J. Inst. Math. Jussieu (2024), 23(1), 311-345

311

doi:10.1017/S147474802200041X  (© The Author(s), 2022. Published by Cambridge University Press.

A DERIVED LAGRANGIAN FIBRATION ON THE DERIVED
CRITICAL LOCUS

ALBIN GRATALOUP

Institut Montpelliérain Alexander Grothendieck, University of Montpellier, Centre

National de la Recherche Scientifique, 34090 Montpellier, France
(albin.grataloup@umontpellier.fr)

(Received 11 December 2020; revised 12 July 2022; accepted 12 July 2022;
first published online 31 August 2022)
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312 A. Grataloup

1. Introduction

In the context of derived algebraic geometry ([10], [11], [15], [16], [17]), the notion of
shifted symplectic structures was developed in [12] (see also [5] and [6]). This has proven
to be very useful in order to obtain symplectic structures out of natural constructions.
For example, we obtain:

e shifted symplectic structures from transgression procedures (Theorem 2.5 in [12]),
for example, the Alexandrov, Kontsevich, Schwarz, Zaboronsky construction.

e shifted symplectic structures from derived intersections of Lagrangians structures
(Subsection 2.2 in [12]).
symplectic structures on various moduli spaces (Subsection 3.1 in [12]).
quasi-symplectic groupoids (see [19]) inducing shifted symplectic structures on the
quotient stack as explained in [6].

e symmetric obstruction theory as defined in [1] from (—1)-shifted symplectic
derived stacks (see [14] for the obstruction theory on derived stacks and [12] for
the symmetric and symplectic enhancement thereof).

e the d-critical loci as defined by Joyce in [9]. Every (—1)-shifted symplectic derived
scheme induces a classical d-critical locus on its truncation (see Theorem 6.6 in

2])-

Another very useful construction in derived geometry is the derived intersection of
derived schemes or derived stacks (see [12]). This includes many constructions, such as:

e the derived critical locus of a functional (see [12] and [18]). For an action functional,
this amounts to finding the space of solutions to the Euler-Lagrange equations, as
well as remembering about the symmetries of the functional.

e (F-equivariant intersections. This includes the example of symplectic reduction
which can be expressed as the derived intersection of derived quotient stacks (see
Subsection 2.1.2 in [4]).

In this paper, we make a more precise study of the shifted symplectic geometry
of derived critical loci and more generally of the derived intersections of Lagrangian
morphisms. In particular, the main theorem (Theorem 3.5) of this paper says that
whenever the Lagrangian morphisms f; : X; — Z, ¢ = 1..2 look like ‘sections’ in the sense
that there exists a map r: Z — X, such that the composition maps ro f; : X; — X are
weak equivalences, then the natural morphism X; x 7z X5 — X is a Lagrangian fibration
(see [5]). We then specialise this result to various examples and show, in particular, that,
for the derived critical locus of a nondegenerate functional on a smooth algebraic variety,
the nondegeneracy of the Lagrangian fibration is related to the nondegeneracy of the
Hessian quadratic form of the functional.

This paper starts, in Section 2, by recalling the basic definitions and properties of shifted
symplectic structures, Lagrangian structures and Lagrangian fibrations. We also recall,
in Subsection 2.4, basic properties of the relative cotangent complexes of linear stacks
that prove useful when we try to understand in more detail the structure of Lagrangian
fibrations on derived critical loci.
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In Section 3, we start by recalling the fact that a derived intersection of Lagrangian
structures in an n-shifted symplectic derived Artin stack is (n — 1)-shifted symplectic.
Then, in Subsection 3.2, we state and prove the main theorem (Theorem 3.5) that roughly
says that if the Lagrangian morphisms look like sections (up to homotopy), then the
natural projection from the derived intersection has a structure of a Lagrangian fibration.
We then recall basic elements on the derived critical loci of a functional f: X — Al and
then try to describe the Lagrangian fibration structure on the natural map Crit(f) — X
obtained from the main theorem.

Section 4 gives examples of applications of our main theorem. In particular, in
Subsections 4.1 and 4.2, we give a better description of the Lagrangian fibration on
the derived critical loci for nondegenerate functionals. We show that the nondegeneracy
condition of the Lagrangian fibration of the derived critical locus of a nondegenerate
functional on a smooth algebraic variety is given by the nondegeneracy of the Hessian
quadratic form.

Notation:

Throughout this paper, k£ denotes a field of characteristic 0.

cdga (respectively, cdga_,) denotes the co-category of commutative differential
graded algebra over k (respectively, commutative differential graded algebra in
non positive degrees).

e cdga’” denotes the oco-category of commutative monoids in the category of graded

complexes dgj".
A —Mod denotes the co-category of differential graded A-modules for A € cdga.
cdga® 9" denotes the co-category of graded mixed differential graded algebra. We
denote the differential § and the mixed differential € or d = dpg in the case of the
de Rham complex of a derived Artin stack X, denoted DR(X). We refer to [7] for
the definitions of cdga® 9", cdga?", dg}" and the de Rham complex (see also [12]
but with a different grading convention).

e All the co-categories above are localisations of model categories (see [7] for details
on these model structures and associated oo-categories). All along, unless explicitly
stated otherwise, every diagram will be homotopy commutative, every functor will
be oo-functors and every (co)limits will be co-(co)limits.

e For X a derived Artin stack, QC(X) denote the oco-category of quasi-coherent
sheaves on X.

e In this paper, derived Artin stacks, denoted dSt, are defined as in [17]. In
particular, derived Artin stacks are locally of finite presentation over Spec(k).

e We denote by Lx the cotangent complex of a derived Artin stack X. We denote
by Tx :=LY% := Hom (Lx,0x) its dual.

2. Derived symplectic geometry

2.1. Shifted symplectic structures

Before going to symplectic structures, we make a short recall of differential calculus
and (closed) differential p-forms in the derived setting. Recall from [12] that there are
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classifying stacks AP (e,n) and AP/ (e,n) of, respectively, the space of n-shifted differential
p-forms and the space of n-shifted closed differential p-forms. We use the grading
conventions used in [7]. On a derived affine scheme Spec(A), the space of p-forms of
degree n and the space of closed p-forms of degree n are defined, respectively, by:

AP(A,n) := Mapeggqor (k[—n —p|(—p), DR(A))
and:
‘Ap,cl (A,’I’L) = Ma‘pcdga‘*_gT (k[_n —p](—p),DR(A)) .

From [7], the de Rham complex of A, denoted DR(A), can be described as a graded
complex by DR(A)# ~ Sym,L4[—1](=1), where (—)# : cdga® 9" — cdga?" is the
functor forgetting the mixed structure (we refer to [7] for more details on the de Rham
complex).

All along, we denote the internal differential, that is, the differential on L4, by ¢ and
the mixed differential, that is, the de Rham differential, by d.

By definition, the space of p-forms of degree n on a derived stack X is the mapping
space Mapgg (X,AP(e,n)) and the space of closed p-forms of degree n on X is
Mapgyst (X,.Apvd(o,n)). Now the following proposition says that, in the case where X

is a derived Artin stack, the spaces of shifted differential forms are spaces of sections of
quasi-coherent sheaves on X.

Proposition 2.1 (Proposition 1.14 in [12]). Let X be a derived Artin stack over k and
Lx be its cotangent complex over k. Then there is an equivalence:

AP(X,n) ~Map g(x) (Ox,APLx[n]).

Remark 2.2. More concretely, we have from [6] and [7] an explicit description of (closed)
p-forms of degree n on a geometric derived stack X. A p-form of degree n is given by a
global section w € DR(X) ) [n+p] ¥R ((A"Lx) [n]), such that dw = 0. A closed p-form
of degree n is given by a semi-infinite sequence w = wg +wy +--- with w; € DR, 4)[n+p] =
RI ((/\pH]LX) [n—i]), such that dwp =0 and dw; = dw; 1.

Equivalently, being closed means that w is closed for the total differential D = §+d
in the bicomplex DR(X)>,[n] ~ R’ (Hi>0 (/\”HILX) [n])7 whose total degree is given
by n+p+i. Note that the conditions imposed on w are equivalent to saying that w is a
cocycle of degree n+ p for the total differential.

