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1. Introduction

In this paper, we consider the existence of periodic solutions of p-Laplacian
differential equations with jumping nonlinearity of variable coefficients as follows.

(6p(u' (1)) + ar () dp(u™ () — a—()dp(u™ () + Wo(t,u(t)) = e(t), and (1.1)

(6p(W' (1)) + as () dp(u (1) — a—(O)pp(u™ (£)) + Wit u(t),u' () = 6(75)(,1 .

where Wy (t,u) = go(u) + g1(t,u), Wi(t,u,u’) = go(u) (t,u'); 9o, 9o € C(R,R);
91,91 € C([0,T] x R,R) and are T-periodic in ¢; ax € C([0,77], (0,00)) and are T-
periodic in t; e € C([0, T], R) and is T-periodic in t; ¢,,(s) = |s[P72s (s # 0), ¢, (0) =
0,1<p<oo, 1/p+1/q=1;u"(t) = max{u(t),0}, v (t) = max{—u(t),0}.

In several decades ago, Dancer [6] and Fucik [11] presented the definition of
the Dancer—Fucik spectrum for second-order linear differential equation with peri-
odic boundary condition, which is a generalization of the common spectrum. Since
then, many scholars devoted to investigating the existence of periodic solutions for
second-order non-dissipative differential equation under the frame of Dancer—Fucik
spectrum when asymptotic behaviours of potential function are given (see [8-10,
13, 16, 20, 21, 27] and references therein). After that, Del Pino, Mandsevich,
Murtia [7] gave the concept of Dancer—Fuéik spectrum for second-order p-Laplacian
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differential equation with periodic boundary condition, i.e., if there exists a pair of
positive constants («, 3) such that

(p(w))' + agy(u) = Bpp(u™) =0,
{u(O) = u(T),u'(0) = u/(T) (1.3)

has a nontrivial solutions, then we say that («, ) lies in the Dancer—Fucik spectrum
S, of the problem (). In the case p = 2, the set Sy is the classical Dancer—Fucik
spectrum. It is known that the set S, has the structure (see [7]) S, = :;X(J) Ck,
where

,B)|a>0,8>0,a=0o0r =0}

{(a

1 1 T
{ B)la>0,8>0,C, = {(a,b)|a>0,b>0,+ :}
>

Va b nmp

in which n > 1 and m, is given by

Wp—Q(p—l)i/ol(l—tp)dt—W—l)’"

T
S —
p p

The problem (1.3) is non-resonant if and only if (a, 8) ¢ S,, otherwise it is reso-
nant. The Dancer-Fuéik spectrum S, has been used to investigate the existence of
solutions of the following p-Laplacian problem.

(dp(u')) + g(t,u) =0,
{U(O) - u(Ti W' (0) = u'(T), (1.4)

where g(t,u) € C([0,T] x R,R). Assuming that the potential function g satisfies
the following asymptotic estimates.

t
p1 < liminf 9(t,v) < limsup 9(t,u)
Cu—too [ulPT2u T oo JulP~2u
o) _ . glt)
lulP—2u |u[P—2u

U——00

< p2 uniformly for a.e. ¢ € [0,7], (1.5)

q1 < liminf
U——00

< @2, uniformly for a.e. t € [0,7], (1.6)

where p;, q;,i = 1.2 are positive constant satisfying

T <1+1<1+1<T
(n+)m,  ¢p2 Y&  ¢;m Yo nm

then existence results for periodic solutions have been obtained using
Leray—Schauder degree theory and the comparison argument, see [7]. The con-

dition (1.7) extends the preceding idea of non-resonance ((c, 3) ¢ S,), in the sense
g(u)

[ulP=2u

(1.7)

that the asymptotes of the ratio are now forced to lie in the rectangle

[p1,p2] X [q1,92] C R?, and this rectangle lies between two consecutive curves of
the spectrum S, so does not intersect .S,.

