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Function-theoretic Properties for the Gauss
Maps of Various Classes of Surfaces

Dedicated to Professor Akio Kodama on his 65th birthday

Yu Kawakami

Abstract. We elucidate the geometric background of function-theoretic properties for the Gauss
maps of several classes of immersed surfaces in three-dimensional space forms, for example, min-
imal surfaces in Euclidean three-space, improper affine spheres in the affine three-space, and con-
stant mean curvature one surfaces and flat surfaces in hyperbolic three-space. To achieve this pur-
pose, we prove an optimal curvature bound for a specified conformal metric on an open Riemann
surface and give some applications. We also provide unicity theorems for the Gauss maps of these
classes of surfaces.

1 Introduction

One of the central issues in minimal surface theory is understanding the global be-
havior of the Gauss map. In the latter half of the twentieth century, Osserman [37-39]
initiated a systematic study of the Gauss map and, in particular, proved that the im-
age of the Gauss map of a nonflat complete minimal surface in Euclidean 3-space R?
must be dense in the unit 2-sphere $%. Xavier [49] then showed that the Gauss map
can omit at most a finite number of values in S?, and Fujimoto [10] proved that the
precise maximum for the number of omitted values possible is 4. Fujimoto also gave
a curvature bound for a minimal surface when all of the multiple values of the Gauss
map are totally ramified ([11,12]). Here, a value « of a map or function g is said to be to-
tally ramified if the equation g = « has no simple roots. Moreover, Fujimoto obtained
a unicity theorem for the Gauss maps of nonflat complete minimal surfaces, which is
analogous to the Nevanlinna unicity theorem ([33]) for meromorphic functions on
the complex plane C ([13]).

There exist several classes of immersed surfaces whose Gauss maps have these
function-theoretical properties. For instance, Yu [50] showed that the hyperbolic
Gauss map of a nonflat, complete, constant, mean curvature one surface in hyperbolic
3-space H? can omit at most 4 values. The author and Nakajo [21] obtained that the
maximal number of omitted values of the Lagrangian Gauss map of a weakly complete
improper affine front in the affine 3-space R? is 3, unless it is an elliptic paraboloid.
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As an application of this result, a simple proof of the parametric affine Bernstein the-
orem for an improper affine sphere in R* was provided. Moreover, the author [19]
gave similar results for flat fronts in H>. In [18], we revealed a geometric meaning for
the maximal number of omitted values of their Gauss maps. To be precise, we gave a
curvature bound for the conformal metric ds* = (1+]|g|*)™|w|* on an open Riemann
surface X, where w is a holomorphic I-form and g is a meromorphic function on X
([18, Theorem 2.1]) and, as a corollary of the theorem, proved that the precise maximal
number of omitted values of the nonconstant meromorphic function g on X with the
complete conformal metric ds* is m + 2 ([18, Corollary 2.2, Proposition 2.4]). Since
the induced metric from R? of a complete minimal surface is ds* = (1 + [g]*)?|w|*
(i.e., m = 2), the maximum number of omitted values of the Gauss map g of a nonflat
complete minimal surface in R? is 4 (= 2 +2). On the other hand, for the Lagrangian
Gauss map v of a weakly complete improper affine front, because v is meromorphic,
dG is holomorphic and the complete metric is d* = (1 + |v|*)|dG|* (i.e., m = 1), the
maximal number of omitted values of the Lagrangian Gauss map of a weakly complete
improper affine front in R? is 3 (= 1+ 2), unless it is an elliptic paraboloid.

The goal of this paper is to elucidate the geometric background of function-theo-
retic properties for the Gauss maps. The paper is organized as follows. In Section 2,
we first give a curvature bound for the conformal metric ds* = (1+|g|*)™|w|* on an
open Riemann surface X when all of the multiple values of the meromorphic func-
tion g are totally ramified (Theorem 2.1). This is a generalization of [18, Theorem 2.1],
and the proof is given in Section 3.1. As a corollary of this theorem, we give a rami-
fication theorem for the meromorphic function g on X with the complete conformal
metric ds* (Corollary 2.2). We remark that this corresponds to the defect relation in
Nevanlinna theory (see [24, 35, 36,41] for details).

