
A related map @ : E5™2* — (Ep)** is constructed in order to see how large ES™a*
usually is. Two examples of E5™®* are E = ¢y, E5™** = F** = (> and

E — EOO’ Es-max — éOO C (EOO)** — E**

To get a grasp of E5™2 in general, we construct an embedding map ® : F5™ma* —
(Ep)**, which fixes Ep (under the natural identification).

Precise statements of results related to the above constructions are presented next.

Definition 4. Let X be a functional Banach space, or a functional p-Banach space
with p € (0,1), of homogeneous type. We say that Y is a homogeneous extension of X if

(i) Y is a functional Banach space, or a functional p-Banach space with p € (0,1), of
homogeneous type;
(i) XCY,and fr, e X if 0<r <1, feY; and
(iii) Iflly = Ifllx for any f € X.

™0 and A™2%, For any X as above, we set XY™™ = Xp, the closure of polynomials
in X. Two facts need to be verified and both are straightforward:

e Xp is of homogeneous type, and
e X is a homogeneous extension of Xp.

For X™&* we prove

Theorem B. Let {X,,},>0 be a standard random sequence (Definition 6). Let X be a
functional Banach space, or a functional p-Banach space with p € (0, 1), of homogeneous

type; for the latter, we also assume lim ||z"||% = 1. Then,
n—oo

(i) there exists a unique mazimal homogeneous extension, denoted by X™**; and
(i) both (X™a*), and (Xp). are solid spaces.

A solid space, introduced by Anderson and Shields [3], is a sequence space E such that
{bn}n>1 € E whenever {a,}n>1 € E and |b,| < |ay|. Although a solid space is not a
space with a solid basis, our Definition 1 is clearly motivated by it. Note that, in this
paper, a function f € H(D) is often identified with its sequence of Taylor coefficients. In
general, X, may fail to be solid; see the example after the proof of Theorem B in Section 4.
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Fortunately, Theorem B is quite applicable, since, indeed, most natural examples of X’
are of the forms: XY™* or Xp.

Remark. When {X,,},>0 is a standard random sequence (Definition 6), it is known
that (H*°(D)), is solid. This follows from the celebrated characterization of (H> (D)),
in terms of the modulus of the Taylor coefficients of its elements [32]. Theorem B implies
that

BMOA,, VMOA,, B., and (Bo).

are solid as well, and this is not obvious. It is of value to characterize when X is solid,
and we present it as Problem A in order to spur more interests.

Unconditional bases. Next, we discuss the relationship between solid bases and
unconditional bases. A Schauder basis {e, },>1 in a Banach space or a p-Banach space
E is called an unconditional basis if for every x € E, there exists a unique sequence of
scalars {an(z)},>1 such that z = 7 | a,(z)e,, and the series Y7 | a,(x)e,, converges
unconditionally, that is, > Ar(n)(T)er(n) converges for every permutation 7 of positive
integers. Equivalently, for any choice of phases 6 = (0;)x>1 € TV, the symmetries Mj :
S an(@)e, = Y07 Opan(z)e, are continuous on E and sup, || Mp|| < oo; see [25,
Proposition II1.3, p. 91], [27, p. 18] or [1, Theorem 1.10]. The quantity K = sup, || Mp||
is called the unconditional constant of the basis {e,}n>1-

Theorem C.

(i) Let X be a functional Banach space of homogeneous type. Then, the following are
equivalent: .
(i.1) {m}n>0 is a solid basis for X;

(i.2) {%}nzo is a solid basis for Xp;
(i.3) {%}nZO is an unconditional basis for Xp with constant 1;
(i.4) {%}nZO is a solid basis for X™**.
(ii) Let X be a functional Banach space, or a functional p-Banach space with p € (0,1),
of homogeneous type; for the latter we assume nl;rgo |z"| % = 1. Then, the following

are equivalent:

(ii.1) {HanX }nZO is a solid frame for X;

(ii.2) {Hzfln\x }nZO is a solid frame for Xp;

(ii.3) {Hzfln\x }nZO is an unconditional basis for Xp;
(ii.4) {Hzlel\x }nZO is a solid frame for X™aX,

For an abstract Banach space E, the relationship between solid bases/frames and
unconditional bases is presented in Lemma 16.

Weak-star convergence of Taylor polynomials. Next, we claim that, in the pres-
ence of a solid basis, partial summations, viewed as abstract Taylor polynomials, are
weak-star sequentially convergent in the double dual. This stands in interesting con-
trast to a typical existing result, say, Proposition 1 in [43], which concerns the norm
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convergence and where the Banach space is separable; hence, the interest in Theorem D
below lies in the non-separable case. Also note that, under mild conditions, weak con-
vergence and norm convergence of Taylor polynomials are equivalent — see the discussion
at the beginning of Section 6 — but weak-star sequential convergence results are indeed
rare. Let J : E — E** denote the canonical imbedding of a Banach space into its second
dual.

Theorem D. Let E be a Banach space with a solid basis {e,}n>1. For each x € E,
J(Pnz) converges in w*-topology as N — o0.

The Banach—Alaoglu theorem implies that { Pyz}y>1 has a w*-convergent subnet since
supy>1 ||Pvz||E < ||z||g < co. A subtle point here is that the subnet is not necessarily a
subsequence. Our contribution, hence, is to boost to the sequential convergence. Let J(x)
denote the limit in Theorem D. It is interesting to gain more insight, in comparison with
the canonical embedding J, about the map J : E — E**. In particular, we shall show
that ‘J(x) = J(x) if and only if € Ep’; hence, the two maps appear to be considerably
different when E is non-separable. The existence of Jz depends only on (8), and it can
be modified to yield an embedding ® : E5™&* — (Ep)**. This ® may be viewed as an
abstract extension of some classical embedding maps.

Remark. The motivation for Theorem D comes from the so-called w.u.C. condition in
Banach space theory; see, in particular, [15, p. 44] or [25, Proposition IL.5, p. 87]. Given
a Banach space E, a (formal) series Y | x, is called weakly unconditionally Cauchy if

> lo(x,)| < oo for every ¢ € E*.
n=1

From frames to bases. Next, we show how to transform a solid frame into a solid
basis, with the help of the norm || - ||3, which is motivated by [33, Definitions 4.1.13,
4.2.15).

Theorem E. Let X be a functional Banach space, or a functional p-Banach space

with p € (0,1), of homogeneous type; for the latter, we also assume lim |[[z"[|% = 1.
n—oo

For each f(z) = Y anz™ € X, let ||f|ly = sup sup HZ;“V:O )\kakzkH . Then, the
n=0 N0 ||A] oo <1 X

following are equivalent:
(1) {%}n>0 is a solid frame for X.

(i) (X,]-|lg) ts a Banach space (or p-Banach space), and {%}nzo is a solid basis
for (X[ 1lg)-

A large class of examples. Next, we present a characterization of solid frames in a
case, which covers a large class of natural examples.

Theorem F. Let X be a functional Banach space, or a functional p-Banach space

with p € (0,1), of homogeneous type; for the latter, we also assume lim |[[z"[|% = 1.
n—oo

If X = XM or X = Xp, then {%}nm is a solid frame for X if and only if

Supn g [|Sn|| < oo and X is a solid space. Here, ||Sn|| is the operator norm.
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Remark. Since (X,)p = (Xp), and (X,)™** = (X™*¥), (Lemma 10), the above result
should be compared with (ii) in Theorem B.