A further extension was introduced by Nkashama and Robinson [21] in the case
p = 2. This extension uses an averaging method to allow the asymptotes of the
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above ratio to cross the spectrum S, so long as suitable averages of this ratio
do not. This averaging method was extended to more general p by Chang and Qiao
in [5]. The non-resonance condition in [5] assumes that g satisfies

t t
p1 < lim infM < limsup PGt v) < po uniformly for a.e. t € [0,7], (1.8)
G t
q1 < liminf L (|’ ) < lim sup b |(|;)u) < ¢2, uniformly for a.e. t € [0,7] (1.9)
U——00 u——00

with ([p1,p2] X [q1,¢2]) NS, = 0, where G(t,u) = foug(t, s)ds. Since

t G(t G(t t,
lim inf g(t,u) < liminf M < limsup M < limsup g(t,u) ,
u—=3o0 ‘u|p_2u u—+oo ‘u|p w—s+00 |u‘17 w00 |u|p—2u

g(t,u)
|lulpP—2u>

the latter condition (1.8) and (1.9), that is, the latter condition is more general.
In [17], Liu and Li considered the classical oscillation equation with p-Laplacian
operator as follows.

we see that the former non-resonance condition (1.7), in terms of

implies

(dp(u') + g(u) = e(t),
where g satisfies

lim pG(u) =w, lim pG(u)

Uu——+00 |u|P U— — 00 |u‘P

—v (1.10)

and (w,v) ¢ Sp. Clearly, the (1.10) implies the (1.8) and (1.9) when g is autonomous.
Under the condition that there exist positive constants b, dy, ds such that d; <
|u"]£1,‘)2u < dy for all |u| > b, which is different from the assumptions given in [5],
the existence of periodic solutions was obtained. For more articles concerning this
topic, the readers can refer to [1, 14, 15, 26| and its references.

Recently, Binding and Rynne [3] presented the concept of half-eigenvalue for the
following p-Laplacian differential equations with periodic boundary condition, i.e.,
if A is constant such that the following problem

(fp(u')) +ay (t)¢p(u+) —a—(t)gp(u™) + Agp(u) =0, (1.11)
uw(0) = w(T),u (0) = /(T)
possesses a nontrivial solution, then \ is termed half-eigenvalue. Let o = ;OZCO Om,
where
om = {A € R| (1.11) has a solution with 2m zeroes in [0,T)}. (1.12)

By Priifer approach, the characteristics of the set o were also given (see [18,
theorem 3.1]). It contains two sequences of half-eigenvalues {\J'"}, -7+ and
{A\qrawy  cz+ that satisfy

AT AT < AP K AP < AR S AT < e — 400,

o9 = {\grn \mazl Moreover, if we regard the half eigenvalues Aa%min a5 func-
tions of the coefficient pairs (a™,a™), i.e., Am¥min(q+ =) and we suppose that
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a+ € L7, it was shown in Li and Yan [18] that Amaxmin(g+ =) depends contin-
uously on (a*,a”), with respect to the weak topology on (L”)2. Furthermore, it
should be mentioned that if a4 are constants, (1.11) becomes

(Gp(W) + a1 p(ut) —a_op(u”) =0,
{M@zquZmnzwum (1.13)

where a4+ = a+ + A. Clearly, it reduces to the problem of Dancer—Fuéik spectrum.

For the problems of half-eigenvalues with variable coefficients, it can be traced
back to [2, 4]. After that, more and more scholars devoted to investigating half-
eigenvalues with different boundary value problems. For the aspects of existence of
solutions, recently, based on the Landesman—Lazer conditions, Genoud and Rynne
[12] made use of the shooting method to investigate the existence of solutions for p-
Laplacian differential equations with Dirichlet boundary condition under the frame
of half-eigenvalue as follows.

—(pp(u)) — asdp(ut) +a_g,(u™) — App(u) = f(t,u), t € (0,1),
{um):gé)zg.( ) ) rEOD

Rynne [22] made a further study on this type of problem with the dissipation term.
For more papers concerning this topic, we refer to Rynne [23-25] and references
therein. However, it should be pointed out that there are few works on discussing the
existence of periodic solutions for p-Laplacian problems with jumping nonlinearities
under the frame of half-eigenvalue.

Motivated by the works mentioned above, our paper aims to investigate the
existence of periodic solutions of p-Laplacian differential equations with jump non-
linearity of variable coefficients under the frame of half-eigenvalue. The variable
coeflicients and p-Laplacian operator bring many difficulties such as the prior esti-
mation and convergence analysis. We make use of some analytical skills and the
continuity theorem to overcome these difficulties and obtain some new results, which
generalize the existence of periodic solutions under the framework of Dancer—Fucik
spectral with constant coefficients to the case of half-eigenvalues with variable
coeflicients. Moreover, the model is more general and complex.