Next, we provide two applications of the result. The first is to show that the precise
maximal number of omitted values of the nonconstant meromorphic function g on X
with complete conformal metric ds? is m + 2 (Corollary 2.4). The second is to prove
an analogue of a special case of the Ahlfors islands theorem [2, Theorem B.2] for g
on X with the complete conformal metric ds* (Corollaries 2.6 and 2.7). The Ahlfors
islands theorem has found various applications in complex dynamics; see [2] for an
exposition.

We also give a unicity theorem for the nonconstant meromorphic function g on an
open Riemann surface ¥ with the complete conformal metric ds* (Theorem 2.9). This
theorem is optimal in that for every even number m, there exist examples (Example
2.11). The proof is given in Section 3.2. When m = 0, all results coincide with the
results for meromorphic functions on C (Remarks 2.3, 2.8, and 2.10).

In Section 4, as applications of the main results, we show some function-theoretic
properties for the Gauss maps of the following classes of surfaces: minimal surfaces in
R? (Section 4.1), constant mean curvature one surfaces in H> (Section 4.2), maxfaces
in R} (Section 4.3), improper affine fronts in R (Section 4.4), and flat fronts in H?
(Section 4.5). In particular, we give their geometric background.
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2 Main Results
2.1 Curvature Bound and its Corollaries
We first give the following curvature bound for the conformal metric
ds* = (1+g]*)"|wl?

on an open Riemann surface 2. This is more precise than [18, Theorem 2.1].

Theorem 2.1 Let % be an open Riemann surface with the conformal metric
21 ds* = (1+g")"|wf,

where w is a holomorphic 1-form, g is a meromorphic function on X, and m € N. Let
geN, ay,...,a5 € Cu{oo} bedistinct and let vy, ..., vy € NU {oo}. Suppose that

4 1
2.2) y:z(1——)>m+2.
A
If g satisfies the property that all aj-points of g have multiplicity at least v, then there

exists a positive constant C, depending on m, y, and ay, . . . , ag, but not the surface, such
that for all p € £, we have

(2.3) [Kae(p)? <

C
d(p)’
where K452 (p) is the Gaussian curvature of the metric ds* at p and d(p) is the geodesic

distance from p to the boundary of %, that is, the infimum of the lengths of the divergent
curves in £ emanating from p.

As a corollary of Theorem 2.1, we give the following ramification theorem for the
meromorphic function g on ¥ with complete conformal metric ds* = (1 + |g]*)™|w|?.

Corollary 2.2  Let X be an open Riemann surface with the conformal metric given by
(21). Letq €N, ay, ..., g € Cu{oo} bedistinct and let vy, ..., vq € Nu{oo}. Suppose
that the metric ds* is complete and that inequality (2.2) holds. If g satisfies the property
that all aj-points of g have multiplicity at least v, then g must be constant.

Proof Since ds? is complete, we may set d(p) = oo for all p € . By virtue of Theo-
rem 2.1, K;2 = 0 on =. On the other hand, the Gaussian curvature of the metric ds>

is given by
2 72
Ky = - 2mgl”
(1+[gl2)m*2]@.[>
where w = @,dz and g, = dg/dz. Hence, K52 = 0 if and only if g is constant. ]

Remark 2.3 The geometric meaning of the “2” in “m +2” is the Euler characteristic
of the Riemann sphere. Indeed, if m = 0, then the metric ds* = (1 + |g|*)°|w|* = |w|?
is flat and complete on . We thus may assume that g is a meromorphic function
on C, because g is replaced by g o 7, where 71:C — X is a holomorphic universal
covering map. On the other hand, Ahlfors [1] and Chern [8] showed that the least
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upper bound for the defect relation for meromorphic functions on C coincides with
the Euler characteristic of the Riemann sphere. Hence we get the conclusion.

We next give two applications of Corollary 2.2. The first one provides the precise
maximal number of omitted values of the meromorphic function g on £ with the
complete conformal metric ds* = (1 + |g]*)™|w|*.