In general, we can also describe the spaces of (closed) differential forms as

AP(X,n) ~ [DRg)(X)[n+p)| and AP<(X,n) ~ ‘HiZPDR(pH) (X)[n+p]|, where
[Li>0 DR(p1i)(X)[n] is endowed with the total differential.

Remark 2.3. Given a map of derived Artin stack f:Y — X, we define AP (<) (Y/X n),
the space of n-shifted (closed) p-forms on Y relative to X, to be the homotopy cofibre of
the natural map f* : AP () (X,n) = AP (eh) (Y,n). For instance, n-shifted relative p-forms

are equivalent to the derived global sections of ( A” Ly /X> [n], with the relative cotangent

complex Ly U defined as the homotopy cofibre of the natural map f*Lx — Ly . We refer
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to [7] for more details on the relative n-shifted (closed) p-forms and the relative version
of the de Rham complex.

We say that a p-form, wy, of degree n can be lifted to a closed p-form of degree n if there
exists a family of (p+i)-forms w; of degree n—i for all ¢ > 0, such that w =wg+wy +--- is
closed in DR(X)>p[n] (i.e. Dw =0). In this situation, we can see that dwy is, in general,
not equal to 0 but is homotopic to 0 (dwy = D (—Y_;5¢wp+i)). The choice of such a
homotopy is the same as a choice of a closure of the p-form of degree n. Being closed is,
therefore, no longer a property of the underlying p-form of degree n but a structure given
by a homotopy between dwy and 0. The collection of all closures of a p-form of degree n
forms a space:

Definition 2.4. Let a € AP(X,n), then the space of all closures of « is called the space
of keys of a denoted key(«). It is given by the homotopy pullback:

key(a) —— AP (X,n)

i l (1)

* —F— AP(X,n).

The mixed differential of the de Rham graded mixed complex induces a map:
d: AP(X,n) — APTL(X n).

We are now turning toward symplectic geometry. Since we now know what are (shifted)
closed 2-forms, we only need to mimic the notion of nondegeneracy to define symplectic
structures.

Definition 2.5 (nondegenerate 2-form of degree n). For a derived Artin n-stack X, the
cotangent complex Ly is dualisable. Therefore, there is a tangent complex Tx =LY¥.. We
say that a (closed) 2-form of degree n is nondegenerate if the (underlying) 2-form wy
of degree n induces a quasi-isomorphism:

wg : TX — Lx[n}
We denote by A%"¢(X,n) the subspace of A%(X,n) generated by the nondegenerate
n-shifted 2-forms.

Definition 2.6 (shifted symplectic forms). An n-shifted symplectic structure is a
nondegenerate n-shifted closed 2-form on X. n-shifted symplectic structures form a space
defined as the pullback:

Symp(X,n) := .AQ’"d(X,n) X A2(X,n) AQ’CZ(X,n).

The standard example of symplectic manifold is the cotangent bundle. In our setting,
we can speak of n-shifted cotangent stacks. It is a derived stack defined as a linear stack
associated to Lx[n], T*[n]X := A(Lx[n]) (see Definition 2.7). It comes with a natural
morphism 7x : T*[n]X — X. We refer to [5] for a general account of shifted symplectic
geometry on the cotangent stack.
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Definition 2.7 (linear stacks). Given F € QC(X) a quasi-coherent sheaf over a derived
Artin stack, we can construct a linear stack denoted A(F), defined as a derived stack
over X by:

A(F)(f : Spec(A) = X) := Mapa_nod (4, fF).

Remark 2.8. A morphism Y — T*[n]X is determined by the induced morphism f :
Y — X (by composition with 7mx) and a section s:Y — f*T™*[n|X, which corresponds
to an element s € Mapqc(y) (Oy, f*Lx[n]) (see [5], Section 2, for more details). In the
case of a section s: X — T*[n]X, we get the identity Id : X — X and a section s; €
Mapqc(x) (Ox,Lx[n]) ~ A'(X,n). This shows, using Proposition 2.1, that the space of
sections of T*[n]X is exactly the space of 1-forms of degree n as expected.

Example 2.9. As in the classical case, we can construct the canonical Liouville
1-form. Consider the identity Id : T*[n]X — T*[n]X. It is determined by the projection
7:T*[n]X — X and a section Ax € Mapqc(r+n)x) (Og+myx, 7 Lx[n]). Since we have a
natural map 7*Lx [n] = Lp«,x[n], Ax induces a 1-form on 7*[n] X called the tautological
1-form. This 1-form induces a closed 2-form d\x, which happens to be nondegenerate
(see [5], Subsection 2.2, for a proof of the nondegeneracy).

This symplectic structure on the cotangent is universal in the sense that it satisfies the
usual universal property.

Lemma 2.10. Given a I-form a: X — T*[n]X, we have that a*Ax = a.

Proof. In general, if we take f: X — Y, the pullback of an n-shifted 1-form, g3, is
described by:

)X 2 premly —— TRl

\il 5/3\
T Iy

Taking into account the fact that A factors through 7% 7*[n] X, we consider the following
diagram:

This proves that the pullback along « of Ax seen as a 1-form of degree n on T*[n)X is
the same as the pullback along « of the section Ax : T*[n]X — 7% T*[n] X.

We denote by a; the associated section in Mapgc(x) (Ox,Lx[n]) of degree n. There
is a one-to-one correspondence between sections of mx : T*[n]X — X and points of
Mapqc(x) (Ox,;Lx[n]). Now we use the fact that Idoa = a:
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e On the one hand, a is completely described by aq € Mapgc(x) (Ox,Lx[n)).

e On the other hand, the map Id : T*[n]X — T*[n]X is described by the projection
7:T*[n]X — X and the section Ax € Mapqe 7+ [ x) (Og+[m)x 7k Lix ). Therefore,
the composition Id o« is also a section of mx and is described by a*Ax €
MapQC(X) (Ox,Lx[n]).

This proves that a*Ax = ;. Since these maps characterise the sections of wx they
represent, we have a*\x = a. O

2.2. Lagrangian structures
We recall from [12] the definition and standard properties of Lagrangian structures. We

also provide proves of some results which are well known to the expert but are not written
as far as we know.

Definition 2.11 (isotropic structures). Let f: L — X be a map of derived Artin stacks.
An isotropic structure on f is a homotopy, in A% (L,n), between f*w and 0 for some
n-shifted symplectic structure w : x — Symp(X,n). Isotropic structures on f form a space
described by the homotopy pullback:

Iso(f,n) —— Symp(X,n)

7
* ———— AZ(Ln).

If we fix a given n-shifted symplectic structure w : x — Symp(X,n), we can define the
space of isotropic structures on f at w defined by:

Iso(f,w) = Iso(f,n) XSymp(X,n) * = * Xq, A2el(X n), frwX:

Remark 2.12. More explicitly, an isotropic structure is given by a family of forms of
total degree (p+mn—1), (Vi)ien with 73 € DR(L)(p44)[p+n+1i— 1], such that dvyo = f*wo
and 0v; +dv;—1 = f*w;. This can be rephrased as D~y = f*w, thus, y is indeed a homotopy
between f*w and 0.

Definition 2.13 (Lagrangian structures). An isotropic structure v on f: L — X is called
a Lagrangian structure on f if the leading term, -y, viewed as an isotropic structure
on the morphism Ty — f*Tx, is nondegenerate. We say that vy is nondegenerate if the
following null-homotopic sequence (homotopic to 0 via 7) is fibred:

Ty, —— f*Tx ~ f*Lx[n] — Lg[n]. (2)

(f*wo)’

The space of n-shifted Lagrangian structures on f is denoted Lag(f,n). There are
natural morphisms of spaces Lag(f,n) — Iso(f,n) — Symp(X,n).

Remark 2.14. To say that that sequence is fibred can be reinterpreted as a more classical
condition involving the conormal. Since QC(X) is a stable oo-category, the homotopy
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fibre of f*Lx[n] — L[n] is denoted ]LL/X [n—1] := Ls[n —1] and the nondegeneracy
condition can be rephrased by saying that the natural map ©;: Tp — Ly[n—1] is a
quasi-isomorphism.

Remark 2.15. To simplify the notations, we will abusively say that a morphism f: X —
Y is Lagrangian when we consider f together with a fixed Lagrangian structure on f and
a fixed symplectic structure w.