Solid span. A sequence {e,, }»>1 in a Banach space E is said to be a basic sequence if
it is a Schauder basis for the closure of its span, i.e., span{e, : n > 1}. For a new notion
of Banach space basis, such as the one we propose in this paper, a natural question to
ask is: How to construct the solid span of a basic sequence? This does not have an easy
answer since co and ¢*° show that we can find two Banach spaces £ C F' such that
{en}n>1 is a solid basis for both. This discrepancy can be nicely resolved by introducing
the following:

Definition 5. Let E be a Banach space with a solid basis {en}n>1. A Banach space F
18 called a solid extension of E if

(i) there exists an isometric embedding 1 : E — F; and
(i) {wen}tn>1 is also a solid basis for F.

Theorem G. Let E be a Banach space with a solid basis {en }n>1-

(i) There exists a unique mazimal solid extension under the isometric isomorphism,
denoted by ES™* (which is necessarily given by (7)).

(ii) Let W be a Banach space. Assume that v : Ep — W is an isometric embedding.
Then {1e, }n>1 is a solid basis for W if and only if W can be embedded into (Ep)5™?*
isometrically.

Remark. This theorem may be viewed as an abstract extension of Theorem C for X.

The role of cg. At last, we highlight the curious roles played by ¢y in our study.
This part is motivated by the corresponding action of ¢g in the theory of unconditional
bases; see, for example, [25, Chapter 3]. Recall that ¢q is the subspace of & consisting
of sequences convergent to 0. Let E be a Banach space with a solid basis {e, }n>1. Let

co-E= {Zzozl to(Tx)nen : (tn)n>1 € co, T € E} Similarly, for a = (a1,a2,---) € &,

let co-a = {(antn)n>1: (tn)n>1 € co}. The proofs of the following two theorems involve
the dual space E*, hence confined to Banach spaces.

Theorem H. Let E be a Banach space with a solid basis {en}n>1. Then,

(1) Co - E = Ep.
(ii) For each a € &, ¢ - a € Ep if and only if a € E5™2,

Theorem I. Let E be a Banach space with a solid basis {ey}n>1. Then, {e,}n>1 is
an unconditional basis for E5™** if and only if E5™®* does not contain cg.

The proof of the last result is a quick application of one of the famous James’ theorems
[25, Theorem V.4, p. 98].

https://doi.org/10.1017/5001309152400035X Published online by Cambridge University Press


https://doi.org/10.1017/S001309152400035X

10 G. Cheng et al.

2. Preliminary issues

For the reader’s convenience, in this section, we collect standard definitions and technical

tools which are used repeatedly in this paper. Let H(D) denote the collection of all

analytic functions over the unit disk D in the complex plane, and we often identify
o0

f(z) = > anz™ € H(D) with its sequence of Taylor coefficients {ay, },>0. For 0 < p < oo,

n=0

HP(D) [17] denotes the Hardy space, counsisting of f € H(D) such that

1 [ . 1/p
I fll Py = sup (*/ | f(rel?) [P de) < 0.
o<r 0

<1 \27m

The Bergman space LE (D) [19] consists of f € H(D) such that

20 = ([ 156G aa@) " <,

where dA = 1 dzdy. To be convenient, we shall write H for H? (D), H> for H>°(D), the
algebra of bounded analytic functions on D, and L? for L2(ID). Let D? denote the Dirichlet
space, consisting of f € H(D) such that f' € LE. Let M(DP) denote its multiplier
algebra, that is, h € M(DP) if and only if hf € DP for each f € DP. For simplicity, D?
is shorthanded as D. The Bloch space B [2] consists of f € H(D) such that sup,p(1 —
|212)| f/(2)| < co and the little Bloch space By the closure of polynomials in B.

Definition 6. A random variable X is called Rademacher if P(X = 1) =P(X = —-1) =
%, Steinhaus if it is uniformly distributed on the unit circle, standard real Gaussian if

its density is \/% exp(—t2/2) with t € R and standard complex Gaussian if its density is

L exp(—|2|?) with z € C. Moreover, let
X € {Rademacher, Steinhaus, standard real Gaussian or complex Gaussian}.

Then, by a standard X-sequence, we mean a sequence of independent, identically dis-
tributed X wvariables. Lastly, a standard random sequence {X,}n>0 refers to either a
Rademacher, Steinhaus, standard real or complexr Gaussian sequence, denoted by

{en}n207 {eQTrian}nZOa {fn}nZO and {’Yn}nZOa

respectively.

We assume that all random variables are defined on a probability space (2, F,P) with
expectation denoted by E(-), where F is a o-algebra on  and P is a probability measure
defined on F. The probability of an event {w € Q: X (w) € A}, with A € F,isP(X € A).
The abbreviation ‘a.s.” stands for ‘almost surely’. As usual, ‘A~ B’ implies that there
exists a positive constant C' < oo such that % < B<CA ‘A< B (resp. ‘A2 B
means that there exists a positive constant C' < oo such that A < CB (resp. A > CB),
and ‘<’ stands for ‘if and only if’.
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3. The symbol space X,
In this section, we prove Theorem A.

Proof of Theorem A. The proof of (i.1) is divided into three steps.
Step 1. f € X, = E|Rf|lx < oc.

By (iv) of Definition 2, sup [[(Rf)-lx = [Rfllx < oo as. Then, the
0<r<1

Marcinkiewicz—Zygmund-Kahane theorem [26, Theorem II.4, p. 240] implies that
sup ||Sn(Rf)|lx < oo a.s. since Rf is A-bounded in X with A = (r7"),, men and r, — 17
N>0

n

as n — 00. Let M = sup ||Sn(Rf)||x. Then, by Kahane’s inequality [25, Theorem V.1,
N>0

p. 139] (for Rademacher or Steinhaus sequences) and Fernique’s theorem [25, Theorem
V.26, p. 255] (for Gaussian sequences), we have E( exp(AM)) < oo for some small enough
A> 0. Now, we need the following lemma, which is a consequence of [4, Theorem 3.1]. O

Lemma 7. Let X be a functional Banach space, or a functional p-Banach space with
p € (0,1), of homogeneous type; for the latter, we also assume lim |[|z"||% =1. If f € X,

n—oo
then for each fized 0 <r <1, Nlim ISnfr — frllx =0.
—00

By Lemma 7 and (iv) of Definition 2, ||Rf|lx < M a.s. Now, Step 1 follows from
Kahane’s inequality [25, Theorem V.1, p. 139] and Fernique’s theorem [25, Theorem
V.26, p. 255).

Step 2. (X, | - |lx,) is a Banach space.

a,in)zk. Then, there exists

118

Let {fn}n>1 be a Cauchy sequence in X, with f,(z) =

k=0
o0
F(z,w) = Y cp(w)zf € LY(Q; X) such that lim E||Rf, — F||lx — 0. By the Riesz
E—0 n—o0
lemma, there exists a subsequence {fy, }i>1 and o C Q with P()9) = 1, such that for
w € Qg,

=0 @

Jim [[R oy (zw) = F(z,w)]lx = Jim | > K =3 enlw):t

Since {J, : z € D} C X*, for each fixed k and w € Qp, we have lim aéni)Xk(w) = ¢ (w).
71— 00
Consequently, there exists a constant ax such that c;(w) = apXi(w), w € Qo. Now, (2)

implies that Rf,, — Rf a.s. with Rf(z) = > apXz* € X,. Then, for any € > 0,
k=0
B[R f; — Rflx < lim liminf B|(Rfu,)s — (Rfa )il
¢ r—s1— Jj—o0 v J
< sup EHanl - anjHX
Jj=N
<€

when i and N are large enough. Now, E|Rf, — Rf|lx — 0 as n — oo by the triangle
inequality.
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Step 3. (X4, ] - |lx,) is of homogeneous type.

o0
Firstly, let f(2) = Y. a,2™ € X,. Then, there exists constant C' >0 such that
n=0