Corollary 2.4 ([18, Corollary 2.2]) Let X be an open Riemann surface with the con-
formal metric given by (2.1). If the metric ds* is complete and the meromorphic function
g is nonconstant, then g can omit at most m + 2 distinct values.

Proof By way of contradiction, assume that g omits m + 3 distinct values. In Corol-
lary 2.2, if g does not take a value a; (j = 1,...,q), we may set v; = co in (2.2). Thus
we can consider the case where y > m + 3 (> m + 2). By virtue of Corollary 2.2, the
function g is constant. This contradicts the assumption that g is nonconstant. ]

The number m + 2 is sharp, because there exist examples in [18, Proposition 2.4].
The second application shows an analogue of the Ahlfors islands theorem [2, The-
orem B.2] for the meromorphic function g on X with the complete conformal metric
ds* = (1+|g*)™|w|*. We first recall the notion of chordal distance between two dis-
tinct values in the Riemann sphere CU {0 }. For two distinct values «, € CuU {0},
we set
o - Bl

1+ a2 /1+ B2

ifa # oo and B # oo, and |&, 00| = |oo, & := 1/1/1 + |a|?. We remark that if we take
v1, v, € 8?2 with a = @(v;) and B = @(v,), we have that |a, f] is a half of the chordal
distance between v; and v,, where @ denotes the stereographic projection of $* onto
Cu {oo}. We next explain the definition of an island of a meromorphic function on
a Riemann surface.

|, Bl =

Definition 2.5 Let X be a Riemann surface and let g: ¥ — Cu {co } be a meromor-
phic function. Let V c Cu{oo} be a Jordan domain. A simply-connected component
U of g7!(V) with U c X is called an island of g over V. Note that g|ly: U — Visa
proper map. The degree of this map is called the multiplicity of the island U. An island
of multiplicity one is called a simple island.

When all islands of the meromorphic function g with the complete conformal met-
ricds® = (1+|g|*)™|w|? are small disks, we get the following result by applying Corol-
lary 2.2.

Corollary 2.6  Let X be an open Riemann surface with the conformal metric given
by 21). Let q € N, ay,...,aq € CuU {oo} be distinct, let Dj(aj, ) = {z € CU
{oo}; |2, aj| < €} (1< j < q) be pairwise disjoint, and let vy, ..., vq4 € N. Suppose that
the metric ds* is complete and that inequality (2.2) holds. Then there exists € > 0 such
that if g has no island of multiplicity less than v; over Dj(aj, €) forall j € {1,...,q},
then g must be constant.
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Proof Ifsuchan e does not exist, then for any ¢ we can find a nonconstant meromor-
phic function g that has no island of multiplicity less than v; over D;(«;, ). However,
this implies that all aj-points of g have multiplicity at least v;, contradicting Corollary
2.2. |

The important case of Corollary 2.6 is the case where g = 2m + 5 and v; = 2 for
each j (j = 1,...,g). This corresponds to the so-called five islands theorem in the
Ahlfors theory of covering surfaces ([1], [34, Chapter XIII]).

Corollary 2.7  Let £ be an open Riemann surface with the complete conformal metric
given by (2.1). Let a1, . .., dap45 € CU {00} e distinct and let

Dj(aj,e) ={zeCu{oo}; |z,aj|<e} (1<j<2m+5).

Then there exists € > 0 such that if ¢ has no simple island of over any of the small disks
Dj(aj, €), then g must be constant.

Remark 2.8 Corollary 2.7 is valid for the case where m = 0. In fact, by the same
argument in Remark 2.3, we can easily show that the theorem corresponds to a special
case of the Ahlfors five islands theorem.

2.2 Unicity Theorem

We give another type of function-theoretic property of the meromorphic function g
on X with the complete conformal metric ds* = (1 + |g]*)™|w|*. In [33], Nevanlinna
showed that two nonconstant meromorphic functions on C coincide with each other
if they have the same inverse images for five distinct values. We get the following
analogue to this unicity theorem.