Example 2.16. A 1-form of degree n on an Artin stack X is equivalent to a section
a: X — T*[n]X. This section is a Lagrangian morphism if and only if @ admits a closure,
that is, Key(«) is nonempty. This is Theorem 2.15 in [5].

Proposition 2.17. There is a canonical homotopy equivalence Iso(a) — Key(a) between
the space of isotropic structures on the 1-form a and the space of keys of a.

Proof.

key(a) — AM(X,n) ———

I b o

o — s AY(Xn) —2E L AZC(X ).

The leftmost square is Cartesian by definition of key(«) in Definition 2.4. By definition,
the pullback of the outer square is Iso(a) because dgra = a*w (by universal property
of the Liouville 1-form, Lemma 2.10). It turns out that the rightmost square is also
Cartesian. This is simply saying that the space of closed 1-forms of degree n is the same
as the space of 1-forms of degree n whose de Rham differential is homotopic to 0. We
obtain that key(«) and Iso(«) are both pullbacks of the outer square and, therefore, are
canonically homotopy equivalent. O

Remark 2.18. Tt turns out that Theorem 2.15 in [5] says that all the isotropic structures
on « (or, equivalently, the lifts of a to a closed form) are, in fact, nondegenerate, which
implies the statement in Example 2.16 and even that the space of Lagrangian structures
on « is equivalent to the space of keys of a.

Lemma 2.19 (Example 1.26 in [6]). Consider the map X — x,, where %, is the point
endowed with the canonical n-shifted symplectic structure given by 0. Then a Lagrangian
structure on this map is equivalent to an (n— 1)-shifted symplectic structure on X.

Proof. Pick an isotropic structure v on p. We know that - is a homotopy between 0 and
0, which means that Dy = 0. Therefore, 7y is a closed 2-form of degree n — 1. We want to
show that v is nondegenerate as an isotropic structure if and only if it is nondegenerate
as a closed 2-form on X. The nondegeneracy of the Lagrangian structure, as described in
Remark 2.14, corresponds to the requirement that the natural map Tx — Lx[n—1] is a
quasi-isomorphism. This map depends on 7y, and we want to show that this map is, in
fact, 78. This map is the natural map that fits in the following homotopy commutative
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diagram:

Tx — Lx[n—1] ——

0
1 l 1

0—2 40 Ly [n].

We can show that by strictifying the homotopy commutative diagram:

D iy

Tx

Note that this diagram is already commutative, but we see it as homotopy commutative
using the homotopy 79. We use the homotopy 7 to strictify the previous diagram, and
we obtain:

Tx

\ p*w’=0
Y5+0

Lx[n—l}@Lx[n] Lx[n]

pr

The homotopy fibre and also strict fibre of the projection pr:Lx[n—1]@Lx[n] — Lx[n)
is Lx[n — 1], and, therefore, the natural map we obtain is 7§ : Tx — Lx[n —1].

Since the nondegeneracy condition of the isotropic structure 7 is the same as saying
that the map 78 is a quasi-isomorphism, we have shown that an isotropic structure
is an (n — 1)-shifted symplectic structure on X if and only if it is nondegenerate as an
isotropic structure on X — x,,. O

Definition 2.20 (Lagrangian correspondence, [4]). Let X and Y be derived Artin stacks
with n-shifted symplectic structures. A Lagrangian correspondence from X to Y is
given by a derived Artin stack L with morphims:

X/L\Y

and a Lagrangian structure on the map L — X x Y, where X xY is endowed with the
n-shifted symplectic structure 7% wx — 7jwy. For example, a Lagrangian structure on
L — X is equivalent to a Lagrangian correspondence from X to x.

As explained in [4], Subsection 4.2.2, these Lagrangian correspondences can be
composed. If we take Xy, X; and X5 derived Artin stacks with symplectic structures
and Lg; and Lys Lagrangian correspondences from, respectively, Xy to X; and X,
to Xo, we can produce a Lagrangian correspondence Lgs from Xy to Xs by setting
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Lo := Lo1 X x, L1a.

2.3. Lagrangian fibration

We recall in this section the definition and standard properties of Lagrangian fibrations

(15))-

Definition 2.21. Let f:Y — X be a map of derived Artin stacks and w a symplectic
structure on Y. A Lagrangian fibration on f is given by:

e A homotopy, denoted ~, between w,x and 0, where w,x is the image of w
under the natural map A%><(Y,n) — A%(Y/X,n) (see Remark 2.3) for some
n-shifted symplectic structure w : x — Symp(Y,n). This forms a space of isotropic
fibrations:

IsoFib(f,n) —— Symp(Y,n)

| |

* —2 s A2CNY/X ).

e A nondegeneracy condition which says that the following sequence (homotopic to
0 via 7p) is fibred:

Ty/X — Ty E]Ly[n] —>]Ly/X[n]

In particular, the nondegeneracy condition can be rephrased by saying that there
is a canonical quasi-isomorphism oy : Ty,x — f*Lx[n] (similar to the criteria for a
Lagrangian morphism in Remark 2.14) that makes the following diagram commute:

Ty, — f"Lx[)] —— 0

R 8

b
Ty —Y Ly [n] E— LY/X [n]

The subspace of IsoFib(f,n) generated by the nondegenerate objects is the space of
Lagrangian fibration structures on f and is denoted by LagFib(f,n). There are natural
maps LagFib(f,n) — IsoFib(f,n) — Symp(Y,n).

Similarly to the Lagrangian case, we can fix an n-shifted symplectic structure on Y
and define Lagrangian and isotropic fibration of f at a given w:

IsoFib(f,w) = IsoFib(f,n) Xsymp(v,n) * = * X0, A2 (Y/ X n),w,x -
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Remark 2.22. To simplify the notations, we will abusively say that a morphism f: X —
Y is a Lagrangian fibration when we consider f together with a fixed shifted symplectic
structure w and a fixed structure of Lagrangian fibration on f at w.

Example 2.23. The natural projection wx : T*[n]X — X is a Lagrangian fibration. The
Liouville 1-form is a section of m%Lx[n] which is part of the fibre sequence:

W;(LX [n] — ]LT*[n]X[n] — LT*[n]X/X [n]

Thus, the 1-form induced by Ax in Ly« x e [n] is homotopic to 0. The nondegeneracy

condition is more difficult and is proven in Subsection 2.2.2 of [5]. It turns out that
the morphism expressing the nondegeneracy condition, a,,, is given by a canonical
construction (Proposition 2.25), which does not depend on the symplectic structure. This
is the content of Proposition 2.29.

Lemma 2.24. Let x : %, — X be a point of X. Then, given a Lagrangian fibration
structure on x, the mondegeneracy condition is given by a quasi-isomorphism x*Tx —
*Lx[n+1].

Proof. The Lagrangian fibration structure on %, — X is a homotopy between 0 and
itself in A%< (*n/x,n). As in the proof of Lemma 2.19, this is given by an element ~ €
AZel (*n/x»n —1). Similarly to what was done in the proof of Lemma 2.19, we can show
that v is nondegenerate as a Lagrangian fibration if and only if it is nondegenerate as
a closed 2-form of degree n. Again, it boils down to the fact that the natural morphism
in the nondegeneracy criteria for Lagrangian fibrations is, in fact, 'yg t Ty = Loy
[n—1].

Moreover, we have natural equivalences, Tx,,/, =~ 2*Tx [~1] and L«, . [n—1] ~2*Lx [n]
because the sequence:

T*"/X —_— T*n ~0) —— x*Tx[TL]

is fibred. This concludes the proof. O

2.4. Relative cotangent complexes of linear stacks

This section is devoted to the study of relative cotangent complexes of linear stacks. Given
F € QC(X), a dualisable quasi-coherent sheaf over a derived Artin stack X, we consider
its associated linear stack, A(F) (see Definition 2.7), and the goal of this section is to
describe ]LA(S;)/X and its functoriality in ¥ and X.