S N I
A= 2l <00 o @n o) Ml

where the second inequality follows from the contraction principle ([21, Theorem 6.1.13,
p. 9]) and Lemma 8 below, i.e., ||a,2"||x, < C||ISnflla, < C|\f||;(* if N > n. Since

{0.: z € D} C X*, one has lim inf 123" > 1, which yields Z Tl
z€D.So {d,: z€D} C (X ) Secondly,
[fellxw = El(Rf)ellx = EIRfllx = [ fllx, €T

Thirdly, the continuity of F' follows from [4, Theorem 3.1]. Lastly, for f € X,

< oo for fixed

Z”H

Il = B~ = B o [RF) = o EIREL = sup, el

Now, we turn to (i.2). If {X,},>0 is a standard Steinhaus or complex Gaussian
sequence, then by the contraction principle ([21, Theorem 6.1.13, p. 9]),

N o N on
D e ML DL e
2 o e = B 2 M

(o)
for |\p| <1, N € Nanda, € C.Take T : X, = G as f(z) = > anz” — (an]2"||x)n>0-
n=0

Then Py f(z) = Z (T f)n HZ"HX = Sy f(2). It suffices to show that ||Sn f|lx, — [|f]lx,,

as N — oo, for f € X*, which follows from (3) in Lemma 8 below.

Now, (1.3) for a standard Rademacher or real Gaussian sequence, which are real sym-
metric, follows from the contraction principle ([21, Theorem 6.1.13, p. 9]) just as case
(i.2). The details are skipped.

The proof of (ii) is similar to that of (i); hence, we only indicate the differences briefly.
For f € X, = E(||Rf||%) < oo, the Kahane’s inequality and Fernique’s theorem used
in the proof of Theorem A (Step 1) still hold for p-Banach spaces; see [11, Theorem
28 and Theorem 31]. The other parts of the proof can be modified accordingly. That
(X4, || - ||l a,) is a functional p-Banach space can be proved by replacing E|Rf||x+ with
E|Rf||%- To check that (X, || - | x,) is of homogeneous type, the only difference is that
the continuity of F' : D — X, defined by F(z) = f,, is a consequence of the assumption

1
lim ||2"||% = 1. Then, (ii.2) follows from the contraction principle for p-Banach spaces
n—oo
(see [23, Proposition 2.5]) and Lemma 8.
1
Remark. If X = Xp for a p-Banach space, the assumption lim [[2"||% = 1 in
n—00

Theorem A (ii) can be dropped. In detail, by the claim in the proof of Lemma 10,
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f € (Xp), implies that (Rf), converges to Rf a.s. as r — 17. Then, by the
Marcinkiewicz—Zygmund—-Kahane theorem [26, Theorem I1.4, p. 240], Sy (R f) converges
to Rf a.s. as N — oo. Sy f converges to f in (Xp), as N — oo by Kahane’s inequality
[25, Theorem V.1, p. 139] and Fernique’s theorem [25, Theorem V.26, p. 255]. The rest
of the proof is similar to the proof of part (i) of Theorem A. The same remark applies to
part (i) of Lemma 9.

Remark. The role of M, appearing in Step 1 of the proof of (i), deserves further
attention in the study of random analytic functions. We introduce a deterministic version

XT:{ Zanz € HD ||f||XT—sup HZan <oo}.

Then, (X7), is a solid space by Proposition 11 and X™* is identified as Xr under certain
conditions in Proposition 15.
We end this section with a supplemental property about the norm || || x, in Theorem A.

Lemma 8. Let {X,},>0 be a standard random sequence.
(i) If X is a functional Banach space of homogeneous type and f € Xy, then

[l = sup Sy flla, = lim [|Snf]lx,. (3)
N>0 N —o0

(ii) If X is a functional p-Banach space of homogeneous type with p € (0,1), and
1 1_
lim 7§ = 1, then for cach f € Xu, fllx, < sup S Sl <28 fll2s.
n—o00 N2>0

Proof. Let g € X. Observe that, by (iv) of Definition 2, we have ||g.,[lx > |lgr ||l
when 0 < r; < rg < 1. If X is a functional Banach space, then ||Sy f]x, is increasing
in N by [21, Proposition 6.1.5, p. 5]. So it suffices to show that || f||x, = sup ||Sn f]l x,-

N>0

Note that

1fllxx =E[Rf||, < sup lim E||Sx(Rf)||, = sup IS fllx,-
N>0r—1 N>0

Conversely, by [21, Proposition 6.1.5, p. 5],

IS5 fllxe =E[[Sn(RF)|  <E[Sn(R) + (Rf = Sn(RF))|| = I l].-
If X is a functional p-Banach space, the proof of || f||x, < sup ||Snf]lx, is a modification
N>0

of that for Banach spaces. For the other direction, arguing as in [21, Proposition 6.1.5,
p. 5],

1

IS8 flla < 20 (|| Sn(RS) + (Rf — Sx(RA)|2)" =287 £z,

as desired. 0
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4. Maximal homogeneous extension

In this section, we prove Theorem B, ending with three nuggets supplementary to
Theorem B. The following lemma is not only needed in the proof of Theorem B but
also of independent interest, whose proof can be referred in the Appendix in [11].

Lemma 9. Let X be a functional Banach space, or a functional p-Banach space with
€ (0,1), of homogeneous type; for the latter, we also assume lim |z"||% = 1. Let
n—oo

{Xn}n>0 be a standard random sequence, and s = min{1, p}.

(i) If f € X., then E[|Rf||% < oo. Moreover, f € (Xr). and E(exp(A|Rf[%)) < oo
for some small enough X\ >0. This implies, in particular, E|Rf||% < oo for all
t>0.

(ii) If X = X™* gnd now we also assume that lim ||z

n—oo

case, then, for f € HD), f € X, if and only if E|Rf||% < .

”\|¥n =1 for the Banach space

Proof of Theorem B. (i) Let

s —{f e HD): fy € X for 0=7 <1, [[flmax = sup [[fllx < oo}.
0<r<1

We will show that X™#* is the unique maximal homogeneous extension of X. The proof
for the case of p-Banach spaces is similar to that of Banach spaces and will be skipped.
The proof is divided into three steps.

Step 1. (X™* || - |max) is a Banach space.

Let { fn}n>1 be a Cauchy sequence in X™** with f,,(z) = > a,in)zk. Then, {(fn)r}n>1
k=0

is also Cauchy in X for each r € (0,1). Since X is a Banach space, we assume that

(fn)r(z) = Z ay (M k 2k converges to 3 apr2¥ in X as n — co. By (i) in Definition 2,

k=0
a .
for each ﬁxed k: >0, a\r* — aj, as n — co. Then, a{™ — % = aj as n — oo. Let

g(2) = > agz®. Then, for each r € (0,1), g.(2) = Y apr*zk = Za;”z € X. By (i)
k=0 k=0 k=
in Definition 2 again, the point evaluation functionals are umformly bounded on each

compact subset in D. So {fy, },>1 converges uniformly to ¢ on each compact subset in D.
This implies that g € H(D). Then,

||fn_g||rnax = Ssup H(fn)r_ngX < sup sup ||(fn)r_(fm)rHX = sup ||fn_fm||max>
0<r<1 0<r<1lm>N m>N

which is arbitrarily small. Hence, g € X™* as desired.

Step 2. X™* is of homogeneous type.
Let z € D and f € X™#*, Then, f,. € X with 0 <r < 1, and

[f(r2)] = 10=fr] < 10=Nla 1 frlle < (10211 f [ max-
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Letting r — 17, we see that {6, : z € D} C (X™®)*. Now, let f € X™** and £ € T. Then,
[fllmax = sup [[frllx = sup [[(fr)ellx = [[fellmax, as desired. For each f € A™,
0<r<1 0<r<1

define F : D — X™2% with }7‘(2) = f.,z € D. The proof of the continuity of F follows
from similar arguments as those in the proof of Theorem A. Lastly, for f € A™a*,

||meax: sup ”fT”X: sup ||fr||max~
0<r<1 0<r<1

Step 3. X™** ig the maximal homogeneous extension of X.

