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1. Introduction

We consider the following integro-differential equation with infinite delay:

u’(t) + o (t) = Au(t) + /t c(t — s)Au(s)ds + f(t), 0<t<2m,

w(0) = u(2m), (1)
u'(0) = v/ (27),

where A is a closed linear operator defined on a Banach space X, ¢ € L'(R,) is a
scalar-valued kernel, f is an X-valued function defined on [0, 27] and « is a real number.

We will study existence and uniqueness of solutions for (1.1) in the space of 2r-periodic
vector-valued functions B (T; X) (Besov spaces), where T denotes the one-dimensional
torus R/Z. Below, we briefly recall the definition of periodic Besov spaces in vector-valued
case introduced in [3]. For the scalar case, see [10, Chapter 9] and [9]. An approach to
periodic Besov spaces based on semigroup theory and abstract interpolation is presented
in [5, Chapter 4].

In this work we study directly the full problem (1.1) by a method based on operator-
valued Fourier multiplier theorems, which was initiated by Weis in [12] (see also [4,11])
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in the investigation of maximal regularity for abstract differential equations. Fourier
multiplier theorems on B, (T; X) were recently studied in [3] motivated by the maximal
regularity of periodic solutions for the Cauchy problems of first and second order.

In this paper we are able to obtain a very simple characterization of maximal regularity
for (1.1) only in terms of the boundedness of {d(by — A) ™' }xrez, where

—k? aik — k?
di, = PEETITA b = ———~
1+ é(ik) 1+ é(ik)
and ¢ denotes the Laplace transform of ¢. We remark that the conditions that we impose
on the kernel ¢ are satisfied by a large class of functions.

In the second part, we study a resonance case: we assume that there are kq,...,kxy € Z
such that ik; is a simple pole of F(A\) = (A2 + aX — (1 +¢(\)A) ! for j =1,...,N. In
this case, we will show that equation (1.1) has a B,  -periodic strong solution if and only
if f satisfies suitable compatibility conditions (Theorem 4.3). Also in this case we give a
representation formula for all the solutions, which allows us to study their regularity. We
remark that a similar case was studied in [7] when A generates an analytic semigroup, and
in [8] in the case of first-order integro-differential equations for a general linear unbounded
operator A. However, in [8] the resonance case was not considered. Our results extend
those in [3, Theorem 5.3], where the case for « = 0 and ¢ = 0 was presented.

The paper is organized as follows. In §2, we recall some useful properties of Besov
spaces and Marcinkiewicz’s condition of second order to establish results on B -Fourier
multipliers. Section 3 is devoted to maximal regularity in B, (T; X), where the appro-
priate notion of the strong solution is defined. In §4 we study the resonance case.

2. Preliminaries

Besov spaces form one class of function spaces that are of special interest. The relatively
complicated definition is recompensed by useful applications to differential equations
(see [1] for a concrete model).

Let D(T) be the space of all complex-valued infinitely differentiable functions on T.
The usual locally convex topology in D(T) is generated by the seminorms | f], =
supyer |F™ ()], where n € N U {0}. We let D'(T; X) := B(D(T); X). Elements in
D'(T; X) are called X-valued distributions on T.

Let S be the Schwartz space on R and let #(R) be the set of all systems ¢ = {¢;};>0 C
S satisfying

Supp(¢0) - [_272]7
supp(¢;) C [-2/F!, =2/ Ju 277 25, >,

> ¢it)=1, teR,

Jj=0
and for n € NU {0}, there exists C,, > 0 such that

sup 2|\ (2)]| < . (2.1)
7>0,xz€R
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Let 1 < p,g < 00, s € Rand ¢ = (¢;);>0 € P(R). The X-valued periodic Besov spaces

are defined by
a\1/q
) < oo},
p

where, for € X, we denote by e;, ® x the X-valued function (ey ® z)(t) = el*z.

We make the usual modification if ¢ = oo. Note also that the space BS, . is the
familiar space of all Holder continuous functions of index s if s € (0, 1).

We remark that the spaces B¢ are independent of ¢ € @(R), and the norms || - ||B;:3>
are equivalent. We will simply denote || - HB;:? by || - ||, for some ¢ € &(R).