Proposition 2.25. Let X be a derived Artin stack and F € QC(X) a dualisable quasi-
coherent sheaf on X. We denote wx : A(F) — X the natural projection. Then we
have:

]L‘n'x >~ LA((JF)/X >~ 7'(';(?\/.
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Proof. We will show the result for any B-point y: Spec(B) — A(F), and we write z =
moy: Spec(B) — X. We will show that for all M € B—Mod connective, we have:

Homp_Mod (y*LA(sr)/X,M) ~ Homp_\iod (2" F¥,M).

First we observe that Homp_nioq (y*]LA( M ) is equivalent, using the universal

F )/X7
property of the cotangent complex, to the following homotopy fibre at y:

hofibre,, (HomdSt/X (Spec(B® M),A(F)) — HomdSt/ (Spec(B), A(f}')))

with B @® M denoting the square zero extension and Spec(B @ M) — X being the
composition:

Spec(B® M) —2— Spec(B) —*— X.

Thus, a map in Hompg_noq |y La M ) is completely determined by a map:
( Y

3')/X7
O : Spec(B&M) — A(F)
making the following diagram commute:

Spec(B

L \

Spec(B® M) —2— A(F)

J{P X

Spec(B) ——— X.

Thus, we obtain that Hompg_i0q (y*JLA(g)/X,M) is equivalent to:
hofibres, (Map pg pr—noa (B® M,p*e*F) = Mapp_yoq (B,2*F)),

where s, € Mapp_y1oq (B,2*F) is the section associated to y : Spec(B) — A(F). The map
is then given by precomposition with ¢*. We can now observe that p*2*F =2*F@r*F®p
M, and that:

Mappear—Mod (B® M, p*a*F) =~ Mapp_yoq (B,a"F @2 F®@p M).
We obtain:
Homp. e (*IL . 7M)
omp_—Mod | ¥ AT
~ hofibre (Mapg_yjoq (B, 2" F & 2*F @5 M) — Mapg_yioq (B,2*F))

~Mapp_pjoa (B,2"F @5 M) = Mapg_joq (2T, M).
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Now the result follows from the fact that the functor:
B—Mod —— Fun (B _ ModSO,SSet)
N —_ MapBiMOd (N,.) .

is fully faithful and the fact that everything we did is natural in B. O

Lemma 2.26. Let f: X — Y be a morphism of derived Artin stacks. We consider F €
QC(Y) dualisable. Then there is a commutative square:

OLa@)y,, — Lagra),
o3 FY —=— w [TV
with ® the natural morphism in the following homotopy pullback:

A(f*F) = f*A(F) —2 A(T)

TX Y
S

and the lower horizontal equivalence ®*mw3FY — i f*FY being the equivalence coming
from the fact that Ty o® ~ formx.

Proof. The first thing we observe is that A(f*F) ~ f*A(F). We consider as before B-
points:

Spec(B) —2— f*A(F) —2— A(T)

X Tx Ty
x—1 vy

xT

We want to show that the following diagram is commutative:

Homp_nodq (y*LA(f*g)/X,M) —— Homp_mMod (?j*LA(?)/YvM)

: o

HOIHB,MOd (y*’ﬂ'}k(f*?v7M) E— HOHIB,MOd (’g*ﬁ;?v,M)

https://doi.org/10.1017/5147474802200041X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802200041X

324 A. Grataloup

Using the universal property of the cotangent complex, the top horizontal arrow is
naturally equivalent to the map:

hofibre,, (HomdSt/X (Spec(B@® M),A(f*F)) — Homdst/X (Spec(B)7A(f*ff)))

|

hofibre; (HomdSt/Y (Spec(B@ M),A(F)) — HomdSt/Y (Spec(B),A(ff")))

induced by Homgst (—,P). A map v : Spec(B® M) — A(f*F) in this homotopy fibre
fits in the following commutative diagram:

Spec(B)

Spec(B& M) —— A(f*F) —= A(F)

P T e

Spec(B) —* »x — 1 v,

and the map between the homotopy fibre sends 1 to ® o). Since the underlying map of
Y is mx o1 : Spec(B® M) — X is xop and the underlying map of ®o) is ry oP o :
Spec(B&® M) —Y is foxop=Zop, this map between the homotopy fibre of derived
stacks is, therefore, naturally equivalent to the map:

hofibre,, (Map g s mod (B @ M, p*z* f*F)) — Homp_mod (B,p*z* f*F))

l

hofibre,, (Map pgas—nod (B ® M,p*i*F)) — Homp_mod (B,p*2*F))
where s, and s; are the sections associated to y and g, respectively. This map is, in fact,

induced by the natural identification p*Z*F ~ p*a* f*F (since & = fox). But following
the steps of the proof of Proposition 2.25, this map is naturally equivalent to the map:

HomB_Mod (y*ﬂ;(f*gr\/’M) — HomB_Mod (g*ﬂ;?v,M) .
The natural equivalences we used are the natural equivalences used in the proof of

Proposition 2.25 which proves that the Diagram (5) is commutative. Now the result
follows once again from the fact that the functor:

B—Mod — Fun (B - Modﬁo,sset)

N ———— Mapp_yjoq (N,9)

is fully faithful and the fact that everything we did is natural in B. O
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Lemma 2.27. Let X be a derived Artin stacks. We consider F,§ € QC(X) dualisable
and h:F — G. Then there is a commutative square:

h*LA(g)/X e LA(g‘)/X

E L

W}Sv 77}“(3"\/
with h: A(G) — A(F) the map induced by F.
Proof. Every step of the proof of Proposition 2.25 is functorial in &F. O

Proposition 2.28. Let f: X — Y be a morphism of derived Artin stacks. We consider
Fe QC(X) and G € QC(Y) dualisable and a morphism h: f*F — G. Then there is a
commutative square:

Lagy,, — fLa),

T o
IV 2w frgY = frapgY
Proof. It follows from Lemmas 2.26 and 2.27. O
Proposition 2.29. The quasi-isomorphism o :TT*[,L]X/X — %Lx[n] of Ezample
2.23 expressing the nondegeneracy of the canonical Lagrangian fibration on the shifted
cotangent stacks is the canonical quasi-isomorphism from Proposition 2.25.

Proof. First, since the cotangent bundle has a section, we have a split exact sequence:
mxLx[n] T2 Lyvnyx([n] &2 LT*[n]X/X [n].

Proposition 2.25 gives us canonical equivalences L+, x - [n] ~ 7% Tx. With this data,

we can rewrite Diagram (4), up to weak equivalences, as the strictly commutative
diagram:

Treux, ——=—— L[] ———— j
W}Lx[n]EBTF;(TX — W}Tx@ﬂ;(LX[n] —_— W}Tx.

Through the canonical equivalence Tr+(,)x e — %Lx|[n] of Proposition 2.25, the

morphism T+, x o i Lx[n] ® 7% Tx simply becomes the natural inclusion and w
X

becomes the identity. This implies that oz, @ Tre(ux o — miLx[n] is the canonical

equivalence of Proposition 2.25. O
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3. Symplectic geometry of the derived critical locus

In Subsections 3.1 and 3.2, we present a few results on the symplectic geometry of
homotopy pullbacks of derived Artin stacks. These results apply, in particular, to the
case of derived intersections of derived schemes. In Subsection 3.3, we study in more
detail the special case of derived intersections given by derived critical loci.

3.1. Lagrangian intersections are (n — 1)-shifted symplectic

Proposition 3.1 ([12], Subsection 2.2). Let Z be a derived Artin stack with an n-
shifted symplectic structure w. Let f: X — Z and g:Y — Z be morphisms with v and
& Lagrangian structures on f and g, respectively. Then the homotopy pullback X xzY
possesses a canonical (n — 1)-shifted symplectic structure called the residue of w and
denoted R(w,,0).

Remark 3.2. If we fix f and g as above, we can extend the previous theorem to obtain
the following map of spaces (see Theorem 2.4 in [4]):

Lag(fan) ><Symp(Xq,n) Lag(g,n) — Symp(X Xz Yvn - 1)

Remark 3.3. Theorem 3.1 can also be seen as a consequence of the procedure of
composition of Lagrangian correspondences. Consider the following composition of
Lagrangian correspondences:

XXZY

X/ \Y
N, TN

The maps X — Z x* and Y — Y x x are Lagrangian correspondences because X —
Z and Y — Z are Lagrangian. Therefore, by composition, X Xz Y — x x x is also a
Lagrangian correspondence, thus, X xz Y — % is Lagrangian. From Lemma 2.19, since
the point is n-shifted symplectic, then X x 7Y is (n — 1)-shifted symplectic.