Clearly, ¥ C X™> and f, e X if fe X™* 0<r < 1.1If f € X, then ||f|max =
sup ||frllx = ||fllx- If Y is a homogeneous extension of X, and f € Y, then ||f|ly =
0<r<1

sup ||frly = sup [|f+]lx < oo, which implies that f € X™ax,
<r<1 0<r<1

We now turn to (ii). Only the proof for Banach spaces will be given. (Xp), is a
solid space since Proposition 14 and Lemma 10 imply that {ﬁ}n>0 is an uncon-
ditional basis for (Xp),, which yields the solidity of (Xp), by [25, Theorem I1.7, p. 89].

Now, for (A™a),  we would like to prove (Rf)M2) = 3. apA,X,2" € XM as. if

n=0

f(z) = > apz™ € (X™), and A = {A\y}n>0 € €. By Lemma 7, for 0 < r < 1,

1=0
Nlim ISN(Rf)r — (Rf)rllx = 0 a.s. Lemma 9 and the dominated convergence theo-
— 00
rem imply that A}im E([[Sxv(Rf)r — (Rf)r|lx) = 0. By the contraction principle ([21,
— 00
Theorem 6.1.13, p. 9]),

E|Sa(R)y = Sn(RF)lx S IMeeElSar(Rf)r = Sn(Rf)rl, (4)

which implies that {Sy(Rf)}} s, converges in L'(Q; X), leading to a convergent sub-

sequence. The subsequence principle [25, Theorem IIL.5, p. 132] implies that Sy (Rf)}

converges in X a.s. So (Rf)N2) = 3 Manr™X,2" € X a.s. Moreover, by (4) and the
0

contraction principle ([21, Theorem 6.1.13, p. 9)),
E[(RMx S [IMee Jim ElSy (RS)rllx < [MleE[Rf||2 < oo.
Then,

E[(Rf)* lmax = OiugllEll(Rf)f-Hx S IMeoERfllx = [ Allec B Rf|lmax < oo

It follows that (Rf)* € XM a.s., as desired. O

1
Remark. In Theorem B (ii), the condition lim |[z"||% = 1 can be dropped for the
n—oo

. . . . n o, .
case (Xp), if X is a functional p-Banach space, since {HZ%TX}H>O form an unconditional

basis for (Xp).. The same remark applies to Lemma 10.
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The rest of this section contains three nuggets supplementary to Theorem B: a coun-
terexample to the solidity of X, the commutativity of Xp and X™** with X, and the
solidity of (Xr),.

Example. We show that the symbol space X, is not always a solid space. Let X%
denote the symbol space under the randomization by the standard Steinhaus sequence.
Let B denote the Bloch space and

X = {f(z) = Zoanz” €EB: kli_)r{)lo || exists}.

Recall that || f||g = | f(0)|+sup(1—|z|*)| f’(z)| for f € X and one can check that (X, ||-||5)
z€D

is of homogeneous type. For (X, |- ||5), the hypotheses of Definition 2 are satisfied since
B is of homogeneous type. So, it is sufficient to prove that (X, Il - ||B) is complete. Let

{fm}m>1 be a Cauchy sequence in X with f,,(z) = > al™ 2" Since B is complete,
n=0
there exists f(z) = Z anz"™ € B such that hm Il fm — fllz = 0. By [19, p. 16], for any

n=0
00
9(2) = Y buz" € B, |ba| < 2llg]ls, Vn > 1. Then,
n=0

llagk] = lags 1| < [lagk] = a1 + |aS] = lal]] + [lal7] = Jag; ||

< 4| frn — f||8+||a<’”’ "”H

So {l|ayk|},~, is a Cauchy sequence in R, hence f € X. That is, (X,]| - [|5) is of homo-

geneous type. Lastly, we point out that 2" e X5. By [19, Theorem 1.14, p. 15], for
k=1

(oo}
any lacunary sequence {ny}r>1, that is, ét;fl n’;—'}:l > 1, the series Y axz"k belongs to B
> k=1
o] ) k
if and only if sup |ax| < co. So the Steinhaus randomization Y e*™*k 22" € X a.s., that
k>1 k=1

is, > z2k € X°. But { > )\kzgk {1 € Z‘X’} ¢ X°. For example, taking \oj, = 1
k=1 k=1

& k
and \ox_1 = 0 for k > 1, one has > 22 ¢ X5,
k=1
The above example shows that X' is not always a solid space. The same is true for X2
obtained through the Rademacher sequence. For the standard real (or complex) Gaussian
randomization, we now show that X is a solid space. Here, we consider only the real
Gaussian case, and the complex Gaussian case can be treated in a similar fashion. If

[ee]
f(z) = Y a,2" € XY, then klim lagk&,r| exists a.s., where {&,},>0 is a standard real
n=0 —00 -

Gaussian sequence. By the Kolmogorov zero-one law, lim |a2k§2k| = ¢ a.s. for some

[én]
V2logn

constant ¢ > 0. Since lim sup
n—oo

=1 a.s. [25, p. 43] onehasa2kﬁOaskﬁoo
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Furthermore, by a direct verification, a,&,r converges to 0 in distribution as k — oc.

It follows that ¢=0. Let {\,}n>0 € £>°. Then, Y. a,\,2" € BE by the remark after

n=0
oo

Theorem B, and lim a,;A1&r = 0 a.s. That is, > apA,2™ € XE.
k—o0 n=0

Problem A. To characterize homogeneous X such that X, is a solid space.
The second nugget is the following commutativity:

Lemma 10. Let X be a functional Banach space, or a functional p-Banach space with
1
p € (0,1), of homogeneous type; for the latter, we also assume lim ||2"||% = 1. Let
n—oo

{Xn}n>0 be a standard random sequence. Then,
(X*)P = (er)* and (X*)max — (Xma)c)*.

Proof. We first claim that if ¢ € A'p, then lim g, = g, where the convergence is in
r—1—

norm. Assume that p, — g as n — oo with p, € P. Since lim |[(pn)r — pullx = 0 for
r—1—

each n, the claim follows from

lgr = gll% < llgr = Pa)ell% + [(Pn)r = Pullf + llpn — g%
S 2||pn - gHI/’)V + H(pn)r _an:fV
since X is of homogeneous type. In particular, if X is a Banach space, we take
p=1. Now let f € (Xp)s. The claim implies that (Rf), — Rf as. as r — 17.
The Marcinkiewicz—Zygmund—Kahane theorem [26, Theorem I1.4, p. 240] implies that

SN(Rf) — Rf as. as N — oo. By the dominated convergence theorem, one has
A}im E||Sny(Rf) — Rf|lx = 0, which yields that f € (X,)p. Conversely, let f € (X,)p.
—00

By Theorem A, one has Nlim Syf=fin X So f € (Xp)s, as desired.
—00
For the second equality, if f € (&X,)™®*, then (Rf), € X as, 0 < r < 1
and sup E|(Rf)llx = E( sup ||(’Rf)r||x) < oo since X is homogeneous. It fol-
0<r<1 0<r<1
lows that sup ||(Rf)r||x < oo a.s., which implies that f € (A™**),. Conversely,
0<r<1

let f € ()Ema")*. Then, (Rf), € X as, 0 < r < 1 and sup |[((Rf).||x <
0<r<1

oo a.s. The Marcinkiewicz—Zygmund—Kahane theorem [26, Theorem I1.4, p. 240] implies
sup |Sn(Rf)||lx < oo a.s. Moreover, Nlim SN(Rf)r = (Rf)r as. by Lemma 7. By
N>0 —o0

Kahane’s inequality [25, Theorem V.1, p. 139] and Fernique’s theorem [25, Theorem
V.26, p. 255,

sup E[|(Rf),lx <E( sup [[(Rf)]lx) <E(sup |Sx(Rf)x ) < oo.
0<r<1 N>0

0<r<1

So f € (X,)™**, as desired. O
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Lastly, as the third nugget, the following proposition should be compared with
Proposition 15, which identifies X7 with X™2* under certain conditions.