Theorem 2.9 Let T be an open Riemann surface with the conformal metric

ds* = (1+1g")" o]’

and let T be another open Riemann surface with the conformal metric

ds? = (1+[g)" @l
where w and @ are holomorphic 1-forms, g and g are nonconstant meromorphic func-
tions on X and 3. respectively, and m € N. We assume that there exists a conformal dif-
feomorphism ¥: % — . Suppose that there exist q distinct points a, . . ., ag € Cu{oco}
such that g (a;) = (o ¥) N (a;) 1<j<q). Ifg> m+5(= (m+4)+1) and either
ds* or ds’* is complete, then g = go V.

Remark 2.10 When m = 0, Theorem 2.9 coincides with the Nevanlinna unicity
theorem.

The maps g and g o V¥ are said to share the value a (ignoring multiplicity) when
g ' (a) = (go¥)!(a). Theorem 2.9 is optimal for an arbitrary even number m(> 2),
because of the following examples.
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Example 2.11  For an arbitrary even number m (> 2), we take m/2 distinct points
A1y ... Uy p in C\{0, £1}. Let T be either the complex plane punctured at m + 1 dis-
tinct points 0, &y, ..., &py 2, ay,..., l/ocm/2 or the universal covering of that punc-
tured plane. We set

dz

T vy S
N dz - :1
()~ e

We can easily show that the identity map ¥: % — X is a conformal diffeomorphism
and the metric ds* = (1 + |g]*)™|w|* is complete. Then the maps g and g share the
m + 4 distinct values 0, 00, 1, =1, &1, . . ., @y ay,... ,l/ocm/z, and g # go V. These
show that the number m + 5 in Theorem 2.9 cannot be replaced by m + 4.

3 Proof of Main Theorems
3.1 Proof of Theorem 2.1
Before proceeding to the proof of Theorem 2.1, we recall two lemmas.
Lemma 3.1 ([12, Corollary1.4.15]) Let g be a nonconstant meromorphic function on

Ap={z€Clzgl] <R} (0<R< o) LetqeN, ay,...,aq € Cu{oo} be distinct and
letvi,...,vq € NU{oo}. Suppose that

g, 1
y:]gl(1—v—j) >2.

If g satisfies the property that all aj-points of g have multiplicity at least v;, then, for
arbitrary constants § > 0 and 8 > 0 with y — 2 > y(5 + §), then there exists a positive
constant C', depending only on y, 1, 8, and L = min; j|a;, aj|, such that

</ ] Lo R
+ lgP (Tl 7)== =~ R

Lemma 3.2 ([12, Lemma 1.6.7]) Let do? be a conformal flat metric on an open Rie-
mann surface 2. Then, for each point p € X, there exists a local diffeomorphism @ of
a disk Agp = {z € C; |z| < R} (0 < R < +00) onto an open neighborhood of p with
®(0) = p such that ® is an isometry; that is, the pull-back ®*(do?) is equal to the
standard Euclidean metric ds%,,, on Ag and, for a point ag with |ao| = 1, the ®-image
[,, of the curve L,, = {w := ags; 0 < s < R} is divergent in X.

Proof of Theorem 2.1 For the proof of Theorem 2.1, we may assume the following:

(A) For any proper subset I'in {1,2,...,4},

z(l—i) <m+2.

Jel Vi
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(B) There exists no set of positive integers (v{, ..., vy) distinct with (v, ..., v,) sat-
isfying the conditions
* . 4 1
(.1) vi<vi(l1<j<q), ]gl(l—v—*) S m+2.
- i

If there exists some proper subset I in {1,2,..., g} such that

1
> ( 1- —) >m+2,
jel Vj
then the assumption in Theorem 2.1 for {aj;1 < j < g} can be replaces by the assump-
tion for {a;; j € I}. Moreover, if there exists some (v;,...,v;) satisfying (3.1), then
we may prove Theorem 2.1 after replacing each integer v; by v7.

Lemma 3.3  There exist only finite many sets of integers vi,...,vq with v; > 2 that
satisfy conditions (A) and (B).