3.2. Lagrangian fibrations and derived intersections

Proposition 3.4. Suppose we have a sequence L Ty s x of Artin stacks

and w an n-shifted symplectic form on Y. Assume that f is a Lagrangian morphism
and g is a Lagrangian fibration. Then there is a canonical quasi-isomorphism TL/X —

]LL/X[n—l],

Proof. Consider the following commutative diagram:

In the upper face, every square is bicartesian because both the outer square and the
rightmost square are bicartesian. Every nondashed vertical arrow is quasi-isomorphisms
by assumption (because of the various nondegeneracy conditions). Focusing on the right-
hand cube, it sends the upper homotopy bicartesian square to the bottom square,
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’]I‘L/X J

: 0
]LL/Y [n — 1] ——— "Ly [TL] J f*]Ly/X [n] ‘~

| NG

ILL/X[n—l] —— > (go f)'Lx[n] —— 0.

which is also homotopy bicartesian. The homotopy cofibre of (go f)*Lx[n] — f*Ly[n]
is f*Ly Uk [n], and we obtain a quasi-isomorphism (go f)*Tx — f*Ly ik [n] depicted as a
dashed arrow.

By the same reasoning, since the upper outer square is homotopy bicartesian, it maps
to the lower outer square that is also homotopy bicartesian. Moreover, the homotopy fibre
of the. map LL/Y [n—1] —> f*]Ly/X [n] is exactly LL/X [n —1]. This proves that there is a
canonical quasi-isomorphism T, e Ly - [n—1]. O

Theorem 3.5. Let Y be an n-shifted symplectic derived Artin stack. Let f; : Ly =Y be
Lagrangian morphisms (for i =1---2) and 7 :Y — X a Lagrangian fibration. Suppose
that the maps mo f; : L; — X are weak equivalences. Then P:Z =L)Xy Ly — X is a
Lagrangian fibration.

Proof. We summarise the notation in the following diagram:

z -2,

PN

LQ*2>Y
X.

We also denote P:=moF : Z — X.
To show that we can obtain an isotropic structure, we will show that we have

a map of spaces (dropping at first the nondegeneracy condition of the Lagrangian
fibration):

Lag(f1,7) Xsymp(v,n) Lag(f2,7) Xsymp(v,n) ISoFib(m,n) — IsoFib(P,n—1).

If we forget the nondegeneracy of the Lagrangian structure, we obtain an element in
Iso(f1,1) Xsymp(v,n) IS0(f2,7) X Symp(v,n) ISOFib(7,n), and we can show, with formal
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manipulations of the pullbacks defining the spaces of isotropic structures and isotropic
fibrations, that:

Iso(f1,n) Xsymp(v,n) I50(f2,7) Xsymp(v,n) ISOFib(m,n)
=% X g2.et(Ly,n) SYMP(Y,n) X g2.c1(L, n) * X 42el(y/X,n) *-
Using the pullback to A*“(L; xy La,n) we obtain a morphism:
Iso(f1,1) Xsymp(v,n) I80(f2,1) X symp(v,n) ISOFib(m,n) —
* X 42,el(Ly xy La,n) A>U Ly xy Ly,n) X A2.el(Ly xy Layn) % X A2l (Y X, n) *-
This last space naturally maps to:
.

A?ULy xy Lyyn—1) =% X A2el(Ly xy La,n) A%(Ly xy La,n) X A2el(Ly sy La,n) X+
Moreover, if we restrict this map to nondegenerate isotropic structures, then it is
valued in Symp(L; Xy Lg,n—1) (thanks to Theorem 3.1).

A2NY /X n—1) =% X go.ct(y/ X n) *-
We have the commutative diagram:

A2 (Ly xy Lon—1) x A2(Y/Xn—1) —— A2U(Y/X n—1)

l =

A2 (Ly xy Loyn—1) —————— A%/(Ly xy Ly/X,n—1).
Since the map A*(Y/X,n —1) — A*?(L; xy Ly/X,n — 1) factors through
A% (L; /X ,n—1) ~*, we get a morphism:
ALy xy Lon—1) x A2 Y /X n—1) = A>(Ly Xy La,n— 1) X g2cc1 (L sy Ly /X, n—1) *-

Now if we restrict to Symp(L; xy La,n —1) C A% (L xy La,n— 1) (which amounts
to restricting to nondegenerate isotropic structures), we get a map:

Symp(L; xy La,n—1) x A%°(Y/X,n—1) — IsoFib(P,n —1).

Therefore, we get the desired map and we will consider the isotropic fibration on P
given by the image along the morphism we just described of the Lagrangian structures
and Lagrangian fibration structure given on f;, fo and 7, respectively. We are left
to prove the nondegeneracy condition. To do that, we first consider the following
diagram:
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TZ/X — p’fTLl XGBPETD‘VX S F*TY/X

| | |

TZ — pTTLl 69p;’]I‘L2 EEEE— F*TY

| | |

P'Tx —— P*Tx@P'Txy — P*Tx.

329

The vertical sequences and the last two horizontal sequences are fibred and, therefore,
so is the first horizontal sequence. The last two horizontal sequences are fibred because

the following diagrams are Cartesian:

Tz —— piTyr, Ty —— Tx
p;TLz > I Ty Ty — Tx.

Using Proposition 3.4 and nondegeneracy, we get the following commutative

diagram:

Ty, ——— piTe,, @p3TL,, —— F*Ty,

| |

I
|
|
g

PLx[n-1] — (piTs,, ®p3Te,, )In—1] — P'Lx[n]

where all vertical morphisms are quasi-isomorphisms. The fibre in the lower sequence is
exactly Lx[n— 1] because p;iT Ly & psT Ly, 0 since L; — X are equivalences. We will

call «: Ty e P*Lx[n—1] the dashed equivalence obtained.

We still need to show that a is the morphism used in the criteria for the nondegeneracy
of the Lagrangian fibration. Recall that this morphism is given by means of the universal

map filling Diagram (4):

Tz, s P*Lx[n—1] ——— 0

| | |

Ty —— Lyln—1] —— Ly, [n—1].

To compare o and ap, we summarise the construction of « and all the equivalences

coming from nondegeneracy conditions in the following diagram:
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Ty piTL, ®psTy, Ty
: TZ(X : PTTLI/X @Pﬁ'ﬂ'b/x 4:) F*TY/X
Lyln—1] —N> (piLe,, ©pile,, ) : F*Ly[n] .
\ \
P*in[n—l] (piLe,, ©psLis, )l —1] ———— P'Lx[n]

(6)
where all the vertical maps are quasi-isomorphism obtained from the nondegeneracy
conditions. We want to prove that ap and « are homotopic. The relevant data extracted
from Diagram (6) are:

TZ/X %P*Lx[n—l] 0

| | |

Ty —=— Lzn—-1] —— p’{LLvy[n—1]@p§ILL2/Y[n—1].

The composition:

P'Lx[n—1]—Lz[n—1] %pTILLI/ [n—1] @p;LLyy[nf 1]

factorises through 0 >~ p} ILLl/ [n—1] EBpQILLQ/ [n—1]. This implies that the map Lz[n—
1] — plLLl/y[ - }@p2LL2/Y [n — 1] factorises through ]LZ/X [n — 1] and, therefore, «
satisfies the same universal property as ap, proving that o and ap are homotopic. [

Remark 3.6. Similarly to Proposition 3.1, this theorem can be extended to a map of
spaces:

Lag(f1,7) Xsymp(v,n) Lag(f2,n) Xsymp(v,n) LagFib(m,n) — LagFib(P,n).