Proposition 11. Let X be a functional Banach space, or a functional p-Banach space
with p € (0,1), of homogeneous type. Let { X, }n>0 be a standard random sequence. Then,
(X7)s is a solid space.

Proof. We shall only prove the Banach space case since the modification needed for
p-Banach spaces is straightforward. Let f(z) = Y00 a,2" € (Xr).. By Lemma 9,
(Rf)* € Xr as. if and only if E[(Rf)*|x, < oo, where (Rf)*(2) = Y., anAnXn2"
and A = {\, }n>0 € £°°. Note that

oo

E[(RAMap £ Jim [ P([(Sn(RAHMa > 1) dt

N—oo Jq

A

sup [A| lim E[[Sx (Rf)]lx
n>0 — 00

IN

sup [A,| B[R f] . < o0,

where the first ‘<’ follows from Lévy’s inequality [11], and the second one holds by the
contraction principle ([21, Theorem 6.1.13, p. 9]). O

5. Relationship with unconditional bases

In this section, we first present the (rather short) proof of Theorem C. Then, we present
four propositions to further illustrate the connection between solid bases/frames and
unconditional bases.

Proof of Theorem C. (i.1) = (i.2) is obvious. (i.2) = (i.3) is by the fact that
limy_ 0o Sy f = fif and only if f € Xp in the proof of Proposition 14. Next, (i.3) = (i.4).
Part (i) of Definition 1 is satisfied since {%}n>0 is an unconditional basis for Xp

with constant 1. It suffices to show that limy_,oo |TSNf\|max = ||fllmax for f € Amax,
Since f, € Xp for each 0 < r < 1 by Lemma 7, one has

i (1Sy frlle = sup [[Sn frlla = [frllx (5)
—» 00 N>0

because ||Sn fr||x increases as N — oo. Then,

sup [[Sn fllmax = sup sup [|Snfrllx = sup |[frllx = [|f][max; (6)
N>0 N>00<r<1 0<r<1

as desired. (i.4) = (i.1) follows from the definition of the homogeneous extension.
The proof for p-Banach spaces follows from a modification by replacing (5) with

sup ”SNfTHX ~ Hfr”X O
N>0
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1
Remark. In Theorem C (ii), the condition lim |[2"]|% = 1 can be dropped for the case
n—oo

X = Xp if X is a functional p-Banach space. This follows from the fact that {%}nm

is a Schauder basis for Xp if and only if supysq ||Sn|| < oo; see [43, Proposition 1]. The
same remark applies to Theorem E and Theorem F.

The rest of this section is to prove the following four propositions, which
further illustrate the relationship between solid bases/frames and unconditional
bases.

Proposition 12. Let E be a Banach space. Then, {e,}n>1 is an unconditional basis
for E with constant 1 if and only if it is both a solid basis and a Schauder basis
for E.

Recall that a sequence {e,},>1 in a Banach space F is said to be a basic sequence if
it is a Schauder basis for the closure of its span. Let e, = (0,---,0,1,0,--+), n > 1.

Proposition 13. Let E be a Banach space and {e,}n>1 be a basic sequence with
lenlle = 1, n > 1. Let W denote the closure of finite linear combinations of {en}n>1.
Then, {en}n>1 is an unconditional basis for W if and only if {€,}n>1 s a solid frame
for Ws-max, - -

Here, the sequential version of the maximal solid extension E*™#* is defined as

N
Esmax _ {a — (a1,a27' . ) c6: ||a||s-max = sup H Zanen 5 < OO}, (7)
N2l

which is the unique maximal solid extension of E up to an isometric isomorphism; see
Theorem G.

Proposition 14.

(i) Let E be a Banach space with o solid basis {e,}n>1. Then, {ep}n>1 is an
unconditional basis for Ep with constant 1.

(ii) Let E be a p-Banach space withp € (0,1) and {ey, }n>1 a solid frame. Then, {en}n>1
is an unconditional basis for Ep.

Proposition 15. Let X be a functional Banach space, or a functional p-Banach space
1
with p € (0,1), of homogeneous type; for the latter, we assume lim |[z"||% = 1. If
n—oo
{%}nzo 18 an unconditional basis for Xp, then X™** = Xp.
Proof of Proposition 12. If {e,},>1 is an unconditional basis with constant 1,
then, by [25, Proposition II1.5, p.92], part (i) of Definition 1 is satisfied. Condition (ii)

holds since it is a Schauder basis. Conversely, if {e, },>1 is a solid basis, then part (i) of
Definition 1 ensures that {e,},>1 is an unconditional basis with constant 1. O

Proof of Proposition 13. This proof follows from the following lemma which is less
sleek but covers a slightly more general situation. O
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Lemma 16. Let E be a Banach space and {e,}n>1 be a sequence of unit vectors. Let
W denote the closure of finite linear combinations of {en}n>1.

(1) If {en}n>1 is an unconditional basis for W, then {e,}n>1 is a solid frame for
WS—maX'

(ii) If {en}tn>1 is a Schauder basis for W and {e, },>1 is a solid frame for W3™** then
{en}n>1 is an unconditional basis for W.

Proof of Lemma 16. (i) If {e, },,>1 is an unconditional basis for W, then ||, ||s-max =
llenllz = 1. Moreover,

N n
HE ALaLe = sup HE )\kakekH < sup Hg akekH —HE apey
k=1 k=1

s-max 1<n<N 1<n<N s-max
. > N
for all |A\x| < 1. For any a € W™ let Pya =), _, arey, then
N n
lallscmax = sup H E akekH = lim sup H g akekH = lim ‘PNa
N> — E N—oo1<n<N o1 E  N—oo s-max

So {en}n>1 is a solid frame for Wemax,
(ii) Since {en}n>1 is a Schauder basis for W, there exists a coefficient map 71 : W —

N
Wemax with Tz = ((7'1)17 e (T ..)7 and > (Tiz)ne, converges to z in W. By
n=1
[25, Theorem I1.3, p. 48],

2

§ 77/677,

, = @)

||37||E ~ bup n21lg max’

For each (0,,),>1 € {—1,1}Y, since {e,},>1 is a solid frame for W™ one has

M M M
Z On(Tiz)nen| < Z (Thiz)nen ~ Z (Tiz)nen||
n=N+1 E n=N+1 s-max n=N+1 E
N
where M > N. So > (Tiz)nen converges unconditionally in W, as desired. O

n=1

Proof of Proposition 14. (i) In order to show that {e,},>1 is a Schauder basis for