2. Main results

To begin with, we show some necessary basic knowledge and signs. Let
C([0,T],R) with norm ||ul|sc = max,c[o,r|u(t)] and LP([0,T], R) with norm ||u||, =

1
(fOT |u(t)\pdt> " Set at v = maxe(o,r)0+(t), a+,r = mingjorja+(t). And define
the following Banach space

Cp = {ue CH([0,T],R)| u(0) = u(T), u'(0) = u'(T)}

endowed the norm ||u|| = max{||u| o, ||t || oo }-
Next, let us introduce the famous continuity theorem for p-Laplacian equation.

LEMMA 2.1 [19]. Assume that Q is an open bounded set in Ck such that the
following conditions hold:
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(1) For each A € (0,1), the problem

(d’p(u/))/ = Af(tvua 9 (2 1)
u(0) = u(T),u' (0) = u'(T) '
has no solution on ON.
(ii) The equation
1 T
F(a) = = f(t,a,0)dt =0 (2.2)
T Jo
has no solution on 0Q N R.
(#4i) The Brouwer degree
degp (F,RN0Q,0) £ 0. (2.3)

Then, when \ = 1, the problem (2.1) has a solution in ).

REMARK 2.2. In lemma 2.1, it should be mentioned that for given f, a is being
regarded as a constant function for 92 N R to make sense.

In order to get our main results of problems (1.1) and (1.2), we first consider the
existence of periodic solutions for the following auxiliary dissipative problems.

{(¢p(U’))’ + ey (u') + ay (t)dp(uh) —a_(t)dp(u™) + Wo(t,u) = e(t), t € [0,T],
u(0) = u(T), v (0) = u'(T)

(2.4)
and

(¢p(u')) + hedp (') + ay (t)dp(u™) — a—(t)dp(u™)
+Wi(t,u,u') = e(t), t €10,7T), (2.5)
u(0) = u(T),v'(0) = u'(T),
where € > 0 is a constant and & represents a symbol defined by
. {1, Jiy @ ()6 (0 () (s) ds > J a(5)6(u(s))u'(5) d,
1, T ay ()gp(ut(s)u(s) ds < [T a_(s)bp(u (s))u'(s) ds.

Now, we introduce some auxiliary lemmas.

LEMMA 2.3. For 2 < p < 0o, assume that the following conditions hold.

(H1) There exist nonnegative functions a; > 0,7 = 1.2, and constant 6 € [0,p — 1)
such that for (t,u) € [0,T] x R,

l91.(t, )| < ar() + az(t)|ul’.
(H2) There exists constant ag > 0 such that if |u| > as, for t € [0,T],u € R,
sgrdu}(ay ()dp(uh) + Wo(t, u)) > [leflo
or

sgnfu(—a—()dp(u™) + Wo(t,u)) > [lefloo-
Then the problem (2.4) has at least one solution.
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Proof. Consider the following homotopy equation with periodic boundary condition
(@p(u') + Megy(u') + Aay (£)dp(uh) — Aa— (t)dp(u™) + AWo(t,u) = Ae(t), (2.6)

where A € (0,1).

First, if u € C} is a solution of (2.6), we claim that there exist positive constants
bi,i = 1,2 such that ||ul|co < b1 + ba|lt/|]1. Let t; and to represent minimum and
maximum points respectively. Thus, we know that

Pp(u'(t1)) = 0, (¢p(w/(t1)))" = 0 and ¢p(u(t2)) = 0, (¢p(u'(t2)))" < 0.

Thus, we need to consider the following three cases.

(A1) s u(ty) < 0,u(ts) = 0,
(A2) :u(ty) > 0,u(ts) =0,
(A3) :u(ty) < 0,u(tz) <0
For the case (A1), it is clear that ||u||e < |[/|1. For the case (A2), from (2.6), we
have
a4 (t1)ép(u™ (t1)) + Wolts, u(t1))) < e(t1) < Jlello
and

a4 (t2)pp(u™ (t2)) + Wo(t2, ults))) = elta) = —le]|oo-
Thus, we know that

{ar()dp(u™ (8) + Wolt, u(t)) : ¢ € [0, TTH\[=llelloss llellc] # 0,
i.e., there exists t3 € [0,T] such that

|at (t3)dp (u (t3)) + Wol(ts, ults))] < [lelloo-

From (H2), we can obtain that |u(t3)| < as. Thus, the claim is proved. By the
similar way to the case (A2), the case (A3) is also true. Here, we omit the detail.
Multiplying the both sides of (2.6) by «' and integrating from 0 to T, we have

