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ON C*-ALGEBRAS WITH THE APPROXIMATE n-TH ROOT
PROPERTY

A. CHIGOGIDZE, A. KARASEV, K. KAWAMURA AND V. VALOV

We say that a C*-algebra X has the approximate n-th root property (n > 2) if
for every a € X with |le|| < 1 and every € > 0 there exits b € X such that ||b]| <1
and [la—b"|| < ¢. Some properties of commutative and non-commutative C*-algebras
having the approximate n-th root property are investigated. In particular, it is shown
that there exists a non-commutative (respectively, commutative) separable unital
C*-algebra X such that any other (commutative) separable unital C*-algebra is a
quotient of X. Also we illustrate a commutative C*-algebra, each element of which
has a square root such that its maximal ideal space has infinitely generated first Cech
cohomology.

1. INTRODUCTION

All topological spaces in this paper are assumed to be (at least) completely regu-
lar. A compact Hausdorff space is called a compactum for simplicity. By C*-algebra
and homomorphisms between C*-algebras, we mean unital C*-algebras and unital
*-homomorphisms. For a space X and an integer n > 2, we consider the following
conditions (|| - || denotes the supremum norm):

(*)n For each bounded continuous function f: X — C and each € > 0, there
exists a continuous function g: X — C such that ||f — ¢"| < ¢.

(*%), For each bounded continuous function f: X — C and each £ > 0, there
t=n
exist bounded continuous functions g;,...,g,: X — C such that f = ITe
and ||g; — g;|| < € for each i, 5. =1
We say that the space C*(X) of all bounded complex-valued functions on X has the
approximate n-th root property if X satisfies condition (*),. The results in this paper

were inspired by the following theorem established by Kawamura and Miura [10]:

THEOREM 1.1. Let X beacompactum withdimX < 1andn a positive integer.
Then the following conditions are equivalent.
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(1) C{(X) has the approximate n-th root property.
(2) X satisfies condition (*%*),.

(3) the first Cech cohomology H(X;Z) is n-divisible, that is, each element of
HY(X;Z) is divided by n.

Let A(n) denote the class of all completely regular spaces satisfying condition (*),
and A, (n) is the subclass of .A(n) consisting of spaces X with dim X < 1

In Section 2 we investigate some properties of the classes .A(n) and A;(n). In
particular, the following theorem is established.

THEOREM 1.2. Let n be a positive integer and let K denote one of the classes
A(n) and A;(n). Then, for every cardinal T > w, there exists a compactum X, € K of
weight < 7 and a K-invertible map fi: X; = 1"

Here, amap h: X — Y is said to be invertible for the class K (or simply, K-invertible)
if for every map g: Z — Y with Z € K there exists a map g: Z — X such that g = ho3.
Theorem 1.2 implies the next corollary.

COROLLARY 1.3. Let n be a positive integer and let K be one of the classes
A(n) and A,(n). Then, for every T > w, there exists a compactum X € K of weight 7
which contains every space from K of weight <

It is easily seen that the modification of condition (*),, obtained by requiring both f
and g to be of norm < 1, is equivalent to (x),. This observation leads us to consider the
following classes of general (non-commutative) C*-algebras. We say that a C*-algebra
X satisfies the approzimation n-th root property if for every a € X with |la|| < 1 and
every € > 0 there exists b € X such that ||| € 1 and |la — b"|| < €. The class of all
C*-algebras with the approximate n-th root property is denoted by AP(n). Let AP;(n)
be the subclass of AP(n) consisting of C*-algebras of bounded rank < 1 (recall that
bounded rank of C*-algebras is a non-commutative analogue of the covering dimension
dim, see [5]). We also consider the class HP(n) of C*-algebras X with the following
property: for every invertible element a € X with |la|] € 1 and every € > 0 there exists
b € X such that |[b}| € 1 and [|a — b*|| < &.

In the sequel, AP(n), denotes the class of all separable C*-algebras from AP(n).
The notations AP;(n), and HP(n), have the same meaning.

Recall now the concept of R-invertibility introduced in [2], where R is a given class
of C*-algebras. A homomorphism p: X — Y is said to be R-invertible if, for any homo-
morphism ¢g: X — Z with Z € R, there exists a homomorphism g: ¥ — Z such that
g = g op. We also introduce the notion of a universal C*-algebra for a given class R as
a C*-algebra Y € R such that any other C”-algebra from R is a quotiént of Y.