Proof We take positive integers v, . . ., v4 satisfying conditions (A) and (B). We as-
sume that v; < --- < v,. Then, for the number

9 1
= 1— —,
v El( VJ')
we shall show that
(3.2) -(m+2) < ————.
Y va(vg —1)

In fact, we suppose that y — (m +2) > 1/v4(v4 - 1). If v4 = 2, then
1 q-1 1
>(m+1)+~- and 1-— ) >m+2,
y>(m+1)+ 2 z(1-5)
which contradicts assumption (A). Thus, vq > 3. Here, if we set v} :=v; (1< j < g-1)
and v; = vy — 1, then
q 1 9 1 1
SYCHLE Y (I § SR Y
j=1 i j=1 Vi vq(vq —1)
This contradicts assumption (B). We have thus proved inequality (3.2).
By virtue of (3.2),
1 1 5
y<m+2+ ————<m+2+-=m+—.
va(vg —1) 2 2
On the other hand, since v; > 2 for all j, we have
1 1 q
=x(1-=)2q(1-=) 24,
y ?( vj ) q( " ) 2

where g > 5. Hence we obtain that v; < 2q/(2q - 2m - 5) and q < 2m + 5.

Now we consider the numbers vy, ..., v, satisfying conditions (A) and (B). We set
k 1
= 1-—).
v El( Vi )
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Since
9 1
m+2<y=yo+ > (1——),
j=k+1 Vj
we have
9 1
yo+q-k-(m+2)=y-(m+2)+ ¥ —>0.
j=k+1 Vj
Then we take a number N with yo + ¢ — k — (m +2) > 1o := 1/N(N -1). If vy < N,
then we have vy, < N. Otherwise, by inequality (3.2) and vy < v;for j=k+1,...,q,

we have
1
0<yo+gq-k-no-(m+2)<ypo+q-k-(m+2)- ———
ve(vqg —1)
< % 1. a-k
j=k+1 Vj Vi+1
This gives
Viar < q-k
M o= (m+2)+q—k-1no
We thereby get that
q-k
< N, .
Vet max{ yo—(m+2)+q—k—110}
Since the boundedness of v; has been already shown, by inductionon k (=1,...,q),
we have completed the proof of the lemma. ]

By Lemma 3.3, if we take the maximum C, in constants that are chosen for the
finitely many possible cases of v;s satisfying conditions (A) and (B), then C, satisfies
the desired inequality (2.3). Hence, for the proof of Theorem 2.1, we will show the
existence of a constant satisfying (2.3), which may depend on the given data v, .. ., v,.

We may assume that m # 0 and ay = oo after a suitable Mobius transformation.
We choose some § such that y — (m +2) > 2yd > 0 and
(3.3) g Yome2) =290, om

y m+y8
Then if we choose a sufficiently small positive number § depending on y and m, for
the constant ¢ := (y — (m + 2))/2my we have

gl (_ V_z(;';:z)) > 1.

34 0<A<l,
(3.4) <A<l o

Now we define a new metric

. B 1 a1 —a;| | #i-n-8)\ 21/(1-1)
(35) dO_Z: ‘wz|2/(1 /1)(7, H( |g ]|2) J ) |dZ|2
|gz| j=1 \/1+|05j|

ontheset X' = {p e X; g/ # 0and g(z) # a; forall j}, where w = @.dz, g, = dg/dz
and y; = 1- (1/v;). Take a point p € . Since the metric do? is flat on X', by
Lemma 3.2, there exists an isometry @ satisfying ®(0) = p from a disk Ap = {z €
C; |z| < R} (0 < R < +00) with the standard metric ds3,,, onto an open neighborhood
of p in X’ with the metric do? such that for a point ao with |ag| = 1, the ®-image T,
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of the curve L,, = {w := ags; 0 <s < R} is divergent in X’. For brevity, we denote the
function g o @ on Ay by g in the sequel. By Lemma 3.1, we get that

A+ |g(0)| 1—[ |g(0) o |;4,(1 1-9) ¢ +oo.