T T T
hs/o |u'(s)]P ds+/0 a(5)¢p(u+(s))u (s)ds 7/0 b(s)pp(u™(s))u'(s)ds

T T
+/O g1(s,u(s))u (s)ds:/o e(s)u'(s)ds. (2.7)

By the definition of /i, we get two cases as follows.
T T T
(1) : 5/ [u'(s)|P ds < f/ g1(s,u(s))u’(s)ds Jr/ e(s)u'(s)ds.
0 0 0

T T T
(44) : 5/0 [u'(s)|P ds g/o g1(s,u(s))u'(s)ds 7/0 e(s)u'(s)ds.
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Moreover, by (H1) and the basic inequality (z +y)" < 2"(z" +y"), x,y,r > 0, we
have

/ 01 (5, u(s))u (5)] ds
0
, - :
<</ 9105, u<s>>|st> (/ |u’<s>Pds)
- :
( +a2<>|u<s>|">qu> (/ |u’<s>|*’ds>
, S g .
[ 1y T + 284 gl (/ lu<s>|”ds> </ '“'(s)'pds>

25 lay [l oo TF + 25+ g oo BOTT ""“)

T =

o=

42814 gy || L bOT d (/ |ds> ( |pds>
0
(2"+ lar [T + 2571 ag | b T < |pds>

=

1+6

23 gt ([ ( SIP ds

Thus, from (i) or (ii), we have

T
5/ [u/(s)P ds
0

1 1
T q T P
< (w JaalloT + 23 ag T + [ |e<s>|Q) ( / |u’<s>ﬁds>
0 0

146
p

T
+ 2%+1+9Ha2||oobng# (/ [u/(s)|P ds
0

So, we can get

-

T q T q
c ( / u’<s>|pds> <2 ay oo T + 23y BT + ( / |e(5)|q>
0 0
140 o *9 r
42510 gy || o bIT / [u/(s)[Pds | . (2.8)
0

Tl
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Noting that 6 € [0,p — 1), we claim that ||u'||, is bounded, i.e, there exists a positive
constant D such that ||u’||, < D. Otherwise, we can find the sequence {u/ (t)},cz+
which satisfies (2.8) such that

s ||, — o0, as n — oo.

Moreover, multiplying (2.8) by since 6 € [0,p — 1), we have

1
lur 015

p—1—0

ellunlly

Q=

25 oy [T + 25 g | oobTF + () Jel(s)]7)

lunlly

X

146
+ 200 4y | ST

which implies a contradiction as n — co. Thus, the claim is true. Therefore, we
have

tlloe < by + a1 < by + by Te |||, < by + byTa D = D.

On the other hand, (2.6) is equivalent to
(dp(u/ ()eM) = X [~y () dp(u™) + a—(t)dp(u™) — Wo(t,u) + e(t)] X", (2.9)

Since u(0) = u(T), there exists t* € (0,T) such that v/(t*) = 0. Integrating from ¢*
to t on (2.9), we have

t

phiy(u) =XV [ (—au(5)o, (" 5)) + a- )y (0 (5)

t*

— Wo(s,u(s)) + e(s))er=* ds.
Thus, we can obtain
W ()P < e (Tay D'+ Tae D' +1T +Tlefloo) == K771, (2.10)

where | = max,| <5 o<;<7|Wo(t, u(t))]. It implies that [|u'[|oc < K.
Let

Q= {u(t) € Cp : [lul) < M + 1},

where M > K + D such that ay(t)¢,(M + 1)+ Wo(t, M +1) —e(t) >0 and
a—(t)pp(—M — 1) + Wy(t,—M — 1) —e(t) < 0. Clearly, the problem (2.4) has no
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solution on R N 9. Moreover, we can get

1 /7
F(M+1)= f/o —(a4(8)pp(M + 1)+ Wy(s, M +1) —e(s))ds <0,

1 /7
F(-M-1) = T/o —(a—(8)pp(—M — 1) + Wy(s,—M — 1) —e(s))ds > 0.

Thus, F'(a) has no solution on R N 9Q. Making a homotopy

T
— Wo(s,u(s)) +e(s))ds,

1 T
H(u, A) = Au+ (1 =A% /0 (—a+(8)¢p(u’(s)) + a—(s)dp(u” (s))

where u € RN 02, we have

uH(u, 3) = X+ (1= X) / (—as ()0p(u™ (5)) + a_ () (u™(s))

— Wo(s,u(s)) +e(s))ds < 0.
Based on the homotopic transformation, we have
degp(F,RN0N,0) = degg(u, RN IN,0) # 0.
Thus, the problem (2.4) has at least one solution. O

LEMMA 2.4. For 1 < p < oo, assume that the following conditions hold.
(H3) There exist functions a; > 0,i = 1.2, and constant 6 € [0,p — 1) such that
for (t,v) € [0,T] x R,

31(0)] < ar(8) + as(O)fol’

(H4) There exist positive constants o, d and v € (0,p — 1] such that fort € [0,T],
sgn{ujgo(u) = oful”, [uf = d.