Section 3 is devoted to the classes AP(n), AP;(n) and HP(n). The results of this
section can be considered as non-commutative counterparts of the results from Section 2.
For example, Theorem 1.4 below is a non-commutative version of Theorem 1.2.
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THEOREM 1.4. Let n be a positive integer and let K be one of the classes
AP(n), AP,(n) and HP(n). Then there exists a K-invertible unital x-homomorphism
p: C*(Fy) = Zx of C*(F) to a separable unital C*- algebra Zx € K, where C*(Fy) is
the group C*-algebra of the free group on countable number of generators.

It is well-known that every separable C*-algebra is a surjective image of C*(Fy).
Therefore, if R is a class of separable C*-algebras and p: C*(F,) — Yx is a R-invertible
homomorphism with Yy € R, then Yg is universal for the class R. Hence, Theorem 1.4
implies that each of the classes AP(n),, AP1(n)s and HP(n), has a universal element.

Let us note that there exists a non-commutative C*-algebra which belongs to any
one of the classes AP(n),, AP;(n), and HP(n),. Indeed, let X = M(m) be the algebra
of all m x m complex matrixes, where m > 2 is a fixed integer. By [1}, the bounded rank
of any A € X is 0. Moreover, using the canonical Jordan form representation, one can
show that if A € X and n > 2, then A can be approximated by a matrix B € X with
C" = B for some C € X. Hence, the class X is a common part of AP(n),, AP;(n), and
HP(n),. This implies that the universal elements of AP(n),, AP,(n), and HP(n), are
also non-commutative.

Section 4 deals with square root closed compacta, compacta X such that, for every
f € C(X), there is g € C(X) with f = g% It is known that if X is a first-countable
connected compactum, then X is square-root closed if and only if X is locally connected,
dimX < 1 and HY(X;Z) is trivial, see (6, 8, 10, 12]. A topological characterisation
of general square root closed compacta is still unknown. Here we show .that a square
root closed compactum X with dim X < 2, constructed based on the idea of Cole ([13,
Chapter 3, Section 19], and Karahanjan [9] has infinitely generated first Cech cohomology
H'(X;Z). This space i$ the limit of an inverse system (X,,72 : @ < wi) starting with
the unit disk in the plane and such that each map n8: Xz — X, is invertible with
respect to the class of square root closed compacta. A similar construction yields a one-
dimensional such compactum. This illustrates that the topological characterisation of
(not necessarily first countable) square root closed compacta would be rather different
than the one for first-countable compacta mentioned above. Also, the invertibility of
the maps 72 allows us to obtain a universal element for the class of square root closed
compacta with arbitrarily fixed weight.

2. SOME PROPERTIES OF THE CLASSES A(n) AND 4,(n)

LEMMA 2.1. Let X be the limit space of an inverse system {X,,p? : o, B € A} of
compacta. Then, for every f € C(X) and every £ > 0, there exists a € A and g € C(X,)
such that g o p, is e-close to f, where p,: X — X, is the a-th limit projection.

PROOF: We take a finite cover w of f(X) consisting of open and convex subsets
of C each of diameter < €. Since X is compact, we can find a and an open cover
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v={Uj:j=1,...,m} of X, such that p;!(7) is a star-refinement of the cover f~!(w).
Without loss of generality, we can assume that each U; is functionally open in X, that is,
U; = h;*((0,1]) for some function h;j: X, ~ [0, 1]. For any j we fix a point z; € p;'(U;)
j=m
and the required function g: X, — C is defined by g(y) = Z hi(y) f(z;). 0
j=1
COROLLARY 2.2. Let K be one of the classes A(n) and A,(n). If X is the limit
space of an inverse system {X,,p5 : o, € A} of compacta with each X, € K, then
Xek. '

PRrooF: This is a direct application of Lemma 2.1 for the class A(n). Since the
limit space of any inverse system of at most one dimensional compacta is of dimension
< 1, the validity of our corollary for A(n) yields its validity for A4;(n). 0

We say that a class of spaces K is factorisable if, for every map f: X — Y of a
compactum X € K, there exists a compactum Z € K of weight w(Z) < w(Y) and maps
m: X —+Zandp: Z— Y suchthat f=porm.

PROPOSITION 2.3. Any one of the classes A(n) and A,(n) is factorisable.

