J. Inst. Math. Jussieu (2023), 22(3), 1319-1382 1319
doi:10.1017/S1474748021000402  (©) The Author(s), 2021. Published by Cambridge University Press.

LOGARITHMIC DE RHAM-WITT COMPLEXES VIA
THE DECALAGE OPERATOR

ZIJIAN YAO

Department of Mathematics, Harvard University
(zijian.yao.math@gmail.com)

(Received 15 August 2019; revised 24 July 2021; accepted 25 July 2021; first published
online 26 August 2021)

Abstract We provide a new formalism of de Rham-Witt complexes in the logarithmic setting. This
construction generalises a result of Bhatt—Lurie-Mathew and agrees with those of Hyodo—Kato and
Matsuue for log-smooth schemes of log-Cartier type. We then use our construction to study the
monodromy action and slopes of Frobenius on log crystalline cohomology.

Keywords: de Rham-Witt complex, log crystalline cohomology, monodromy operator, de Rham cohomol-

ogy, Nygaard filtration, slopes of Frobenius

2020 Mathematics subject classification: Primary 14F30
Secondary 14G20, 14G22, 14F40

Contents

1 Introduction 1320
2 Saturated Dieudonné algebras 1325
3 Log Dieudonné algebras 1334
4 Saturated log de Rham—Witt complexes 1341
5 Log Frobenius liftings and de Rham comparison 1349
6 Etale base change 1356
7 Comparison theorems 1359
8 The monodromy operator 1366
9 The Nygaard filtration and slopes of Frobenius 1370

@ CrossMark
https://doi.org/10.1017/51474748021000402 Published online by Cambridge University Press


https://orcid.org/0000-0002-3805-8334
mailto:zijian.yao.math@gmail.com
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S1474748021000402&domain=pdf
https://doi.org/10.1017/S1474748021000402

1320 Z. Yao
Appendix A Log geometry 1378

References 1381

1. Introduction

Recently, Bhatt-Lurie-Mathew [2] gave a relatively elementary construction of the de
Rham-Witt complex (hence the crystalline cohomology) for smooth varieties over a
perfect field of characteristic p. Our article extends their construction to the logarithmic
setting. This gives us a convenient framework to study various arithmetic properties
arising from geometry in a slightly more general context. For example, we apply our
construction to study the monodromy action and the slopes of Frobenius on log crystalline
cohomology. Moreover, our construction leads to another proof of the comparison between
Ajpe/prismatic cohomology and log crystalline cohomology in the case of semistable
reduction (see [20]).

To put this article into context, we first remind the reader of some relevant classical
notions. For a smooth scheme X over a perfect field & of characteristic p, its de Rham-Witt
complex is a sheaf WQ% . of commutative differential graded algebras (cdga) introduced
by Illusie [10], which canonically represents the crystalline cohomology of X over the
ring W (k) of Witt vectors. See the introduction of [10] for an account of the history of
the subject. The de Rham-Witt complex is equipped with a Frobenius map F and a
Verschiebung map V, required to satisfy various relations, including

'From these relations, one can further deduce that dF = pFd,Vd = pdV, etc. Building
on the work of Illusie-Raynaud [11], Hyodo-Kato introduced a logarithmic version of de
Rham-Witt complexes, and uses them to construct the monodromy operator on the log
crystalline cohomology for log schemes that are of semistable type over k. Slightly more
recently, the theory of (log) de Rham—Witt complexes have been extended to more general
bases by Langer-Zink (the ‘relative’ de Rham-Witt complexes [14]), Hesselholt-Madsen
(the ‘absolute’ de Rham-Witt complexes [7, 8]), Matsuue (for relative log schemes [15])
and many others. In this article, we follow the strategy of [2] and give an elementary
construction of log de Rham—Witt complexes for log schemes over a perfect log field .
To distinguish our construction from the crystalline constructions (for example, in [9]),
the complexes we construct will be named the saturated log de Rham—Witt complexes,
again following [2].

1.1. Saturated log de Rham—Witt complex

To assist the reader with conventions used in this article, we include a brief review of log
geometry in the Appendix. We start with a perfect field k& of characteristic p endowed
with a log structure (for the convention on log algebras, see Subsection 1.6). Let X be a
quasi-coherent log scheme (with underlying scheme X) over k and R = (R,M) be a local

I The equality V(1) = p is a consequence of the fact that our schemes live in characteristic p.
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chart for its log structure. The starting point of our construction is similar to that of [2],

namely, to place the relation
dF =pFd

at a central place. For preparation, we first define the category DA°® of log Dieudonné
algebras, which consists of a commutative differential graded algebra (cdga) A*, equipped
with

e a Frobenius map F,

e a log structure L and

e a log derivation §
in a compatible manner. Most important, these data are required to satisfy

dF =pFd and §F =pFé.

There is a full subcategory
DA « DA"*®

str

of strict log Dieudonné algebras, which essentially consists of log Dieudonné algebras that
admit the Verschiebung maps V and are complete with respect to a certain V-filtration.
We will formulate the strictness condition using the log version of the décalage operator
7p, which on p-torsion-free cochain complexes is given by

npA® = {x € p'A'|dx € p"TT ALY,

For each p-torsion-free object A* in DA%, there is a morphism ¢z : A* — 1,(A*) of log
Dieudonné algebras given by pF in degree i. The existence of the Verschiebung map V
is closely related to ¢ being an isomorphism.

This allows us to give the following primitive definition.?

Definition 1. The saturated log de Rham—Witt complex, as a functor from the category
Alg,, of log k-algebras to strict log Dieudonné algebras, is the left adjoint of the
functor

str

L:DAlE Algy,

that sends A* — A°/imV.
We denote by Wwy, Ik the saturated log de Rham—Witt complex of R.

Theorem 2. The left adjoint Wwi/k of v exists. Moreover, the saturated log de
Rham-Witt complezes Ww}/k glue to a sheaf Ww}/k on the (usual) étale site X
of X. o o

1.2. The case of log-smooth schemes of log-Cartier type

Our version of the log de Rham—Witt complexes agrees with the existing ones in [9], [14]
and [15] under additional smoothness assumptions.

2Strictly speaking, we need to restrict to subcategories DAl;%‘p of DALff , spanned by objects for
which the log Frobenius is given by multiplication by p. We ignore this issue in the Introduction

for the sake of exposition.
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Theorem 3. Let X be a log scheme over k that is log-smooth of log-Cartier type; then
there exists isomorphisms of sheaves of complexes

Wy =+ WA ) =2 WY

compatible with the Frobenius operators, where WA% . is the complex constructed by
Matsuue [15] following the work of [1/] (see Section 7), and W Wy, )y, is the Hyodo—Kato
complex constructed via the log crystalline site in [9]. In particular, in this case all three
versitons of log de Rham—Witt complexes agree and compute the log crystalline cohomology.
More precisely, there exists a canonical isomorphism

RI’ (Xét, WW&/E) = erog-cris (K/W(E))

identifying the Frobenius operator induced by the map ¢r = p'F in degree i on the de
Rham—Witt complex with the functorial Frobenius on log crystalline cohomology.

Remark 4. In general, the saturated complex Wwj, Jk differs from the crystalline
construction of Hyodo-Kato. This distinction is already present in the case of ordinary
schemes and has little to do with log structures. See [2, Section 6.3] for an explicit example
of a cusp.

1.3. The main construction

As previously mentioned, one notable feature of our construction is that we start with the
Frobenius and produce the Verschiebung and Restriction maps ‘along the way’. Another
feature is that our formulation makes essential use of the décalage operator 7,. To be
more precise, we turn the isomorphism

¢r: Wwy , = mpWwx (1)

which is typically an output® of previous constructions of the log de Rham-Witt complex,
as part of the input. As a result, our complex is characterised by a different universal
property, which makes it easier to compare to cdgas equipped with Frobenius.

Remark 5. The isomorphism in (1) is what makes this formalism suitable for studying
the log crystalline comparison of Aj,¢-cohomology in [20]. More precisely, let RT'a, . (%)
be the Aj,s-cohomology of a formal scheme X over O¢ with semistable reduction, where
C is a completed algebraic closure of W(k:)[%] Write X for the formal log scheme with
the divisorial log structure from its mod p fibre Xo,, /- In [20] we apply the main results
of this article to prove the following theorem.

Theorem 6 ([20]). There is a Frobenius compatible quasi-isomorphism
~L
RFAinf (x)®Aich(k) = RFlog—criS(ﬂ/W(k))

relating the specialisation of RI 4, (%) to W (k) with the log crystalline cohomology of
the special fibre of X over k.

3The isomorphism (1) is due to Illusie for (ordinary) de Rham-Witt complexes and to Hyodo—
Kato in the logarithmic setting. See Definition 2.3 and Lemma 7.5.
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The construction of the saturated log de Rham-Witt complex is modeled after [2].
Assume for simplicity that R is reduced so W(R) is p-torsion free. We first consider the
log algebra

W(R) = (W(R),M),

where the log structure is obtained from the Teichmuller lift. One key claim is that the log
de Rham complex w?}v( R)/W (k admits a canonical structure of a log Dieudonné algebra.
It is then not difficult to construct a left adjoint

L(1) : DA® — DALE

str

of the inclusion functor ¢ : DAY <+ DA®® which forces the desired isomorphism in (1)
in a functorial way. We then define the saturated log de Rham—Witt complex of R/k as
the image of w;jv( R)/W under this left adjoint. Finally, for a quasi-coherent log scheme X
over k, we show that the construction Ww? Jk satisfies étale descent and hence globalises
to an étale sheaf Wwy Jk of log Dieudonné algebras.

From the construction it is not difficult to prove the following comparison theorems,
which ultimately amounts to the existence of the Cartier isomorphism (see Subsection

A.3) in the logarithmic setting.

Theorem 7. Suppose that R is log-smooth over k of log-Cartier type (or, more generally,
satisfying the conditions in Remark 5.10). Then the saturated log de Rham—Witt complex
Ww}*z/k satisfies the following ‘de Rham comparisons’.

— (mod V). There is a canonical isomorphism of cochain complexes
Wrye — WiWh/k
where Wiwh, ;. is the quotient cochain complex Ww, , /(V +dV).
— (mod p). There is a canonical quasi-isomorphism
WWgu /DWW = Witk = Wr/k-
— (with Frobenius lifts). Suppose that there exists a log-Frobenius lift (A,¢) of R
over W (k) in the sense of Subsection 5.2.1; then there is a quasi-isomorphism
to  Wapway —F Wk
As notation suggests, the map v, depends on the choice of ¢ (compare with the

canonical isomorphism in Proposition 5./).

Remark 8. These comparisons typically fail for general log rings R without any
additional assumptions. For example, the [F,-algebra WleR /k is always reduced by

Remark 2.8, but wOE k= R could be arbitrary.

1.4. Monodromy and Frobenius on log crystalline cohomology

The formalism of saturated log de Rham-Witt complexes provides a convenient frame-
work to reconstruct the monodromy operator of Hyodo—Kato on log crystalline cohomol-
ogy, in fact in a slightly more general setup.
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Theorem 9. Let X /k be a log scheme of generalised semistable type (see Section 8)
over the standard log point k = (k,N). Let k° = (k,0) be the trivial log point. Denote the
saturated log de Rham—Witt complex of X over the trivial log point by Wa*&/& = ng/ko.
Then there is a short exact sequence of cochain complexes

0 = Wwy ,[—1] — Wk ), — Wwx ), — 0
over Xg. The connecting homomorphism on cohomology
N: Hlt)g—cris(g/w(k)) =H" (XétaWW*g/E) — Hlj)g—cm’s(z/w(&))

satisfies No =poN , where ¢ is the functorial Frobenius on the log crystalline cohomology.
This agrees with the monodromy operator constructed in [9] when X is of semistable type.

Finally, we end the article with a discussion on slopes of the Frobenius operator
acting on the saturated de Rham-Witt cohomology H* (X, Ww¥ /k). Following [19], we
construct and study a certain ‘Nygaard filtration of level n’ on Wuwi Jk Our framework
makes it particularly simple to relate the graded pieces of the Nygaard filtration to the
conjugate filtration on Wyw% /k (‘la filtration canonique’). This in turn allows us to prove
the following ‘generalised Katz conjecture’ in the logarithmic setup.

Suppose that X is a proper log scheme over k that is log-smooth of log-Cartier type (or,
more generally, satisfying a technical condition that guarantees the Cartier isomorphism.
This condition implies that all relevant cohomology groups have finite length over W (k).
See Subsection 9.4.) Fix an integer d > 0. For each m > 1, consider the F"-crystal

(Hd(XémWW*g/E)tfv‘Pm)

given by the torsion-free quotient of the saturated log de Rham-Witt cohomology and
the mth power of Frobenius. Let New(y) denote the Newton polygon of the F-crystal
with m =1. Let %Hdg(g@”) denote the polygon obtained from the Hodge polygon of ¢™ by
scaling by % in the vertical direction (see Subsection 9.5 for a precise definition). Finally,
let Hdg(X,n) denote the ‘geometric Hodge polygon’ of level n associated to the ‘Hodge
numbers’:

Hdg(X,n) := Hdg( b b v’ }>

n'n’n’
where
b7 (n) := lengthy o) H* 7 (X, Wtk )-

Finally, we fix the following notation for the relative position of polygons: for two polygons
P.Q, we write P > @ if P lies on or above Q.

Theorem 10 (Generalised Katz conjecture). For X as above, the Newton polygon of ¢
always lies on or above the level n geometric Hodge polygons for any n. More precisely,
we have the following relations:

1
New(p) = EHdg(wn) = Hdg(X,n)

on the relative position for the polygons mentioned above.
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1.5. Outline of the article

In Section 2, we summarise relevant results from [2] on Dieudonné complexes and study
the structure of the V-filtration on saturated Dieudonné complexes. In Section 3, we
define log Dieudonné algebras and its subcategories consisting of p-compatible strict
objects. The saturated log de Rham-Witt complex lives in the latter subcategory. We
also compute some explicit examples of saturated and strict log Dieudonné algebras in
this section. Section 4 consists of the technical core of the construction of Wwy k- In
Section 5 we compare Ww*E /i 1O the (completed) de Rham complex of a log-smooth ‘log-
Frobenius lifting’ and prove the comparison results in Theorem 7. In Section 6, we extend
the construction to the étale site X4 of X. In Section 7, we show that our construction
agrees with the existing ones due to Hyodo-Kato and Matsuue in the case when the
log scheme is sufficiently smooth. We then construct the monodromy operator on the
log crystalline cohomology for semistable log schemes in Section 8. Finally, in Section 9
we study the level n Nygaard filtration on the saturated log de Rham—Witt complex and
prove the generalised Katz conjecture in this setup (Theorem 10). Appendix A is included
as a brief review of the necessary background on log schemes.

1.6. Conventions

We fix a prime p once and for all. We say that a cochain complex M* is p-torsion
free if each M? is p-torsion free. By a cdga we mean a commutative differential graded
algebra (A* = ®;>0A%d). In particular, the differential operator d increases grading by
+1 and satisfies d(zy) = (dz)y + (—1)*x(dy) for x € A¥; commutativity requires that
xy = (—1)*yx for x € A¥,y € A' and that 22 =0 for all z € A%*!. The last condition is
redundant except in characteristic 2.

For log schemes we refer to Appendix A, where we mostly follow [13] except that we
denote a log scheme (X,Mx) by X. In addition, by a log algebra (R,L) we mean an
algebra R together with a monoid morphism L — R; this is the same data as giving a
pre-log scheme Y = (Spec R, L) with constant pre-log structure 5 : Ly — Oy. We often
denote by L the associated log structure of L on Y = Spec R, and denote its global
section by L*" =T(Y,L%).

Throughout the article, k is a perfect field of characteristic p. We denote by W
a log algebra (W (k),N) where N could be arbitrary and reserve the notation W (k)
for the log algebra (W(k),[a]: N — W (k)), where the log structure comes from the
Teichmuller lift of a log point k = (k,N). The reader is welcome to take W = W (k) for
convenience.

2. Saturated Dieudonné algebras

The goal of this section is twofold: first we summarise and extend relevant results of
Bhatt-Lurie-Mathew [2] and then we study the structure of the V-filtration of saturated
Dieudonné complexes, which is essentially a reinterpretation of the relevant results of [10,
1.3.1-1.3.10] using the language of saturated Dieudonné complexes.
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2.1. Dieudonné algebras, saturation and V-completion

First recall the décalage operator.*

Definition 2.1. Let R be a ring and g € R a nonzero divisor. Let (M*,d) be a
cochain complex of p-torsion-free R-modules; then (n,M)* C M*[i] is defined to be
the subcomplex given by

(M) ={z € p'M": dx € T M1},
7 kills p-torsion in the cohomology. More precisely, one has

H* (n, M*) 2= H'(M*)/H'(M")[p].
2.1.1. Dieudonné complexes and Dieudonné algebras.

Definition 2.2. A Dieudonné algebra is a triple (A*,d, F') where

o (A*=PAid) is a cdga concentrated in nonnegative degrees
i>0
e F:A* — A*is a graded algebra map satisfying the conditions dF'(z) = pF'(dx) for
all z € A*, and F(z) =P mod p for all z € A°.

More generally, a Dieudonné complex is a triple (M*,d, F') consisting of a cochain complex
(M*,d)  together with a  Frobenius map F : M* — M* satisfying
dF =pFd.

Definition 2.3. Let M* = (M*,d,F) be a p-torsion-free Dieudonné complex; then F'
determines a map of cochain complexes ¢p : M* — n,M* by sending x — p"F(z) for
x € M™. A Dieudonné complex M* is saturated if it is p-torsion free and ¢ is an
isomorphism.

Remark 2.4. From the definition above, it follows by applying iterations of 7, (see
Subsection 2.1.3) that, for a saturated Dieudonné complex, we have

dfl(pnMH»l) _ Fn(Mz)

for all n > 1. As remarked in the Introduction, this is one of the essential features of de
Rham-Witt complexes constructed in [10] (and its logarithmic variant in [9]).

Notation 2.5. A Dieudonné algebra is saturated if its underlying Dieudonné complex is
saturated. The category of Dieudonné algebras (respectively the full subcategory spanned
by saturated algebras) is denoted by DA (respectively DAgq¢). Morphisms between
two Dieudonné algebras are morphisms between cdgas compatible with the Frobenius
maps.