Then the problem (2.5) has at least one solution.

Proof. First, we can obtain the priori estimate that if u € Ck is a solution of
the problem (2.5), then we have |u(t)| < L, where L is a positive constant and
independent of A. Otherwise, we can find solutions {u,(t)} of the problem (2.5)
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corresponding with A = \,,, namely, u, () satisfies the following equation

(6p(un)) + Anhedy(uy,) + Anas (£)p(u))
— Ana—(t)dp(uy, ) + A Wi (t, un, ul) = Ane(t)

and periodic boundary condition such that

ltnlloo — 00, as n — oo.

(2.11)

For any u € Ck\ {0}, let z,(t) = w2l 5o [|znllee = 1. Moreover, multiplying

T unll

(2.11) by ﬁ and integrating from 0 to T', we have

he / 2L ()P ds + / a($)dp (= ()7 () ds — / b(s)6p (25 (5)) 24 (5) ds

1 T 1 SNy
TR / G(s, 1, (5)) 2 (s) ds = — / e(s)7,(s) ds.

|22 un |22

By definition of &, we get two cases as follows.

T T
(i) e / 2 ()P ds < —— / 71 (5.1, (5)) 2y (s) ds

—1
[

=g " (s)2)(s)ds.

—1
[unl %

T 1 T
(i1) : 5/ 2! (s)|P ds < ﬁ/ 71 (s,ul,(s))z),(s)ds
0 l[unlls ™ Jo

T
1|p_1/0 e(s)z](s) ds.

By (H3), we can get

1 T* / /
L / 5 (5,1, (5)) 74 (5) ds

—1
llunllts

-

1 T / ) T/ N
< W (/0 |G, (s, u,,(9))] dS) </0 |27, (s)] ds)
! ' ! 0\q ' g / P
< W (/0 (a1 (t) + az(t)|uy,(s)]”) ds) </0 |21, (s)] d5>
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1
1 1 s
25+1 a T; T P
S iad  AEACIE
fealZ" \Jo
2§+1”a2||0O T ) i T ¥
! /
v ([ eras) ([ epas
||un||oo 0 0
1
1 1 s
24Tl Ta T ?
< 2l ([ pas
] 0
1 146

1 p—0 —
20 lag)looT 7 T v
" S | leras)

[ 0

Thus, from (i) or (ii), one has

T l+1 1 T
2414y T
: / P ds < = B / 121 ()PP ds
N lloo
p_0—1 146

1
25 |ag|| T 7 g ’
T S ([ e as
fual 0

; HUL (/OT|e<s>|q>é (/OT|z;<s>Pds>;,

=

which yields that

1
T q 141 1 141 p—6—1 T
2 T 2 T
[ eras) <= lorfloeT | 20 Jlalloc T ® | s
0 [unllte llunll®s 0

LoV
+W</o |e(s)|> . (2.13)

We claim that ||z}, — 0 as n — oo. If not, we have the following two cases.

Bl

(B1) ||z, |l, — ¢ as n — oo, where ¢ is a positive constant;

(B2) ||zp,|l, — o0 as n — oo.
For the case (B1), from (2.13), we have

p—6—1
B p—6—1

2} [
T » T P 14
24 ol
[ Eeras) |o( [ eeras) -2l
: : 2

1 1

27 aq || T 1 T

<2 NafloeTr | 1 /|e<s>|q ,
lunll”2 a2 \Jo

Q=
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which implies that ec?~! < 0 as n — oo. This is impossible. Clearly, for the case
(B2), we can also get a contradiction. Thus, [|z],||, — 0 as n — co. Moreover, for
any t € [0,7T], by Holder inequality, we have

. 3
|%w%m><ﬁ</|4®wm>wx%nﬂm.
0

Since ||z, || = 1, we can obtain
lim z,(t) =+1, Vte€[0,7] = lm wu,(t) = lim ||uy|lcozn(t) = Lo0.
n—oo n—oo n—oo

Thus, we have

lim a4 (t)¢,(u(t)) = +oo, Vt € [0,T). (2.14)

n—oo

Similarly, we have

T q . T P
5(/ wu@w®> <294ammT3+2%HmzmTpﬁl</ uqu“>
0 0
T
+</'w@w> . (2.15)
0

Clearly, |[luy,|, is bounded, i.e, there exists a positive constant L such that
l|lu,,|l, < L. Otherwise,

Q=

|lur |l, — oo, as n — oo.