Proor: We consider first the class A(n). Fix amap f: X — Y of a compactum

X € A(n) and assume w(Y’) < 7. Obviously, we can assume X is of weight w(X) > 7
and Y is compact. By induction, we construct sequences of compacta Xy, dense subsets
M; C C(Xy) of cardinality < 7 and maps m: X — Xi, pF*: Xepr = Xi, k£ 2 0,
satisfying the following conditions:

(0) Xo=Y,m=/f,

(1) pf*'omeyr = mi, w(Xk) < 7 and M, separates points of Xi (k > 0);

(2) For every h € M, and every € > 0, there exists ¢ € My, such that

lhopi*! — g™l <€ (k> 0).
The weight of the function space C(Y) is < 7, so C(Y') contains a dense subset

M, of cardinality < 7, separating points of Y. Suppose the spaces X;, the sets M; and
the maps m;, p::_l, i € k, have been constructed for some k. Since X € A(n), for each
h € M; and each positive rational number r € Q%, there exists g(h,r) € C(X) with
|homk — g(h,7)"|| < r. Let mepr: X — X x (R)M:*@ x (R)M+ be the diagonal product
of 7, and all maps g(h,r) and h o mx, where b € M, r € Q*. Let Xpy1 = mepa(X)
and pz‘“: Xx4+1 — X be the natural projection onto X,. Since M) separates points of
X} (condition (1)), 41 is an embedding and hence every g(h,r) can be represented as
gk+1(h, ) 0 meyy with geyr(h, ) € C(Xi41). Because w(Xi41) < 7, C(Xk41) contains a
dense subset My, of cardinality < 7 containing all gg41(h,7), h € Mk, 7 € Q' and also
separating points of Xx1. Obviously, Xg41, M4, and 7y, satisfy conditions (1) and
(2). Let Z be the limit of the inverse sequence {Xx,pi*' : k =1,2...},p: Z = Y the
first limit projection and #: X — Z the limit of the maps 7. Also let px: Z — X be
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the k-th limit projection. By Lemma 2.1, for every h € C(Z) and every € > 0, there
exists m and g, € C(Xy,) such that ||h — gm © pml|| < €/3. Now, take h,, € M,, with
lgm — hm|l < €/3. According to our construction, |k, o p*! — g|| < €/3 for some
g € M,,,. Hence, ||h - (g opm+1)"|| < ¢. Finally, by Lemma 2.1, we see Z € A(n).

For the class A,(n) we need the following modifications of the previous proof: all
My, k > 0, are dense subsets of C(X}) of cardinality |Mi| € 7 satisfying conditions
(1) and (2), where the compactum X} is of dimension < 1 for each k > 1. It suffices
to demonstrate the construction of X; and M;. Using the above notations, take the
diagonal product g;: X — Y x CMox@" 5 CMo of 1y = f and all maps g(h,r) and hom,
where h € My and r € Q%. Let also Z; = ¢;(X) and go: Z; — Y be the natural
projection. Then, w(Z;) € 7 and, by the Mardesi¢ factorisation theorem [11], there
exists a compactum X, of weight € 7 and dim X, < 1, and maps m;: X — X, and
q2: X1 = Z; with g1 = gz om,. Obviously, every g(h,r) can be represented as g, (h,r)om
with g,(h,r) € C(X,). We denote p} = go o ¢» and choose a dense subset M; C C(X;)
such that |M;| € 7 and M, contains every g,(h,r) with h € My and r € Q*, and
separates points of X,. In this way we obtain the spaces X, with dim X; < 1. The last
inequalities imply that the limit space Z is also of dimension < 1. Moreover, by Lemma
2.1, Z satisfies (%), so Z € A;(n). 0

COROLLARY 2.4. Let K be one of the classes A(n) and A;(n). Then every
space X € K has a compactification Z € K with w(Z) = w(X).

PRroOF: Obviously, X € K implies X € K. Let Y be an arbitrary compactification
of X with w(Y) = w(X) and let f: BX — Y be the extension of the identity on X.
Then, by Proposition 2.3, there exists a compactum Z € K and maps g: X ~ Z and
h: Z -5 Y with hog = f and w(Z) = w(X). It remains only to observe that Z is a
compactification of X. 0

PROPOSITION 2.5. Let K be one of the classes A(n) and A,(n). Then every
compactum X € K can be represented as the limit space of an w-spectrum {X,,p? :
a, B € A} of metrisable compacta with each X, € K.

PROOF: Because of similarity of the arguments, we consider only the class A(n).
First, represent X as the limit space of an w-spectrum {X,,p2 : a,B € A} and introduce
the relation L on A? consisting of all (a, ) € A? such that o < 8 and for each f € C(X,)
and € > 0 there is g € C(Xp) with ||f o p — g"|| < €. The relation L has the following
properties:

(i) for every a € A there exists 8 € A with (a,8) € L:
(i) if (o, B) € L and B < v, then (a,7) € L; )
(iii) if {ax} is a chain in A with each (ax,B) € L, then (o, f) € L, where
a = sup{ox}. ’
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Indeed, to show (i), we take a countable dense subset M, C C(X,) and, as in
Proposition 2.3, for every h € M, and r € Q7 choose g(h,7) € C(X) with |k
o ps — g(h, r)"” < r. Notice that, for each f € C(X), thereisa vy € A and ¢ € C(X,)
such that f = p o p,. Applying this to g(h,7), we can find 8 € A, 8 > a, such that for
each (h,7) € M, x Q*, we have g(h,r) = gg(h,t) o ps, where gg(h,7) € C(Xg). Then
(o, B) € L. Property (ii) follows directly and (iii) follows from Lemma 2.1 and the fact
that X, is the limit space of the inverse sequence generated by X,, and the projections
Part': Xagy, — Xaur k=1,..., because « is supremum of the chain {ax}.