Z ek ® ¢j(k)f(k)

keZ

BS(T; X) = {f €D (T; X) : || fll e = (ZQSM

320

Remark 2.1. For some useful properties of B; ,(T; X) see [3, Theorem 2.3].

For a function f € B, (T; X),s > 0, denote by f(k), for k € Z, the kth Fourier coeffi-
cient of f, that is,
R 1 2 .
k) = — —ikEf(t) dt.
f) =5 [ e
Let X and Y be Banach spaces. We denote by B(X,Y") be the space of all bounded
linear operators from X to Y. When X =Y we write simply B(X).

Definition 2.2. Let X and Y be Banach spaces and let { M}, }rez C B(X,Y"). We say
that {My}rez is a By -multiplier if, for each f € By  (T; X) there exists g € B, (T;Y)
such that

g(k) = My f(k) forall k € Z.

In this case, it follows from the Closed Graph Theorem that there exist C' > 0 such

that, for f € By (T; X), we have

d e ® Mkf(k)’

kezZ

Remark 2.3. Let X, Y and Z be Banach spaces. If {My}rez C B(X,Y) and
{Ni}rez C B(Y, Z) are B, -multipliers, then {NyMj}rez is a B, -multiplier. This fol-
lows directly from the definition.

<Cflls;,
B3.q

The following condition on sequences {Mj}rez C B(X,Y) was introduced in [2] to
study Fourier multipliers in the LP-context. It is also used in the study of multipliers of
Besov spaces.

Definition 2.4. We say that a sequence {My,}rez C B(X,Y) is M-bounded if

sup | My || < oo, sup ||k(Mg4+1 — My)|| < oo, (2.2)
kez keZ
2u12) |62 ( My 1 — 2My + My, _1)|| < . (2.3)
€

The following general multiplier theorem is due to Arendt and Bu [3, Theorem 4.5].

Theorem 2.5. Let X and Y be Banach spaces and let {Mj}rez C B(X,Y) be M-
bounded. Then for 1 < p,q < oo, s € R, {My}rez is a B, -multiplier.
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3. Maximal regularity on B, (T; X)
For a linear operator A on X, we denote the domain by D(A) and its resolvent set by
p(A), and for X € p(A) we write R(A\, A) = (A — A)~L.

We denote by & the Laplace transform of ¢ € L'(Ry). In what follows, we always

assume that é(ik) exists for all k& € Z and that é(ik) # —1 for all k € Z.
We adopt throughout the following notation:

1 —k?

di= == 5 forallk€Z\ {0}, do=0, (3.1)
aik — k2

by =" forallkeZ 2

& 1o or a € 4, (3:2)

where ¢, := ¢(ik).

Remark 3.1. Note that by the Riemann-Lebesgue lemma the sequences {¢(ik)} and
{1/(1 4 ¢(ik))} are bounded.

Let {ck}rez C C be a sequence. We say that {c} verifies the following conditions:
{k(ck_H — Ck)}keZ and {kQ(CkJ,_l — QCk + Ck—l)}keZ are bounded. (Hl)

Proposition 3.2. If {¢(ik)}kez verifies the condition (H1), then {ay} and {by} defined
by (3.1) and (3.2) verify that

{k‘ak(bkﬂ — bk)}keZ\{O} and {kQGk(bk_;,_l — Qbk + bk—l)}keZ\{O} are bounded.
Proof. We have the identity

-1 k(e &) ai @ . )+—2k;—1—|—ai 14 ¢k
= ——Fk(c —¢ép)— —— (6 — ¢ —.
1+ ¢ b F 1+ Crya F b k 1+ Cp41

kag (b1 — br)

By hypothesis and Remark 3.1 we obtain the first assertion of the proposition. In order
to prove the assertion, we have the identity

K2ag (bpsr — 2bp + bp1)
-1
(1 + Crpr)(1 + Er1)
X [(14 Grr1)k?(Gro1 — 265 + Erg1) — k(Crr1 — Er1)k(Cry1 — Cr)
+2(1 + é)k(Cry1 — Cr—1) + d(1 + Ex—1)k(Cr — Crt1)
+ (1 + Cry1)k(Ch — Ck—1) + (1 + &) (Ch—1 — Cht1)
— (14 C—1)(1+ &) — (1 + ryr)(1 + c)]-