4The décalage operator was first introduced in [1]. It was later used in [11] for the crystalline
construction of the de Rham-Witt complex W/, (and similarly in [9] to construct the log

de Rham-Witt complexes from the log crystalline site.) Recently it appeared in the definition
Ajpe-cohomology in [3].
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2.1.2. Verschiebung. Consider a saturated Dieudonné complex M?*. For each i € Z,
the composed map

op ML {w e M do € pMT+Y 225 (5, M)
is an isomorphism; hence, F' is injective and F'(M™*) contains pM*. Therefore, for each
x € M', there is a unique element Va € M such that F(Vz) = px. This defines the
Verschiebung map
VM — M.
It is straightforward to check that
FV=VF=p, FdV=d, Vd=pdV, zVy=V(Fz-y).

The saturated condition imposes strong restrictions on differential, Frobenius and
Verschiebung.

Lemma 2.6. Suppose that M* is saturated; then for any r > 1, we have
(1) d~Y (V" M) = Fr (M) = d—(p" Mi+1).
(2) If Fx € V" M?, then v € V" M".
Proof. For (1) it suffices to show that the inclusion
A=Y (p" MY € 4L (VT MY 2)

is an equality. To this end, suppose that x € M? is an element satisfying dz = V"y for
some y € M*T!; then we have

d(F"x) = p"F"dx = p*"y.

Thus, F"z = F?"z for some z € M*? by the saturated assumption. Because F is injective,
we know that x = F"z and hence dx € p" M**!. For (2), suppose that Fax = V"y for some
y € M?; then

dy=F"dV"y=pF " 'dz,
so y = Fz for some z € M?; thus, Fx = FV"z and it follows that x = V"2. O

2.1.3. Saturation. Suppose that A* € AD is a p-torsion-free Dieudonné algebra; then
(npA)* with its inherited differential and Frobenius structure is again a Dieudonné
algebra. The only nontautological point to check is that for any x € (n,A)?, F(z) = 2P +py
for some y € (n,A)° (not just in AY). The map ¢p : A* — (n,A)* is a morphism of
Dieudonné algebras.

The inclusion functor ADgq¢ < AD admits a left adjoint, A* — A} (, which is called
the saturation of A* in [2] and is described as follows. Suppose that A* is p-torsion free
(replacing A* € AD by its p-torsion-free quotient if necessary); we then define A%, to be
the direct limit of

. @ « Tp(OF) Y« 1o(F) .
A28 (g, A)* 2T (g A s (1B A)* -
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By the discussion above, the saturation A7, inherits the structure of a Dieudonné algebra,
and the natural map A* — A}, is a morphism of Dieudonné algebras.

2.1.4. Strict Dieudonné algebras and V-completion. Let M* be a saturated
Dieudonné complex. The V-filtration® of M* is given by

Fily, M* =V "M +dV" M, (3)
For each r > 1, we form the quotient
Wr(M*) =M*/(V"M*+dV"M™).
If A* is a saturated Dieudonné algebra, then each W,.(A*) is a cdga because Filj, =

VTA* +dVT"A* is a differential graded ideal. The V-completion of M* is defined to be
the limit

W (M) = lim W, M~

along the natural projection maps R: W, M* — W,_1M*. It is easy to check that the
Frobenius and Verschiebung maps F and V on M* induce maps

o F:W,(M*)— W,_i(M*) and
VW (M*) = W,y (M*)

on the quotients.

Definition 2.7. A saturated Dieudonné algebra (or, more generally, a saturated
Dieudonné complex) A* is strict if it is complete with respect to the V-filtration; in
other words, if the canonical map A* — W (A*) is an isomorphism. The full subcategory
of DA ;4 spanned by strict algebras is denoted by DA ..

Remark 2.8. Let A* be a saturated Dieudonné algebra.

o A°/VAYis areduced Fp-algebra by Lemma 3.6.1 of [2].

e The V-completion W(A*) becomes a Dieudonné algebra with F the inverse limit
of F: W,.(A*) = W,_1(A*). It is in fact still saturated. One needs to check that (i)
W (A*) is p-torsion free; (ii) if x € A" := (W (A*))? is an element with dz € pW
then z € im(F); and (iii) the inverse limit F' on W (A*) satisfies F(x) = 2P mod p.
The details are left to the reader (see [2, Section 2.6 & 3.5]).

Remark 2.9. The V-completion W (A*) for A* € DAy is strict. More precisely, for each
r > 1, the canonical map W, (A*) — W, (W(A*)) is an isomorphism (by [2] Proposition
2.7.5). The completion functor A* — W(A*) provides a left adjoint of the inclusion
DAstt — DAsat-

Remark 2.10. For a strict Dieudonné algebra A*, each A° is p-complete. Moreover, A°
is the ring of Witt vectors of W1(A4)? = A°/V A°. In other words, there is a canonical

This is sometimes called the canonical filtration in the context of de Rham-Witt complexes,
though we prefer to reserve the name canonical for the conjugate filtration (‘la filtration
canonique’).
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isomorphism p : A — W (A°/V A%) such that the composition A% — W (A°/V A%) 22
AY/V AV is the projection map. The Frobenius F on A° corresponds to the Witt vector
Frobenius under p.

2.2. Saturated Dieudonné complexes
Let A* be a p-torsion-free Dieudonné algebra (or, more generally, a Dieudonné complex).
Consider the cochain complex (H*(A*/pA*),5) where /5 is the Bockstein differential
induced from

0— A /p L A% /p* — A* /p — 0.

We have the following commutative diagram, where each arrow is a map of cochain
complexes:

(A" /p,d) % (H*(A"/p),B)
Nﬂ %

(np(A”)/p,d)

Here v is defined by sending z € (1, A4)" to z/p’. Suppose that A* is in addition saturated;

then the composition F' in the diagram factors through the quotient cochain complex
W1 (A*), as in the diagram below:

(W1(47),d)
(A*/p7d> % (H*(A*/p),ﬂ)

Proposition 2.11. Let A* be a p-torsion-free Dieudonné algebra or complex; then

(1) v:np(A*)/p— H*(A*/p) is always a quasi-isomorphism of cochain complexes.

(2) Suppose that A* is saturated; then Fy: W1(A*) — H*(A*/p) is an isomorphism.
More generally, the iterated Frobenius map F" induces an isomorphism of cochain
complezes

E o (Wi (A7), d) = H*((A"/p"), ).
(3) Again suppose that A* is saturated; then the natural projection
q: A" /p" — Wp (A7)
s a quasi-isomorphism of cochain complexes.

(4) Let f: A* — B* be a morphism of saturated Dieudonné algebras; then f: A*/p —
B*/p is a quasi-isomorphism if and only if f: W1 (A*) — W1(B*) is an isomorphism,
if and only if f: W(A*) — W(B*) is an isomorphism.

Proof. For (1), the map ~ is surjective and one can show that its kernel is acyclic
essentially by unwinding definitions (see [2, Proposition 2.4.5]; also compare to [5,
Proposition 1.3.4] and [3, Proposition 6.12]). For (2), the surjectivity follows from
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Remark 2.4; the injectivity is clear (see [2, Proposition 2.7.1]). (3) Follows from the
two commutative triangles above (and their generalisations) and (4) follows from (3). See
also [2, Remark 2.7.3] for a direct argument for (3). O

We record a corollary for our discussion later on Nygaard filtrations.

Corollary 2.12. Let A* be a saturated Dieudonné algebra or complex; then the iterated
Frobenius F" induces an isomorphism

FW,.(AY) = HY(W,.(A")).
Proof. We have the following diagram:

W, (A1) — s Hi(W,(A%))

q S Fr
/ . SN /
Ai/pTAi I NN Hi(A*/pr)
The right-most arrow on cohomology (induced by ¢) is an isomorphism by Proposition
2.11 part (3), so the top arrow is an isomorphism by Proposition 2.11 part (2). O

Remark 2.13. In fact, the map F" above can be upgraded to an isomorphism
F":W,.(A*) = H*(W,.(AY))

of cochain complexes, where the target is equipped with the ‘Bockstein differential’
induced from the cofibre sequence W, A* 2 Wo, A* — W, A*.

2.3. Dieudonné complexes of Cartier type

Definition 2.14. We say that a Dieudonné algebra (or, more generally, a Dieudonné
complex) Q* is of Cartier type (or satisfies the Cartier criterion) if

F:(Q"/p,d)— (H* (2" /p),B)
is an isomorphism of cochain complexes.

In the case of the above definition, we denote the map F~! by C, because it is evidently
related to the Cartier isomorphism (see Subsection A.3.2).

Remark 2.15. Dieudonné complexes of Cartier type are generally not saturated. In fact,
if Q* is a p-complete, p-torsion-free saturated Dieudonné complex of Cartier type, then
from the discussion in Subsection 2.2, the projection ¢ : Q* /p — W1Q* is an isomorphism.
This implies that VQ* 4+ dVQ* C pQ*; thus, for each i the Frobenius F : Q! — Q is
surjective (and hence an isomorphism). Therefore, for any x € Qf, dv = dF"(F~"(z)) €
p"Qt! for arbitrarily large n; thus, by the p-completeness assumption, dz = 0. In other
words, under our assumption, * = $Q¢[—1] with differential d = 0. In other words, there
exists no saturated Dieudonné complex of Cartier type with nontrivial differentials.

Next we consider the saturation of a Dieudonné complex of Cartier type.
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Corollary 2.16. Let Q* be a p-torsion-free Dieudonné algebra or complex of Cartier type;
then ¢ : Q* /p — 1,0 /p is a quasi-isomorphism. Moreover, we have a quasi-isomorphism

O /p — Qiai/p

Corollary 2.17. Let Q* be a p-complete and p-torsion free Dieudonné algebra or complex

of Cartier type, then the canonical map Q* — W (Q%,,) is a quasi-isomorphism.

Proof. It suffices to show that Q*/p — Q,./p = W(Q%,)/p is a quasi-isomorphism
because each A’ is p-adically complete and p-torsion free. The first map is a quasi-
isomorphism by Corollary 2.16 (1), and the second map is a quasi-isomorphism by Remark

2.9 and Corollary 2.16 (3). O

2.4. Structure of the V-filtration
In this subsection we let M™* be a saturated Dieudonné complex and analyze the structure
of its V-filtration Filj, defined in (3). We begin by considering the following maps:

B Filly (M) — M~/ (V,F™) (4)

B Fily, (M) — M'/(V,F"d) (5)
defined by

BV x+dVhy) =y,  B(V'z+dV"y) ==
First we check that these maps are well defined. Suppose that V"z +dV"y = V"2’ +
dV™y’; then
dly—y)=F"dV"(y—y)=F"(V"a' = V"z) = p" (2’ —x).
By Remark 2.4 we know that y —y’ = F"z for some z € M*~!, so
BV x4dV"y) = (V"2 +dV"y') e ML) (V,F™).

On the other hand, because y —y’ = F"z, we further know that p"(z' —z) = dF"z =

p"F"dz, so ' —x = F"dz. Thus, we also have 8/ (V"x+dV"y) = 8/ (V"2 +dV"y’).
The following proposition echoes [10, Corollary 1.3.9].

Proposition 2.18. Let M* be a saturated Dieudonné complex as above. The nth-graded
piece of the V-filtration sits in the following short exact sequences:

0

S
Mi—l/(V’Fn-&-l)

Favr T

0 — Mi/(V,Fr=td) < gt — 2 Mi=1)(V,F) — 0 (6)

\ &ﬁ/
M¢/(V,Fd)
{
0
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such that the composition SodV™ (respectively 3 o V™) is the natural projection. Note
that when n =0, we set F"~1dM*= =0 in the horizontal diagram.

Proof. We check that the horizontal sequence is exact and leave the vertical sequence to
the reader. Clearly, the map S is surjective and factors through

Brgrt = (VM +dVr MY (VP ME 4 dVTT MY — M/ (V™).

First we check exactness in the middle. Suppose that S(V"™z 4+ dV"y) = 0; then y =
Vz+4 F™w for some z,w € M*~1; thus,

Va4 dV"y = V" (z+ F"dw) +dV" "z,

which lies in im(V™) C grf- M*. It remains to show injectivity of the first map. To this
end, suppose that V"z = V"™ ly 4+ dV"+z; then

dz = F"Hauntly = Frti (Ve —vitly) = p" F(z — Vy).

Let s =z — Vy; then u satisfies p” F's = dz; thus, by Lemma 2.20 we have s = F"~1dt for
some t € M=, so x = Vy+ F" ldt and we are done. O

In view of the lemma above, it is convenient to introduce the following filtrations on M™*.

Definition 2.19. Let M* be saturated as above. For n > 1, we define subgroups of M* by
(1) Bp(M?):= F*~tdMi—!
(2) Z,(M?):= F"M".
From the definition we have a chain of inclusions
0C By (M")C By(M")C---C Bp(M") C Bpy1(MY) C -
CZ (MY C - CZyC Zy (M) C M.
The following simple lemma is used in the proof of the proposition above.

Lemma 2.20. Let M* be saturated as above.
(1) Bpy(MY)={z e M!|p" e =dy} ={z € M'|p"Fz =dy}.
(2) Zp(M?) ={x € M"|dx =p"y} ={x € M*|dx =V"y}.
Proof. (2) Is a restatement of Lemma 2.6 part (1). For (1), first note that
B,(MY) c{zxe M'|p" tr=dy} C {x € M"|p"Fz = dy}.

Now suppose that € M* and p"Fz = dy, so y = F"z for some z € M*~'. This implies
that p" Fx = p"F™dz; thus, ¢ = F* ldz. O

Notation 2.21. Next consider the image of B,, and Z, under the projection M* —
Wi (M*) = M*/(V +dV), which we denote by

B, (WiM") = F"'dM*~'/(dV,VNB,), and Z,(W,M")=F"M"/(dV,VNZ,).
(Note that dV (M*~1) C B,(M?) C Z,(M?).)
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Lemma 2.22. Let M* be saturated as above. As subgroups of Wi M* we have
(1) By(W1M?*) = BY (W1 (M*)) :=1im(d: Wi M~ — W M?).
(2) A (WlMZ) = ZZ(Wl(M*» = ker(d : Wle — WlM’H_l).

(3) Moreover, the Frobenius F induces isomorphisms

By(WiM') —== B, (WiM?) /By (Wi M') — F"dM'~!/(imd+imV)
! ! !
Zn(WAM') == Zp(a(WiM')/Bi(Wi M7) == F""'M*/(imd +im V')
| !
WAM? —5— H(Wi(M")) = 200403

where the last isomorphism is taken from Corollary 2.12.

Proof. (1) Is tautological and (2) follows from Lemma 2.20. For (3), we know directly from
construction that the Frobenius F on B,,(W; M) and Z,,(W;M?) are both surjective. To
check injectivity (in both cases), it suffices to show that if x € M® satisfies Foz = dy+V z,
then z € Filij, = (V +dV). To this end, we simply observe that

Vz=Fr—dy=Fx—FdVy=F(x—dVy).
By Lemma 2.6, this implies that © —dVy € imV'; the injectivity thus follows. O

As a corollary, we have the following equivalent form of Proposition 2.18.

Corollary 2.23. The graded pieces of the V-filtration of M* are extensions of the
following quotients of W1 (M™*):

0 — Wi M /By (Wi M) s gt MP L5 Wy M=) Z, (W M=) — 0 (7)

0= WM™/ Zy (W MY D5 g M 2 Wy M By (Wi M) — 0. (8)

Remark 2.24. Suppose that A* is a saturated Dieudonné algebra; then the exact
sequences (7) and (8) are exact sequences of W1 A% = A°/V A°-modules, where the W; A°-
structure is given as follows (we only focus on the first sequence (7) and leave the second
to the reader):

e The action of A° on A* makes W;A® into a Wy A%module because Va -y =V (x-
Fy), though this is not the W; A%structure we use. Instead, we twist by (n+1)-
iterates of Frobenius and consider W; A* as a W3 A%-module via

Frtl.w A —s Wy AC.

In other words, a-x := F""!(a)z for all a € W1 A% x € Wy A",
e The subgroups B,(WiAY) (respectively Z,(WiAY)) are naturally W;A°-
submodules via the W A%-action described above, because

a-F*" 'de = F" Y (F?*(a)dz) = F"'d(F?(a)z) — p* "' ((F?da)z),
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which lies in F""1dA" modulo V. The quotients W;A?/B, (W1A?) (respec-
tively W1 A/ Z,, (W1 A?)) are thus naturally Wy A%modules with the F"F1-twisted
structure.

e Finally, the middle term grlz A® is a W;A%-module via the following Frobenius
map:

F Wi A" =A% VA® — A%/pA°.

First note that Filj, = VA’ +dV"A""! is a A%submodule of A’. This gives
a natural A°/pA°-module structure on griy A’, which thus carries a W1 A% via
Frobenius.

The sequences in Corollary 2.23 are short exact sequences of W; A°-modules with the
module structure described above. In other words, we have

V™ (F" Y (a)z) = F(a)V™(x) and
B(F(a)dV"y) = BV (F"(a)y) — V" (F" T (da)y)) = F" " (a) B(dV"y)

for all a € W1 A%y € A1,

3. Log Dieudonné algebras

In this section we describe an enhancement of Dieudonné algebras that incorporates log
structures. This serves as a basis for the theory of saturated log de Rham—Witt complexes
on local charts (of a log scheme). The definitions in this section are extensions of those
in [2], taking (pre-) log structures into account. In particular, we prove that, for a strict
Dieudonné algebra with a p-compatible log structure, its log structure is ‘valued in’
Teichmuller representatives (Proposition 3.13).

Convention 3.1. Recall from Subsection 1.6 (also see Appendix A) that a log algebra
(R,L) is an algebra R together with a monoid map L — R. Geometrically, this corresponds
to a constant pre-log scheme Spec(R,L). In fact, our construction of the saturated log de
Rham-Witt complexes takes as input such a pre-log structure (in the form of a log algebra)
instead of a log structure. Later we will see that (Proposition 4.12) the construction
essentially only depends on the underlying log structures. In this section and the next,
we do not require the log structures to satisfy additional properties such as being integral
or coherent unless otherwise stated.