By [3, Proposition 1.1.29], the set A = {a €A:(a,aq) € L} is cofinal and w-closed
in A. Obviously, X, € A(n) for each o € A and X is the limit of the inverse system
{Xa:P2 : a,B € A} 0

PROOF OF THEOREM 1.2: We consider the family of all maps {hy: Yo — ["}oen
such that each Y, is a closed subset of I” with Y, € K. Let Y be the disjoint sum of
all Y, and the map h: Y — I7 coincides with h, on every Y,. We extend h to a map
kh: BY — I". Since Y € K, by Proposition 2.3, there exists a compactum X of weight
< 7 and mapsp: BY —» X and f: X — I"such that X e K and fop = h.

Let us show that f is K-invertible. Take a space Z € K and a map g: Z — I".
Considering 8Z and the extension §: 8Z — I" of g, we can assume that Z is compact.
We also can assume that the weight of Z is < 7 ( otherwise we apply again Proposition
2.3 to find a compact space T € K of weight < rand maps g;: Z > T and go: T —» I”
with g, o g1 = g, and then consider the space T and the map g, instead, respectively,
of Z and g). Therefore, without loss of generality, we can assume that Z is a closed
subset of I”. According to the definition of Y and the map h, there is an index a € A
such that Z = Y, and g = h,. The restriction p | Z: Z — X is a lifting of ¢, that is,

fo(pl2) =g 0

3. C*-ALGEBRAS WITH THE APPROXIMATE n-TH ROOT PROPERTY

In this Section we investigate the behaviour of the classes AP(n), AP;(n) and
HP(n) with respect to direct systems and then use the result to prove the existence of
universal elements in the classes AP(n),, AP;(n), and HP(n),.

When we refer to a unital C*-subalgebra of a unital C*-algebra we always assume
that the inclusion is a unital *-homomorphism. The product in the category of (unital)
C*-algebras, that is, the £>*°-direct sum, is denoted by [[{X;:t € T}: For a given set Y’
and a cardinal number 7, the symbol exp, Y denotes the partially ordered (by inclusion)
set of all subsets of Y of cardinality not exceeding 7.

Recall that a direct system S = {X,,i4, A} of unital C*-algebras consists of a
partially ordered directed indexing set A, unital C*-algebras X,, a € A, and unital *-
homomorphisms i#: X, — Xj, defined for each pair of indexes o, 8 € A with o < 3, and
satisfying the condition i} = z} oi? for each triple of indexes a, 3,y € A with e < 8 < 7.
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The (inductive) limit of the above direct system is a unital C*-algebra which is denoted
by 1'138 . For each a € A there exists a unital *-homomorphism i,: X, — ligs which
will be called the a-th limit homomorphism of S.

If A’ is a directed subset of the indexing set A, then the subsystem {X,,5, A’} of
S is denoted S | A'.

Let 7 > w be a cardinal number. A direct system S = {X,,i?, A} of unital
C*-algebras X, and unital x-homomorphisms i%: X, — Xj is called a direct C;-system
[4] if the following conditions are satisfied:

(a) Aisa 7-complete set, that is, for each chain C of elements of the directed
set A with |C| < 7, there exists an element sup C in A. See {3] for details.

(b) The density d(X,) of X, is at most 7, for each a € A.

(c) The a-th limit homomorphism z,: X, — lim S is an injective *-homomor-
phism for each a € A.

(d) If B= {a:t € T} is achain of elements of A with |T'| < 7 and a = sup B,
then the limit homomorphism I'E{ig‘: t e T}: lim(S | B) - X, is an
isomorphism.

ProrposiTION 3.1. ([4, Propbsition 3.2)) Let T be an infinite cardinal num-
ber. Every unital C*-algebra X can be represented as the limit of a direct C}-system
Sx = {Xa,1?, A} where the index set A = exp, Y for some (any) dense subset Y of X
with |Y| = d(X). .