Hence, by hypothesis and Remark 3.1 we obtain the desired conclusion. (]

Proposition 3.3. Let A be a closed linear operator defined on the Banach space X .
Let {di }kez and {by } ez be defined by (3.1) and (3.2), respectively. Assume that {¢x }rez
satisfies (H1). If by, € p(A) for all k € Z and {dy(by — A)"'}rez is bounded, then
{di(br, — A)"'}rez is a By ,-multiplier, 1 < p < oc.
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Proof. Set My, = d(byI — A)~L. Note that My is the null operator.
We will verify that the sequence {My} is M-bounded. The result then follows from
Theorem 2.5. In fact, first we prove (2.2). We have the identity

a
HMMl—Mu=A@Hmmdm—mﬂmh+ﬂnﬂkb—’”ﬂ.

ag

Note that

Q41 _ 1+ ¢ E OV
ag 1+ ¢ E+1)°

Hence, for each k € Z\ {—1}, we see that
plp @] 2k2+k+ k? 1~
ag (k+1)2  (k+1)21+¢é
is bounded, since {¢} verifies (H1).

Moreover, for all k € Z\ {—1}, by Proposition 3.2 we find that {kajt1(by — bg+1)} is
bounded. This, together with the boundedness of {M},}, implies that

k(& — ekﬂ)}

sup ||k(Myy1 — My)|| < oc.
keZ

In order to verify condition (2.3), with an analogous calculation to that above we
obtain
1 2

k?(Myiq — 2My + My_y) = k? < - = +-
ak+1  ak  ak-1

} kag—1(bgy1 — b)) MMy _+

)ak+1Mk+1

ag

— 2k [1 —
Ak—1

— k2ag (b1 — 2bg + b—1) My My,

+ 2kap41 (b1 — br)kag—1(bgg1 — br—1) My My M,y

— kag(br+1 — br) ka1 (bry1 — bp—1) Myy1 My My, 1,

where, with a direct calculation, we find that
1 2 1 k2
k? -—+ > = ~ -
<Gk+1 ar ap 1 )T T ke 102( a1+ )
X [=(1 + Grg1)k?(Cray1 — 26 + Cu_1)

+ Ek(Ch—1 — Chr1)k(Cr — Crr1)
+2(1 + &)k(Cr_1 — Cry1)
+ (14 1) (1 + k) + (14 Crp1) (1 + &)

Since {¢,} verifies (H1) we conclude that the sequence {k?(1/ay+1—2/ax+1/ax_1)ar+1}
is bounded for all k € Z\ {—1}. Hence, by Proposition 3.2 together with the boundedness
of {My}, we find that k?(My1 — 2Mj + My_1) is bounded for all k € Z\ {-1,0,1}.
Finally, since M_o, My, M_1, M; are well-defined operators we prove the claim. |
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Lemma 3.4. Let X be a Banach spaces. Assume that the Laplace transform {¢ }rez
verifies condition (H1). Then the sequences {(1 + ¢)I}xez and {1/(1+ ¢&)I} are B, -
multipliers.

Proof. It is clear, directly from (H1) and Theorem 2.5, that the sequence {my :=
(1+¢)I} is a B, ,-multiplier.
Now, let ny, := 1/(1 + é). The sequence {ny} is bounded and satisfies the identities

1 1
(o k) [Ck k+1]1+6k1+8k+1
and
-1 1

(14 ¢x) (14 éx-1)
1 1 1
1+¢pp114+¢x 1+

k*[Gry1 — 261 + G

k*(ngs1 — 20 4+ ng—1) =

k[Cri1 — Ch—1]k[Cry1 — Cil.
Hence, the sequence is M-bounded, proving the lemma. O

Definition 3.5. Let 1 < p,q < oo and s > 0. A function u € B3t?(T; X), is called a
strong B, ,-solution of (1.1) if u(t) € D(A) and (1.1) holds for almost every ¢ € [0, 27].