3.1. Log Dieudonné algebras

Definition 3.2. Let W = (W (k),N) be a log algebra. A log Dieudonné W-algebra is a
tuple (A* L,d,6,F,FL), consisting of the following data:

(A* = ®;>0A%d) is a cdga over W,

A = (A% L) is a log algebra over W,

§: L — A' is a map of monoids,

F: A* — A* a graded algebra homomorphism, and
Fr : L — L is a monoid homomorphism
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satisfying the following requirements:

(1) (A*,d,F) is a Dieudonné algebra in the sense of Definition 2.2.

(2) (d:A° — A'5: L — A') is a log derivation of A°/W, where we further require that
the composition L S AT 4 4255 0.

(3) ¢ satisfies 6Fy, = pFé.

(4) F and Fj, are compatible in the sense that Foa = ao F.

Notation. We often suppress notations and simply write A* for a log Dieudonné algebra.

Remark 3.3. In contrast to the nonlogarithmic setting, for log Dieudonné algebras we
specify a base W. In the nonlogarithmic case, Qi JE, = 0 for a perfect field k of char p, so
the base is to some extent irrelevant (as one can see from the construction in Subsection
5.2, for example). On the other hand, if we have two distinct log structures N1, Ns on k,
the logarithmic differential w(x, n,),/k, n,) is typically nonzero.

Definition 3.4. A morphism between two log Dieudonné W-algebras A* and B* is a
pair (f,1), where f: (A*d,F)— (B*,d,F’) is a morphism between Dieudonna algebras
over W and ¢ : Ly — Lp is a monoid morphism over N that is compatible with F7, o
and 9:

(1) fod=d of and foF = F'o f on each A’

(2) The structure map N — Lp agrees with N — Ly 2, Lp (respectively, W — B°
agrees with W — A° fl—AO> BY). Moreover, foas =ago on La. This is simply
saying that (f,%)|(a0,1,) is a morphism of log W-algebras.

(3) ¢ Satisfies Yo Fr,, = Fr o and fody =dg o).

Notation. We denote the category of log Dieudonné algebras by DAI/OE’V, and we often

suppress notations to write DA"°8 = DA'8 when W is understood.

AU

Lemma 3.5. A morphism (f,) : A* — B* of log Dieudonné algebras over W is an
isomorphism if and only if both f and v are isomorphisms.

Proof. This is straightforward. O

3.2. p-Compatible log Dieudonné algebras

Definition 3.6. We say that a log Dieudonné algebra A* over W is p-compatible if the
Frobenius on the log structure L is given by F, = p.

Let DA°8? denote the full subcategory of DA!®® spanned by p-compatible objects.
In this article we are mostly interested in p-compatible log Dieudonné algebras (see
Proposition 4.5).

Remark 3.7. For a log structure £ on an affine Z,-scheme X = Spec A, the associated
log algebra (A,I'(X,L£)) is usually not p-compatible. A typical example that arises is
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(Zyp[z,y]/zy,L = N?) with the pre-log structure (a,b) — x%y® and Frobenius Fy, given by
multiplication by p. On the (sections of the) associated log structure L* = Zy ® N2, the
induced Frobenius is F,« =id@® Fp. This is one reason why we prefer to work with pre-log
structures.

3.3. Saturated log Dieudonné algebras

In this subsection and the next we discuss saturation and V-completion in the logarithmic
setting.

Definition 3.8. Let (A*,L % A% d,6,F Fy) be a p-torsion-free log Dieudonné algebra.
We define 7, (A*) to be the tuple (np(A*) L, npA°,d,n, (8), F, FL) where

o nyAi={zep'Al:dx e p A1} as in Definition 2.1,
e the log algebra (n, A%, L) is given by n,() : L 22 Fy (L) 2 n, A°,
o the log derivation 7,(8) is given by 1,(8) : L 22 Fy (L) 2 5, AL

Both n,(«) and 7,() are well defined by the relations dF = pFd and 6F = pFé. It
is straightforward to verify that 7,(A*) is in fact a log Dieudonné W-algebra, with
its W-structure given by W — A — (n,A)? and N — L. Now let DAi)(fff be the full
subcategory of DA'°® spanned by p-torsion-free complexes; then 7p induces a logarithmic
décalage operator DA;O%f — DA1Og For a morphism f = (f,4): A* — B* between log
Dieudonné algebras, one obtains a morphism p(f) 1 np(A*) = np(B*) in a functorial way.
The operator 7, clearly preserves the p-compatible objects. Moreover, for a p-torsion-free
object A* in the category DA 8 (respectively in DAlos:» ), we have a natural map

¢r = (¢r,id) : A" — m,(A")

of log Dieudonné algebras, where ¢ is given by the map p'F on A? and the identity on
the monoid L.

Definition 3.9. A log Dieudonné algebra A* € DA is saturated if A* is p-torsion
free and ¢p is an isomorphism; in other words, if the underlying Dieudonné algebra is
saturated.

Notation. The full subcategory of DA"°® spanned by saturated objects (respectively
p-compatible saturated objects) is denoted by DA'E (respectively DAEP).

sat sat

Remark 3.10. The definition of being saturated has nothing to do with the log structure
L. Moreover, by the same discussion in Subsection 2.1.2, a saturated log Dieudonné
algebra admits the Verschiebung operator V : A* — A satisfying the relations listed there.

Because the log structure is irrelevant in the condition of being saturated, the
construction of the saturation of a log Dieudonné algebra is essentially the same as in the

6Equivalently, Np(d) is given by the composition L LR AN npAt. Likewise, n,(c) is given by
the composition L = A° £ npA°.
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nonlogarithmic setup. First we replace A* = (A*,L) by (A*/A*[p>°],L) to reduce to the
p-torsion-free case while keeping the monoid L. For a p-torsion-free log Dieudonné algebra
A*, we apply the log décalage operator 1, to the morphism ¢p = (¢p,id) : A* — n,(A%)
repeatedly and obtain

* . x PF *\ PF *
Aﬁat = CO]lHl(A —}’r]p(A )—)npnp(A )_> )

It is a log Dieudonné algebra with monoid maps av: L — A% — A% and §: L — Al — Al ..

3.4. Strict log Dieudonné algebras and V-completion

Let A* € DA!®® be a saturated object. In Subsection 2.1 we formed the inverse limit
W(A%) =V, (4°)

along the restriction maps R : W,.(4*) — W,_1(A4*), where W, (A*) = A*/Fil" is the
quotient of A* by the differential graded ideal Fil" = V" (A*)+dV"(A*) C A* (which
defines the V-filtration on A*). The Dieudonné algebra W (A*) inherits a log structure
L— A - W(A)? and a log derivation L — A! — W (A)* from A*, which makes it a log
Dieudonné algebra. The canonical map p: A* — W (A*) of saturated Dieudonné algebras
upgrades to (p,id) as a morphism in DA'°8, which we still denote by p. By Remark 2.8,
we know that, if A* € DA!® is saturated (respectively saturated and p-compatible), then
W(A*) is again saturated (respectively saturated and p-compatible).

Definition 3.11. A saturated log Dieudonné algebra A* is strict if p: A* — W(A*) is
an isomorphism; in other words, if its underlying Dieudonné algebra is strict.

Notation. The full subcategory of DA (respectively DA% ?) spanned by strict objects

sat sat

is denoted by DASE (respectively DAXE?).

str str

Lemma 3.12. (1) The saturation functor sat: DA'® — DA°8 is the left adjoint of the

inclusion DAKE C DAY, The same is true for the p-compatible subcategory DAEP.

(2) The completion W(A*) of a saturated log Dieudonné algebra is strict. Moreover,
the completion functor W : DA _, pAles provides a left adjoint of the inclusion

sat str
DA2 € DAXE | similarly for the p-compatible subcategory.

Proof. Immediate from Subsection 2.1. O

The condition of being strict and p-compatible imposes some rather strict restrictions
on the log structures. For the setup, let A* € DAL, and recall from Section 2 that we
have a canonical isomorphism p: A =5 W(A%/V AY) respecting Frobenii on both sides.
The following proposition will be important for the construction of log de Rham—Witt

complexes in Section 4.

Proposition 3.13. Let A* € DA, be a strict Dieudonné algebra. If x € AV is an element
satisfying F(x) = xP, then x = [T, where T is the image of x in W1 A° = A°/V A and [7]
is its Teichmuller lift.

Proof. It suffices to show that z — [Z] € Fil*(A%) = V¥(A?) for every s € Z>; because A°
is complete with respect to the V-filtration. We proceed by induction. By assumption,
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— [7] € Fil'. We claim that if 2 — [Z] € Fil" for 7 > 1, then z — [Z] € Fil*". Suppose that
x —[x] = V"b for some b € AY; then
F'(x) = F([z]) =2 —[@" =p"-b.

In the first equality we use the assumption on z. On the other hand,

P = ([f]+v7”b)pr
—[T] [ p -1 Vrb—i-Z( ) p "—k (Vrb)k.

Note that because zV"y = V" ((F"z)y), we have
(VO = VI (V) = VI (6) =V ().

Therefore,

P’
po=pla v v S ()l )
k=2
Because A is p-torsion free, we conclude that b € V" (AY) and this completes the proof.
O

Corollary 3.14. Let A* € DAy be a strict Dieudonné algebra. Let a: L — A° be a log
structure on A° such that F(a(m)) = a(m)P for all m € L.
(1) The image of a consists of Teichmuller lifts of elements of A°/V A°.
(2) Moreover, let A°/VA° be the log algebra (A°/VA@ : L — A°/VA®) and
W (A% /V A®) be the log algebra obtained via the Teichmuller lift. Then pu: A° =
W (A°/V A%) induces an isomorphism of log algebras
ji= (uid) s AY = (A%,1) = W/(A°/V A0).

This in particular applies to the case of a strict p-compatible log Dieudonné algebra.

Proof. This is immediate from Proposition 3.13. O

3.5. Examples

We end this subsection with some toy examples of saturated and strict log Dieudonné
algebras in the form of saturation and V-completion.

Example 3.15 (Affine spaces with partial log structures). In this example we consider
the log Dieudonné algebra E* where

E=7Z,[t1, s trss]
and E? is a free E° module on generators
dtq dt

vrvdtr+17'~‘7dt5+r}~

A= Ani, 15 € e
m i N {tl i

https://doi.org/10.1017/51474748021000402 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000402

Logarithmic de Rham—-Witt complexes via the Décalage operator 1339

As a log Dieudonné algebra, E* is equipped with

o the log structure N” — Z,[t1,..,t, 4] that sends 1 in the kth position in N” to ¢,
e the log Frobenius map F, =p on N,
e the Frobenius map F that sends t; — ¢} and dty — t’l;_ldtk for each k.

To describe its saturation, we first note that E; , is a subcomplex of
EUFT) S BF ] S S BT F ]

where E'[F~!] denotes the direct limit of E? under the Frobenius map F. More
concretely,

o EFTNLGTT 00 = @ Lty

al,...,awrsEN[ ]
— —17 Ay ag d «a

o BUP Y (DO mjk)@(@@ptndn),
where the first direct sum is taken over k € {1,...,r},ap € N[%] and the second direct sum
is taken over [ € {r+1,...,r +s},a; € N[ ]\O. (Also note that E'[F~!][p~!] is isomorphic

to @ Q" 1T DD, )

Unwinding definitions, the saturatlon of E* is given by the subcomplex of E*[F~!]
consisting of ‘integral forms’, which are forms with integral p-adic coefficients and whose
differentials also have integral coefficients. In other words, we have

El ={weE'[F 1 :dvecETF 1}

The log structure on E7 is clearly given by

a:lp,eN'—t EESM,

: dt
5:1k€N7»—>t—k€E51at
k

where 1 € N” denotes the element (0,...,1,...,0) € N" where 1 is the kth-position. Finally,
to obtain a strict log Dieudonné algebra (with trivial log structure) we take the V-adic
completion.

Next we discuss what the saturation looks like in the special cases where » =0 or where
s =0 in the previous example.

Special case: A' with no log structure. Take r = 0 and s = 1 in the previous

example, then we have E* = (Z,]t] LN Z,[t]dt) with trivial log structure 0 — Z,[t] and
with Frobenius ¢ — tP. In this case, the saturation (given by the subcomplex of ‘integral
forms’) is

EY . = {a: € Z,[tYP7 ) dt € 7, [tY/P7] dt} {chtak € Z,[tY?7] s ord, (cpay) > 0}

o dt dt
E;at—(Zp[tl/p ]\ZP)TZZ @ Zpt&?'

aeN[1]\0

This is essentially the example discussed in [10, Section 1.2].
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Special case: logarithmic A'. For a more relevant version of the first example, we take

r =1 and s = 0. In other words, we consider the log Dieudonné algebra E* = (Z,][t] N

Zp[t]%) with log structure N 27 p[t] and Frobenius Ff, = p. Similar to the previous

example, we have

sat —

oo oo dt
E? —{xezp[tl/p | :dt € Z,[tY/P ]t}

El =17,[t'? s

In this example, the log structure of the saturation is given by

1—t 1—dt/t
EO

1
a:NI24 B0 E

sat:

0:N——

We further remark that E2,, consists of elements of the form - tpz,tp,t, ptt/? p2tl/ 1’2,
but not t'/7. The V-filtration on E,, agrees with the p-adic ﬁltration, whereas on E2
it is given by

o V(EY ) is generated by {pti,pmtpim |1,k € Z>o,m € Z>1,(k,p) = 1}.

e More generally, V" (E?

sat

) is generated by
{pntiapnt%7 T 7pnt%7pmt% |Z7.]*ak € ZZOam S ZZTL+17(j*7p) = (kap) = 1} .

Example 3.16 (Normal crossing). Next we examine examples related to a simple normal
crossing over F,,. Let

* d d dx
AT = (A 5 AY) = (Zy[vy)/ (vy) = Zylwy)/ (2y) )
be a log Dieudonné algebra, with

e differential d: z — dx,y — —y%w,

b)—aty’ ) (a—b) 42

a a,b

e log structure o : N2 (a0 A% and log derivation § : N2 ( Al

e Frobenius given by p on N? and by F:zw—a?ye—y? < dz df on A*.
The log saturation of A* is given by

Al ={we A [F ' dwe A'[F }—>A w=ANFTY

where

o AC[FTN L[ g T (P ) = Tyl T Uy, Z[y P

o AFT = (BT Y s = (Zla77) s,

Zp[yl/pw])d?x'

7Namely, a union of two isomorphic copies of subalgebras whose intersection is Zj.
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The V-filtration can be described similarly as the example above. Finally, we define the

following useful submodule of AY,, consisting of all terms that only involve powers of
1/p™.
x :

o Write A% (z) :={w € Z,[z'/?"] Cc A°[F~1] : dw € A'[F~1]}.
In particular, A%, = A% (z)U A% (y) and A2 (z)N AL, (y) =Z,.

Example 3.17 (Normal crossing over a trivial log point). In this example, we consider

the 3-term Dieudonné complex B* = B° 4, pt 4 p2 given by

Zylayl/ (xy) 5 Zylw,yl/ (zy) (=

with log structure given by

e C;y>—>Z . 1/<wy>d—%%

‘,L,u. b
a: N? (a.b)=a%y B = Zyp[z,y]/ (zy),

(a,b)—adz4pdy d“ dx dy
B! =Zylw.y)/(zy)— S Lplwy)/ (wy) -

5 N2

and Frobenius given by p on N2, while sending x + zP,y — yP as above. Now we describe
the saturation of B* (we use notations from the previous example regarding A*).

Bl ={weBF ' :dweB'[F ']} =AY,
Bliy={weB'F ' :dwe B*[F ']}

~ dx dy
= (2,077 s, ALaly)) @ (219771, Alua(a))
B2, =B[F- ]:(Zp[xl/” |Uz, Zy[y*” ]);/\gy.

4. Saturated log de Rham—Witt complexes

The main goal of this article is to construct the saturated log de Rham—Witt complexes
V\/w*K /k for a log scheme X over k, which will be a sheaf on X valued in log Dieudonné
algebras. In this section, we construct this object locally on charts (in particular, the
construction in this section a priori takes as input a pre-log affine scheme), and compare
it with de Rham complexes in the subsequent subsections. In Section 6 we glue the local
construction on the étale site of X.

For this section, we fix the base log algebra W = W (k) where k = (k,N) as before.®
In Subsection 4.1, we do not impose any condition on the log structures, but later on
we gradually impose restrictions on the log algebra to prove various forms of comparison
theorems.

8This is less general than the previous section, namely, we require that the log structure on
W (k) comes from the Teichmuller lift from log structure on k. Examples include the trivial

log structure on W (k), or N RiadN W(k), but excludes N 1op, W (k).
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4.1. Saturated log de Rham—Witt complexes for log algebras

Let Alg)”® be the category of log algebras over k. An element R = (R, M) € Alg)’® can be

equipped with a pair of Frobenius (F,Fys) where F(z) = 2P for all x € R and Fy;(m) =pm
for all m € M. From the previous section, we have a functor from p-compatible strict log
Dieudonné algebras over W to log algebras over k:

DASS? — Alg®  given by A" — A°/V(A),

str

where A°/V(A°) consists of the data (A°/V(A%),a: L — A° - A°/V(A®)). Now we are
ready to give the definition of saturated log de Rham-Witt complexes for log algebras
(Definition 1 in the Introduction).

Definition 4.1. The saturated log de Rham-Witt complex Ww* W is a functor

Waw* jyy  Alg® — DASE®

str/w

that is the left adjoint of the functor DAE? —s Alg};g sending A* — (A°/V(A°),L).

st/ w

In other words, the saturated log de Rham—Witt complex of a log algebra R over k is a
strict p-compatible log Dieudonné W (k)-algebra Wwj, e equipped with an isomorphism

e:R = Wlw%/k

such that for any A* € DA'? we have a natural identification

HOmDA{’o{gA (WW*E/E’A*) = HomAlgfg (E,AO/V(AO))'

The main goal of this section is to show the existence of this left adjoint Ww* /W by

construction.