Ep, we shall prove that for z € F, limy_,o Py(z) = x <= x € Ep. It suffices to show

the sufficiency. Assume that hm T, = z for z,, = Zf"l cg )e], where c(n) € C. For

e > 0, take n large enough so that lxn — 2| < €. For any N > ky, ||PNx —z|p <
|Pvx— Pnxn||lg+ || PNTn — Zn||E + ||2n — || < 26. Now the conclusion follows from [25,
Proposition I11.3, p. 91] and Definition 1. The proof of part (ii) for p-Banach spaces follows
from [1, Theorem 1.10], together with a straightforward modification of the arguments
in part (i). O
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Proof of Proposition 15. If f € A™ then || f||x;, = supyso [[SNfllx = [|fllmax,
where ‘a’ can be strengthened to an equality, by (6), if X’ is a Banach space. Hence,
f € Xr. Conversely, let f(2) =77 anz™ € Xr. We claim that f, € X for 0 <r < 1. It

n=0

suffices to show that { > akrkzk} is a Cauchy sequence in X. Since {%}

n>0 n>0
is an unconditional basis for Xp, by [25, Proposition IIL.5, p. 92] or [1, Theorem 1.10],
for m > n,

m m N
H ZakrkzkH < ZakzkH <7r" sup HZakzkH 57“"||f||XT —0
X X N>0 X
k=n k=n = k=0

as n — oo. Then, f € A™a*, O

Example. For 0 < p < oo, recall that HP, L?, DP, B and A(D) denote the Hardy
space, the Bergman space, the Dirichet space, the Bloch space and the disk algebra,
respectively. If X = H?, LP or DP, with 1 < p < oo, then X = A™* = X'. On the other
hand, if ¥ = H>,B,BMOA, H', L!, or A(D), then X7 C X™8 = X since there exists
fo € X such that ||Sy follx — o0 as N — oo. See [5, 43] for more details.

Problem B. To characterize homogeneous X such that X™® = Xp.

Remark. Let ¢,(z) = (Tx),, « € E, the coordinate functional, if {e,},>1 form a
solid basis for E, then {¢,},>1 form an unconditional basic sequence in E*; that is,

{¢n}n>1 form an unconditional basis for W{(bn n > 1}.

Remark. Let X be a Banach space of analytic functions over D with {%}nzo as
a solid basis. If X = Y* for some separable Banach space ) of analytic functions over D.
Then, X = Xp. It suffices to show that Xr C X. Let f(z2) = Z'ZO:O anz™ € Xp. Then,

N
SUPN>1 H 2 n—o an2"
The Banach-Alaoglu theorem implies that there exists a subsequence { Ny }x>1 such that

fx = gio anz" converges to some f € X in w*-topology. By [9], fr(z) — f(2) as
k — oo. Then, for each fixed n, it can be checked that the nth Taylor coefficient of f is
an, as desired.

< 0. Since Y is separable, the w*-topology on X is metrizable.

n

6. Weak-star convergence of Taylor polynomials

In this section, we prove Theorem D, which states that, in the presence of a solid basis,
Taylor polynomials are w*-convergent in the double dual. When E = Ep, Proposition 14
implies that the Taylor polynomials converge in norm. Hence, the strength of Theorem D
lies in the non-separable case.

For any homogeneous functional Banach space X', the Taylor polynomials are certainly
pointwisely convergent, hence locally uniformly convergent by the principle of uniform

boundedness. When X = Xp, the norm convergence of Taylor polynomials, which
is equivalent to the weak convergence, is well understood; indeed, the following are
equivalent:
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(i) {S~f}n>0 converges in norm for each f € X;
(ii) {Snf}n>0 converges in w-topology for each f € X;
(ili) supy> [|Sn | < oo

We only need to check (ii) = (iii) since the equivalence between (i) and (iii) follows
from Proposition 1 in [43]. It suffices to observe that the partial summation operator Sy
is bounded for each N € N, for then the implication follows from the principle of uniform
boundedness. Since the coefficient functionals are continuous,

N N N
1SnFlla < D lanll27 e < S enll Fllelz"llae = (3 enlle” ) 171
n=0 n=0 n=0

for some positive sequence {cy, }n>0-

If X = Y* for some separable Banach space ), and still assuming that X = X’p, then
{SNnf}n>0 is w*-convergent if and only if {Sn f}n>0 converges uniformly on compacta
in D and supysq ||Sn| < oo; see [9].

If X # Xp, then almost nothing affirmative is known about the convergence of Taylor
polynomials, at least from a Banach space viewpoint. For instance, in H, the Taylor
polynomials are not convergent in norm, w-topology or w*-topology.

Proof of Theorem D. Let {e,},>1 be a solid basis for a Banach space E. Then, for
any x € F and ¢ € E*, we claim that

o0

Z Jnlld(en)| < oo, (8)

Indeed, by (i) of Definition 1, for every finite subset o, sup || Z 0n(Tx) enHE < |lz|lg-
On=-1

n=

Let N > 1. Set
0. — L, Re ¢((T.’E)nen) >0
" - Re (Ta)wen) < 0.
Similarly, set
9. = L, Im ¢((Tx)nen) > 0;

=1, Im ¢((Tx)nen) <O.

Then,
N
Z (Tx)nen)| < Z [Re ¢((Tx)nen)| + Z Im ¢((Tx)nen)|

n=1 n=1
N
< ol e ZQ;(Tar)nen B
n=1

+ |9l g+
E

N
Z 00 (Tx)nen
n=1

< 2[|¢)l g =l -
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So the claim (8) holds. Then, > (Tx),(Je,)(¢) exists. Let

n=1

)= Z(Tx)n(Jen Z n(den),

and then Zgzl(Tx)n(Jen) = J(Pyz) converges to ¥ in w*-topology. O

We let J(z) denote the limit element ¥ € E**, so we have a map J: E — E** which
is easily seen to satisfy: ||J|| = 1, and J is injective. It appears interesting to compare
this map with the canonical embedding J : E — E**.

Proposition 17. Let E be a Banach space with a solid basis {ey}n>1.

(i) J(x) =J(x) if and only if x € Ep.
(ii) If Ep C E, then JE” is a proper subspace in E**.

*

Remark. For the canonical map J, it is known that JE = E**.

Proof. (i) Let z € Ep. Then ]\}im Pyx = z by Proposition 14. For ¢ € E*,
— oo

(J2)(6) = 6(x) and (32)(6) = Jim G(Pxa) = o(x).
So J(z) = J(z). Conversely, let x € E'\ Ep. By the Hahn-Banach theorem there exists
a nonzero ¢ € E* such that ¢|g, =0, and ¢(z) # 0. Then, (Jz)(¢) = 0, and (Jx)(¢) =

#(z) # 0. (i) Recall that JE* = (LJE ) [37, Theorem 4.7, p. 96], where ‘L’ denotes
the annihilators. We claim that +(JE) = {¢ € E* : ¢|g, = 0}. If ¢ € {¢ € E* :
ey = 0}, then, for each z € E, ( x)p = th gf)(PNx) =0. So ¢ €+ (JE). Conversely,
— 00
let ¢ €+ (JE). Let * = lim z,, € Ep with x, being a finite linear combination of
n—oo
{en}n>1. For each n, ¢(z,) = Nlim ¢(Pyzy) = 0. So the claim holds. It follows that
—00
{6 € E*: ¢|p, =0} =" (JEp). Then,

*

B = TE" = (F(JE) T = (C(3ER)

where the last ‘=" follows from (i). In other words, JE = = (Ep)*t. Since Ep C E,
we can take zg € E \ Ep and choose, by Hahn—Banach, a nonzero ¢g € E* such that
¢0|E7, = 0 and ¢o(xo) = 1. Then, Jxg € E**, but (Jxg)do = do(xo) = 1, so Jzg €
E**\ (Ep)*+, as desired. O

Example. We give an explicit example of J # J via the so-called Banach limit. Let
E = (. There exists a bounded linear functional ¢ on £ [14, p. 82] (the Banach limit)
such that
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(i) @S(z) = p(x); and
(ii) ze€c, px)= nl;rrgo T,
where S(x1,x9,--+) = (x2,x3,---), and ¢ is the collection of sequences in & having
limits. By (i), one has ¢(z1,22, -+ ,25,0,0,---) = 0. Let © € ¢\ ¢o. Then (Jz)p =
p(x) = lim x, # 0, and, (Jz)p = lim o(x1,22, -+ ,24,0,0,---) = 0. Hence, J # J on
n—00 n—o0

