GENERAL RELATIVISTIC DESCRIPTION OF CELESTIAL REFERENCE FRAMES

A.V.Voinov
Institutc for Applicd Astronomy, Leningrad

ABSTRACT. The astonomical conscquences of rccently developed
thcorctical mcthods of rclativistic astromctry arc discusscd. Thc sct
of practically important rcfcrence systems is described. These
rcefcrence systems gencralize the locally incertial frames of gencral
rclativistic tcst obscrver, the hicrarchy of Jacoby coordinates for
dynamical problcems and the dynamically incrtial rcfercnce systems of
fundamcntal astromctry. In practical application of this formalism much
attention is paid for rclativistic transformation functions rclating
the ccliptical coordinatcs corrcsponding to the barycenters of the
Solar system, thc Earth-Moon subsystem and the Earth. Solutions to
scveral kinds of rclativistic prccession arc also prescnted.

The ultimatc aim of astromctry is to sct up an incrtial rcfcrence
framc. Traditionally, thc problcm is to introducc a coordinatc systcm
which docs not move and rotatc with respect to very rcemote light
cmittcrs. Within the framcwork of <classical mcchanics such a
kincmatical construction immcdiatcly provides thc ncscssary dynamical
propcrtics of an incrtial systcem - namcly the abscnce of translatory,
centripetal and Coriolisc incertial forces.

General Relativity prohibits the cla931cal incrtiality. Only in
the casc of wcak gravitation onc may construct a systcm which rctains
somc particular propcrtics of an incrtial onc. Thus, if a systcm movcs,
it cannot bc sumutancously dynamically and kincmatically incrtial.

If wec consider the Solar system as a wholec, we can usc its
Barycentric Rcference System (BRS). It may be regarded as complctely
incrtial at thc sufficicnt level of accuracy.

On the other hand, most of astronomical tcchniques and
applications arc conccrncd with thce Earth, its closc vicinity and the
Earth-Moon subsystcm. Thercfore it is rcasonablc to consider a sct of
quasi-incrtial rcference frames which arc rclated to thesc bodics.
Evidently, most important of them would be the Geocentric Rceference
System (GRS) and Terrcestrial- lunar Refcrcnce System (TRS). The latter
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is rclated to thc Earth-Moon barycenter.
Let us consider in morc dectail the dynamically incrtial

terrestrial-lunar reference system (TRS) (xo,xi) in its rclation to thc

BRS (xo,'xl) of thc Solar systcm.

To definc a coordinatc systcm in General Reclativity is to maintain
the corrcsponding mctric tcnsor.

Sincc thc Earth-Moon subsystcm is compact with respect to its
distancc to thc Sun, wc may takc an advantagc to trcat scparatcly the
gravitation of thc intcrnal bodiecs (thc Earth and thc Moon) and of
thosc cxtcrnal (thc Sun and plancts). Then the rcquired metric in TRS
may bc found as a post-Ncwtonian solution to thc Einstcin cquations in
harmonic coordinates where the boundary conditions arc uscd to account
for thc dynamical incrtiality of thc spatial axcs of TRS. Dctailed
description of this tcchniques may be found in [1,2,3,4].

As a rcsult wc obtain somc gcncral form of mctnc tcnsor both in
BRS and in TRS:

By =1 - 29 ¢ 2q> - 3x,w -2, & =4 g, = -613(1 + 20)

where all the "potentials" ¢, 0 X and ¢ arc rcprcsented as sums of

its intcrnal and background parts. Intcrnal componcnts dcfinc the
gravitational ficld of thec Earth-Moon subsystcm in the post-Ncwtonian
limit. Thc background ficld is produccd by thc Sun and thc plancts. The
background potcntials arc "dircct" in BRS and "tidal" in TRS. Thus, thc
background solar potcntial takcs thc form:

wxE + lw xExI + lw». xﬁxldxili +
K 27kl 6 Kli e
where
Wy is thc covariant accclcration of thc TRS origin
(point T), 10
vy T By Smpvy - owWby o v T B - 00w T MM
E{’j is thc "clccrtic" part of background curvaturc, whlch
lcading terms arc: m
O i -2 p
B'oi'ﬁ?xx -Eﬁxx —R [cos(RT r)]+.....

The structurc of this cquation is similar to that of traditional
cxpansion on powcrs of parallax.