From (2.15), we have

S lets))*

p—6—1

20 |ag|| T, (2.16)

pos 20 |ay || TH + (
ellunlly ¥ < 2
p

which implies a contradiction. Thus, ||u), ||, is bounded. Moreover, we can also get

r o :
</|%@W“B<“</I%@W“>
0 0

<707, (2.17)

[ ntionas

and

T
SWMMT+Wﬂw/I%Ms
0

T
1
<ammT+aﬁmTq</ mumh>
0

1—
< JlarllooT + llaz)|ocT 5 L. (2.18)

(ATgxau;w»ds

<=
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By (H4), we have

if lim u,(t) = 00, Go(un) = olun|” = Go(un) — 00 as n — oo or

n—oo

if lim wu,(t) = —00, Go(un) < —olun|” = go(un) — —00 asn — oo,  (2.19)

n—oo

which implies that

lim

n—0o0

/0 (e(5) — a4 (8)0p (1 () + a_ ()6 (i () ds| = 0. (2.20)

However, integrating from 0 to T on (2.11), we have

he / () ds + [ s ()6t (5)) ds - / "0 (5)6p (i (5)) ds
+/0 Wl(s,un(s),u;(s))ds/OTe(s)ds.

This implies a contradiction for n large enough. Therefore, |u(t)| < L. By the similar
way to lemma 2.2, we can obtain that there exists a positive constant © such that
[/ ()] < ©. Moreover, degy(F,RN9Q,0) # 0. Thus, the problem (2.5) has at least
one solution. d

REMARK 2.5. In view of the continuity theorem, the key step is to obtain a priori
bound estimation of solutions. In fact, if W7 (¢, u, v’) is written as gy (u) + g, (¢, u, u’),
by the method used in lemma 2.3, we can not get (2.13) that make us fail to obtain
the prior estimation when 1 < p < oc.

Now, we state and prove our main results for problems (1.1) and (1.2).

THEOREM 2.6. For2 < p < 0o, assume that (H1) and the following conditions hold.
(H5) There exist positive constants 6, ¢, d such that for t € [0,T],

<G |uf >d

(H6) lim 29—y yhere n € (0,00) \ Ui o [Agrim, Apae].

ul—oo 11"

Then the problem (1.1) has at least one solution.

Proof. In view of lemma 2.3, we claim that if {u, ()} are solutions of the problem
(2.4) corresponding to e = {¢,,}, where ¢,, — 0 asn — oo, then there exist constants
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5, K> 0, independent of ¢,,, such that for ¢ € [0, 77,

[un ()] < D, [up, ()] < K.
Otherwise,

ltun]loo — 00 as n — oco.

For any u € Ch\ {0}, let z,(t) = (" 50 ||zp]joc = 1. Moreover, dividing the

T lunll?

problem (2.4) by [lu,|[’>", we have

<¢v<Z%D’+-ﬁ6n¢w<z;>+—a+<w¢@<z;>—-a_<ﬂ¢@<z;>+-Hifm291
. gl(ta un(t)) - €(t)
a2t a2t (2.21)
which is equivalent to
(@)Y + e May (3,(=1) - e Ma_ (B),(7) +—e€”ht|goﬂ%5)1
Up 50
I AT ) R I O o)

[ [

Since z,(0) = z,(T), there exists t. € (0,7) such that z/,(t.) = 0. Thus, we have

go(un)

—1
||u7l||§o

t
ot < [

T

(\m(s)%(zﬁ)\ +la—(t)bp(z, )| +

) e ds.