¢\ ¢o. Moreover, by the proof of Proposition 17 (ii), JEY = cgt, which is isometricall
0 Yy

isomorphic to ¢i*, which is £°. In other words, cg-+ =~ (([OO)*/C(J;)* ~ cf*.
Example. Here is another example on functional spaces. Let E = B?, the symbol
space of the Bloch space under the Steinhaus randomization. Fix a lacunary sequence

. . n
{nrte>1, Le., infr>q ﬁzl > 1, and let

A= {f(z) = E anz" € BY klim Qny, exists}.
— 00
n=0

Then, A is a subspace of BY. Define a bounded linear functional ¢ on A by ¢(f) =
lim a,,. Note that |an,| < [lan, 2" |55 < ||fllzs. The extension of ¢ to By is still
k—o0 * *

denoted by . Now take any f(z) = Y a,2"™ € A with klim an, # 0. Then (Jf)(p) =
— o0

n=0

N
AP = Jim ang £0 and (3)() = Jim p( 3 an7) =0

7. Transforming solid frames into solid bases

Proof of Theorem E. We shall prove that the following are equivalent:

(i) {%}100 is a solid frame for X.

@) [flls = [fllx, feX.

(iii) For each f € X, ||f|l4 < oo.

iv) (X, |- is a Banach space (or p-Banach space), and %771 is a solid basis
: =% S n>0

for (X, - [l¢)-

Also we only prove the Banach space case since it takes only a straightforward mod-
ification to treat p-Banach spaces. (i) = (iii) is clear. Now, (iii) = (iv). Since X is of
homogeneous type,

N
Il = tim [ flle < sup sup | S awr®| < (9)
r—1— N>00<r<1 370 X

It suffices to show that (X, || - ||¢) is a Banach space. Let {f;};>1 be a Cauchy sequence

in (X, ] - [ls) with £;(2) = Yol gai 2" By (9), f; = f(2) = Y00 anz in (X, ]| - [2).
Then,
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N
j £
16 = fll = supsup_sup | 3" neaf” — )| < sup lfy = foll <€
N>0 Ml goo <1>M 11— X >M

when M is large enough. So f; — f in (X,] - [[z). On the other hand, one can check
directly that {%}nzo is a solid basis for (X, || - ||y). (iv) = (ii) is clear. (ii) = (i)
is also straightforward now since || f||3 = || f|lx, f € X, and one can verify directly that
{%}nzo is a solid frame for X O

Remark. An interesting fact from [33, p. 376] allows us to establish a connection
between solid frames and Banach algebras. If X' is a functional Banach space of homo-
geneous type, and {HZ"HX }n>0 is a solid frame, then Xp and X™3 become Banach

algebras when equipped with the norm ||f|ly = sup sup
N>0 ||| goo0 <1

product given by (f x g)(z) = Y7 anbnl[z"||xz". Then, (Xp, || [[¢, %) is a commuta-
tive Banach algebra without identity. The space (X™, |- |3, *) is also a commutative

A H ith th
Z a o e

Banach algebra. Moreover, under the assumption that {%} is a solid frame, the

n>0
followings are equivalent:

(i) (Xmax | - ls, *) has an identity;
(if) Z e €A™

(iii) Xmax and ¢>° are isomorphic.

8. A characterization for monomials to be solid frames

Proof of Theoren}l F. We shall only prove the Banach space case. We first consider
X — xmex If {H;‘T;{} is a solid frame, then supysq [[Sn| < oco. Take any A=

n>1
{Antnzo € €, and f(z) = > .7 a,2"™ € X™. Let g(z) = Y..° A, 2™, For any
0<r<1, ‘ )\kakrkzkH < ||/\||gooH S aprkz H . Hence, g, € Xp. So

Hgllmax= S lgrllx < ||/\||/z<><> S 1frll2e = lIAlleoo [ fllmax-

It follows g € A™#*. For sufficiency, by Theorem E, it suffices to show that
N

sup  sup HZx\kakzkH < o0 (10)
N20 Ao <1 ) &

f(;f each f(z) = Y07 janz™ € X™ Let Ty : £>° — X™* be defined by Tf(A) =
>~ Ananz™. The condition that X™* is a solid space ensures that T} is well defined. The

n=0
closed graph theorem and the condition sup s ||Sn|| < oo imply that (10) holds. Now
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we treat the case X = Xp. By [43, Proposition 1], {%}n>0 is a Schauder basis for
X if and only if supy~q [|Sn]|| < co. The proof of the sufficiency for X™#* above can be
. B n
modified to show that {M‘Tx}n>0
solid frame, then by Proposition 14, it is also an unconditional basis for X (l

is an unconditional basis for X'. Conversely, if it is a

Remark. For a functional Banach space of homogeneous type, the condition
Sup y>q [|Sn || < oo does not imply that { Han } >0 18 @ solid frame for X. An example
is provided by X = H? (1 < p < 2) for which {2"},,>0 is a Schauder basis. If it were a
solid frame, then it would be an unconditional basis as well. This is known to be false and
can be shown quickly. Otherwise, take f(z) = >~ ja,z" € HP \ H? By Littlewood’s
theorem [29], there exists a sequence {6, },>0 € {—1,1}" such that Y - 0,a,2" ¢ H?,
contradicting the assumption that {z"}, >0 were an unconditional basis.

9. The problem of a solid span

Proof of Theorem G. (i) Let

N
S-max _ . —
E = {a = (a1,a2, ) ¢ ||a|smax = J%uzpl H ;anen . < oo}. (11)

Then I(z) = ((Tx)1,(T®)2,---) is an isometric embedding from E into ES™*, where
T : E — G is the coefficient map. Note that e, = e,, n > 1. For |A,| <1 and ¢, € C,

S-max S-max

N
H Z AnCn€n
n=1

Also lim IPNna||s-max = hm

‘ Z anen
n=

Es‘max To complete the proof it sufﬁces to show that F' can be 1sometr1cally embedded
into E5™a* if F is a solid extension of E (see Definition 5). Let I’ : E — F denote
the isometric embedding from E into F, with {I’e,},>1 being a solid basis for F. For
convenience, write e/, = I'e,,,n > 1, and 7’ : F — & the corresponding coefficient map.
We claim that I” : F' — ES™3 defined by I"(z) = ((T'z)1,(T'z)2,--+), © € F, is an
isometric embedding. Note that

N
|, -]

since I’ : E — F is isometric. Then, for z € F,

= ||a|ls-max- S0 {€n}n>1 is a solid basis for

N
I’(Z(TJJ nen)

n=1

=S,

N N
— i d / . i _ 1
Jollp = Jim H;l(mnen = Jim H;l(T Dnen|| = I11"@) lmas-
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(ii) If {ee,, }n>1 is a solid basis for W. Let 7 : W — & be the corresponding coefficient
map. Then, we can check that 7 is an isometric embedding from W into (Ep)S™a.
Conversely, {e,, }n>1 is a solid basis for (Ep)* ™, since {ey},>1 is a solid basis for Ep.
Then, one can check that {ue,,},,>1 is a solid basis for W, since 2 : Ep — W is an isometric
embedding and Fp is embedded into (Ep)*™* isometrically. O

10. The role of c¢g

Proof of Theorem H. (i) We first show that P C ¢ - E C Ep, which follows
from Lemma 18 below. Here, P denotes the collection of finite linear combinations of

{entn>1. O
Lemma 18. Let E be a Banach space with a solid basis {en}n>1. If {tn}n>1 € co and
(oo}
x € E, then the series Y t,(Tx)ne, converges in norm in E.