As a sidc product of thesc tcchmqucs we immcdiatcly obtain the
transformation functions which rclatc TRS to BRS:

L= )+ BPE) P
It contains thc Lorcntz bust (L), the rclativistic prccession (P)
and thc terms (T), which arc ncscssary to recduce the background
potcentials to the tidal oncs.
Rclativistic prccession (cspccially - gcodetic) determines the

diffcrence  between  the  kincmatically and dynamically incrtial
oricntations of thc moving rcfcrence systems. This prccession may be
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cxpressed in terms of two angular quantitics (7 and €¢), which definc
corrcspondingly the rclativistic prccession in  longitude and
inclination. Thc laws of Fcrmi-Walkcer transport in thc background
mctric providc two cquations for thcsc anglces:

i% = mz_ + m:, ,deo (m + m Jcost + (m + (o )siny .
dx dx

where

0 = 3VTva + Zrotb , (gcodctic + Lensc-Thirring)

9, = %wxw . . (Thomas)
v, = dr/dx’, = dv,/dx’
In virtuc of a pcrturbation mcthod wc find thc solutions for thesc
cquations:
7 = Yp + YN ’
2 D N
| an”a” [ 32 4.2 3 27 2 ,a"
7p—[2’1_,2+ Y 2" - 2na - gz an’ T -
¢ b=1 ab
- —gvbn::ai] ool = (19.192996/10005ears) x

N = stn(E—‘l[’) + 0.00192sin(2E-2%’) -- 0.00106sin(E-J) + ... ,

€ =g + 0.00011cos(E+J) + 0.00010cos(E-J) + ... ,

N 2
n
_ 2R (9,48 2 39 b i}
M.* a’c [ 3 + 76° * oee. + 2 Yy 2 [ P ] = 0.15321 ,
b:1n
m,
y» = —,

b
s

Herc thc "primed" quantitics describce the hcliocentric motion of the
Earth-Moon baryccnter. Besidces, n, is thc mcan motion of thc planct b,

a is thc scmimajor axis of the planct b (ab)a’), EF is thc mcan

longitudc of T, J is thc mcan longitude of Jupiter, %’ is the
longitude of perihclion of T. 80 is the inclination constant. For

cxample,

g, = 0 mcans ccliptical oricntation,

0pn’ .
60 = 2327 + ... may mcan thc cquatorial onc.

Hercafter all the angular cocfficicnts arc cxpressed in milli arc
scconds.

Wc can construct analogous analytical or scmianalytical cxpansions
for transformation bctwecen BRS and TRS. It sccems convenicnt to cxprcess
them in terms of spherical coordinates.

Let us adopt for the sakc of simplicity the ccliptical oricntation
of both BRS and TRS and introducc thc following:
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r ~r, =r (cosh cosf, sinh cosp, sinf),

r (cosh cosp, sinh cosp, sinf),

)
N

Then the rclativistic transformation mentioned above is reduced to
(notc that eo=0):

A=A -7+#06h, B =p+08p, r=r+obr

where ~
cosp BA = L cosp + L’e -g—; ’
5 = ~ r ~ ,~
p = Bicosﬁ sinp + B a,~cosp + B, ?~s1nﬂ ’
br = ;(R+ Rcosa}; +R = cos[; +R 5 sing)
172 3 a’ ~ 4 a’ !

L= 0.50884sin(2\-2E) + 0.01701sin(2\-3E+1’) +
+ 0.00046sin(2\-4E+2%’) - 0.00041sin(2\-E-J) + ...,

Analogous cxpansions may bc written for the other cocfficicnts in
abovc formulac.

Since this transformation is rclativistic, it must contain thc
appropriatc timc componcnt (scc c.g.[ 1).

Exprcssion for A contains cxplicitly the rclativistic prccession
and nutation in longitudc. That for’' the inclination occurs complctcly
ncgligible. Thereforc we can casily obtain a morc practical rcfcrence
system, which is rclated to BRS with only the periodic tcrms of the
abovc transformation: ~

b=h -, +0, p=p + 68, r=r+br,

This system is scen to be kincmatically incrtial in avcrage. It
also mccts thce modern IAU standards which combinc the sccular part of
gcodctic preccession with that Newtonian. .

Nevertheless, it should bec noted, that initial definition of TRS
is morc thcorctically consistcent from the point of view of General
Rclativity.

~
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