Remark 4.2. The restriction to p-compatible objects is necessary to obtain the desired
universal property. In particular, we do not have a left adjoint of the functor DAI;E —
Alg)® from the larger category DALE

a% ste:

4.2. The construction

4.2.1. Preliminaries I.

Notation 4.3. Let A= (A,L4) and B = (B,Lg) be two log W-algebras equipped with
Frobenius maps (¢4, Fr,) and (¢p,FL,), where v (respectively ¢p) lifts the p-power
Frobenius on A/p (respectively B/p). We denote by Hompg (A, B) the set of Frobenius-
compatible W-morphisms between A and B, which are pairs (f,1) of morphisms making
every square in the cube below commute:

Y
Fr, La a > Lp

/’ ‘ w /’
La —— Y Iy FLBl

f
[
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The following setup is of particular interest. Let R, R’ € Alg}fg be two log algebras over

k. Let W(R) = (W(R),[a]), where [a] =[]oa: M — R — W(R) is the Teichmuller lift
of the log structure on R. W(R) is equipped with the Frobenius map (F,p) where F' is
the Witt vector Frobenius. Similarly define W (R'). Then Homp (W (R),W (R')) consists
precisely of the homomorphisms (f,) : W(R) — W(R') of log W-algebras, such that

foF=Fof.
Lemma 4.4. Let R.R € Algl,iOg be as above. Suppose that both R and R’ are reduced; then

Homp (W (R),W(R)) = Hom ;o (R,R).

Proof. Let (f,): R — R be a map over k. Because W (R) is p-torsion free (as R is

reduced) and F : W(R) — W(R) lifts the Frobenius on R, the map W(R) — R L R ifts
uniquely” to a map f: W(R) — W (R') that is compatible with Frobenius on both W (R)
and W(R'). It remains to show the compatibility between f and v, but this is implied by
the compatibility between f and taking Teichmuller lifts: namely, that f([x]) = [f(z)] for
every x € R. To prove this claim, it suffices to show that f([z]) —[f(z)] € Fil® = V*W(R/)
for every s € N. This can be done by a simple induction on s, and we leave the details to
the reader. O

4.2.2. A key example of log Dieudonné algebra. The construction of log de
Rham—Witt complexes for R € Alg}fg relies on the following proposition.

Proposition 4.5. Let (A,a: L — A) be a log algebra over W. Suppose that A is p-torsion
free and that the pair (A,L) is equipped with morphisms ¢ : A — A and Fr,: L — L such
that

o o(x)=xP modp is a lifting of the absolute Frobenius mod p;
e Fp =p on L and is compatible with ¢, that is, poa = ao FT,.

Then there exists a unique graded ring homomorphism F : w’) w wh W that extends
@ on A, such that o o

P
F(dx)= xp_ldw—i—d((p(w)px) for all x € A.

Moreover, this makes w* := (wz/w(k),L,d,(S,F,FL) a p-compatible log Dieudonné W -
algebra. o

Proof. For the first claim we need to show the existence of F : wi/w(@ — wg/w(@. We
regard the second copy of wé W (k) 35 an A-module where A acts by a twist of ¢, namely,
a-A=¢(a)A for all A € wé/W(@. By the universal property of wlé/W(@ and Remark A.5,
it suffices to supply the structure of a log derivation from (A,L) to wé/w(@ with this

9This is the Cartier’s Dieudonné-Dwork lemma. Another way to produce this lifting is to
observe that the Witt vectors provide a right adjoint to the forgetful functor from the category
of §-rings to rings, in the sense of [12].
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twisted A-module structure. For this we define
respectively as follows:

e we set (1) :=4(l) and

~ _ P
o d(x):=aP"tdz+df(x) where O(x) = go(x)px
To proceed we need to show that $ and d form a log derivation of A over W (k), which
requires
(1) d(yz) = )dz for all v € W (k),z € A;

F(y

( ()—!—()foralla:yeA

(3) d(zy) =z -dy+y-dx = o(z)dy+ o(y)dz for all z,y € A;
( (

(

)-6(1) = p(a(l))s () d(a(l)) for all I € L;
5) 6(¢(n)) =0 for all n € N, where ¢: N — L is map of monoids in W (k) — A.

(1) Follows from (3) because pd(\) = d(F(\)) =0, where F : W(k) — W (k) is the
Frobenius map on Witt vectors. (2) and (3) follow from the explicit description of 6(x).
Now we check (4). Because 6(a(l)) =0, we have

p(a(1))d(l) = a(l)Ps(1) = a(l)'~ d(a(l)) = d(a(l)).
(5) Is clear because §(c(n)) =0 for all n € N. We thus get the desired map F': wlé/w(@ —
wh ) that satisfies F(8(1)) = 6(1) = 6(1) and Fd(z) = d(x) = 27~ 'dx + db(x).

To finish the proof of the proposition, we need to check that (i) dF = pFd on all of
Wi w and (i) 6FL =pFd on L. For (i), note that Wi w (k) 18 generated over A by
w114 JW (k) and it is clear that we only need to check the relation on x,dx for all z € A and
on §(1) for all I € L. The fact that dF'(x) = pFd(x) follows directly from the construction
of F' on wA/W(k), because Fd =d by construction; on dz and (1), both dF and pFd

evaluate to 0 (because dd =0 on L). Part (ii) is automatic by construction of F again,
because F'§ =4. O

We record a variant of the proposition above, which allows slightly more flexible
Frobenius F7, on the monoid L.

Proposition 4.6. Let (A,a: L — A) be a log algebra over W. Suppose that A is p-torsion
free and p-separated and that w}é‘/w is p-torsion free. Also suppose that the pair (A,L) is
equipped with Frobenius morphisms ¢ : A— A and Fy, : L — L such that

e o(x)=12P modp is a lifting of the absolute Frobenius mod p;
o Fp is compatible with .

Then the same conclusions of Proposition 4.5 hold except for p-compatibility.

Proof. First we need the following sublemma.
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Sublemma 4.7. Retain the notation and assumption of the proposition. For any k € N,
if p*lo(z), then p*|(z91dx + db(z)).

Proof of the sublemma. The case k£ = 0 is tautological. We proceed by induction.
Suppose that k£ > 1 and that the sublemma has been verified up to k — 1. Now let p(z) =
pFy = 2P +pb(z); because plo(z), we know that p|x, so © = pz for some z € A. Because A
is p-torsion free, p(z) = pp(z) = p*y implies that p(z) = pF~y, so pF~1|(2P~1dz +db(z))
by induction hypothesis. Note that P~ 'dx +df(x) = (pz)p Yd(pz)+db(pz) = p(2P~1dz+
df(z)), so the lemma follows.

Now we proceed as in the proof of Proposition 4.5 but replace 5 by

3(1) = 8(FL(1)) /p.

We need to show that p|6(F (1)) for any [ € L for 4 to be well defined. For this we need
the assumption that A is p-separated: write = «(l); then there exists some k € N such
that p*|o(z) but p*+1{(x). By the sublemma above we know that p**+1|d(x(z)). Now
because

o(x) 6(FL(1)) = a(FL(1) 6(FL(I)) = da(FL(1)) = de(x)
and p**1{o(x), pPH|de(x), we know that p|§(FL(l)) (here we use the assumption that
w}l/W(k) is p-torsion free). The rest of the proof of part (1) is the same, except that to

check a(1)-4(1) = d(a(l)), we need to use
pd(a(l)) = dep(a(l))
= a(FL(1)5(FL(l))
=pp(a(®)3(l) = pa(l)-6().

The rest of the proof is identical to that of Proposition 4.5. O

4.2.3. An interlude: Frobenius on finite level. Proposition 4.5 will be applied to
A =W(R) where R is a reduced Fp-algebra. For applications later, we also record the
following remark, which the reader may skip in first reading.

Remark 4.8. The graded ring homomorphism F' can be constructed on the finite-length
Witt vectors; namely, there is a natural graded ring homomorphism

F 0w, ()W (k) ™ YW1 (R) /W1 ()

extending the Frobenius F': W, (R) — W,,_1(R). We prove the claim using the same
strategy as Proposition 4.5, by constructing a log derivation (d,d) of W, (R)/W,, (k) into
Fuoy | (g)» Wherewy, 5 isregarded as a W, (R) structure via F: Wi, (R) = Wy -1 (R).

We define d as follows: write 2 € W,,(R) uniquely as x = [xo] + V' with 2’ € W,,_1(R)
and xg € R and then define

dz = [wo]P~Vd[wo] + da’

where [zo] now lives in W,,_1(R). We then define 6(m) := d(m).
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e Let us first check that d(x +y) = d(z) + d(y), for which it suffices to show that if
[%o] + [yo] = [xo+yo] + V2", then
[zo]P ™ dlwo] + [yo]P~ d[yo] = [zo +yo]" ™ dlzo +yo] +dz".
X}\lfetcheck this equality in w‘lﬁ,( R)/W(k)- For any element z = [z]+Vy € W(R), we claim
a

[2]P~ d[x] + dy = 2P dz + d(F(zL_ZP)

This is straightforward by expanding the terms on the right-hand side:

[2]? +py — ([z]+ Vy)”
. .

<[x]+w>“d<m+w>+d(

Now the desired additivity follows from the proof of Proposition 4.5.
e Next we check that

d(zy) = ([xo]p +px’) ([yo]pfld[yo} +dy’> + ([yo]p —|—py’) ([xo]pfld[xo] +dx’)
= F(z)dy+ F(y)dz = -dy+y-da.
Because (d,0) forms a log W, (k)-derivation from W,,(R) into w‘l,vnil@)/wwl(@, we have

the desired map F 1wy, gy w, (n) = Wi, 1 (R)/ W1 (- Finally, this extends to a graded
ring homomorphism on W;v"( R)/ W (k)"

4.2.4. Preliminaries II. Now the final ingredient for the construction of the saturated
log de Rham—-Witt complexes.

Lemma 4.9. Let A be a log algebra over W = W (k) satisfying the conditions in either
Proposition 4.5 or 4.6 and w* = Q*A/w be the corresponding log Dieudonné W -algebra
constructed there. Let B* be a p-torsion-free log Dieudonné W -algebra. There is a
canonical bijection between

Hom p g10¢ (w*, B*) 2 Hom (A, B%),
where Homp is as defined in Notation /.3.

Proof. Given a morphism (f,) € HomF(A,EO), we need to extend it to a morphism
f:w* — B* of log Dieudonné W-algebras. As in the proof of Proposition 4.5, we first
construct a map f :wy y, — B that fits into the following commutative diagram:

BO dp Bl

Define df: A— B! by df =dgo f and 65 : L — B' by §; =g o¢. One easily verifies
that dy is a derivation of A/W (k) into B'. To show that (dy,ds) is a log derivation of
A/W, we check that d7(c(n)) =0 and that
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a(l)-05(1) = ap(¥(1) é5(¥ (1))
=dpap(P(l)) =dp f(a(l) = d(a(l)).

Therefore, we have the dotted map f : w}q/w(k) — B! in the diagram above.

Next we extend f to wz jw 8s a differential graded morphism (because wz W is
generated over A by Wi& /W). Note that f is compatible with § by construction, so it
remains to show its compatibility with F. For this we proceed as the proof of Proposition
4.5; namely, we check it on z,dz for x € A and 6(1) for [ € L because both F' and f are
algebra morphisms. We know that F' f(x) = fF(z) by assumption. For dz (where z € AY),
we have

pfF(dz) = fdF (z) = d(f F(z))
= dF(f(x)) = pF(df (x)) = pF f(dx),

and because B* is p-torsion free, we get fF(dx) = Ff(dx). The proof for §(1) is
similar. O

4.2.5. The construction. Now we prove our first main result (Theorem 2 in the
Introduction). We continue to assume that k has the form (k,N) where N\{0} — 0 € k.

Theorem 4.10. Let R=(R,M) € Alg%gog be a log algebra over k. The saturated log de
Rham-Witt complex Ww}‘%/k of R/k exists. Moreover, the association of R+ Ww}’}i/k 18
functorial. o o

Proof. Without loss of generality, assume that R is reduced by replacing it with its
reduced quotient if necessary (for an object B* € DANEP BO/V(BY) is reduced by

st
Remark 2.8). Let W(R) = (W(R),L = M 2% W(R)) be the Witt vector of R. Because R
is reduced, W(R) is p-torsion free. By Proposition 4.5, there exits a unique log Dieudonné
W-algebra on the relative log de Rham complexes:

(Ui*: (w;(/[/(E)/W(E)aL7d7§7FaFL)
where L = M,Fy, = p and F(dz) = J:p_ldm—kd(W). Define

WW*E/E =W (w")sat-

The construction is clearly functorial in R. We claim that Ww7, /i 18 the log de Rham—
Witt complex of R/k. To prove the claim, consider any strict p-compatible log Dieudonné
W (k)-algebra B* € DAEP; then we have

str

HOmDAlsotgt,p (Wwh 3 B*) = Homp ptes.» (w", BY) by Lemma 3.12
= Homp (W (R),B°) by Lemma 4.9
= Homp (W (R),W (B°/V B°)) by Corollary 3.14
= HomAlglgg (R,B°/VB°) by Lemma 4.4.
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Notation. We denote Wywp, ;. := Wi (@) sat)-

Remark 4.11. For each n > 1, write w,
above we may use limwy, instead of wy, gy (- In other words, consider l&nw,’; as a
p-compatible log Dieudonné algebra (see, for example, Remark 4.8); then we may define
Wwh ), as W(]'&nw;‘;)ﬁat. It suffices to show that the canonical map wiy gy /() — Hmw™n
10

= w"jVn(R) JWo (k) then in the construction

induces a bijection
Hompptoe,» (w*, B*) = Hompatos,» (@wz,B*).

For this, we observe that any map w* — B* of log Dieudonné algebras induces a map
wk — W, (B*), which is compatible with transition maps as well as Frobenius on both
sides, hence giving rise to limw?* — B* on the inverse limit. Note that we have w! =
W, (R) — W, B° = BY/V"(B°). Similar to the proof of Lemma 4.9, we claim that the
map Wiy gy ) — B factors through w;, — W, B*. This follows from the fact that

kernel of wtlxv(g)/W(E) — w} is generated by im(V™) and im(dV™).

4.3. Choice of charts of the log structure

We may have different log structures on a k-algebra R that give rise to the same saturated
affine log scheme (Spec R, M%), which amounts to different choices of charts for M?.
This choice is almost irrelevant in forming the saturated log de Rham—-Witt complexes,
because the underlying Dieudonné algebras will be the same. More precisely, let (R« :
M — R) be a log algebra over k and M be the log structure associated to the constant
pre-log structure M on SpecR (see Conventions in the Introduction 1.6). Let M} =
I'(Spec R,M®) and denote the log algebra (R,M®") by R*". We then have the following
lemma.

Lemma 4.12. The induced map

of the saturated log de Rham-Witt complezes from R — R*" is an isomorphism on the
underlying Dieudonné algebras. In particular, if (R,M) and (R,M') are two charts for the
affine log scheme (Spec R, M%), then the underlying Dieudonné algebra of their saturated
log de Rham—Witt complexes is canonically isomorphic.

Proof. Tt suffices to show that for each n > 1, the pre-log structures 5 : M — W,,(R) and
B8 : M*® — W, (R) induce isomorphic log structures over Spec W, (R); thus, we have

w’ = W’ .
(W (R), M) /W (k) (W (R), M=) /W (k)

The proposition then follows from Remark 4.11. Now write X = SpecR and Y =
SpecW,,(R). Let Ox (respectively Oy ) be the structure sheaf of X (respectively Y ) and

10T his is slightly different from the setup in Lemma 5.3, where @* there denotes the p-adic
completion, whereas our limit here is the ‘V-completion’.
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W, (Ox) be the sheaf sending U — W,,(I'(U,Ox)). We need to show that the following
two pushouts

B~H0y) — Oy (B ~1(0y) — O5
l
M Msh

of étale sheaves of monoids over Yy are isomorphic. By topological invariance of
étale sites, we may compute the pushout in X7. Over X, the morphism /3 corre-
sponds to M % Ox - W, (Ox), where ~ is given by Teichmuller liftings. Note that
Y H(Wo(Ox)*) = O% because for an algebra R we have W, (R)* N[R] = [R*], so
we have 871 (W, (Ox)*) = a1 (0%). Thus, the first pushout can be computed via
two steps: first take the pushout of a™1(0%) — M along o 1(0%) = O% and then
along O% — W, (Ox)*. The first step precisely computes M*?, which is isomorphic to
(M*h)? by Lemma A.1; therefore, M and M*" indeed induce the same log structures on
Y = Spec W, (R). O

Remark 4.13. The proof we give of Lemma 4.12 is somewhat indirect (for example,
it involves Remark 4.11 and it seems more involved to directly show that M and Ms"
give rise to the same log structures over SpecW (R)). However, under the assumption
that R/k is log-smooth of log-Cartier type, the proposition immediately follows from
Corollary 2.16 and Theorem 5.8, because we have an isomorphism w*ﬁ Ik - w*ﬂsh Jk by
Lemma A.1.

5. Log Frobenius liftings and de Rham comparison

In this section we discuss the saturated log de Rham-Witt complexes for log algebras
that admit liftings to W (k) together with lifts of Frobenius. This is useful for at
least two reasons: firstly it provides a way to explicitly compute log de Rham—-Witt
complexes (étale locally); secondly it allows us to compare the saturated log de Rham—
Witt complex to the log de Rham complex when the log algebra R is sufficiently log
smooth.

5.1. Log Frobenius liftings of log algebras

We record a (variant of a) definition from [14].

Definition 5.1. Let (f,4): Spec R = (Spec R,M) — Speck be a morphism of affine pre-
log schemes with integral pre-log structures.

(1) A Witt lifting of f consists of a system (4, = (A,,M,), 6, : W,(SpecR) —
Spec&)nx, where (A1,M;) = (R,M), and satisfies the following list of
conditions:

e SpecA, = (SpecA,,M,) is log-smooth over W, (Speck).
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e For each n, the following diagram is Cartesian:

SpecA, —f— SpecA, 1

L=

W, (Speck) £, W41 (Speck)

where R: A,+1 — A, is the transition map of the inverse system.
e The maps §, are compatible with the system (SpecA,,) under the transition
maps.