Theorem 3.6. Let 1 < p,q < oo and s > 0. Let A be a closed linear operator
defined on a Banach space X. If {¢j }rcz satisfies (H1), then the following assertions are

equivalent:
ik — k2 —k® (kK +aik
(i) {al~} C p(A) and sup H . ( +~a1 - A) < 00;
1+ ¢ keZ k|| 14k 1+ ¢

(ii) for every f € B, ,(T; X), there exists a unique strong B, ,-solution of (1.1) such
that u",u', Au € By (T; X).

Proof. (i) = (i). Let € X be fixed. Define f = e, ® . Note that f € By (T; X).
Hence, there exists u € B5H?(T; X) such that u(t) € D(A) and (1.1) holds for almost
every t € [0, 27].

Taking Fourier transforms on both sides we obtain that @ (k) € D(A) and

—k2a(k) + aiki(k) = Aa(k) + & Aa(k) + f(k),

where ¢, is the Laplace transform of ¢. Thus, (—k2 + aik — A — &, A)a(k) = f(k) = =,
proving that —k? + aik — A — &, A is surjective.
Let z € D(A). If (—=k? + aik — A — ¢ A)x = 0, that is Az = (—k? + aik)Iz/(1 + &),
then u(t) = e!**x defines a periodic solution of
t

u’(t) + o' (t) = Au(t) + / c(t — s)Au(s) ds.

— 00
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Hence, © = 0 by the assumption of uniqueness, and thus x = 0. Since A is closed,
by [6, Proposition 1.15] we conclude that
aik — k?
1+¢

—K (=K +aik !

1+¢ 1+ ¢
is a By -multiplier. Let f € By (T;X). By hypothesis, there exists a unique u €
Bs12(T; X) such that

C p(A) forall k € Z.

Next we claim that

t

u'(t) + o' (t) = Au(t) + / c(t — s)Au(s) ds + f(t).

Taking Fourier transforms of both sides, we find that 4(k) € D(A) and
(k) = (—k* + aik — (14 &) A) " f(k)

or

—k*a(k) = i (

_1—|—5k

—k2 + aik —_—
—A k).
1+ ¢ ) f()

By [3, Theorem 1.3], if u € B5H?(T; X), then v’ is differentiable almost everywhere
(a.e.) and u” € B; (T; X). Define v = u”. We then obtain

X k2 [ —k%+ aik -
i) =~ e (T - a) )

proving the claim. It follows from the Closed Graph Theorem that there exist C' > 0
such that, for f € By (T; X), we have

der® Mkf(k)‘

kEZ

< Cllflsg,-

s
P

Let € X and define f(t) = e, ® x for n € Z fixed. Then the above inequality implies
that ”enHB;,q”Man = |len Mpz|| < CHen”BquHx”' Hence, [[M,| < C.

(i) = (ii). Let
k2 [ —k% + aik !
M, = — ~ +~oz1 _a)
14 ¢ 14 ¢
By assumption we see that { My }rez is a bounded sequence. We define

1 2 . -1
N, = ~ k —|—~oz1k_A .
1+¢ 1+ ¢

First, we claim that the families {ik Ny }rez and { Ny }rez are By, -multipliers. In order
to see this, we will apply Theorem 2.5.
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In fact, in order to verify the condition (2.2), observe that [[ikNg|| < ||[k2Ni| = || M|
for all k € Z and hence that supycy [|ikNg|| < oco.
Moreover, we have the identity

k[(k + 1)Nk+1 — ka] = —Mjy41 + My — (k + 1)Nk+1,

and hence the condition (2.2) holds, since {My} is bounded.
To verify the condition (2.3), note that

E*[(k +1)Nyy1 — 2kNg + (k — 1) Nj._4]
= ]{Z[Mk — Mk+1] + k‘[Mk — Mk,ﬂ — k[(k‘ + 1)Nk+1 — k‘Nk] + k‘[(k‘ — 1)Nk,1 — ]{JNk]

Since supycy || M| < oo, from the proof of Proposition 3.3 we see that the sequence
{My} verifies the condition (2.2) of Definition 2.4. Using this in the above identity, we
conclude that the condition (2.3) holds for {ikNy}. We have the claim.