From e,, — 0 as n — oo, there exists a positive constant d; such that e*»™ < d;.
Moreover, we have

Elgr(t, un(t d T
[t ey < S [ g sl ds
ty 0

e(s)

—1
[ 1%

m@w%M|

—1
[ 1%

7 ~ 7
un |22 o

dy ’ 0
<y (ol + e | fun(o)]”ds
ual 0

c hTlai]o | diT]az]

[ [ (7 [

(2.23)

which implies that there exists a constant M; > 0 which is independent of n such

that
t
J.

g1 (ta ’Ltn(t)) esnhs ds

< M. (2.24)
—1
[Junl[%
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Based on ||z,|| =1 and (H5), for any ¢ € [0,7], there exists a constant My > 0
which is independent of n such that

f
[ o] + la- @16, )| +

5

90 (un)

—1
lunlle

which together with e € C([0,T]) and the monotonicity of ¢,(-) yield that

)eanhS ds < My,

|6p (2 ()] < Ms, e, 2, ()] < MFH, (2.25)

where M3 > 0 is a constant and independent of n. Thus, from the definition of
zn(t), it follows that z,(t) is uniformly bounded. By the standard argument, we
can get that z,(¢) is also equicontinuous. Moreover, from (2.22), we can also find a
constant M, > 0 which is independent of n such that

(6 (2, (1)))'] < My.

Furthermore, Vt;, to € [0, 1], assuming that ¢; < to, for any n € N, we have

16p(24(t2)) — dp(zh(t)] < / (@) ds]

t1

< Mylte — t1] — 0 uniformly as t; — to,

which together with the monotonicity and uniformly continuity of ¢,(-) on
[~ M7 M7 yield that z.(t) is also uniformly bounded and equicontinuous.
By Arzeld—Ascoli theorem, there exists a subsequence of {z,} (without loss of
generality, take its subsequence) and z(t) € C% such that for any ¢ € [0, 77,
lim z,(t) = z(t), lim 2/ (t) = 2'(t). (2.26)
n—0oo n—oo

Thus, there exists a t € [0, 7] such that z(#) # 0. Multiplying both sides of (2.4) by
ul, (t)

llunll?

and integrating from ¢ to ¢, one has

é (6p(20)) 2 ds + |zn|pds+ / 0 (8)bp() 2 ds — / _(8)ép(zn)zh ds
Coen(8) - Colin®) (s (s -
i / / ||un||” (220

lunll3 [ 1

Following (H4), we know that

pGo(u)

m
|u|—o0 |U|p

For any € > 0, there exists a constant [; > 0 such that

’pGo(U) N ’

P | P
ful s

|’LL| llv

-+ |Go (u) -

https://doi.org/10.1017/prm.2021.89 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.89

322 T. Shen and W. Liu
By the continuity of Gy, define

P
Iy := max |Go(u) — nluf? .
[ul<l p
Thus, we have
P P Gol( P I
Golup) — n|un| <e |un| Tl = ’ 0 uz) n|2n| e+ 2
P P l[un IS p [[n [P

Taking limit in the above equality, by arbitrariness of €, we can obtain

. Gol(uy P
Moreover, by (2.24) and (2.25) we have
" g1(s, un(s e(s)z,
[ an [ a0 w02
Furthermore, we know that
i 1 1 ~
/Z (6p(2,(5))) 25, (s) ds = 5|¢p(2‘%(f))|q - 6\¢p(zé(t))|q- (2.30)
By (2.28)—(2.30), taking limit n — oo in (2.27), we have
1 ! K !/
SO+ [ as(5)0,(7(5))2'(5)ds
q t
t
- [ a_(s)pp(z7(s))2'(s)ds + 77|z](;)|p =0, (2.31)
i
where
1 )~ t)[P
= Lo @l + L

Now, we claim that z’(¢) has only limited zero points on [0, T]. If not, assume that
Z'(t) has unlimited zero points {p;}ien on [0,7]. Without loss of generality, there
exists a p, such that

Jim i = g
Following the continuity of 2’(t), we have z’(u,) = 0 and

[ et @)@ as - [ a oo @) e ass L,

p
(2.32)
By the above equality, we can get z(u.) # 0. In fact, if z(u.) = 0, we have

[ esa @ e as [T a0 )

By choosing a suitable radius 71 and ro such that ¢ belonging to the left neighbour-
hood of (p« — 71, pts) or the right neighbourhood of (g, s« + r2), we just need to
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consider the following four cases.

(C1) 2(t) <0 2'(t) 2 0, t € [t ],
(C2) 2(t) > 0 2/(t) <0, t € [F, ],
(C3) 2(t) 20 2'(t) 2 0, t € [, 1],
(C4) 2(t) <02/ (t) €0, t € [, ).
For the case (C1), we can obtain
0< o, @+ O — o< [T oyet6)26)as

a_
= 77L|z(t>\p <0,

which is impossible. For the case (C2), it follows

0< Lo @)+ ”f)' o

N

Hox

avr [ Gp(a(s)7(s)ds
t

= —=LEEOF <0,

which implies a contradiction. Moreover, by the same way, we can also obtain a
contradiction under the case of (C3) or (C4). Thus, z(u.) # 0. Without loss of
generality, assume that z(u.) > 0. According to its continuity, there exist constants
&, v > 0 such that

2(t) > &, tE€ [ — v p .