(2) A log Frobenius lifting of f is a projective system (An,0n,¢n)n>1 Where (4,,0,) is
a Witt lifting of f and ¢, : SpecA,, — Spec4,, ,; is a morphism of pre-log schemes
such that
e the maps ¢, are compatible with the Frobenius on SpecR given by the pth-

power Frobenius on R and multiplication by p on M.
e (, are compatible with the Frobenius of Witt vectors on both Spec k and Spec R.

(3) A log Frobenius lifting (4,, = (An,Mp),0n,¢n) of f is called p-compatible if the log-
restriction map R: M,,+1 — M, is identity for all n > 1 (so, in particular, M, = M
for all n) and the log Frobenius map ¢,, : M — M is multiplication by p.

The requirements on ¢, in the definition of log Frobenius liftings can be summarised
in the following commutative diagrams:

SpecA, % Wot1(SpecR)
] o
SpecA,, R W, (Spec R)
‘ Wi (Speck)
i
W, (Speck)

Also note that, though we stated the definitions on log algebras following [14], it is clear
that one can globalise and extend the definitions to pre-log schemes in general.

Lemma 5.2. Suppose that R is log-smooth over k, then there exists a p-compatible log
Frobenius lifting (4,,,0n,%n) of R. More generally, let f: X — Speck be a log-smooth
morphism of fine (pre-)log schemes, then a p-compatible log Frobenius liftings exist étale

locally.

Proof. This follows from Proposition 3.2 in [14] and Lemma 5.5 of [15]. The morphism
(k,N) — (R,M) factors through the morphism (k,N) — (k ®@zn) Z[M],M) — (R, M),
where the second map is étale on the underlying rings. The first arrow admits a p-
compatible log Frobenius lifting given by (T,,M) where T, := W,, (k) ®z(n) Z[M] and ¢,
is given by a®b— F(a) ®bP € T,,_1. Then we need to lift the étale morphism 77 — R
along ---T,, = T,,_1 — --- = T}, which exists by [14] Proposition 3.2. Note that the log
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structure on each A, is given by M — T,, — A,, (while ¢, |M is still multiplication by p),
so in particular we have constructed a p-compatible log Frobenius lifting. O

5.2. Saturated log de Rham—Witt complex via log Frobenius liftings

For the rest of this subsection we make the following assumption.

Assumption.
R/k is integral and admits a p — compatible log Frobenius lifting (A,,,0p,¢n)- (*)

Examples include log algebras R that are log-smooth and integral over k (Lemma 5.2).*

5.2.1. A p-completed log de Rham complex. Write A= (E,M) where A = l'glAn,
which is equipped with the log structure from the filtered inverse limit. We then form the
p-adically completed log de Rham complex

A

Wa (=07 = &%lezn/wn ) = 1%“ (@ ww/P")-
From Subsection A.3.1, f being integral means that the map Z[N] — Z[M] induced from
the map of monoids is flat; therefore, for each n, Spec 4,, — Spec W (k) is log-smooth and
integral and hence flat. Now, because the restriction map R : 4,1 — A, is surjective,
the inverse limit A is also flat over W (k) and hence p-torsion free. This allows us to
apply Proposition 4.5 and get a log Dieudonné algebra w} W k) The completed log
has a unique cdga structure such that the canonical map

Nk

de Rham complex @

A/W (k)
WAA/W(E) — W3 w (k) 18 2 AP of cdgas. Moreover, 3w inherits the Frobenius structure
from w* , which makes it a p-compatible log Dieudonné algebra.

A/W (k)

5.2.2. A key lemma. The following lemma is a variant of Lemma 4.9. In this lemma
we do not need to assume that A comes from log Frobenius liftings.

Lemma 5.3. Let A be a log algebra over W (k) satisfying the conditions in either
Proposition 4.5 or Proposition 4.6, and let w* = Q*A W (k) be the log Deiudonne algebra
constructed there. Let 0* be the term-wise p-completion of w*. Then for any p-torsion-free
and p-complete log Dieudonné W (k)-algebra B*, the canonical map

Hom p 4106 (&%, B*) = Homp (A, BY)
is a bijection. Suppose that B* is in addition strict and p-compatible; then, in fact,
HOmDAlog (@*,B*) = Hom(A/pvﬁo/Vﬁo),

where the second set denotes homomorphisms of log algebras over k.

' Note that our definition of log-smooth requires the monoid M to be integral and coherent, but
this is different from requiring the morphism Spec R — Speck to be integral; see Appendix
A.3.1.
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Proof. The first assertion follows directly from Lemma 4.9. For the second assertion, we
appeal to the Cartier—Dieudonné-Dwork lemma, which in our setup says that, because A
is equipped with a lift of Frobenius ¢ satisfying ¢(a) = a? for all a € A, a homomorphism

h:A— B°/V B has a unique lift to a homomorphism h: A — W (B°/V B?) 7, BY such
that Foh = hop. We still need to check that, given a morphism of log algebras (h,)),
its lift (h,o): A — BY is a morphism of log algebras; namely, the top square in the left
diagram commutes:

L L LB L —>¢ LB
l l !
A \h> B B/V B
i 1 h L[]
B°/V B 1 /h> 30

This is indeed the case, because the log structure on B’ factors through the Teichmuller
lifts by Corollary 3.14, as the diagram on the right indicates. Moreover, this also shows
that any map (h,v) : A— B of log algebras comes from the lifting of a pair (h,v). Finally,
because p is 0 in B°/V B, we get Homp(A, B”) = Hom(A/p,B°/V B®) as desired. O

5.2.3. Comparison with log de Rham—Witt complexes. Now let us apply the
lemma above to the setup in Subsection 5.2.1, where A comes from a log Frobenius
lifting of R. By Lemma 5.3 there is a canonical bijection

HomDAlog,p( WW*E/E) = HOHI(E,WlLUOE/E)

“Waw (k)

Lete: R— Wlw% Jk be the tautological map from the definition of the log de Rham—Witt

complex Ww*ﬂ/&' Then (e,id) : R — Wlwoﬁ/ﬁ gives rise to a map v : @0* — WW*E/E in

A/W (k)
the category DA% of p-compatible log Dieudonné W-algebras.

Proposition 5.4. Keep the assumption as in the beginning of Subsection 5.2. The map
v induces a canonical isomorphism (again denoted by v)

v W(%/W@)sat

= Wwg /-
Proof. By construction, W (&*

A/W (k)
B* € DA®? the map v: W

str

)aat € DA so it suffices to show that for any

str

(QJE/W,@)Mt — Ww*ﬁ/k induces a bijection between

* *\ 7 ~% *
HOmDAlso‘gr,p(WwE/E7B ):HomDAlsotgr,p(W(WA/W@)MHB ).
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This follows from the following commutative diagram

Homp o » Wy g, B) —— Homp oo (W(B% 1 1)) sa0 BY)

Thm 4.10. Homp ptos.» (WE/W(E)’B*)

HomAlngg (E,EO/VEO) R HomAlgL:’g (E,EO/VEO)

Lemma 5.3

O

Therefore, if R/k is integral and admits a p-compatible log Frobenius lifting, the

saturated log de Rham-Witt complex of R/k can be computed by taking @} W) and

then taking its associated V-complete saturation (cf. Subsection 3.4).

5.3. Aside: comparison with more general log Frobenius liftings

As an aside, we prove a more general form of Theorem 7 (3). In general, we cannot
construct Ww*ﬂ /k from a non-p-compatible Frobenius lifting of R/k as in Subsection 5.2.
However, in some cases we can still compare the completed log de Rham complexes of
non-p-compatible Frobenius liftings with Ww3, . in the derived category. This crucially
relies on the notion of log-Cartier type (cf. Subsection A.3.2). In contrast, the Cartier
criterion is not needed in Subsection 5.2.

Assumption. R/k is log-smooth of log-Cartier type (which is in particular integral),
and (A,,,n,0,) is a log Frobenius lifting such that A = @An is p-torsion free.

Each win JW (k) is a finitely generated locally free module over A, = ;1\/;0”, by log

smoothness of A, /W, (k), so @ = &ianén/Wn@ is locally free over A and hence

1
A/W (k)
p-torsion free. Then A satisfies the condition in Proposition 4.6 with @,13 W)

. The conclusion of Proposition 4.6 holds by the same proof. To summarise,

replacing

1
VAW

wi W k) is equipped with a Frobenius extending ¢ = Y&lgpn, which makes it a log

Dieudonné W (k)-algebra,'? and there is a bijection

Homp gos ( Wwh /i) = Hom(E,WleE/E)

VAW (k)
by Lemma 5.3. The tautological map R — WleE/E again induces a map v : QE/W(&) —
Wuwy Ik

12Though we construct the log Dieudonné algebra w* directly using universal properties

A/W (k)
of @}Z/W(k), Lemma 5.3 still holds by inspecting its proof (as well as the proof of
Lemma 4.9).
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Remark 5.5. Unlike the previous subsection, in general v will not induce an isomorphism
from the complete saturation W((QE/W(E))SGL) of @A/W(k) to the saturated log de Rham—
Witt complex.

Theorem 5.6. Let R and A be as in the setup above; then the map

v @E/W(E) — WWE/E

induces a quasi-isomorphism on the underlying cochain complezes.

Proof. (1). First suppose that the log Frobenius lift (A,,,©n,d,) in the Assumption above
is p-compatible; then by Proposition 5.4, we have

V0% iy W@k w)sat = Wk

Because both &% W and WwE /i are p-torsion free and p-complete, it suffices to show

that v is a quasi-isomorphism after mod p. In other words, we need to show that

A/W(k)/p—>( AW (k )sut/p—>W( A/W )5ut/p - WwR/k/p

is a quasi-isomorphism. The rest of the proof is similar to the proof of Corollary 2.17. The
key point is that the underlying Dieudonné algebra @w*. W) satisfies the Cartier criterion
(cf. Definition 2.14) by Proposition A.10. In other words, we have

F:QE/W(@)/ng*B/E = H'(whyy) = H*(A;/W k)/p)'

To finish the proof, note that both of the maps of (@z/w(@)gut/p — W@E/W(E))”t/p

and W* /p sat/Pp are quasi-isomorphisms by Corollary 2.16.

Awa/P <w,*Z/W(k))

~ % v mod p
(2). For the general case, again we need to show that U : wA/W(k)/p = Whik

WwR k /p is a quasi-isomorphism. The map T depends on the lifting A of R and @ of
Frobemus but the induced map in the derived category does not. More precisely, let
A’ /W be a p-compatible formal lift of R/k (which exists thanks to Lemma 5.2), and
consider the following diagram:

% * U * pr *
Y3 W) » Wy > Wwh/P —— Wiwgy

—
* v * pr *
? WR/k » W /P » Wiwg g

/\*

Y w k)

where pr : Ww*ﬁ /k /p— Ww& /k /Fil1 = Wlwg /k is the canonical projection. Unwinding
definitions, we see that prov = pro®’ (the square commutes). From step (1), we know
that ¥’ is a quasi-isomorphism. By Theorem 5.8, pro@’ is an isomorphism; hence, pr is
a quasi-isomorphism. This in turn (using Theorem 5.8 again) implies that T is a quasi-
isomorphism. O
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Remark 5.7. (1) The proof of the general case (part (2)) uses Theorem 5.8, whose
proof builds on the conclusion of the special case (part (1)) of the theorem but does
not use part (2) of this proof. Therefore, there is no circular argument.

(2) In general, T does not agree with o' if R is nonperfect. Note that v comes from
the map f,: A — W(A) - W(R), where the first map is determined (on ghost
coordinates) by

A— WA LAY, T (F0EF),02(F),...).

On Witt coordinates, f,(Z) = (z,0(Z),...) where 6(Z) = (p(Z) —z?)/p mod p € R.
The reduction mod p of f, gives T|gr: R= A/p — W(R)/p, which depends on A
and . This is not surprising: without the liftings, we cannot produce a map from
R=W(R)/V — W(R)/p when R is nonperfect.

5.4. Comparison with de Rham complexes in characteristic p

Let R/k be a log algebra and let Wuwg Ik be its saturated log de Rham—Witt complex. We
have a map (e,id) : R — Wlwoﬁ/k, which extends uniquely to a map v : W*E/E — Wlw&/& of
cdgas that is compatible with log structures and log differentials (in fact, v = prov = prod’
in the proof of Theorem 5.6). Our first goal of this subsection is to prove the following
proposition.

Theorem 5.8. Suppose that R/k is log-smooth of log-Cartier type; then
V:W*E/E = Wlw*ﬂ/k
is an isomorphism.

Proof. The proof is similar to that of [2, Proposition 4.3.2]. Let (A\,M) be a p-compatible
formal lift of R over W, which exists by Lemma 5.2. Then we have a commutative diagram
of cochain complexes

071

Whyy — > " (Wgy) = H* (@51 ) /P)
’ Wi \F) v
2 :
Wwh /P . H*(Wwh, /)

where both complexes on the right are equipped with the Bockstein differentials (see
Subsection 2.2). The vertical maps are both induced by v : @}/W(k) — Ww*ﬂ/ﬁ, and the
bottom triangle is the triangle above Lemma 2.11 applied to the saturated log de Rham—
Witt complex. From the proof of part (1) of Theorem 5.6, T is a quasi-isomorphism,
so H(T) is an isomorphism. The map Fj is an isomorphism by part (2) of Lemma
2.11. Finally, by the assumption that R/k is log-smooth of log-Cartier type, C~! is an

isomorphism. Therefore, v is an isomorphism. O
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Corollary 5.9. We continue to assume that R/k is log-smooth of log-Cartier type.

—1
The projection WOJE/E — Wlwﬁ/E — Wg/k induces a quasi-isomorphism of cochain
complezes

priWwp [PV, — Whyk-
In other words, Wwp, Ik is a deformation of w}, /k in the derived category.

Proof. Immediate from the commutative diagram above, because ¥ is an isomorphism.
O

Our next remark is helpful for the discussion on the monodromy operator and for [20].

Remark 5.10. In the proof of Theorem 5.6 and Theorem 5.8, the assumption that R/k
is log-smooth of log-Cartier type is only used to guarantee that the following two criteria
hold:

(1) There is a lift A/W (k) of R with a lift of Frobenius such that w ) is p-torsion
free.

(2) The Cartier isomorphism C~':wg > H'(wj ;) holds.

Thus, the conclusions of Theorem 5.6 and Theorem 5.8 continue to hold for log algebras
R/k that meet the two criterions above.

6. Etale base change

In this section, we show that the saturated log de Rham-Witt complex Ww*E /K behaves
well with respect to certain étale base change. Therefore, for any quasi-coherent log
scheme X over k, we obtain a sheaf Wuwi Jk of log Dieudonné algebras on the étale site
Xt

To formulate the étale base change we consider the category of log cdgas, consisting
of A* = (A*,M,d,0) where (A*,d) is a cdga, M = A° a log algebra and § : M — A! a
monoid morphism (with the additive monoid structure on A') satisfying dod = 0 and
a(m)d(m) =d(a(m)) for any m € M. Morphisms between A*, B* are pairs of maps (f,)
where f: A* — B* is a morphism of cdgas and v : M4 — Mpg is a morphism of monoids,
compatible with o and 9.

Definition 6.1. e A morphism (f,%): (A, La) — (B,Lp) of log algebras is naively
étale if f: A — B is étale and ¢ is an isomorphism of monoids.
e A morphism (f,?): A* — B* between log cdgas is étale if its restriction on the log
algebra (f,1): (A%, M4) — (B Mp) is naively étale and f induces an isomorphism
A*® 40 B® — B* of graded algebras.
o If A* B* € DAY are strict log Dieudonné algebras, then (f,¢): A* — B* is V-

adically étale if for each n > 1, the induced map of log cdgas W,,(A*) — W,,(B*)
is étale.

If A* is a log cdga, we denote by Et A+ the category of log cdgas étale over A*. Similarly,
for A* € DA, we denote by VEt 4+ the category of V-adically étale A*-algebras in DAL,

stey
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Proposition 6.2. (1) The functor B* + B induces an equivalence of categories
Bty = Etyo = {étale A°-algebras}.

(2) Let A* € DASE. The functor that sends a V-adically étale A*-algebra B* € DALYE to

ste-

the A°/V (A®)-algebra B°/V (BP) induces an equivalence of categories
VE'EA* = E'tAO/V(AO) .

Proof. The functor B* — B* forgetting the log structure on B* is an equivalence of
categories between étale A*-algebras and étale A*-algebras. Likewise, B* — B* induces
an equivalence between VEt A+ and VEt4-. Therefore, claims (1) and (2) follow from
Proposition 5.3.2 and Theorem 5.3.4 in [2] respectively. O

By the same proof of Corollary 5.3.5 of [2], we arrive at the following.

Proposition 6.3 (étale base change). Let R=(R,M) be a log algebra over k and R — S
be an étale morphism of k-algebras. Let S = (S,M) be the (naively étale) log algebra over
R. For anyn > 1, the map WnoJR/k — ans/k is €tale. In other words, WwR/k — WwS/k
is V-adically étale. Moreover, we have a natural isomorphism of graded algebras

W”w*ﬁ/k W, (R) Wn(5) = an;/h'

Remark 6.4. When R is log-smooth over k of log-Cartier type, we may also deduce
the étale base change Whwp i ®w, (r) Wa (S) = W, ws/k by comparing to the log de
Rham-Witt complexes constructed by Hyodo—Kato (which is defined globally on the étale
site) or Matsuue (using Proposition 3.6 in [15]), once we prove Propositions 7.7 and 7.10.

Now let X be a quasi-coherent log scheme over Speck. We construct the sheaf of log
de Rham-Witt complexes Ww?, /i 0N Xt

Notation 6.5. For a log scheme X = (X,Mx) over k, let X ot be the site of ‘small
enough’ affine étale opens where the log structure of X admits charts. The objects of

Xst,aff are étale morphisms U Ly X over k where U = Spec R is affine, such that there
exists a constant log structure L — R and an isomorphism (Ly)* = Mx|y := h*Mx.
Here (Ly)* is the associated log structure of the pre-log structure Ly — Opy. We give
Xe¢t,ant the étale topology.

It is clear that X g indeed forms a site. Moreover, if the log structure My admits
charts étale locally, then these ‘small enough’ affine opens form a basis for the étale
topology on X.