Second, we will prove that { Ny} is a By, -multiplier. In fact, to verify the condition (2.2)
observe that || Ny|| < ||k*Ny| = || Mg]| for all k € Z\ {0} and hence that supycy, || Nk|| <
0. Moreover, we have

k[Nikt1 — Ni] = (k 4+ 1)Nit1 + Ni — Niy1,

and since {kN}} and {Nj} are bounded sequences we obtain condition (2.2).
In order to verify the condition (2.3), note that

E*[Nii1 — 2Ng + Ni_q]
= —Myi1 +2Mg — M1 — (k+ 1)Ngq1 + (k— 1)Ng—1 + Nk—1 — Ni41,

and, since {M}}, {kNy} and { Ny} are bounded sequences, we obtain condition (2.3) and
the claim follows.
Now, let f € B, (T; X). Since {Ny} is a B, -multiplier, there exists u € B,  (T; X)
such that
a(k) = Ny f(k) for all k € Z, (3.3)

where we observe that 4(k) € D(A).
Since {ikNy } is a B, -multiplier, there exists v € B,  (T; X) such that o(k) = ik N} f (k)
for all k € Z. From (3.3) we obtain

ika(k) = (k). (3.4)

By [2, Lemma 2.1], u is differentiable a.e. with ' = v and u(0) = «(27). By [3, Theorem
2.3] this implies that v € B5H!(T; X).
Since { M} } is a B, -multiplier, there exists w € B; (T; X) such that @(k) = M, f(k)
for all k € Z. Again using the equalities (3.3) and (3.4), we have
—k*u(k) = iko(k) = w(k).

By [2, §6] v is differentiable a.e. with w = ", ¥/(0) = «/(27) and w = v = u".
By [3, Theorem 2.3] this implies that u € B;:ZQ(T; X).
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We show that u(t) € D(A). By (3.3), we have the identity
(=K% + aik — (1 + &) A)a(k) = f(k) (3.5)

for all k € Z, or, equivalently,

—k? + aik I
Ad(k) — .
k) = g, k) = o5 f )
1 o 1
= ——wlk v(k) — k). .

Since f,v,w € B, ,(T; X) and by Corollary 3.4 the family {I/(1+¢)} is a B, ,-multiplier,
there exists g € B,  (T; X) such that

(k) = §(k).

Then [2, Lemma 3.1] implies that u(t) € D(A) and Au(t) = g(t). Hence, Au € B; (T; X).
Finally, from (3.5), we have

(k% + aik)a(k) = Aa(k) + Aépa(k) + f(k).

Since A is closed, from [2, Lemma 3.1] we deduce that
t
' (t) + au'(t) = Au(t) + / c(t — s)Au(s) ds + f(t).
It remains to show uniqueness. Let u € B,  (T; X) be such that
t
u’ () + o' (t) — Au(t) — / c(t — s)Au(s)ds = 0.
Then a(k) € D(A) and [—k? + aik — (1 + é)AJa(k) = 0. Since
—k? + aik
_ A
v A

this implies that @(k) = 0 for all k¥ € Z and thus that u = 0. O

In the case where p = ¢ = 0o and 0 < s < 1 we find that B3, ., (T; X) corresponds to
the space C*(T; X) of Holder continuous functions. We state the corresponding result.

Corollary 3.7. Let 0 < s < 1. Let A be a closed linear operator defined on a Banach
space X . Assume that {Cj }rcz satisfies (H1). The following assertions are equivalent:

_k2? 1.2 -1
- aik ~l<: 4
1+ ¢ 14+ ¢
(ii) for every f € C*(T; X), there exists a unique strong C*-solution of (1.1) such that
u’ v, Au € C5(T; X).

< 005

aik — k?
i _ C p(A) and su
0 {*Fra} o) andsup
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Remark 3.8. Setting @ = 0 and ¢ = 0 in equation (1.1) we obtain the second-order
problem with periodic boundary conditions

u’(t) = Au(t) + f(t), 0<t<2m,

u(0) = u(2m), (3.7

/' (0) = o/ (2m),
and we may apply Theorem 3.6 to obtain a necessary and sufficient condition in order for
such a problem to have maximal regularity in Besov spaces. In [2] Arendt and Bu studied
the problem (3.7) for A a closed linear operator defined on Banach space X with the
unconditional martingale difference property. They established conditions for maximal

regularity in L (R; X) in terms of R-boundedness. In [3], the authors obtained maximal
regularity for (3.7) in periodic vector-valued Besov spaces.