This is simply the restriction of the map described in the proof of Theorem 3.5 to the
nondegenerate elements. Forgetting the extra Lagrangian fibration recovers the map in
Remark 3.2, the following diagram is commutative:

Lag(f1,7) Xsymp(v,n) Lag(f2,n) X symp(v,n) LagFib(m,n) —————— LagFib(P,n)

! |

Lag(f1,7’l) X Symp(Y,n) Lag(f27n) Symp(Ll Xy La,n— 1)
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3.3. Derived critical locus

Given a derived Artin stack X and a morphism f: X — A, we define the derived critical
locus of f, denoted Crit(f), as the derived intersection of df : X — T*X with the zero
section 0: X — T*X. It is given by the homotopy pullback:

Crit(f) —— X

l de (7)

x % s 7x

Example 3.7. We recall from [3] that if X is a smooth algebraic variety, its derived
critical locus can be described, as a derived scheme, by the underlying scheme given by
the ordinary critical locus of f, that we denote S, together with the sheaf of cdga. given
by the derived tensor product O x ®H5T*X Ox, restricted to S. This derived tensor product
is described by the homotopy pushout:

Symy, (Tx) —2— Ox

Js i

Ox —— OX®%T*X Ox.

Taking the derived tensor product amounts to replacing the O-section morphism
0 : Symy, Tx — Ox by the equivalent cofibration, in the model category of
commutative differential graded k-algebras, Symy Tx < Symg, (Tx[1]®Tx), where
Symg,, (Tx[1]®Tx) has the differential induced by Id : Tx[1] = Tx. Then we take the
strict pushout of this replacement. The use of these resolutions is well explained in [3] or
[18]. We obtain:

Ocrit(s) = (0x ®5,. . OX)|S ~ (SymoxTX[l]vbdf)\s,

where tgf is the differential on Ocyit(y) given by the contraction along df. The restriction
to S denotes the fact that this is a derived scheme whose underlying scheme is the
strict critical locus. Observe that outside of the critical locus, (Symg, Tx[1],tqr) is
cohomologically equivalent to 0.

Remark 3.8. If we do not assume that X is smooth in Example 3.7, then Lx usually
has a nontrivial internal differential. As a sheaf of graded algebra, we still obtain
Symg,, (Tx[1]) since the replacement is the same as a graded algebra, but the differential
is a priori different and involves a combination of the internal differential on Tx and the
contraction tgy.

Remark 3.9. From Example 2.9, we know that T*X carries a canonical symplectic

form of degree 0, and from Example 2.16, we know that both the 0-section and df have
a natural Lagrangian structure. From Proposition 3.1, the derived intersection of these
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Lagrangian structures, namely, the derived critical locus Crit(f), has a natural (—1)-
shifted symplectic structure.

Remark 3.10. When X is a derived Artin stack and df =0, we have that Crit(f) ~
T*[-1]X and wcrig(f) form the canonical (—1)-shifted symplectic structure on 7*[—~1]X.

In this situation, the strict critical locus is X itself and the restriction to X of
Symg , Tx[1] is, therefore, Symy Tx[1] itself (with the differential being induced by
the differential on Tx). Thus, Crit(f) ~ Specy (Symg, Tx[1]) =T*[-1]X.

Remark 3.11. We want to understand, in general, the (—1)-shifted symplectic form
on Crit(f). We use the universal property of the tautological 1-form (Lemma 2.10)
to see that (df)*w =0 (with w = dAx the canonical symplectic structure on T*X).
Using the resolution of the zero section, as in Example 3.7, w induces a closed
2-form on Specy (Symy, (Tx[1]®Tx)). Since the differential on the resolution,
Symg . (Tx[1]@&Tx), is induced by Id: Tx — Tx[1], the tautological 1-form w_; on
T*[—1]X induces a closed 2-form on Specy (Symy  (Tx[1]®Tx)), which is a homotopy
between w and 0. We then have that the (—1)-shifted symplectic form is described by
the self-homotopy of 0 given by w_y:

O&p*wzo.

The proof of Proposition 3.1 (see Theorem 2.9 in [12]) tells us that w_; is the (-1)-
shifted symplectic form on Crit(f).

Remark 3.12. From Theorem 3.5, we have that 7 : Crit(f) — X is a Lagrangian
fibration. In the situation where df =0 and X is smooth, this Lagrangian fibration
coincides with the canonical Lagrangian fibration on wx : T*[—1]X — X. In general,
the morphism «, controlling the nondegeneracy condition of the Lagrangian fibration
(see Diagram (4)) is still natural in the sense given by the following proposition.

Proposition 3.13. « is equivalent to the following composition of equivalences:

0x g0
i) 0 Xﬂ-;(]LX 0~ W*Lx[—l],

(8)

where B is the dual of the canonical equivalence ]LT*X/X ~ 1y Lx of Proposition 2.25.

TCm't(f)/X — TX/X XTpex, TX/X ~0 XTpex, 0

Proof. The strategy, here, is to express the Diagram (4) as a pullback of the same type
of diagrams. It reduces the problem to proving the same statement but for the projection
wx : T*X — X. But this Proposition is known for the Lagrangian fibration on the shifted
cotangent stacks (this is a direct consequence of Proposition 2.29).

First we express Lcyig(s)[—1] as a pullback above Lz« x. This can be done by observing
that all squares in the following diagram are bicartesians:
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Lriy(p)[-1] ——— 7j0°Ly-x, ———— 0

| | J

W;df*]LT*X/X —_— WTO*LT*X 27T;df*LT*X —_— W;LX

| J |

0 Ly ———— Lcrit(y),

where 7, and 75 are the natural projections Crit(f) — X given by the pullback Diagram
(7). We write Diagram (4) for 7 : Crit(f) — X as:

oz,r_OXa.n_XO
0570y 0 03X 1 0 0

| | J

Idx p,Id
Tx X7y Tx — Lp~ Xy XL Lo X/ — Ly~ "X XLpex, Loy~ X

In this diagram, pullbacks have been omitted to keep the diagram easy to read. We
need to describe the morphism werig(f) @ Tx X100 Tx — ]LT*X/X XLoys 5 ]LT*X/X. Recall
from Remark 2.14 and the proof of the nondegeneracy in Proposition 3.1 that wcrie(s)
is ©gr X, ©¢, where Oy, : Tx — Lj[—1] ~ LX/T*X[_H ~ ]LT*X/X is the natural morphism
expressing the nondegeneracy of the Lagrangian structure (see Definition 2.13).

Finally, Proposition 2.29 shows that 3 is the same as o, . This completes the proof. [

4. Examples

4.1. One nondegenerate critical point

Let X be a smooth algebraic variety over k and f: X — A} a map which is smooth
everywhere except at a point x € X, where there is a nondegenerate critical point. The
goal is to understand the Lagrangian fibration on Crit(f) — X and show that it is
related to the Hessian quadratic form of f at z. This section is a particular case of
Subsection 4.2, and we only sketch what is happening in this case. We will be making the
statements more precise and giving complete proofs in Subsection 4.2.

The strict critical locus is % := (*,OX/ I>7 where [ is the ideal generated by the partial

derivatives of f, I = (df.v,v € Tx). There is a natural morphism & :=+ — Crit(f), such
that the following diagram commutes:

*(—1) —z, Crit(f

The ideal generated by the partial derivatives is maximal, and the partial derivatives
form a regular sequence. This implies that Z is an equivalence. For more details, this is
the analogue of Proposition 4.6. We can even prove (in the general context of Subsection
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4.2) that T*[—1]S (where S is the strict critical locus) is weakly equivalent to Crit(f).
This result will, however, not be needed for the general case.

Using Lemma 2.24, the Lagrangian fibration induced on x(_;) — X gives us a closed
2-form in A>¢ (’VX, — 2), which induces a metric on T,X. The nondegeneracy of the
symmetric bilinear form is equivalent to the nondegeneracy of the Lagrangian fibration,
which says that the natural map x*Tx — x*Lx is a quasi-isomorphism. We will show
that this metric is in fact characterised by the Hessian quadratic form of f at the critical
point.

We want to describe the Lagrangian fibration obtained on x — X by pulling back
along # the homotopy between W-1/y and 0 in A% (Crit(f)/X’ — 1). We obtain a
homotopy between 0 and itself in A< (*/X, — 1). We will relate the Hessian quadratic

form with the map «, defined to describe the nondegeneracy condition of Lagrangian
fibrations (see Definition 2.21 and Diagram (4)). For Crit(f) and %, this diagram becomes,

respectively:
Terit(s), —— T Lx[-1]] ———— 0
Lo, J
Terit(f) —— Leritn[—1] —— ]LCrit(f)/X[_l]
and:

Ty 2 2 Lx[-1] ——

T

0 0 Ly [~ 1].