LeEMMA 3.2. ([4, Lemma 3.3]) If Sx = {Xa, i, A} is-a direct C}-system, then

lim Sx = Ufia(Xa): @ € A}

The next proposition is a non-commutative version of Corollary 2.2.

PROPOSITION 3.3. Let K be one of the classes AP(n), AP1(n) and HP(n).
If X is the limit of a direct system S = {X,,i8, A} consisting of unital C*-algebras and
unital *-inclusions with X, € K for each a, then X € K.

PROOF: We consider first the case K = AP(n). Let a € X with |ja|| < 1and e > 0.
Since U{X,: a € A} is dense in X (we identify each i,(X,) with X,), there exist a and
y € X, with |la — yl| < /4. Then, |ly]| < lla]| +€/4 < 1 +¢/4, so ||(y/1 +£/4)| < 1.
Since X, € AP(n), there is b € X, with ||(y/1 +e/4) — b"” < /2 and ||b]] € 1. Then
lla — 6" < |ja — (w/1+¢/4)|| + ||(y/1 + €/4) — b"|| < €. Hence, X € AP(n). The above
arguments work also for the class HP(n) because of the fact that the set of invertible
elements of a C*-algebra is open. Indeed, for an invertible element a of X, the above fact
allows us to choose y in the above argument as an invertible element of X. Consequently,
y/ (1 + €/4) is invertible in X, and, since X, € HP(n), there is b € X, with the required
properties. Because the limit of any direct system consisting of C*-algebras with bounded
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rank < 1 has a bounded rank < 1 {5, Proposition 4.1], the above proof remains valid for
the class AP (n). . 0

As in the commutative case (see Proposition 2.5), we can establish a decomposition
theorem for the classes AP(n), APi(n) and HP(n).

PROPOSITION 3.4. Let K be one of the classes AP(n), AP;(n) and HP(n).
The following conditions are equivalent for any unital C*-algebra X :
(1) Xek. ' |
(2) X can be represented as the direct limit of a direct C*-system {X,,i8, A}
satisfying the following properties:

(a) Theindexing set A is cofinal and w-closed in the w-complete set exp,, Y
for some (any) dense subset Y of X such that |Y| = d(X).
(b) X, is a (separable) C*-subalgebra of X with X, € K, a € A.

PROOF: A similar statement holds for the class of all C*-algebras of bounded rank
< n (see [5, Proposition 4.2]). So, it suffices to consider the classes AP(n) and HP(n).
We suppose KX = AP(n). The implication (2) = (1) follows from Proposition 3.3.

In order to prove the implication (1) = (2) we first consider a direct C-system
Sx = {Xa, i, A} with the properties indicated in Proposition 3.1. Each X, is identified
with i,(X,). We next introduce the following relation L C A2
(a, B) € A? if and only if a < B and for each £ € X, with ||z|| < 1 and each ¢ > 0 there
exists y € Xg such that ||y|| <1 and ||z — 3| < e.

Let us show that L satisfies the following conditions:

(i) for every a € A there exists € A with (o, 3) € L:
(ii)) If (a,B) € L and B < v, then (a,v) € L;
(iii) if {ox} is a chain in A with each (o4,B) € L, then (a,8) € L, where
a = sup{ax}.

To verify (i), we take @ € A and a countable set M C X, which is dense in the
unit ball B, = {z € X, : ||lz|| < 1}. Since X € AP(n), for each £ € M and each
r € Q*, we may take (and fix) y(z,r) € X with ||z — y(z,7)"|| < r and |Jy(z, N <1
By Lemma 3.2, every y(z,r) belongs to some X, ). Since A is w-complete, according
to [3, Corollary 1.1.28), there exists 8 € A such that 8 > a and 8 > a(z,r) for each
z € M and r € Q*. Then, Xp contains all y(z,r) and (e, 8) € L. Condition (ii) follows
directly because § < v implies Xg C X,. Let us establish condition (jii). If a is the
supremum of the countable chain {a;}, then X, is the direct limit of the direct system
generated by the C*-subalgebras X,,, k£ = 1,2, ldots, and the corresponding inclusion
homomorphisms. This fact and (ax, 8) € L for all k yield (o, 8) € L.