Lemma 6.6. Further assume that X is a quasi-coherent log scheme; then the restriction
of an étale sheaf from X to Xeg of induces an equivalence of topos.

Proof. The canonical functor v : X¢; o — Xg¢ is continuous, cocontinuous, and satisfies
the property that any étale open Y € X¢ admits a cover by {U;} in X¢¢ af, as the log
structure Mx is quasi-coherent. Thus, u induces an equivalence Sh(Xe; o) — Sh(Xe¢t)
by [4, Tag 03A0]. O
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Theorem 6.7. Let X = (X,Mx) be a quasi-coherent log scheme over k. There exists a
unique sheaf Ww¥, . on Xg valued in log Dieudonné algebras such that on each étale
local chart (U,L) = Spec(R,L) of X, there is a canonical map of log Dieudonné algebras

which is an isomorphism on the underlying Dieudonné algebras and is given by L —
I(U,Mx) on the log structures.

Proof. It suffices to construct the sheaf of abelian groups ané( /k for each n>1,: >0
and then take the inverse limit as n varies. By Lemma 6.6 it suffices to construct W,w’ /k

on Xg; ag. To this end we define a presheaf of abelian groups ané( i Xot,aff — Ab as
follows. For each U = Spec R — X in X afr, we write M(U) :=T(U,Mx) and define

Note that the value of anlg /k (U — X) is independent of the choice of chart on U, by
Lemma 4.12. (In fact, the constant monoid M (U) gives a (functorial) choice of chart on
each U € X¢ a1, see Lemma A .1.) To show that this presheaf is a sheaf on X a, it suffices
to check that, on each étale open neighbourhood U = Spec R € X¢; o, the restriction
an&/& Use. oz defines a sheaf on Usy, a = Xet,anr/U. The latter category consists precisely
of all étale R-algebras. In other words, we may assume that X = Spec R is a ‘small enough’
affine log scheme that admits a chart for its log structure. Let R — .S be an étale map
and write V = Spec S; then we have morphisms

Wat(rar(x)) /e —* Watls,m(x))y/m —> Wal(s, vy i

by functoriality. 5 is an isomorphism by Lemma A.2 and 4.12. We know that

Watis n(vy) /i = Wat (g, m(x))/k BW, (R) Wn(S)

by Proposition 6.3. From the topological invariance of étale sites, we know that the
association S +— W, (9) identifies the étale algebras over R with étale algebras over W,,(R)
(see also Theorem 5.4.1 of [2]). Therefore, on the affine étale site (SpecW,(R))

the presheaf ang(/k is in fact a sheaf associated to the W;,(R)-module anéR M(X))/k>
by the usual étale descent. It is straightforward to keep track of differentials, Frobenius

ét,affine’

operators and the monoid morphisms Mx — ng( Jk and Mx AN Ww}( /K hence, the
theorem follows. - - O

Corollary 6.8. Let X = (X,Mx) be a quasi-coherent smooth log scheme of log Cartier
type over k and WwZ. ~ be the saturated log de Rham-Witt complex constructed in

X/k
Theorem 6.7.

1) The identification Ox <> Wiw® ,, induces a canonical isomorphism
X /k
wx /i = Wiwx g
2) The natural projection Ww, ,,./p = Whw .. induces a quasi-isomorphism
X/k X/k

Wwx /P = Wx /g
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Proof. This follows from Theorem 6.7. O

Furthermore, our discussion on the structure of the V-filtration of the saturated
log de Rham-Witt complexes on local charts (see Subsection 2.4) carries over to the
globalisation. To state this more precisely, we introduce the following sheaves on Xeq:

o Bl =im(F"'d: Wawi ), = Wiwk ).
o Z,:=im(F™: WnHoJ%/E — Wlwiz/k).

We view ané(_/lk as an (F%).Ox-module via the Techmuller lift

OX — W”MOX/E = Wn(OX)

and Wlwg/k as an (Fyt!),Ox-module as in Remark 2.24. Tn fact, both sheaves are

quasi-coherent Ox-modules by the proof of Theorem 6.7. Note that the map Frlq:
an;/lk — Wlwé( Jk is a map of Ox-modules; indeed, on local sections we have

Frld(wey) = PPl y) = o) PPty = a- PPy,

In particular, BY, is a quasi-coherent submodule of (F;H)*Wlw% Ik Moreover, on small
enough affine open schemes U = SpecR € X¢; o, I'(U,BL) is precisely Bn(Wlsz/E)
defined in Notation 2.21. Likewise, I'(U, Z},) = Zn(Wiwg ;1)

Corollary 6.9. Let X = (X,Mx) be a quasi-coherent log scheme over k and Ww*y/ﬁ be
the saturated log de Rham—Witt complex. The graded pieces of the V-adic filtration on

Ww%/k sits in a short exact sequence of quasi-coherent sheaves on X g as follows:

0— (F;+1)*W1wk/ﬁ/l§; — gr{}Ww’i/E = (F}}'H)*Wlw%/l&/zg L0.
In particular, if X is moreover log smooth of log Cartier type or, more generally, if
Wlwé(/k is a coherent O x -module, then every term in the short exact sequence is coherent.

Consequently, ang( ki coherent for each n.

Proof. This follows from the discussion above. Note that if X is log smooth of log Cartier
type, then I/VoulK /k = wli /k is coherent by Corollary 6.8. O

Remark 6.10. Although it might be possible to develop the theory directly by working
with sheaves of log Dieudonné algebras over X, we prefer to work locally and globalise
in the last step (which avoids sheafifying at each step). For many purposes it is in fact
crucial for us to construct the saturated log de Rham-Witt complexes in local charts.
In particular, for the application in [20], we do not know how to extract log structures
from certain Aj,¢-cohomology unless restricting to sufficiently small local charts of the
log scheme. We refer the interested reader to [20] for details.

7. Comparison theorems

The goal of the present section is to show that the saturated log de Rham—Witt complexes
agree with existing constructions for sufficiently smooth log schemes. In this section, we
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assume that our log schemes (for example, X and Y') are log-smooth of log-Cartier type
over k = (k,N), where the (pre-)log structure on the perfect field k satisfies N\{0} — 0.
In particular, all log structures are assumed to be fine and thus quasi-coherent.

7.1. Comparison with the constructions of Hyodo—Kato
In [9], Hyodo-Kato constructed a log de Rham-Witt complex W™ w% Jk using the log
crystalline site, as a generalisation of [11].

We briefly recall their construction. Denote by W, the log algebra W, (k), which is
equipped with the standard PD structure. Denote by (X /W )iog-cris the log crystalline
site of X over W,, which consists of PD-thickenings equipped with a compatible log
structure. More precisely, objects in (X /Wy )iog-cris are tuples of the form

(U’T7MT77:75)’

where U is an étale scheme over X, (T',Mr) is a fine log scheme over W,, i: (U,Mxy) —
(T, Mr) is an exact closed immersion (cf. Section A) and ¢ is a PD structure on (defining
ideal of) the closed subscheme U C T that is compatible with the PD structure on W,
(see [13]). The log crystalline site is naturally equipped with a canonical projection to
the étale site

ulgg/wn : (X/m)log-cris — Xét'
Hyodo—Kato then defined their (sheaf of) log de Rham-Witt complexes to be
i i, lo
W:Ku}z&/k = Rlu&g/wm*(ol/%),

where Ox /y, is the structure sheaf on the log crystalline site. These objects are equipped
with (collections of) operators d,F,V and the ‘canonical projections’ R.

To explain these operators in slightly more detail, we consider the following crystalline
complex C}, following [9, Section 4.1 & 4.2].

Construction 7.1 (Hyodo—Kato). Setup as above. Let X*® < Z°® be an ‘embedding
system’ for the log scheme X over W,,; that is, a pair of simplicial log schemes X*® =
(X*,M?®) and Z* = (Z*,N*) (with fine log structures), endowed with structure maps

X* =X, Z* — SpecW,,
and closed immersions
X2z
over X — SpecW,,, such that

e FEach Z'=(Z',N") is log smooth over W,.
e The map X*® — X of schemes forms a hypercover in the étale site, with M? =
Mx|x:.

For such an embedding system, let C} = C% W be the following complex on X¢,:

* AV Y v
On = (ODo — Ope ®OZ. wé;/% — Ope ®(QZ. w%;/% — )
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Here D* is the log PD envelop of X*® < Z°. This complex is referred to as the ‘(log)
crystalline complex’ of X /W, and computes Rul)c;g/wm*(Oé /w,, ). More precisely, let 6 :
Xg, — Xs¢ be the projection from the simplicial étale site of X* to the étale site of X;
then we have

Ru{)?/w [(Ox/w,) = RO.Cy

(cf. ([9, Proposition 2.20]). Now let us return to Hyodo—Kato’s construction of the
operators d, ',V R on their log de Rham-Witt complex.

e First, define the differential d : W}L‘Kw%/k — WHKw;'/lk to be the ‘Bockstein

differential’ induced from the exact sequence 0 — Cy LR cs, = Cr—0.

o Let F': WHKwX/k — WX 1wX/k be the map induced by C} — C?_;

o LetV: WHKle/k — WHKwX/k, be the map induced by C}:_, 2, Cr.

e Finally, we define R, WHKwé( Xk~ WHE 1wX /> which is the most subtle piece
of structure, as follows. The starting point is to consider a certain subcomplex

‘pCri_y C Cx_7 13 which is defined to be (1,C,y,)* /p"~ ! for m sufficiently large,
where
npCh :={x €p'Cl, : dz € p" T CLH}

as usual. For m >n+1i+ 1, the quotient (1,Cp,)"/p™ ! becomes well defined, and
Hyodo—Kato constructed a quasi-isomorphism ([9, Lemma 2.25]) C}_; — 1,C}i_;
that induces an isomorphism

P Hl( 1) — Hi(UpC;—1)~

Now, let p,, : H(C) — H'(n,C;:_;) be the map induced by z + pz on the level
of complexes. Finally, define

R, :=pupo L
We then take the inverse limit along the restriction maps to form the Hyodo—Kato complex
WHWY g = lim  WREWY -
Theorem 7.2. Let X be a log scheme over k that is log-smooth of log-Cartier type. There
s a natural isomorphism of sheaves of log Dieudonné algebras
Ww = WHwx .

Remark 7.3. In particular, Ww¥ / computes the log crystalline cohomology for quasi-
coherent log-smooth schemes of log-Cartier type.

To prove the theorem it suffices to work locally. The main point is to show that
WSS Jk indeed takes values in log Dieudonné algebras. This is straightforward but
quite tedious to carry out, which we prove in Lemmas 7.4 and 7.5. Now we restrict our

3 The complex ‘NpCr_1" is denoted by E;_; in [9]. We have chosen this notation because in
modern language, their complex is essentially obtained by lifting C};_; to characteristic 0
and then applying the décalage operator 7, to it.
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attention to the affine case and let Y = (Spec R,M) be an affine log scheme over k and
consider the Hyodo-Kato complex

W W =TV, Wy ) = Im D (Y, W wy ).
R,

The canonical projections R,, commute with operators d, F' and V on each finite level
from the definitions; hence, we obtain a cochain complex in the inverse limit, equipped
with I and V. By relations given in [9, Display 4.1.1], W"*w}, /k is a Dieudonné complex.

Lemma 7.4. The Frobenius F on W”wa%/k 18 a graded ring homomorphism.

This is, of course, of no surprise and probably well known to experts, but we cannot
track down an explicit proof, so we record the proof here.

Proof. For notational simplicity we write W% * (respectively W}!*) for the complex
WiSwh, . (vespectively Wiwy o= T(Y, W™ wy, 1)) in this proof. By [9, Proposition
4.7] and its proof, there is a canonical surjection
VW, ) Wt W
with kernel I, C wyy, (R)/ W (k) & graded differential ideal, generated by elements of the
form {n; j a,m»dNi,j,a,m} for 0 < j <i<n,a € Rym € M, where
Mijaym i= Vi([a])de ([e(m)]) — Vi([aa(m)p%ﬂ])dlog(m).

To further ease notation, we write w"jVn( R) = Wy (R)/Wn (k)" The map v is compatible
with the canonical projection maps. By (the corrected version in [18, Section 7] of) [9,
Diagram 4.9.1], we have the following isomorphism of cochain complexes:

s=tot: (W) Lowily /Lo~ Wi

where (WH9)" is defined as a quotient of'*

(W, (R) ® N MEP /NEP) @ (W,,(R) @ A" MEP /NEP).

By Remark 4.8, we have a graded ring homomorphism F : wy, (B) Wiy (R)" Unwinding
its construction, F' sends the ideal I,, into I,,_1, thus inducing a graded ring homomor-
phism

Frww, )/ In = wiv, )/ In-1-
We claim that the following diagram (on the right) commutes:

* t * P *
(W#K’ )// E— an(E)/In — WrI;IK’

Js Js Js

) t Y ,
( HK *)// _ty w[ﬁvnfl(ﬁ)/lnfl N WT}LIIjl*

The complex (W™?) that appears in [9, Proposition 4.6] is incorrect (and the proof
given there is incomplete); instead, we should take the modification (W™**)" given in [18,
Section 7]. With this correction, the map s is indeed an isomorphism, by [18, Theorem 7.5].
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where F : (W) — (W™ is defined as follows: for any = € W, (R) and y € W,,(R)*,

n—1

let us write y = [yo] + V¢/, and send

(x@my A---my,0) = (F(z) @mq A---my,0)

0,y@maA---m;) = ([yo]? @ B ([yo]) Ama A--- Am,0) + (0,5 @ma A--- Amy).
B here denotes the log structure M = R £> W (R), where the first arrow « is a log
structure by assumption, so there exists a unique element 37 !([yo]) € M that is sent
to [yo)-

The desired commutativity follows from [18, Remark 7.7.4] and the commutativity of

the left square, which we check by hand on the generators of (W%)” . Clearly, Fot=toF
on (x®@my A---m;,0); for (0,y@ma A---m;), we simply observe that

Fdy = Fd([yo] +Vy') = [yo]"dlog[yo] + dy’.
This finishes the proof. O

Lemma 7.5. VVI’”{w}"%/,c is a saturated Dieudonné algebra.

Proof. Retain notations from the proof of Lemma 7.4. By [9, Corollary 4.5 (2)], WH"Xw*
is p-torsion free. Because R/k is log-smooth of log-Cartier type, by the same proof of [10,
Isomorphism 1.3.11.4] in the case n =0, the Cartier isomorphism (cf. Proposition A.10)
implies that

ker(d : Wi™w" — W™ w'™) = im (F : W3™w" — W™w'").

This in turn implies that d=!(p- W' w*) = F(WHKw*) To see this, suppose that dz €
p- W w*; then by the equality above we have x = Fx)| + Vab +dVyh = Fay + V!, where
x1 = 2 +dV?(y4). This implies that dV ) € p- W w*  so dzy = FdVzh € p- W™ w* and
we may write x5, = Fag+ V4. By repeating this procedure we may write z = F(x1 +
Vg +V?2x3+---). This; together with the injectivity of F (because W™ w* is p-torsion
free); implies that WH¥w* is saturated (as a Dieudonné complex).

It remains to show that F(z) = 2P modp for all z € W™ w". Because WH¥w* is
saturated, in fact it suffices to check that F(x) = 2P mod V for all x € W™ w. But this
follows from the commutative diagram in the proof of Lemma 7.4, because the middle
vertical map is constructed to extend the Witt vector Frobenius and the map v preserves
the V-filtration (by Proposition 7.1 and diagram 7.5.6 in [18]). O

Corollary 7.6. W”Kw}k{/k admits a natural structure of a log Dieudonné algebra, which
is strict (in particular saturated) and p-compatible.

Proof. For each n, the log structure [a], : M = R 1, W, (R) induces a log derivation

(d,6p : M — w‘l/vn(R)). By composing with projection, we get a monoid map 4, : M —
Wiy (r)/In- Both [ay] and 6, are compatible under the canonical projections. Now the
map 7 in

(WTIL{K,*)// L> w;Vn(ﬂ)/I” i) W,’I:IK’*
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(from the proof of Lemma 7.4) is also compatible with the canonical projections.
Therefore, we have monoid morphisms (which we still denote by the same symbols):
[]n : M — WO and §,, : M — Wil In the inverse limit they give rise to

[a] : M — W0 §: M — WSt

This makes W™ w* a p-compatible log Dieudonné algebra. It is saturated by Lemma 7.5,
and it is strict because for each n > 1 and any k > 0, we have the following exact sequence:

: VdvT v
0—im (W,?Kw* —_— Wf:fkw*> — W w* 25 WKW 0

by [9, Section 4.9]. O

Now it is straightforward to prove Theorem 7.2. As discussed previously, it suffices to
work locally on charts. In the affine setup, the identity map

R Wil =
induces a map of strict log Dieudonné algebras
v Wwg s, — W wh
Theorem 7.2 follows from the next proposition.
Proposition 7.7. v is an isomorphism of log Dieudonné algebras
v Wwg — W wh k-
Proof. The induced map 7 : Wlw}}/k — WlHKwE/E is an isomorphism by Theorem 5.8.
O

The theorem then follows from Corollary 2.16 part (3).

7.2. Comparison with the constructions of Matsuue

As before, we are under the assumption that R/k is log-smooth of log-Cartier type.
Matsuue’s construction of log de Rham—Witt complex is an extension of the construction
of Langer—Zink [14]. We start with a review of the definition of the category Cpy of
(R-framed) log F-V-procomplexes.

Definition 7.8 ([15] Definition 3.4). Let R = (R,M) be a log algebra over k = (k,N).
An R-framed F-V-procomplex over R/k is a projective system

* Rm x Rmoy * *
=Bl —— B, —= > E - E3=0

where each E, = (E, dm,0m) is a log cdga over Wy, (R)/W,,(k), together with

e a collection F': B | — I of graded ring homomorphisms;
e a collection V : By — E .| of graded abelian group homomorphisms.

These data are required to satisfy the following conditions:
(1) R={R,,} is compatible with § = {d,,}; that is, §,, = Ry, 0 dy1 for m > 0.
(2) R is compatible with the collection of maps F' and V.
(3) The structure maps By, : W, (R) — EY, are compatible with F' and V.
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(4) The collections of F,V,d,d satisfy relations
FV:p de+1V:dm F5m+1:6m

(Valy=V(aFy)  Fdpiilz] = 2" dp[a].