Choosing n large enough, we can also get
2 (t) > &, t€ [ux — v, s + V).

Since fi, is a limiting point of {y;}, so we can find two zero points called p*, p** of
Z'(t) in [ps — v, s + v]. Integrating from p* to p** on (2.27), taking limit n — oo,
we can obtain

X

lim </H Megnm ds + /T e ay (8)p(2n(8)) ds> =0. (2.34)

n—=oo \ Sy un P21
On the other hand, for t € [p*, u**], choose n large enough such that
un(t) 2 zn(t)|t]loc = &lluflec = d.

Then, we have

gO(Un(t)) _ gO(Un(t)) .
Tl "~ Gplun(e)) 7m0 = 90p(8).
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Thus, we can obtain

i </I~L gO(Un(S))esnhs dS—"/T EE"hSa_;_(S)(]Sp(Z(S)) dS)

= el

2 (a4, +0)¢p(E) (W™ — p7) >0, (2.35)

which contradicts to (2.34). Thus, z/(t) has only limited zero points on [0,T].
Differentiating (2.31), one has

(1) ((¢p(2' (1)) + a(t)dp(=7"(t)) — b(t)p (2™ (1)) + np(2(2))) = 0.

Since z’(t) has only limited zero points on [0, 7], we have

(6p(2' (1)) + a(t)dp (2" (1) — b(t)gp(2™ (1)) + 1 (2(2)) = O, (2.36)

which together with 1 € (0,00) \ Uy [A5i™, Aj@®] yield z(t) = 0 for ¢t € [0,7]. In
fact, if there exists a z € C% such that (2.36) is satisfied on a subset A C [0,7] and
z=0on [0,7]\ A, it must be an eigenvector corresponding to a half-eigenvalue,
which implies a contradiction. Therefore, z(¢) = 0. However, it contradicts to
| 2]lsc = 1. Thus, there exists a constant D > 0 which is independent of &, such
that |un(t)] < D.

Since u, (0) = u, (T), there exists t, € (0,T) such that u, (¢,) = 0. By the same
way to lemma 2.2, we can also get that there exists a constant K >0 that is
independent of €, such that |u/, (t)| < K. By Arzeld-Ascoli theorem (without loss
of generality, take its subsequence), there exist u € C4 and o € [0,7] such that
lim ty, = to,

n—oo

lim w,(t) =u(t), lim ul (t)=1d'(t), Vt € [0,T]. (2.37)

n—oo n—oo
Taking limit n — oo in the following equation

Sp(up )™ =/t (—ar(s)bp(uf) + a—dp(uy) — Wols,u(s)) + e(s)) e ds,

n

we have

0p(0) = [ (~a($0put) +a-dplu™) = Wols, u(s)) + e(s)) ds.

to

which implies that for all ¢ € [0, T

(6p /(1)) + as (D6, (u™ (1)) — a— () (u™ (1)) + Wolt, u(t)) = e(t)

and u(0) = w(T),u'(0) = «/(T). Thus, the problem (1.1) has at least one periodic
solution. O

REMARK 2.7. It should be mentioned that in the separated boundary conditions,
typical existence results in this area usually assume that 7 lies in the gap between
half-eigenvalues with consecutive nodal counts, not between half-eigenvalues
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with the same nodal counts that may make the problem not have a solution
(see [23, 24]).

THEOREM 2.8. For 1 < p < oo, if (H3), (H5) and (HG6) hold. Then the problem
(1.2) has at least one periodic solutions.

Proof. Based on lemma 2.4, by similar way to theorem 2.6, the conclusion of
theorem 2.8 is also true. Here, we omit the detail. O

REMARK 2.9. If g, =0, ay are positive constants and go(u) satisfies (H5) and

lim 2G0) — p etting

|u|—o0 Jul?

go(u) =Go(u) + ardp(u’) — a_gy(u”),

by theorem 2.8, the problem (1.2) has at least one periodic solutions, provided that
(ay +m,a- +n) ¢ Sp, which is corresponding to theorem 2.3 of [17]. Thus, our
main results generalize their conclusions.
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