Since L satisfies the conditions (i)-(iii), we can apply [3, Proposition 1.1.29] to
conclude that the set A = {a € A : (a,a) € L} is cofinal and w-closed in A. Note
that (@, a) € L precisely when X, € AP(n). Therefore, we obtain a direct C.-system
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S% = {Xa,18, A} consisting of C*-subalgebras X, € AP(n) of X. Clearly lim S = X.
This completes the proof for the class AP(n). The case K = AP(n) is similar. 0

PROOF OF THEOREM 1.4: Let B = {f;: C*(Fx) — X;: t € T} denote the set of
all unital *-homomorphisms on C*(Fy) such that X, € K. We claim that the product
[T{X:: t € T} belongs to K. This is obviously true if K is either AP(n) or HP(n). Since
the bounded rank of this product is < 1 provided each X, is of bounded rank 1 [5,
Proposition 3.16], the claim holds for the class AP;(n) as well. The *-homomorphisms
ft, t € T, define the unital *-homomorphism f: C*(Fy) — [[{X:: t € T} such that
mof = fyforeacht € T, where m,: [[{X:: t € T} — X, denotes the canonical projection
*-homomorphism onto X;. By Proposition 3.4, [[{X;: t € T} can be represented as the
limit of the C?-system S = {Cy, 2, A} such that C, is a separable unital C*-algebra with
C, € K for each & € A. Suppressing the injective unital x-homomorphisms 2: C, —
Cp, we may assume, for notational simplicity, that C,’s are unital C*-subalgebras of
[T1{X:: t € T}. Let {ax: k € w} be a countable dense subset of C*(F,,). By Lemma
3.2, for each k € w there exists an index oy € A such that f(ax) € C,,. Since A is
w-complete, there exists an index ay € A such that o > a; for each k¥ € w. Then
flag) € C,, C C,, for each k € w. This observation coupled with the continuity of f
guarantees that f(C*(Fo)) = f(cl{ax: k € w}) C cl{f({ak: ke w})} C clCqyy = Cay.

Let Zx = C,, and define the unital *-homomorphism p: C*(F,) - Zx as f,
regarded as a homomorphism of C*(F,) into Zx. Note that f = i o0 p, where
i: Zx = Cop — [I{X:: t € T} stands for the inclusion.

By construction, we see Zx € K. Let us show that p: C*(Fy) — Zx is K-invertible.
For a given unital x-homomorphism ¢: C*(Fy,) — X, where X is a separable unital
C*-algebra with X € X, we need to establish the existence of a unital *-homomorphism
h: Zx — X such that ¢ = h o p. Indeed, by definition of the set B, we conclude
that ¢ = f;: 'C'(]Foo) — X = X for some index ¢t € T. Observe that g = f, = =,
o f = moiop. This allows us to define the required unital *-homomorphism h: Zx =+ X
as the composition h = 7, 0 i. Hence, p is K-invertible. , 4 0

4. EXAMPLE

In this section, we show that a construction due to B. Cole (see [13, Chapter 3,
Section 19]) and M. Karahanjan (9, Thoerem 5] yields a square root closed compactum
X such that H'(X;Z) is infinitely generated. In the sequel, we shall omit the coefficient
group Z. We shall need the following theorem which is a consequence of |7, Theorem
3.2).

THEOREM 4.1. Let f: X — Y be an open surjective map between compacta.
Then f*: H'(Y) = H'(X) is a monomorphism.
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Now we outline the construction due to B. Cole. This is based on the exposition in
[13, Chapter 3, Section 19, p. 194-197]. Let X be a compactum and define

Sx = {(:c, (zf)rec(x)) : f(z) =23 for each f € C(X)} C X x CCX)

Note that Sy is a closed subset of X x [T{f(X) | f € C(X)} and hence is a compactum.
Also, it is easy to see that Sx is a pull-back in the following diagram:

Sx ce™)
S
x —£~ co

where F': X — C is defined by F(z) = (f(z))jec(x)(x € X), and §: C€X) 5 CEX) s
defined by S((2f)secix) = () secix).

Let 7: Sx — X be the map defined by 7 [(z, (2f)sec(x))] = z for all z € X. Then
7 is an open map with zero-dimensional fibers. The critical property of Sx and = is the
following:

(x) for any f € C(X) there exists g € C(X) such that fom = g
Indeed, define g: Sx — C by g{(z, (21) rec(x))] = 2s-

Note that () implies:

(**) m is invertible with respect to the class of square root closed compacta.

Starting with a compaétum Xo, by transfinite induction we define an inverse spec-
trum {X,,m: Xg = Xoq : @ < B < w1} as follows. If 8 = a + 1 then Xz = Sy,
and 7, = 7: Xg = Sx, = X, is the map defined above. If § is a limit ordinal, then
Xp = lim(Xa,77: Xy = Xa 1 0 < v < B) and, for o < B, let 78 = lim(rd: Xy — X :
v < B). _

We let Xq = lim X,. The a-th limit projection is denoted by m, : Xq — X,. As
the length of the ab;/e spectrum is w;, the spectrum is factorising in the sense that each
f € C(Xq) is represented as f = f, o T, for some a < w; and f, € C(X,). since its
length is w;. This implies that C(Xgq) is square root closed due to the property ().