4. The resonance case
We define
pa.c(A) = {\ € C:d(\)I —e(N\)A is invertible and (d(\) —e(\)A)™! € B(X,[D(A)])}.

In what follows we will assume that d(ik) and e(ik) exist for all k& € Z. We suppose
that A — d(A) (respectively, e(\)) admits an analytical extension to a sector containing
the imaginary axis, and still denote this extension by d (respectively, e).

Denote by 04.(A) the complementary set C \ pg.(A).

Now, we consider a resonance case. We assume that there are k1, ...,ky € Z such that
ik; € 04.(A) forj=1,...,N,
ik‘%o’d’e(A) for k € Z, k?ékj,...,]{}]\[, (41)

ik; is a simple pole of F(-) for j=1,...,N,

where F : pg.(A) C C — B(X,[D(A)]) is defined by F(\) = (d(\) —e(\)A)~1.
We now give some preliminary results about the solvability of the equation

(d(Ao)I —e(Ao)A)z =y (4.2)

where \g is a simple pole of F(+).
We denote by @ the residue of F(-) at Ag, that is,

. 1
Q= Jim - 2)FO) = o [ L P (43)

where € > 0 and B(A\g,e) :={A € C:|A—X| <e}.

We define

A—X)F(A), 0<|A— Ao <e,
Qv A= )‘0'

We note that Q@ € B(X,[D(A)]) is a non-zero operator which verifies the following

property.
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Lemma 4.1. With the notation as above, we have
Q = Qld'(Ao)I — €'(M)A]Q.
Proof. For each A, u belonging to B(Ag,e) \ {Ao} with |A — Ag| > | — No| we have

F(\) = F(u) = FO[d(p)] - e(u)A — d(NI + e(A) A (1)
— FO)[(d(n) — AT + (e(N) — e(w) AIF (1).

Hence,
=L (0 o) —-20) = =y )| LI 20 ),
and, using (4.4), we have
= A A=Xo _ d(p) —d(A) . e(A) —e(p)
G\ Af; —G(p) Af: _G(A){ e I+ p— A}G(u).
Since A € B([D(A)], X), letting p+ — Ao, we obtain
—Q =G {d(AAO)__AdO(A)I + G(A; = i?‘)) A} Q.
Letting A — Ag, we get
Q = Qld'(M)I — €'(A)A]Q.
This proves the lemma. O

The following result is the key for results on the existence of solutions in the resonance
case.

Proposition 4.2. Let Ay be a simple pole of F(-) and let Q € B(X,[D(A)]) be defined
by (4.3). Then

Ker(d(Mo)I —e(X)4) = Q(X). (4.5)

Moreover, for any y € X such that Qy = 0, all solutions of (4.2) are given by
= G'(Ao)y — QA(C'G) (Mo)y + Qd'G) (Ao)y- (4.6)
Proof. First we prove (4.5). For any sufficiently small € > 0 and 0 < |A — Ag| < € we

have

(d(Xo)] = e(A)A)G(A) = (A = o) = (AN — e(A)A)G(A) + (d(Ao)I — e(Ao) A)G(N)
= (A= 20) + (d(ho) = d(N)GA) + (e(A) = e(X0))AG(N).
(

Since A € B([D(A)], X), letting A — Ao, we obtain (d(Ao)I —e(Ag)A)Q = 0, so that Q(X)
is contained in Ker(d(Ag)I—e(Ag)A). Now let € D(A) be such that (d(Ag)I—e(Aog)A)z =
0. Then, for 0 < |A — A\g| < & with ¢ small, we have

FO) (M) — e(Ag)A)z = 0. (4.7)
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For each © € X we have the identity x — F(\)(d(A\)I — e(A\)A)xz = 0 or, equivalently,
z+ F(\)[d(No) — dN)]x + F(\)[e(\) — e(Xo)]Az — F(\)[d(Ao)I — e(Xg)A]z = 0.