These two diagrams are supposed to represent the same Lagrangian fibration. We
will pullback along Z the diagram for Crit(f) to the category of differential graded
k-vector space (i.e. QC(x)). We can compare a, and «, via the following commutative

diagram:
#Texit(r), i ’m*]L x[—1] 0
/ i o /
T*/X J - ]LVX ~ .T*Lx[fl] J 0
L’Jh—l ~ o
Z*Tcrit(f) T Lerit(p [-1] z ]LCrit(f)/X[_l]
/ l « T /
0 Ly &Ly 1] Loy [-1]

We can now look at these morphisms in local étale coordinates around z. We denote by
X' coordinates in X, p; a basis of z*Tx and £’ its associated shifted basis in x*Tx[1]. We
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also denote by dX® the dual basis of p;. We write k{a) := k{ay,---,a,) for the k-vector

space with basis aq,---,a,. We get:
k(0e) = k(dX) 0
> 7
o
k(O¢) l e k(do) l 0
K0, 0x) —= ‘ B{dX,d€) K{de)
0 k(d6,d¢) k(d€)

Here, df is the standard shifted variable added to make the following pullback square
a strict pullback:

k(do) —— 0

| !

k(df,dg) —— k(dE).

This imposes §d¢ = df. To make the full diagram strictly commutative, we must have
P(d€) = d€. And to make 1) a map of chain complexes, we must have (d6¢?) = §ip(d€?) =
8d¢? = db', and, therefore, it imposes 1)(dX*) = Hess, ' (f)(dX?)(dX7)d#I. This implies
that o (0 ) = Hess, ' (f)(dX?)(dX7)d6?.

4.2. Family of nondegenerate critical points

We consider a generalisation of the previous example where f may have a family of critical
points which are all nondegenerate in the directions normal to the critical locus.

Let us fix some notations. We denote by S the strict critical locus, which comes with
a closed immersion i : S — X, and whose algebra of functions is Og = OX/I with I =
(df v, ve Tx).

We assume that both X and S are smooth algebraic varieties. We denote by Crit(f)
the derived critical locus of f, and we get a canonical morphism A : .S — Crit(f).

In order to define the Hessian quadratic form and the nondegeneracy condition, we
need to assume that the closed immersion S < X has a first order splitting. Concretely,
we assume all along in this section that the following fibre sequence splits:

TS {===== ’L*TX {===== TS/X[l} (9)

This assumption is necessary to be able to restrict @) to the normal part Tg 5 [1].
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Definition 4.1. The Hesstan quadratic form is defined by the symmetric bilinear
map:
Q Sym%si*']rx — 0Og
(w,v) —  d(dfw).w.
We define nondegeneracy to be along the ‘normal’ direction to S, by considering the
following diagram:

TS ¢-—o---1 1 TX <,,::: TS/X[l]
45 1
Jo e | (10)
LS/X[_l] {===== ’L*}LX D ]LS.

Both rows are split fibre sequences (by assumption in Diagram (9)). The left and
right vertical maps are the zero map because @ restricted to Tg is zero and, since @
is symmetric, @ composed with the projection to Lg is also zero. We obtain a map @
(using @ and following the section and retract of the fibre sequences) which corresponds
to the map induced by @ on the normal bundle. Then the nondegeneracy condition
is the requirement that () is a quasi-isomorphism.

Since the differential on Ocyig(f) is 0 = tap (see Remark 3.8), we have the commutative
diagram in QC(S):

. Ldf .
Z*TX e Z*OX

S s )

*Lx.

We will abusively write Q@ =dod : i*Tx[1] — i*Lx for the map of degree 1 corresponding
to the composition dotgp : ¢*Tx — i*Lx of degree 0.

In general, the natural map A: S — Crit(f) is not an equivalence. This is due to the
fact that the partial derivatives of f will not, in general, form a regular sequence and,
therefore, Crit(f) has higher homology. The default to be a regular sequence comes from
vector fields that annihilate df. Such vector fields are, in fact, vector fields on S when
f is nondegenerate. With that idea in mind, we show that an equivalent description of
Crit(f) is given by T*[—1]S when @ is nondegenerate.

Proposition 4.2. There exists a natural map ® : T*[—1]S — Crit(f) making the
following diagram commute:

T*[-1]S —2— Crit(f)
ook
S — = X

Proof. Under our first order splitting assumption (Diagram (9)), the natural map Tg —
i*Tx admits a retract, and, therefore, the natural map i*7* X — T*S admits a section:
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T*S --»i*T* X. We consider the following diagram:

T*X «—— ¢*T*X —— T*S
of of of
X — S ————2=5.

We want to pullback these zero sections along the maps induced by df represented by the
vertical morphisms in the following commutative diagram:

T*X «—— """ X - T*S
dfT i*df:OT OT
Xt——8F=——==25

This induces the following morphisms between the pullbacks:
CI’it(f) — Sxi*T*XS :Z T*[—I]S

We obtain a map & : T*[—1]S — Crit(f). The maps we obtain come from the universal
properties of the pullbacks, therefore, if we denote sg: X — T*X the zero section, we
have spomo® = sgoionmg. If we compose by the projection wx : T*X — X, we get
mTod =1tomg. O

We see that ® gives a relationship between the Lagrangian fibration structures on
T*[-1]S — S and Crit(f) — X, which we now analyse. The idea is to show that the
difference between these Lagrangian fibrations is, in fact, controlled by @ (see Proposition
4.6 and Remark 4.8).

Lemma 4.3. We see ® induces a morphism TT*[_”S/S — @*Tcm-t(f)/X that fits in the

commutative diagram:

TT*[—l]S/S - ‘I)*TCM't(f)/X

P b o

mElg[—1] —— ®*n*Lx[-1] ~ n&i*Lx[-1],

where the bottom horizontal arrow is the pullback along ms of the section Lg[—1] —
i*Lx[—1] in the dual of the split fibre sequence (9).

Proof. The homotopy pullback Crit(f) = X x. X lives over X. We get the equiva-
lences:

h

TT*x/X* é W*LX[_l]

~ h ~
TCrit(f)/X E— TX/X XTT*X/X TX/X — x X
Proposition 2.29 tells us that the canonical fibrations on the cotangent stacks are the

canonical ones and, therefore, behave functorially (using Proposition 2.28). This implies
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that the following commutative square is commutative:
Tp- S T T+ X,
lﬁs lﬂx

mels *Ws mgi*Lix,

where s is the section in the dual of the split fibre sequence (9). From Proposition 3.13,
we know that both o, and o, are the morphism induced by the morphisms s and Sx
via Diagram (8). We then obtain the commutative diagram:

ox" 0
TT[1]S/ —>0><1r* OLWSLS[ 1]

‘I’*Tcrit(f)/x — o <0X%

where the composition of the horizontal maps are exactly o,, and «, thanks to
Proposition 3.13. O

Lemma 4.4. We first remark that ® Ly py can be described, as a sheaf of graded
modules (forgetting the differential), by:

Q" Loty = Symg, (Ts[l]) ®os (("Lx @i*Tx[1]),

where Lx is generated by terms of the form dg with g € Ox and Tx[1] is generated
by terms of the form d§ with § € Tx([1] C Ocpicsy. Then, the internal differential on
Q*Lrigsy is characterised by Q = do g via 6(d§) = Q(€) and 6(dg) = 0.

Proof. The differential on Symg  (Ts[1]) ®04 (i*Lx ©i*Tx[1]) is Op«[_1)s-linear because
taf is zero on Tg[1]. Moreover, for § € Tx[1] C Ocyig(s) = Syme , Tx[1], we have jod(§) =
dod(&) =doigr(§) = Q(€) (see Diagram (11)) and for g € Ox, dod(g) =dodg=0. O

Lemma 4.5. The composition:
m5i* Tx[-1] —— q)*'ﬂ‘cm(f)/x 27 oL [—1]
is given by w§Q. Similarly, the composition:

Qr
WETS[—” E— TT*[—l] —5 WgLs[-l]

S/g
is 0 (the restriction of T5Q to S).
Proof. The left morphism is the morphism fitting in the fibre sequence:

w5t Tx [-1] —— @ Terier),, — 2 Tori(),
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which gives us:

ng*’]rx[—” E— (I)*TCrit(f)/X I 4 (I)*TCrit(f)

| I~ 5

#*Tx[—1] ----- y i*Lx[—1] — i*Lx[-1]®i*Tx.