In what follows, the unit disk in the complex plane {z € C: |z| < 1} is denoted by
A.

THEOREM 4.2. C(Aq) is square-root closed, dimAq < 2, H'(Aq) is infinitely
generated and 2-divisible.

Notice that for each square root closed compactum X, H'(X) is 2-divisible. Hence,
in view of the discussion above, we need only to show that H](AQ) is infinitely generated.
To show this, we need the following.
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THEOREM 4.3. HY(S,) is infinitely generated.

Note that Theorem 4.2 immediately follows from Theorems 4.1 and Theorem 4.3.
The proof of Theorem 4.3 is divided into two parts.
STEP 1. If H'(S,) is finitely generated then H'(S,) = 0.
STEP 2. H'(SA) #0.

Now we shall accomplish Steps 1 and 2.

PROPOSITION 4.4. LetY be a closed subspace of a compactum X such that
there exists a retractionr: X — Y. Let also i: Y < X be the inclusion. Then there
exist an embedding i: Sy — Sx and a retraction 7: Sx — Sy such that the following
diagram is commutative.

Sy —t e Sy ——~ Sy

Ty

ij Ty

1 T

Y X Y

PROOF: Define 7 by
5[(% ('Ig)gecm)] = (¥, 1) recn)
where &5 = 1y for all f € C(X). Define 7 by
T[(f'% (Ef)fec(X))] = (r(z), (Mg)gectx))

where 1, = £, for all g € C(Y). 0

Now we are ready to accomplish Step 1. Let A, = {2z € C: |2 < 1/m} C A. Let
Tn: Ap = Anyy be the radial retraction and i,,: A,y <= A, be the inclusion. Consider
the following sequence of commutative diagrams.

A 12 in ; :
Say 1 Sa, - San ~ Sty —— -+ — limSa,
m T Tn limn, = 7
—
0 i in
A,y Ay e A, AV e {0}

It follows easily form the commutativity of the diagram that lim._ SA, is homeo-
morphic to the inverse limit of the sequence

- z-'1| - — ;n| —
mH0) —— 73'(0) T2 (0) ~—— Moty (0) —— -
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Since each fiber 7;!(0) is O-dimensional, we have dimlim,_ S,, = 0. This implies
that H l(l‘igl Sa,) = li_an H'(Sa,) =0, which is equivalent to the following observation.

PROPAGSITION 4.5. For each a € H'(Ss,) = H'(Sa), there exists an n such
that (i, 0---01,)*(a) =0.

Let A, be the annulus defined by A, = {z € C| (1/m+1) < |2| < 1/m}, so that
A, = {0} U (U{4; | 7 > n}). Let h: A = A; — A, be the homeomorphism which
maps A; to Aj1 (j 2 1) by “radial homeomorphisms” and such that A(0) = 0. Then

the following diagram is commutative

hi

Apn —— Ann

in Intl

h|
Apyy — By

Define hn: Sa, — Sany by hn[(z, (u!)feC(An))] = (h(z), (vg)gec(ans1)), Where
Vg = Ugoh, § € C(An41). Note that hy, is a homeomorphism.

PROPOSITION 4.6. The following diagram is commutative.

. i
Sans —— Sa,

hn+l h‘ﬂ

n+t

SAn+2 SAn+l

PROOF: For each (Zni1, (2f)fec(ans)) € San,, we have
in [(In+11 (zf)feC(A,.+1))] = ($n+la (uf)fec(An))
where us = zgja, = Zfoin, f € C(An), and
hn [(Zn+1, (Uf)feC(A,.))] = (h(Zn+1), (Vf) sec(ans))
where Uy = Ufon = Z(foh)oin = Zfo(hoia)- On the other hand,
i1 [(z,.+1, (Z!)IGC(A..+1))] = (h(2n+1); (g)gec(an)

where ug = Zgon, 9 € C(An42), and

Tnt1 [(h($n+l)1 (u.?)gGC(An+l))] = (h(zns1), ("!)!GC(Anﬂ))

where vs = Ujoinyi = Z(foins1)oh = Zfolinsioh)- SiNCE B0 iy = iny) o h, we conclude that
the diagram is commutative. . a

The above lemma provides a commutative diagram in cohomologies:
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3 d

- i, -
H (SAn+l) H (SA..)

ha

(1) ha1

= ?+1 -
HY(San,,) —— H'(San)

Let ¢ = hj o45: H'(Sa) = H'(Sa). Since 7y o) = ids, we have i; o7} = idj (s,
and hence ¢ is an epimorphism. We use diagram (1) to obtain the following diagram, in
which all vertical arrows are isomorphisms.