n=1

Proof. By (8), Z [(Tx)n||d(en)] < o0, ¢ € E*. Then, for x € E, the mapping

T:E* — (! deﬁned by To = {(Tx)np(en)}n>1, ¢ € E* is continuous by the closed
graph theorem. Now, for m < k <n,

PEB g m<k<n m<k<n

sz:tk(Tx)kekHE< sup ( sup \tk ];|Tm ko(ex )N sup |tg] — 0

as n > m — 0o, where Bg, denotes the unit ball of E*. O

Next, we show that ¢y - E is closed in norm. Let x,, — = with z,, € ¢y - E. Then, by

Lemma 18, z,, € Ep and x € Ep. Write z,, = Z tg,,m)(Txm)nen with {t%m)}nzl € ¢p.
-1

Since {(TZm)n}n>1 € €, one has {tn Txm)n}n>1 € c¢p. Since {e,}n>1 is a solid

basis, for fixed n, ti™ (TZm)n — a, as m — oo for some a, € C. This implies that
(’7'31:)n =a,, n > 1. Moreover,

janl = Jan =t (Tam)n + 0 (Tem)n| < lltm = 2llz + £ (Tam)nl,

0 {an}tn>1 € coand z = >~ | ane, converges in norm. Then, there exists a subsequence
. n —1
of integers {n }r>1 such that || ST e

z_nk

HE < 1%3 Take t,, = ﬁ if n € [ng, ngy1—1)

[e ]
and let b, = ‘;—Z Then, by the contraction principle, 2’ = 3 bne, € Ep. Hence, 2 =

n=1

oo
> tpbnen € co - E, as desired.
n=1

(ii) If a € Es™** then (8) holds and Lemma 18 applies to E*™2* which implies
(oo}

the sufficiency. Now the necessity. For {t,}n>1 € co, D tnane, € Ep implies that this
n=1
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€n En 0.
N>1 N>1
en = 00, and there exists a subsequence {ny}r>1 such that
N>1
k41
S oae|| — el > k2. So
i=1 E E
n
H a;e; > H Z ae;l| — H Zalel > k2.
1= nk+
Tk+1
If we take t; = % when i € [ng +1,ng41], then ¢ = {t,}n>1 € co, and S tiage;|| >
i—nkJrl E
Nk+1 Tk+1
3 tiaze|| > > tiaiei|| > k, we conclude that sup trenll =
i=1 E i=np+1 E N>1

o0, a contradiction.
Now, we come to the (very short) proof of Theorem I, which is an application of James’
theorem.

Proof of Theorem I. If {e, },>1 is an unconditional basis for E5™** then, by James’
theorem [25, Theorem V.4, p. 98], E5™2* does not contain ¢g. Conversely, we show that
Ermer — (Es™aX) 5 Otherwise, there exists a nonzero a € E*™* such that Pya /4 a

as N — oco. But sup ||Pyalls-maz = ||6]|s-maz < 00. So the conclusion follows from the
N>1
Bessaga-Pelczyriski theorem ([25, Theorem IV.2, p. 94]). O

Corollary 19. Let X be a functional Banach space of homogeneous type with
{I\Z”Hx }n>0 as a solid basis. For f € H(D), we have ¢y - f C Xp < f € X™**.

Remark. By Proposition 15, we have X% = X in the above corollary.
The rest of this section is devoted to a characterization of EFp via compact operators,
which is motivated by [25, Proposition I1.6, p. 88].

Theorem 20. Let E be a Banach space with a solid basis {en}n>1, and x € E. Then
x € Ep if and only if the operator

U: ¢cg— F

(tn)nz1+— Y ta(Ta)nen

n=1
18 compact.
Combining Theorem H and Theorem 20, we have

Corollary 21. Let E be a Banach space with a solid basis {en}n>1, and x € E. The
following are equivalent:
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) x € Ep;

) there exists {tn}n>1 € co and 2’ € E such that x =Y~ | t, (T2 )nen;
) there exists {tp}n>1 € co and 2’ € Ep such that =Y 7 t, (T2 )nen;
)

n=1
oo
the operator U : co — E defined by (tn)n>1— D tn(Tx)nen is compact.
n=1

(i
(ii
(iii

(iv

Proof of Theorem 20. The operator U is well defined by Lemma 18. Also note that
H Ztk(Tﬂi)kekH < sup |tk|H Z(Tﬂf)mka
k=1 B k21 k=1 E

Letting n — oo, we see that [|Ut||g < ||z||g|/t||lc,; hence U is bounded.

Necessity: Let © € Ep. Note that

CO’

V=U": B —
¢ — {(Tx)ad(en)}, s,

We show that V is compact. Given any sequence {¢y }rx>1 C Bp*, we must extract, from
{V¢r}r>1, a subsequence convergent in norm in ¢*. Schur’s theorem [25, Theorem II1.10,
p. 65] implies that it suffices to show that there exists a w-convergent subsequence. We
may assume that F is separable by replacing, if necessary, E with span{e, : n > 1}.
Then the compact space (Bgx,w*) is metrizable. Thus, we can extract a subsequence
{¢kj }j>1 w*-convergent to ¢ € Bpx.

Now we show that qukj converges weakly to V. Let x, € £>° with ¢ C N. Then,

Xo(Vor,) =Y (Vou,)(n) = D (Tw)us;(en)

neo neo

= 01, (Y- (T@)nen) = 6( D (Tanen) = xo (V)

neo neo

as j — oo. The series } (T x),e, converges since x € Ep and {e, },>1 is an uncondi-
tional basis for Fp. Observe that span{x, : ¢ C N} = £>° and the sequence {V(ﬁkj }i>1
is bounded. It follows the desired convergence of V(;Skj.

Sufficiency: Let @, : ¢! — (' be a natural projection such that Q, (a1, a9, -+) =
(0,---,0,an41, -+ ), where @ = (aj,az,--+) € . Then nlLH;OQn(a) = 0 for a € %

Since the operator V is compact and the set K = V(Bgx) is compact, @, converges to

0 uniformly in K. It follows that { Z is a Cauchy sequence in E, since

=1 6”}N21

H ;:)(Tx)"e" E

< sw Z\ch ||¢(en)|=¢§gr;* 1(Qq = Q) (VY| 1

E*np

This implies that Y~ (T2)ne, converges in E, and x € Ep, as desired. g
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11. A problem of A.E. Taylor

A common assumption imposed on Banach spaces of analytic functions over the unit disk
is to ask

sup [|frllx < Cllfllx, fei (12)
0<r<1

for some constant C' > 0. Here, we essentially repeat a problem A. E. Taylor; see [41,
p. 151].

Problem C. Does there exist a functional Banach or p-Banach space X such that it
satisfies the conditions of Definition 2 except for (iv), and there exists a constant C>1
such that (12) holds but fails when C=1%

Let X be a functional Banach space which satisfies the conditions of Definition 2 except
for (iv). Then, for each f € Xp, e!? — f(-¢!) is Bochner measurable from T — X’; see [8,
Theorem 2.3]. Combining the Poisson integral expression for f. and the vectorial Jensen
inequality [20, Proposition 1.2.11, p. 19], one can prove the following:

Lemma 22. Let X be a functional Banach space which satisfies the conditions of
Definition 2 except for (iv). Then, for each f € Xp, we have

(i) 7= ||frllx is increasing for r € (0,1); and
(ii) lm, - [[frlla < [If]lx-

This prompts us to raise the following question:

Problem D. Does there exist a functional Banach or p-Banach space X which satisfies
the conditions of Definition 2 except for (i), and there exists some function f € X such

that sup || fellx < |[|flla?
0<r<1
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