Here, by the structure maps we mean the collection of ring homomorphisms S, :
W (R) — EY given as part of the data of the W,,(R)/W,,(k)-cdga (E},,dm,0m) where
(d, © Biny0m = M — EL)) forms a log derivation of W,,(R)/W,(k) into E* and satisfies
dp, 00, = 0.

Denote the category of log F-V-procomplexes over R/k by Cry, g. In [15], Matsuue
constructed an initial object {W,, AR/k} in Cpy, g, where each W, AR/k is constructed
as a certain quotient of wyy (R) /Wi (k)" The complexes W A% Rk = = lim, W, A}, R/k Are then
globalised to a sheaf WAY , on Xe. As in [14], the construction in [15] works more
generally over nonperfect bases, but we have restricted to the case of perfect base (in fact
a perfect field) to compare with our version of saturated log de Rham-Witt complexes.
The following lemma is clear.

Lemma 7.9. The saturated log de Rham—Witt complezes Ww};/k give rise to an R-framed
F-V-procomplex {me*ﬁ/ﬁ} over R/k. -

Therefore, by the universal property of WA* we have a map +': WA7, Y Wuwry, /k of
cochain complexes that is compatible with F,V and R. -

Proposition 7.10. v is an isomorphism.
Proof. The map +' induces commutative diagrams

0 —— Fil" W1 Ay —— Warihf, —— Wall, —— 0

l | |

0 —— Fil'Whiiwf), —— Wasiwh)y — Wagy, —— 0

of short exact sequences, where the filtrations are standard filtrations, given by
Fil”WnHA}/k =V"WiA7, Rk —|—dV"W1A}/}€ and likewise for WL+1WR/;€ By Theorem
5.8, we know that ~' induces an isomorphism WlAR/k - Wiwp R/k and hence
Fil”WnHA*E/k =5 Fil"” Wiriwh Rk for each n. The proposition therefore follows by

induction. O

Corollary 7.11. For a quasi-coherent log scheme X that is log-smooth of log-Cartier

type over k, the isomorphism ~' globalises to an isomorphism of sheaves ~' : WA}/k =
Ww*& Ik

Remark 7.12. Another way to obtain Ww& Ik - WA*E /k is to use the comparison with
Hyodo—Kato complexes in Subsection 7.1 and prove that the Hyodo—Kato complexes agree
with WA7Z R/ The latter is claimed in Proposition 3.1 of [6], which asserts that there is
an isomorphism WA*E /k - Wwy, Rk identifying the log structures F,V and R on both
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sides. The key assertion used in their proof is that WEKw}‘% Ik form an R-framed F-V-
procomplex, which is claimed without justification. It seems to the author that proving
their claim would involve proving most of the arguments in Subsection 7.1, which seems
nontautological (though probably known to experts).

8. The monodromy operator

In this section we explain a construction of the monodromy operator on the log crystalline
cohomology for log schemes of ‘generalised semistable type’ in the following sense: let
k = (k,N) be the standard log point, X /k be a log scheme such that étale locally, X is
naively étale (cf. Definition 6.1) over a finite fibre product of log schemes arising from log
algebras of the form

RY — (NT“ N k;[XO,...,XT.,...,Xd]/HOSiSTXZ-)

R
k— (N k).

Here the log structure o on RY is given by e; — X; for 0 <i <, where ¢; = (0,...,1,...,0)
with 1 at the ith position. More precisely, X can be covered by charts that are naively
étale over the spectrum of log algebras of the form S O (M,S"), where

SY = k[Xn] 1<1<s / H D CIFREE H Xs,i

0<h<dr \ 1 <;2q, 1<i<d,
and M = | |y N7i+1 is the pushout of the diagonal maps N — N +! for 1 <[ < s. Clearly,
1<I<s
RY (respectively §D) is fine and log-smooth over k of log-Cartier type.

Lemma 8.1. Let R° be as above and let k° = (k,0) be the trivial log point; then RS /k°
satisfies conditions (1) and (2) in Remark 5.10. In particular, there is a canonical
isomorphism

WRD /g — WIWRO o
The same conclusion holds for SH.
Proof. For notational simplicity we check the claim for R". For (1) we may take the lift
AR =W (k)[Xo,... Xa)/ [ X
0<i<r
with log structure N"+! L2 X, A0 For the lift of Frobenius we take the canonical lift o

on W(k) and X; — X7, and the Frobenius on N"*! is given by multiplication by p. The

log differential wim Ik is free over A with generators

dlogXy,...,dlogX,,d X, 1,...,d X
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(see Subsection A.2.2); hence, both conditions (1) and (2) in Remark 5.10 are satisfied. O

The canonical map R” Jk° — RY /E induces a morphism of saturated log de Rham-—
Witt complexes

O: ngg/ko — ngg/b.

The cochain complex ker© is concentrated in (cohomological) degree > 1.

Example 8.2. For a simple working example, let us consider the case where R”

*

k[x,y]/(zy). For this example, WwRD/k

W (AL, of the saturated log Dieudonné algebra

is isomorphic to the V-completion W (AY,,) 4,

A ={we A%F Y] dwe ANFY)} —L— Al = AP

described in Example 3.16, and WwED Ik is isomorphic to the V-completion of
d d
Bgat leat Bs2at

described in Example 3.17. The map © constructed above can be described (before taking
V-completions) as follows:

. . . 1 1 1 N
—~3 AY,, is an isomorphism and sends 7™ — 27" and y¥" — yr" .

— Al sends

e O:RB°

sat

©: B!

sat
dr dy dx
x 7y x
This map is clearly surjective with kernel

dr .dy
ker(@ : leat — A;at) = {(.f?afg) : where f € A(s)ut(x) UZp Agat(y) = Agut}'
In other words, we obtain the following short exact sequence of saturated complexes:

0 1
_— _—
0 Arat Asat

S

jf'—n‘(%,%y) zlezA(%Jr%‘)
0 Bgut Bf}at ’ B:?at
| |
0 Agat A;ut

After taking V-completion, we obtain a short exact sequence

0= Wwrg , [-1] — Waro 2, Wwpo = 0.

This phenomenon continues to hold for all ED of generalised semistable type.
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Proposition 8.3. The cochain complex (ker©)[1] admits a structure of a Dieudonné
complex, which is saturated and strict. Moreover, there is a short exact sequence
©
0— Ww;D/E[—l] — Ww*ED/kO — WWED/E — 0.

The same conclusion holds when R" is replaced by SO. In particular, (ker©)[1] carries
a (log) Dieudonné algebra structure.

Proof. Again we check the proposition for R" because the only complication for SH
is notational. Write K* = ker®, which is a p-torsion-free sub-Dieudonné complex of

Ww;‘%D Jko (here we ignore the algebra structure). It is straightforward to check that

o K* —n,(K*), x€ K"+ p'F(x)

is an isomorphism; therefore, K*[1] is a saturated Dieudonné complex as multiplication
by p gives an isomorphism 7,(K*[1]) = n,(K*)[1]. By Lemma 8.4, we have a short
exact sequence

0— Wm(K*) — me;‘]/ko — me;D/@ —0

for each m. Taking the inverse limit, we see that K*[1] is strict.
Next we construct a map of cochain complexes wZD e w:D Ik [1] preserving Frobenius
A7 /k A
AD ke

on both sides. For this we define an element 6 € w from the log differential dlog :

r+1 1
N _>UJAD/IC° by

0 :=dlog(ep) + - + dlog(e,.).

(More generally, for the product SH = (SY,M), we have a map N — M coming from each
diagonal map N — N"+1 Let e € M be the image of 1 € N. Then 6 is the element dlog(e).)

We abuse notation and use the same symbol to denote the image of 6 in Ww;‘%g Jho then

*
APk

clearly € K'. Because w is generated over AY by elements of the form (A;dlogX;) A

(AjdX;), we construct a map of complexes ¥ : w;D/E — w;D/ko [1] by

This map is well defined, because

> dlogX;— | Y dlogX; | AG=60A0=0.

0<i<r 0<i<r

Moreover, because d(d) =0 (by dodlog =0) and F(f) = 6, the map ¥ preserves
differentials and Frobenius structures on both sides.
By passing to the (p-adic) completion and strictification (complete saturation), we

get a map U : Ww;D/k — Ww;m/ko[l]. The image of ¥ lies in K*[1], so we have now

constructed a map of strict Dieudonné complexes

\Il:Ww*ED/E—>K*[1].
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To finish the proof of the proposition, it remains to prove that this map is an isomorphism.
By [2, Corollary 2.7.4],'% it suffices to show that

Wl(\I/> : Wlwgg/ﬁ — Wl(K*[”)
is an isomorphism. By Lemma 8.4 and Lemma 8.1, we need to check that

% A . .
WRO /K LN ker(wED/ko _)MED/E)M
is an isomorphism of cochain complexes, which follows from their explicit descriptions. [

The following lemma is used in the proof above.

Lemma 8.4. Let © : A* — B* be a map between two saturated Dieudonné complezes.
Let K* =ker® be the sub-Dieudonné complex (which is saturated). Define the standard
filtration on A* (respectively on B* and K*) as in Subsection 3.4 by Fil'(A*) = Vi(A*) +
dV'(A*). Then

Fil'(K*) = ker(Fil'(A*) -2 Fil'(B*)).
Proof. We need to show that ker(Fil*(A*) N FllZ(B*)) C Fil'(K*). In other words, if

x=Viy+dViz, and ®(x) =0, we claim that = € Fil'(K*). For notational simplicity we
write T = ®(z) for the image of x € A* in B*. By assumption we know that

dz = F'dV'z = —FY(V'g) = —p'y € B*.

Because B* is saturated, we know that Z = F'w for some w € B*, so there exists w € A*
and a € K* such that

r=Viy+dVi (Fw+a)=Viy+Fdw)+dV'a.

Therefore, it suffices to prove the claim for z of the form x = V?y, but this is clear because
Viy =0 implies that 7 = 0 as B* is p-torsion free. O

We now prove Theorem 9 in the Introduction.

Corollary 8.5. Let X /k be a log scheme of ‘generalised semistable type’; then there is a
short exact sequence of cochain complexes

0— WOJ*X/E[—].] — Ww*é/ko — Ww*&/& —0

that preserves the Frobenius structures. As a consequence, this gives rise to a connecting
homomorphism on the log crystalline cohomology

N: Hﬁ)g—cris(X/W(E)) - Hl*og—cris(X/W(E))'
This operator satisfies Ny = ppN.

Proof. Let R be a k-algebra with an étale coordinate; namely, an étale morphism SY — R
where SU has the form described as in the beginning of this section. Equip R with the

15Gee also Corollary 2.16. Note that the proof we cite from [2] is stated for Dieudonné complexes.
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log structure from M — ST, Then for each m we have

0— Wm"’*ﬂ/@[_l] — meg/ko — me*ﬂ/E —0

*

from the étale base change of the corresponding sequence for Wmwen e

from these étale coordinates, we observe that the element 6 € Ww}% wo s independent
of the choice of coordinates, because it can be described as the image of dlog(e) in

To globalise

lexv(R)/W(kO) — W(w;V(R)/W(kO))éat =: Ww}%/ko, so the sequences above glue to an exact
sequence of sheaves

0— me*ﬁ/k[fl] — me*é/ko — me*z/@ — 0.

Because there is no higher Rlim terms, taking the inverse limit we reach the conclusion.
The relation N =ppN follows from dF = pF'd because ¢ is induced by ¢p: x € ng(/k —

p'F(x) EleX/E. O

Remark 8.6. When X is of semistable type, our construction of the monodromy operator
agrees with the monodromy operator constructed in [9, Section 1.5]. This follows from
Theorem 7.2 and the description of (W,&y.)’ in [9, Section 4.20]. Essentially, in this case,
we give a more functorial description of Hyodo-Kato’s complex W, &{ as the saturated
log de Rham—Witt complex of ED over a trivial log point.

9. The Nygaard filtration and slopes of Frobenius

The goal of this section is to study slopes of iterated Frobenius ¢" acting on the
cohomology H? (Xét7Ww;(/k), where ¢ is induced by ¢ in Definition 2.3 and n € Z>1, by
analysing the Nygaard filtration associated to the saturated log de Rham—Witt complex.
In particular, we follow the idea of [19] to show that, under a mild finiteness assumption
(see Subsection 9.4), the saturated Newton polygon New(p) always lies on or above the
saturated Hodge polygon Hdg(X,n) (Definition 9.7). The latter recovers the usual Hodge
polygon of (logarithmic) Hodge numbers when X is log smooth of log-Cartier type. Our
main result in this section is Theorem 9.8, which is a moderate generalisation of [19,
Theorem 2.5] to log schemes. This, of course, specialises to the well-known result of
Mazur and Ogus on Katz’s conjecture when n =1 (cf. [17, 1]. See [16] for an excellent
introduction to this problem.)

9.1. The Nygaard complexes and filtrations

Let (M*,d,F) be a saturated Dieudonne complex concentrated in degree > 0. Following
[19, Definition 1.2], we define the level n Nygaard complex M (r,n)* associated to M* to
be

M(rn)* = (MO 4 Mty =t Y5 gy,

Note that when r = 0, this recovers M*. These Nygaard complexes are endowed with two
natural maps

F:M(rn)" — M(r+1,n)", (9)
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V :M(rn)* — M(r—1,n)* (10)
defined by
M(r,n)* =
7l
M@r+1n)* =
MO d d , ppr-1 av" M d , ppr+l 4
Ju [ S P
MO d , pgr—1 _d ., ppr av" M+l _d
and
M(r,n)* =
gl
M(r—1n)* =

n
MO 4 ... _d -2 d g1 AV A d

- b b

n
MO 4 ... _d -2 AV a1 d o oaer d

We will be concerned mostly with the second family of maps V.
Definition 9.1. Let (M*,d,F') be a saturated Dieudonne complex. We define its rth
Nygaard filtration N = N (M*) of level n to be the image of
V" M(r,n)* —s M*.
In other words, we define
NI(M) o= (pn= DV MO — pr DY MY e S VM MY )

as a subcomplex of M*.

9.2. Relation to the Hodge and conjugate filtrations

The Nygaard filtration of level n is closely related to the Hodge and conjugate (i.e.,
canonical) filtrations on W,, M* by the following lemma and its corollary. We continue to
assume that M™* is saturated.

Lemma 9.2. (1) (Conjugate). The natural ‘divided Frobenius’ map @ = ‘;Pni K

o Ny (M) = M* — M~ /p"
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sending x € NT(M?) v+ @(x)/p™" = F™(x)/p"" induces an isomorphism
o G, (M*) = 757 (M ")

where 7S* denotes the canonical truncation on cochain complexes.

(2) (Hodge). The multiplication by p"™ map induces a short exact sequence of complexes
0 — M*/NT 255 M* NI —5 (M7 ™) (VP M [=r]) = 0

where M*S" denotes the stupid truncation and the last term denotes the following
quotient of M*<" [p":

MO/pn_>M1/pn_>“._>Mr—l/pn_>MT/V"_>0_>...

Proof. Both claims are straightforward from definitions. We leave details to the reader.
For the special case where n =1 in part (1), also see [2, Proposition 8.2.1]. O

Corollary 9.3. (1) (Conjugate). The divided Frobenius ) induces a quasi-
isomorphism

op gty (M*) = TSTWLM*.
(2) (Hodge). Multiplication by n induces the following cofibre sequence:
M*INT 25 M NI s W, MST
Proof. By Proposition 2.11 (3), the natural projection
M*/p" = W, M* (11)

is a quasi-isomorphism for each n; the first claim thus follows from part (1) of Lemma
9.2. For the second claim, we need to show that the projection of cochain complexes

(M*Sr/pn)/VnMr[f’F] N WnM*gr _ M*Sr/(vn +dvn)

is a quasi-isomorphism. Using the quasi-isomorphism (11) above, the only nontrivial term
to check is the second last term (H"~!). Now, using (11) one more time, it suffices to
show that
ker(d: M"!/p" = M"/V"™) _ ker(d:M"'/p® — M"/p")
im(d: M™=2/pm — M™=1/p") 2 im(d: M"=2/p® — M"—1/p")’

(12)

But we can rewrite the respective kernels of d as follows:

ker(d: M"™1/p" — M"/p") =d = (p"M") [p" M
ker(d: M™~'/p" — M"/V") =d~ (V"M")/p"M" 1.

The claim thus follows from part (1) of Lemma 2.6. This finishes the proof of the
corollary. O
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9.3. The Hodge and conjugate filtrations, part II
Following [19, Definition 1.3], we let a(r,n) be the map of complexes
a(rn) : M(rn)*JFM(r—1,n)" — W, M*>" (13)
induced by the canonical projection and let 8(r,n) denote the map
B(rn) : M(r,n)*/VM(r+1,n)" — 7*<"W, M* (14)
defined by the diagram

0 MO/pn a . .. _d Mrfl/pn av™ Mr/vn 0

I o

0 —— WoM* —4— ... 2w, M —L Z7"(W,M*) —— 0.
In both diagrams, ‘pr’ denotes the map induced by the canonical projection.

Proposition 9.4 ([19, Theorem 1.5]). Suppose that M* is saturated; then both o(r,n)
and B(r,n) defined above are quasi-isomorphisms.

Remark 9.5. This observation, essentially due to Nygaard, is the key to his proof of
the relation between Frobenius slopes and the Hodge filtration. Nygaard’s original proof
in [19] uses induction on r and eventually reduces to the following two facts about a
saturated Dieudonné complex M *:

o dY(p"MT)=F"M"1
e F™ induces an isomorphism W, M™ = H"(W,,M*) (see Corollary 2.12).

We give a slightly simpler argument below, again relying on these two facts.

Proof. First we consider «(r,n). By the quasi-isomorphism (11), we need to show that
(1) dV™: M"™Y/F™ — M" /p" is injective.