Tk -% <%

N 29 i3

H'(Sa) H'(Sa,) H'(Sa,) H'(Sa,)
X 'h; B 3
HY(Sa) — H'(Say) —2~ H'(Sas)
\ hs h3
(] -
H(Sa) —— H'(Sa,)
X ,
H'(Sa)

The above diagram together with Proposition 4.5 imply that, for each a € H'(S,),
there exists n such that ¢"(a) = 0. If H'(Sa) were finitely generated, we then would
have H'(Sa) = 0 because of the following observation.

PROPOSITION 4.7. Let A be a finitely generated Abelian group. If there exists
an epimorphism f: A — A such that for any a € A there exists n with f*(a) = 0, then
A is trivial.

PROOF: Note that f ® 1g: A® Q — A® Q is an epimorphism of a vector space
A ® Q, which is finite-dimensional over . Hence f ® 1g is an isomorphism with the
property in the hypothesis. This implies rankA = 0 and therefore A is a finite Abelian
group. Then f is an isomorphism and therefore A = 0. 0

Thus Step 1 is completed and we proceed to Step 2.
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PROPOSITION 4.8. For a continuous function f € C(X), let
S; = {(z,2) : f(z) = 2% foreachz € X} C X x C. Let also ms: Sy — X be the
projection. Then the natural map py: Sx — Sy, (2, (25)4ec(x)) — (2, 25) is open. Thus
we have the following diagram.

e
open

Pf open prOJ
Tx open Sf ’ C

X——-C

ProoF: Consider g, gs,--.,9: € C(X) and open subset Ux C X,
Vi, Vary oo+, Vg, C C. It suffices to show that

pf[(UXXVfXI/QIX"'XI/an H C)nsx]

9# 11 r9nf

is open in S;. Take a point

(z, 2f5 (zgi)?zl’ (zy)y¢f,y1 ..... ) € Ux x Vi X Vo X - x Vg, x H C
9#91,19n,f
and choose ¢ > 0 such that B(z;,¢) = {w € C: |w — z| < €} C V; and B(z,,¢)
CcV,foralli=1,2,...,n. Let a = f(z), a; = gi(z), i = 1,2,...,n. There exists § > 0
such that if |b — a| <  and |b; — a;| < 4, i =1,...,n, then the equations

22-b=0
Z2-b;=0,i=1,...,n
have solutions 2z, and 2, respectively such that |2, — z¢| < ¢, |25, — 24| < €. Choose a

neighbourhood N of z such that lf(y) - f(z)l < § and |gi(y) - g.-(z)l <dforallye N
and i = 1,...,n. We claim that

N x B(zy,¢) Cpf[(Ux XVpx Vyx- oo x Vg x H C) ﬂSx}
9791590, f

Indeed, for each pint (y,w) € N x B(z;,6) C N x Vy we have |g:(y) — gi(z)| < 6,
i =1,2,...,n by the choice of N. Then we can find 2; € B(z,,€) such that 22 = g;(y).
Now for arbitrary choice of z,, where g # f,g1,92,...,9n With zg = g(z), we have

(Bw, (2, (2)) €Ux x Vy x Vg x - xV,x [ €
9#91, . 9n.S
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and p,[(y,w, (22, (zg))] = (y,w). This proves the claim and hence completes the
proof of the proposition. 0

By Proposition 4.8 and Theorem 4.1, the statement of the Step 2 follows from the
next observation.

PROPOSITION 4.9. There exists 2 mapping f: A — C such that H'(S;) # 0.

PROOF: Let f(z,y) = (-2]z| + /1 — 32, y) for all (z,y) € A. Then S; is homeo-
morphic to cylinder S x I. 0

This completes the proof of Theorem 4.2.

The above construction is carried out word by word for disks of arbitrary dimensions.
In particular, applying the above to the one-dimensional disk [—1, 1], we have the fol-
lowing corollary which suggests that a topological characterisation of general square root
closed compacta could be rather different than the one for first-countable such compacta
by (8] and [12].

COROLLARY 4.10. There exists an one-dimensional square root closed com-
pactum X with infinitely generated first Cech cohomology.

For an infinite cardinal 7 > w, we consider (I")q and the limit projection wq :
(I")q — I". By the invertibility property (**) of 7 : Sx — X for arbitrary compactum
X and the standard spectral argument, it follows easily that mq is also invertible with
respect to the class of square root closed compacta. Hence we have

PROPOSITION 4.11. The square root closed compactum (I")q contains every
square root closed compactum of weight < 7.
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