Since X and S are smooth, i*Tx[—1] and ¢*Lx[—1] are both quasi-isomorphic to
complexes concentrated in a single degree. This imposes that the dashed arrow is
equivalent to the connecting morphism of the induced long exact sequence in cohomology.
Therefore, it is equivalent to the map that sends a section s in *T x [—1] to its differential,
in i*Lx[—1]®i*Tx, which can, in turn, be seen as an element in i*Lx. More concretely,
denote § any lift of s to an element in i*Lx[—2] ®i*Tx[—1]. Using Lemma 4.4, its
differential is given by:

Q(S) = Q(é) S i*LX [—1} C Z'*Lx[—l] @i*Tx.
We then apply 7% to get the sequence we want. The second part of the statement is

proven the same way. O

Proposition 4.6. The map Tr«_115 — P*T crig(y) induced by ® is an equivalence if and
only if @Q is nondegenerate.

Proof. First, using the equivalences «, : @*TCrit(f)/X — m§i*Lx[—1] and agg :
(I)*TT*[—l]S/S
equivalent to wglg 5o [-2]. Then Lemmas 4.3 and 4.5 ensure that the upper half of the

— m5Lg[—1], we can show that the cofibre of TT*[_l]S/S — @*TCTit(f)/X is

following diagram is commutative:
m5Ts[—1] —— 7&i*Tx[-1] —— ngS/X

J | ls

TT"[*I]S/S —_— @*Tcrit(f)/x e ﬂ-g]LS/X [72] (13)

l l |

TT*[fl]S —_— q)*TCrit(f) — 7.

This diagram is then commutative and all rows and columns are cofibre sequences and,
in particular, ¥ is both the homotopy cofibre of Tr«[_1jg — ®* Tyt () and the homotopy

cofibre of QNQ In particular, the homotopy cofibre of @ is zero if and only the homotopy
cofibre of Tr+_115 — ®*Tcpie(y) is also zero. O

We now decompose o, into a part along S and a part normal to S. This decomposition
is by means of split fibred sequences coming from the split fibre sequence (9).
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Proposition 4.7. When @ is nondegenerate, the maps expressing the nondegeneracy of
the Lagrangian fibrations fit in the commutative diagram:

TT*[—us/S — Tcm't(f)/x e TS/X

s

milg[—1] —— 75i*Lx[-1] —— LS/X[—I],
where the rows are fibre sequences.

Proof. First, when @ is nondegenerate, the top horizontal sequence is fibred and comes
from the following diagram:

TT*[—l]S/S e @*Tcrit(f)/x = WETS/X

! l |

Tpe_1js —— ®*Teyie(y) —— 0

| | J

5Ty —— *'Tx —— m3Ts, [1]

where all rows and columns are fibred and the cofibre of the second row is 0 thanks to
Proposition 4.6 since we assumed that @ is nondegenerate. Using Lemmas 4.3 and 4.5,
we obtain the following commutative diagram:

7rS']I‘S NS *TX - WSTS

Tr+(— 1]5/ o Tcm(f WSTS/ (14)
aﬂs i

riLs[—1] —» ©% *LX — 7miLs, [~

The only map the dashed arrow can be, in order to make the diagram commutative,
is Q. O

Remark 4.8. If we do not assume () nondegenerate, the cofibre J of the map Tr+[_1j5 —
®*Tcrit(r) Will be nonzero. We will denote by § the fibre of the natural map F — ’]I‘S/X.
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Then we can rewrite Diagram (14) as

WS'IFS S 2¥ *’]I‘X - WSTS
S/s o Tcnt (Fy
O(ﬂ—s

wiLs[—1] —— % *LX — WSLS/ =)

The map an : 9§ — 7§ls /X[—2] represents the ‘difference’ between the maps o, and

o from the Lagrangian fibrations. ay is still related to é in the sense that the following
diagram is commutative:

']I‘S/X

|

«@
g — s Lg /X[—Z].
Therefore, the restriction of ay to Tg 5 is again @

Remark 4.9. As a nonexample, if we take f:A! — Al sending X to £-, the basic
assumptions that made this section work are failing. The strict critical locus S is not
smooth since it is a fat point, and the sequence (9) does not split.

4.3. Derived zero locus of shifted 1-forms

Let X be a derived Artin stack and a € A! (X,n) be a 1-form. If Key(«) is nonempty,
Proposition 2.17 and Remark 2.18 ensure that the map «: X — T*[n|X is a Lagrangian
morphism. Using Theorem 3.5, the derived intersection Z(«) of a with the zero section
gives us a Lagrangian fibration Z(«) — X . This example is a generalisation of the derived
critical locus we described in Subsection 3.3.

4.4. G-Equivariant twisted cotangent bundles

For X a smooth scheme, a twisted cotangent stack is a twist of the ordinary cotangent
stack by a closed 1-form of degree 1 on X, o € H!(X,Q%). Such a closed form has
an underlying 1-form of degree 1 that corresponds to a morphism «: X — T*[1]X.
The twisted cotangent bundle associated to « is defined to be the following
pullback:

T"X —— 5 X

| I

X —% 5 X,
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We refer to [8] for more informations on the relation between this definition and the
usual definition of twisted cotangent bundles. This is a particular case of the situation in
Subsection 4.3, and, as such, T X is O-shifted symplectic and the map 7 X — X has a
Lagrangian fibration structure.

Now take G, an algebraic group acting on the algebraic variety X. Consider a
character x : G — G,,,. We have the logarithmic form on G,, given by a map G,, —
ALel(—0) which sends z to z7'dz. We get a closed 1-form on G described by the
composition:

G — Gy — AL (—,0).

This is also a group morphism for the additive structure on AbY¢(—,0). We can,
therefore, pass to classifying spaces and obtain a 1-shifted closed 1-form on BG:

oy : BG — BAM (—,0) =AY (—1).

We can consider the pullback of o, along the G-equivariant moment map:
X
* _
{ /G} X [g /G] BG BG
| |-
X —— 9] =BG

It turns out that the moment map p is Lagrangian (see [6]), which implies (with
Proposition 3.1) that this fibre product is 0-shifted symplectic. It turns out that we
have an equivalence of shifted symplectic derived Artin stacks:

6] < BT [V,

where @ denotes the pullback of c, to a 1-form of degree 1 on [X/G} . Therefore, according
to Theorem 3.5, the natural projection:

7: [ Vo] — [Ydl
is a Lagrangian fibration.

To show the equivalence above, we use the following composition of the following
Lagrangian correspondences (see Subsection 2.20):

e The Lagrangian structure on the section [X/G} — T*[1] {X/G}:

%]
SN

% T*[1] [X/G} .
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e Using Example 2.3 in [6], and the fact that [X X9 /G} [X/G} vl [Q*/G},
we obtain the Lagrangian correspondence:

0] = Ve < Pl

/

1 Y] 9G] =il

/

e The Lagrangian obtain from the closed 1-form of degree 1, a,:

AN

o .

We then compose these Lagrangian correspondences:

[V
PN
el [%el
0 ]
X/G g*xX/G BG
SN N AN
: ru el R

The only thing we need to show is that this is a diagram of Lagrangian correspondences,
and, therefore, we need to show that all squares in this diagrams are pullbacks. The
rightmost square is clearly a pullback, and we can recognise the pullback square defining

Tz [ Xl
We are left to prove that we have a natural equivalence:

Vel pg [T V6] = [Tl

We can commute taking the quotient by (compatible) G-action and taking the fibre
products so we have that:

e 5w [§ 6] = Ve < Vel < (6]
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We now use the fact that the self intersection of the 0 section in T*[1] [X/G} is
T* [X/G}. This implies that:

IR e R Ll el el L e R el

We can now use the fact the following square is a pullback (Example 2.2.1 in [13]):
« [ X
™1%a — BG

| Jo

We use that to decompose T™* [X/G} in a fibre product, and we obtain:

e xampoa Ve = [T V6] * e Bl xa [Pe] = [T Vel
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