It follows from (4.7) that

x—Q—A@mnﬂ%{§9@x+Q—A@mnﬂ%g%ébuzm
that is, using (4.4),
C oV Zd0) gy e o)y g

A— o A—Xo

Letting A — Ag, we get
z— Qd' (No)z + Qe (Ag) Az = 0,

so that z belongs to Q(X), proving (4.5).

Let us now prove (4.6). First we claim that

Jm FQ) A+ (€'(A0)A = d'(20)1)Q] = G'(0) = QA(C'G) (ho) + Q(I'G) (ho).  (4.8)

In fact,

dNGW) — ¢'(M)Q
X —Xo

= PO+ () A — d(3)1)Q] + (A — A@F(A)A[

NG — d/()\o)Q]
X=X '

—(A=2)F(Y)

Since A € B([D(A)], X), letting A — A in the above identity we obtain the claim.

On the other hand, using Lemma 4.1 we obtain

lim [d(A\o)I — e(Ao)AJF(N)[L + (¢ (Ao)A — ' (Mo))Q]

)\—)Ao

= lim [d(\) — e(N)A + e(\)A — d(\)T + d(Xo)I — e(Xo)A]

A= Ao
X ) + (¢'(Mo)A — d' (M) )Q)
— i 14 {5004 AR o)
X [T+ (e'(Mo)A —d' (Xo)])Q]
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= [I +(e/(Ao)A = d' (M) )QJI + (€ (M)A — d'(Xo)])Q]

=1 +2(' (M)A —d' (X))Q + (¢/(Mo)A — d' (M) T)Q(e' (M)A — d' (M) ])Q
= I +2(e' (M)A = d'(M)I)Q — (¢'(Mo)A — d'(M)])Q

=1+ (e'(Mo)A—d'(N)D)Q-

(
(

Due to (4.8) and the fact that A belongs to B([D(A)], X) we have
[d(Ao) —e(M)A][G'(Xo) = QA(€'G) (Xo) +Q(d'G) (No)] = T+ (€' (M) A—d'(Xo))Q. (4.9)

Therefore, if y € X is such that Qy = 0, equation (4.2) is solvable, and the solution is
given by
w=G"(Xo)y — QA(E'G) (Mo)y + Q(d'G) (Xo)y-

O

Now, arguing as in the proof of Theorem 3.6, we find that, if f € By (T;X) and
u € B3t2(T; X) is a strong By ,-solution of (1.1), then

(—k* + aik — (1 + &) A)u(k) = f(k), keZ. (4.10)

We suppose that A — &(\) admits an analytical extension to a sector containing the
imaginary axis, and still denote this extension by ¢.
Substituting d(\) := A2 + aX and e()\) := 1 + &(\), we have

FA) =\ +aX— (1+&N)A) " forall A € pge(A).

Now, we assume that there are k1, ..., ky € Z such that (4.1) holds.
For each k # k,, n=1,..., N, equation (4.10) can be uniquely solved, with

a(k) = (—k? + aik — (14 &) A) "' f (k).

For k,, n=1,..., N, by Proposition 4.2, equation (4.10) is solvable if and only if

an(kn> =0, (4.11)

where @Q,, is the residue of F(-) at A = ik,,. If (4.11) holds, then, by (4.6), the Fourier
coefficients of the solution to (4.10) in k,, n =1,..., N are given by

i(kn) = [G1(1kn) = QuA(@ Gr)'(ikn) + Qu(d'Gr) (k)] f (Kn), (4.12)

where G, : B(iky,€) — B(X, [D(A)]) is the analytic function defined by

() = {(/\ — ik )F(N), 0<|X\—iky| <e, (113)

Qna A= ikna

for any € > 0 sufficiently small.
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Now, define the family operators

k= {(—k2 +aik = (1+¢)A4)7, REZA\ k- ohnk gy

G(ikj) — Q; A(E'G;) (iky) + Q;(d'Gy) (iks), j=1,...,N,
where ik € pg.(A) for all k € Z\ {k1,...,kn}. Note that { Ny }rez C B(X).

The following main theorem gives compatibility conditions on f that are necessary and
sufficient for the existence of a strong LP-solution of (1.1).