(2) The following sequence is a short exact sequence:
0 —im(dV™) — d~ L (p" M) p"M" 25 ker(d : W, M" — W, M"*1) = 0. (15)

The first claim is clear by saturatedness. For the second claim, first suppose that x € M"
satisfies dz = V"y+dV"z; then by Lemma 2.6 we know that z —V"z € d~1{(V"M" 1) =
d=1(p"MT). This shows that the projection map pr in the sequence (15) is surjective.
Now suppose that o € d~(p"M"+1) satisfies pr(z) =0, so we have z = V"y+dV"z for
some vy, 2. After applying differential, we know that dV "y = dx € p" M"*1, so by the first
claim we have y = F™y’ for some ' € M". In other words, we have x = dV "z +p™y’; thus,
the kernel of pr is precisely im(dV™).
Next we turn to S(r,n). Again using (11), it suffices to show

(1) ker(dV™: M"Y /p" — M"/V") =ker(d: M"~1/p™® — M" /p").
(2) F™ induces an isomorphism F™: M"/(V*+dV™) =W, M"™ = H" (W, M™").

https://doi.org/10.1017/51474748021000402 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000402

1374 Z. Yao
The first claim is straightforward, because d factors as
n n r—1,n dV" T n " T /N
d=F"dV" : M" /p" — M" V" < M" /p".

The second claim is precisely Corollary 2.12. 0

9.4. Finiteness of cohomology

In the rest of this section we study the slopes of power of Frobenius acting on the
cohomology of the saturated log de Rham-Witt complexes. As in the Introduction, we let
X be a coherent proper log scheme over k. Furthermore, we make the following assumption
on the log scheme X.

Assumption.

X is étale locally of the form R that satisfies the two conditions in Remark 5.10. (**)

Log-smooth schemes over k of log-Cartier type clearly satisfy this assumption. Other
examples include normal crossings (k[z,y]/(zy),N?) with the standard log structure over
the trivial log point k° = (k,0) (see Section 8). Assumption (**) ensures the following
finiteness results on the saturated log de Rham—Witt cohomology.

Proposition 9.6. Let X be a coherent proper log scheme satisfying Assumption (xx).
(1) Each Hi(X,ani/E) is of finite type over Wy, (k).

(2) The canonical maps
RI(X, Wwh ) — RLmRF(X,W,ng )
Hi(X,WU& ) — @Hi (X,ang i)
are (quasi-)isomorphisms.
(3) The canonical map
RI(X,Ww 1,) @ Wi (k) — RD(X, Waw /4)

s a quasi-isomorphism. As a consequence, RF(X,WW}/k) € D(W(k)) is a perfect
complez. In particular, the saturated log de Rham—Witt cohomology Hd(X,Ww}/k)
is finitely generated as an W (k)-module. o

Proof. By Remark 5.10, under Assumption (%) we have an isomorphism
Wiy i = Wy i

for each j7 > 0. Thus, Wlwg( /k is finitely generated as an Ox-module. By Corollary 2.23,
the graded pieces of the V-filtration on Ww3 /i Are extensions of quotients of Wiw¥, /k
as follows: o o

0— Wlwi/E/Bn(Wlwé/E) AN gr’(/Wi/E AN Wlwglﬁ/zn(wlwgz) — 0.
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Here B,, and Z,, are obtained from globalisation of 2.21. Therefore, each ang( /k is of

finite type over W,,(Ox). Because X is proper, it then follows that each Hi(X,ang(/k)
is of finite type over W, (k). For the second part of the proposition, first note ‘that
Ww& Jk = R{l_imang /i SO the first arrow is a quasi-isomorphism because derived
pushforwards of maps between ringed topoi commute with derived limits. The claim
on the cohomology group follows from the finiteness of each H*(X ,angf /k)7 because
Rim,, H* (X ,ang( / ) = 0 for all ¢ >0 by the Mittag-Leffler condition. Finally, the last
claim follows from Proposition 2.11 (3) (the quasi-isomorphism in (11)), from which we
know that

is a quasi-isomorphism. O

9.5. Newton above Hodge

In this subsection we prove a generalised version of Katz’s conjecture for saturated log
de Rham—Witt complexes. We keep the assumption on X from the previous subsection
and fix an integer d > 0. By 9.6, the torsion-free quotient of the cohomology group
HY(X, Ww /i)t 18 a finite free W (k)-module. This allows us to consider the F-crystal

(Hd(X>WW*£/E)tf,S0)

where ¢ denotes the Frobenius operator. We denote by New(yp) (respectively Hdg(p)) the
Newton (respectively Hodge) polygon of this F-crystal and refer to it as the saturated
Newton (respectively Hodge) polygon. For an excellent exposition on the notion of
Newton and Hodge polygons, we refer the reader to [16].

Slightly more generally, we study iterates of Frobenius " on HY(X TWwi, /k)tf for any
integer n > 1 and consider the saturated Hodge polygon

1
iH n
- dg(e™)

of level n, which is obtained from the Hodge polygon of (]I-]Id(X7)/Vw}/k)tf,gp")7 except

all slopes are divided by n. Note that one may define similarly (1/n)New(¢™) but we have
(1/n)New (™) = New(yp) for all n.

Following [19], we also make the following definition.
Definition 9.7. Retain the setup from above.

(1) Define the saturated Hodge numbers of level n of X to be the integers

b (n) :=1g H*9 (X, Wak )

indexed by j € {0,...,d}, where lg =lgy ;) denotes the length of a W (k)-module.
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(2) Define the geometric Hodge polygon of level n of X to be the Hodge polygon of the
numbers

5 yeeny

n n n

{ho(n) b'(n) hd(n)};

namely, the polygon where the slope j segment has horizontal length b7 (n)/n. This
Hodge polygon is denoted by Hdg(X,n), or simply Hdg(n) if X is understood.

The main theorem we prove in this section is as follows.

Theorem 9.8. For any coherent proper log scheme X over k satisfying Assumption (xx ),
its saturated Hodge polygon (1/n)Hdg(p™) always lies on or above the Hodge polygon
Hdg(X,n). Using notations from the Introduction, we have

(1/n)Hdg(¢™) = Hdg(X,n).

Remark 9.9. Mazur [16] has shown that the Newton polygon of an F-crystal always lies
on or above the Hodge polygon of the F-crystal; therefore, the theorem implies that

New() = (1/n)New(") = (1/n)Hdg(¢") = Hdg(X,n).

Remark 9.10. One way to prove Theorem 9.8 is to faithfully follow the proof of [19,
Theorem 2.5], which crucially uses Proposition 9.4. We find it more clarifying to phrase
the argument using only the Nygaard filtration (instead of the Nygaard complexes that
give rise to the filtration), which instead relies on Corollary 9.3.

Let us start with the following elementary lemma of Nygaard.

Lemma 9.11. Let n > 1 be an integer and let

0 p1
A={a"at,..}, B:{b,b,...}

be two series of nonnegative numbers. Let (1/n)Hdg(A) be the Hodge polygon of A with
slopes divided by n. Then (1/n)Hdg(A) lies on or above Hdg(B) if (and only if) for any
r > 1 the following inequality holds:

nr-a®+(nr—1)-a' +---+a" P <r O+ (r—1)- b - 0"
Proof. This is [19, Lemma 2.4]. O

Lemma 9.12. The map ¢" sends Hd(X,./\/ZWw*&/E) into p™" -Hd(X,Ww*K/E) for all

r > 1. Therefore, if we let ﬁd(X,NZWw}/k) denote the image of the map on cohomology
induced by the inclusion NyWwy. , — WJ}/k, then we have

—d r * —n( nr *
H (X N Ww ) © 7" (0" HY (X, Wk 1)

Proof. From the description of N;Ww}/k, the map ¢" lands in p"" - Ww}/k and the
claim follows immediately. - - O

Now we are ready to prove the theorem.

https://doi.org/10.1017/51474748021000402 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000402

Logarithmic de Rham—-Witt complexes via the Décalage operator 1377

Proof of Theorem 9.8. For notational simplicity, write H = Hd(X,Ww;(/k)tf, and let
{ag,az,...,} be the Hodge numbers associated to the F"-crystal (H,¢"). By Lemma 9.11,
it suffices to show that for any r» > 1, we have inequality

nr-a®+(nr—1)-a* +--+a" P <r-p°n) +(r=1)-h (n) +---+h""(n). (16)
It is easy to see that the left-hand side of inequality (16) is precisely the following length:

lg (H/¢ " (p""H))
as a W(k)-module. Now by Lemma 9.12 we know that

lg H/o™"(p"" H) <lg HY(X,Wwk )/ " (p" H (X, Wwk /1))
< 1g HYX, Wwy ) /E (XN W 1)
<lg HY (X, Ww i/ NaWw 1.)-

Now by induction on r (using the fibre sequence gr" '(Nj) — Wuwi Jk NI —
Wwy JNT~1) to prove the inequality (16) it suffices to show that

lg HY (X, grl: ' (Wwy 1)) <0°(n) +5' (n) + -+ 5" (n). (17)
But now we can apply apply Corollary 9.3, which implies that

lg HY(X,griy ' (Wwk 1) <lg HY(X, 75" Wowk )
<lg HY X, HOWawi i) + -+ +1g HE D (X H (Wawk i)
= lg H'(X, Wy i) + - +1g BV (X W0l )
=0°(n) +b*(n) + - +b" " (n).

In the second last equality, we have used Corollary 2.12. This finishes the proof.
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Appendix A. Log geometry

In this section we fix notations we use in log geometry, following [13], which are slightly
different from notations in literature.'® Most of the material (if not everything) presented
in this section is considered standard, but we make some remarks that might only be
obvious for experts.

A.1. Log schemes (after Fontaine—Illusie-Kato)

A pre-log structure on a scheme X is a morphism a : M — Ox of sheaves of monoids on
Xt The pre-log structure « is a log structure if a: a’l(O)X() —~ O% is an isomorphism.
We will suppress notation and write (X,M) or X for (pre-) log schemes. For a pre-log
structure M on X, we often denote by M? (or M?) its associated log structure, which is
the pushout of a1 (0%) — M and a~}(O%) — O% in the category of sheaves of monoids
on Xg. We make the same definitions for formal schemes. A log structure is fine if it is
coherent and integral. In this article we work with fine log schemes, but in the application
to Ajpe-cohomology in [20] we relax the condition of coherence to quasi-coherence. A chart
for a log scheme X = (X, M) is a morphism Px — M from a constant pre-log structure
Px to M that induces an isomorphism P§ — M. Charts exist étale locally for fine log
schemes. A chart for a morphism f: (X,M) — (Y,N) between log schemes is a triple

(Px X, M,Qy Yy, N,Q LN P) where 1 x,vy are charts for (X, M),(Y,N), respectively,
and 8 a morphism of monoids making the obvious diagram commute.

Lemma A.1. Let X be a scheme and Lx < Ox be a constant pre-log structure with
underlying monoid L. Let L= (Lx)® denote the log structure associated to Lx and L*":=
[(X,L) be the global sections of L; then its associated log structure L := (L3})% is
identified with L.

Proof. We view L*® as a constant pre-log structure 3 : LS} — Ox by composing the
natural map L5 — £ with the induced log structure a®: £ — Ox. We have the following
diagram:

LB h
Lsh s [8
X

2N
Lx—a>£

of pre-log structures on X, where h is given by ¢, valued on X. By the universal property,
tgoh: Lx — £ induces a morphism f: £ — £ of log structures, and 4 induces g :
L% — L. The maps f and g are inverses to each other. To see that fog = id, note that
under the isomorphism Homyog (£, £) 2 Hompye-1og (L5, £), g corresponds to i; thus, after
composing by f: £ — £, we know that fog corresponds to foi under the isomorphism
Homlog(ﬁs}l,ﬁh) = Hompre_log(L%‘,ESh). But foi=1g by construction, which corresponds
toid : £ — £P: hence fog =id. The other verification is similar. O

16 For example, we always use X to denote a scheme and X a (pre-) log scheme, which is
opposite to the convention adopted by some algebraic geometers.

https://doi.org/10.1017/51474748021000402 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000402

Logarithmic de Rham—-Witt complexes via the Décalage operator 1379

Lemma A.2. Let (Spec R,M®) be the log scheme associated to a log algebra R= (R« :
M — R) and R — S be an étale morphism; then (SpecS,M%|specs) is the log scheme
associated to (S,L — S). In other words, the composition of monoid maps L — R — S
gives rise to a chart for M®|gpecR-

Proof. Let U = SpecR and V = SpecS. By definition, M?® is the sheafification of the
presheaf pushout of a=*(O) = L and o= (O) — O, so its restriction M®|y can be
computed by first restricting the presheaf pushout to V and then taking sheafification
as presheaves on Vg. Unwinding definitions, the latter is the log structure associated to
L — Oy on V. O

Definition A.3. A morphism i = (4,7)) : X — Y between fine log schemes X = (X, :
M —0Ox)and Y = (Y,8: N = Oy) is a closed immersion if

(1) i: X =Y is a closed immersion; and
(2) 9% :i*N — M is surjective (here ¥ is induced from v : i 1(N) — M).
A closed morphism i: X — Y is exact if, moreover, in (2) above 1 is an isomorphism.

More generally, a morphism f: (X,M) — (Y,N) is exact if the following diagram is
Cartesian:

f7IN) — M

| |

fUN)EP — MeEP

A log thickening (of order n) of a fine log scheme (T, L) is an exact closed morphism
v:(T,L) — (T',L))

such that 7 is defined in 7" by an ideal I where I"*! =0.

Example A.4. The standard log point over a field k£ is Speck with pre-log structure
N — k by sending 0 — 1 and everything else to 0. Let (X,M) be a log scheme on which
p is nilpotent. For each integer r > 1, the rth Witt log scheme W,.(X,M) consists of
the underlying scheme W,.(X) and the pre-log structure W, («) : M — W, (Ox) given
by m +— [a(m)], here [a(m)] is the rth Teichmuller lift of a(m). Another frequently
encountered example is the divisorial log structure, defined by Mp(U) = {f € Ox(U):
flonp € Ox(U\D)} where D C X is a divisor.

A.2. Log differentials

Let f=(f,%): X —Y be a morphism between fine log schemes X = (X,a: M — Ox) and
Y =(Y,3:N = Oy).

A.2.1. Log derivations. A log derivation of X/Y into a sheaf of Ox-modules D is a
pair (d,0) where d: Ox — D is a derivation of X/Y into D, and § : M — D is a morphism
of sheaf of monoids, such that d(a(m)) = a(m)d(m) for any local section m of M and
0(¢p(n)) =0 for any local section n of N.
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Remark A.5. Let f: (X,a: M — Ox) — (Y,8: N = Oy) be a morphism of pre-log
schemes. We define a pre-log derivation in the same way as above. Then a pre-log
derivation (d,0) of (X,M)/(Y,N) into D extends uniquely to a log derivation (d,8) of
(X, M*)/(Y,N®).

A.2.2. Log differentials. The relative log differential W>1< % equipped with (d,dlog) is

the universal log derivation of X/Y representing the functor D — Derlgg, where Derllgg is

the set of log derivations of X/Y into the sheaf of Ox module D. More concretely, w)1< Y
is the quotient of o
Q%{/Y D (OX ®7z Mgp)
by (the Ox module generated by) local sections (da(m),0) — (0,a(m)®@m) and (0,1®

¥ (n)). In the construction, dlog(m) := (0,1 ®@m).

Remark A.6. If f: X — Y is a morphism of pre-log schemes, then we can make the
same definitions. Moreover, we have

WX M) /(Y N) 7 W M) /(v N) T WX, M) /(v N

A.2.3. Log smoothness. A morphism f = (f,0): X — Y of fine log schemes is log-

smooth (respectively log étale) if X Ly s locally of finite presentation and for any
commutative diagram

(T,L) —— (X,M)

21
b

(T".L)) —— (Y,N)

where ¢ is a first order log thickening, étale locally there exists (respectively there exists
a unique) g: (T',L') — (X, M) making all diagrams commute.

As in the classical case, if f: X — Y is log-smooth, then the log differential w>1( Y is
locally free of finite type.

Proposition A.7 ([13] 3.5). Let f: X — Y be a morphism between fine log schemes as
above and Q — N a chart for Y. Then f is log-smooth if and only if étale locally on X
there exists a chart (Px — M,Qy — N,3:Q — P) of f extending the chart for Y such
that

(1) ker(897) and coker(B9P) o are finite groups of order invertible on X;
(2) the induced morphism X —Y Xgpec(z[q)) SPECZ[P] is étale.

Similarly, fis log étale if and only if a similar condition holds with the torsion part of the
kernel coker(8)¢or Teplaced by coker(B) in (1) above.

A.3. Log-Cartier type

A.3.1. Integral morphisms. A log-smooth morphism might fail to be flat. For
example, consider X = (SpecZ[z,y],N?) with log structure (1,0) — ;(0,1) — y. The
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morphism X — X given by x — z,y — xy is log-smooth (even log-étale) but not flat.
This leads to the following definition.

Definition A.8. A morphism f: X —Y is integral if for any Y/ — Y where Y’ is a fine
log scheme, the base change X xy Y’ is a fine log scheme.

This is equivalent to requiring that étale locally on X and Y, f has charts given by
B :Q — P such that the induced morphism Z[Q] — Z[P] is flat. If f: X — Y is log-smooth
and integral, then the underlying morphism f: X — Y is flat.

A.3.2. log-Cartier type. Let X = (X,M) be a log scheme in characteristic p, the
absolute (p-power) Frobenius Fx is given by the usual absolute Frobenius on X and

M =25 M. Note that we have implicitly identified Fil (M) = M on Xg.

Definition A.9. A morphism f: X — Y over I, is of log-Cartier type if f is integral
and the relative Frobenius Fx )y in the diagram below is exact:

S
<
Df
[

«—
<

&
I~

The most important feature for a log-smooth morphism of log-Cartier type is that
the Cartier isomorphism holds. This will be a key step to relate our log de Rham—-Witt
complex with the de Rham complex of a log Frobenius lift.

Proposition A.10 ([9] 2.12). Let f be a log-smooth morphism of log-Cartier type; then
there exists a (Cartier) isomorphism

—1., k ~ sk
F:C 'WK@)/X:H (wg/x),
which, on local sections a € Ox,mq,....,mx € M, is given by

x dlog(h*my) A---A dlog(h*my,) — Fx jy (x) dlog(my) A---A dlog(my).
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