Theorem 4.3. Let 1 < p,q < oo and let s > 0. Let ¢ € L'(R ) function such that the
Laplace transform ¢, satisfies (H1). Suppose that (4.1) holds. Let A be a closed linear
operator defined on a Banach space X . If sup, ¢, ||k? N || < oo is bounded, then, for every

[ € B, ,(T; X), equation (1.1) has a strong B, ,-solution if and only if Q,, f(k,) = 0, for
everyn=1,...,N.
In this case, all the strong solutions of (1.1) are given by

u(t)= lim Y (1 - |k|>eikt(k2+aik (14 &)A) " f(k)

n+1

N
+ MG (k) — QA G) (k) + Qi (d'Gy) (k) f (k). (4.15)

Jj=1

Proof. First we assume that, for every f € By  (T; X), there exists v € B;fgz(’]I‘;X),
a strong Bj -solution of the equation (1.1). Taking Fourier transforms on both sides
of (1.1), we find that 0(k) € D(A) and

(k% + aik — (1 + &) A)o(k) = f(k) for all k € Z.
For A\ € pg.(A) and kq, ko, ..., kn, we have
(A =ik ) (N[N 4+ aX — (1 +EN)AJo(ky) = (A — ik;)d(k;).
Setting A — ik; it follows that

Jim (A~ k) F(A\)[A? + o) — (14 &(\)A]o(k;) = 0.
—1K;
Since both limits lim i, (A — ik;) F(A) and limy_i, [A? + X — (1 + (X)) AJo(k;) exist,
we obtain

Qi (—k} + aik; — (1 + é&(ik;))A)d(k;) = 0,
or, equivalently, ij(kj) =0, for all k;, j =1,...,N. Hence, by Proposition 4.2, equa-
tion (4.10) is solvable and

(k) = {(kz +aik — (1+&)A) " f(k), keZ\ (k... k),
(G (ik;) — Q;A(E'G,) (ik;) + Q;(d'Gy) (k) f(k), j=1,...,N,
(4.16)
from which (4.15) follows.
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Conversely, assume that f € By (T; X) and Q,, f(k,) =0 forn =1,..., N. We define
u(t) by (4.15). Then A
k) = Nef(k) (4.17)

for all k € Z, where Ny, is defined by (4.14). Note that @ (k) € D(A) for all k € Z.

For each k € Z, we define My := —k>Nj. By hypothesis, {Mj}rez is bounded.
We observe that {k(My.1 — My)}rez and {k*(Myi1 — 2Mj, + My_1) }rez are bounded,
which can be proved following the same method as the proof of Proposition 3.3. Then,
by Theorem 2.5, we see that { My }rez is a By -multiplier.

Analogously to the proof of Theorem 3.6, it follows that the family {ikNy}rez is a
B, -multiplier. Hence, there exist v,w € B; ,(T; X) such that

—k*a(k) = iko(k) = w(k).

By [2, Lemma 2.1] and [2, § 6], u,u" are differentiable a.e. with ' = v, w = v’ = u” and
u(0) = u(27), v'(0) = v/(27). By [3, Theorem 2.3] this implies that v € B5+?(T; X).

Now, we show that u(t) € D(A). Since @, f(k,) =0 for alln=1,..., N, by Proposi-
tion 4.2 we have

(—k? + aik — (1+ &) A)Ny f(k) = £(K) (4.18)
for all k € Z, or, equivalently,
; —k* +aik 1 .
AN, f(k) = WN (k) — 1+5kf(k>

1 A a A 1 .

= e (CRNDF) + kL) — 1 f(h)
. a 1 .

= 1+ékw(k)+ 1+6kv(k)— 1+ékf(k;). (4.19)

Since f,v,w € B, ,(T; X) and by Corollary 3.4 the family {//(1 + ¢x)} is a B, -multi-
plier, there exists g € B, ,(T; X) such that

AN f(k) = (k).

From (4.17) we obtain Au(k) = §(k). By [2, Lemma 3.1] this implies that u(t) € D(A).
By (4.18) we have

(
= —aiki(k) + Ai(k) + e Aa(k) + f(k). (4.20)

Tt follows from the uniqueness theorem of Fourier coefficients that «(t) defined by (4.15)
satisfies (1.1) for almost all ¢ € [0, 27]. 0
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