3.6 R<(C
(36) < 4

Hence
Lo (Tyy) = f do =R < +oo,
Taq

where L, (T,,) denotes the length of T, with respect to the metric do?. Now we
prove that I';; is divergent in £. Indeed, if it is not, then I';, must tend to a point
Po € Z\Z' where g (po) = 0 or g(po) = «; for some j, because I, is divergent in X'
and Ly,(T,,) < +oo. Taking a local complex coordinate { in a neighborhood of py
with {(po) = 0, we can write the metric do? as

02 _ |<~|2k/\/(17)»)w|d(|2)

with some positive smooth function w and some real number k. If g — «; has a zero
of order I (> v; > 2) at py for some 1< j < q—1, then g has a zero of order [ —1at py
and @,(zo) # 0. Then we obtain that

1
k_—(l—1)+l(1—v—j)(1—;1—6)

:(1_i) _%(vj—l)(n+8):—(11+8)§—so.
j

Vi

For the case where g has a pole of order I (> v4 > 2), g/ has a pole of order [ +1, @,
has a zero of order m! at py, and each component g — «; in the right side of (3.5) has
a pole of order I at p,. Using the identity y; +- -+ y4_1 = y — 44 and (3.3), we get that

k=0 (1)~ (= ) (1= 1= )

=lug(1-n-90)—-(1-1) < —¢.

Moreover, for the case where g, (po) = 0 and g(po) # «; for all j, we see that k < —1.
In any case, kA/(1 - 1) < —1by (3.4) and there exists a positive constant C such that

~14¢]
q

in a neighborhood of py. Thus, we obtain that

R= / do>C / |d(| 00,
Ty |€]
which contradicts (3.6).

Since ®*do? = |dz|?, we get by (3.5) that

() o= (T () )

g — ajl

do>C—2
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By Lemma 3.1, we obtain that
©*ds = (1+g*)""|w|

|2 (1-n—
\/1+|0£]| )l‘;(l n 5))A|dz|

= (Igil(u+ gy n(

g - al
gzl 1
= d
(1+|g|2 H?:I |g’0£j|l4j(1_’7_5)) |dz]
"N\A R A
<(C (R2_|Z|2) \dz].

Thus we have

d(p)gﬁa ds=[Lu d)*dsg(C’)"fLa (ﬁ) |dz |_(c)‘

because 0 < A < 1. Moreover, by (3.6), we get that

d(P) < (C,)/1 ( 1+ |g(0)|2 ﬁ |g(0), “j|.“j(1*’1*5)) A

=A% gz (0)] ja
On the other hand, the Gaussian curvature K ;2 of the metric ds® = (1+|g[*)™|w|? is
given by
2 2
Ko = 2mlg|

(1+[gP)m+l@.
Thus, by (3.7), we also get that

12 _ gzl 1A A ==\
Kool = Vam (=55) (g el 02)

lgl?

Since [g, & j| < 1for each j, we obtain that

\/ZmC' e

Kae2 (p)|'2d(p) <

Hence we get the conclusion. ]

3.2 Proof of Theorem 2.9

We review the following two lemmas used in the proof of Theorem 2.9.

Lemma 3.4 ([13, Proposition 2.1]) Let g and g be mutually distinct nonconstant
meromorphic functions on a Riemann surface X. Let g e Nand ay, ..., a5 € CU {00}
be distinct. Suppose that q > 4 and g7 (a;) = §'(a;) (1< j < q). Forby > 0 and ¢
with g — 4 > qe > 0, we set

(ng,orjllog(l b}|2))m) 3 (ng)%llog(| ’b°]|2))l+£>
and define
69 = (lo g i e
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outside the set E := U?:l g '(a;) and du® = 0 on E. Then for a suitably chosen by, du*
is continuous on ¥ and has strictly negative curvature on the set {du® # 0}.

Lemma 3.5 ([13, Corollary 2.4]) Let g and g be a meromorphic function on Ag
satisfying the same assumption as in Lemma 3.4. Then for the metric du* defined by
(3.8), there exists a constant C > 0 such that

2o~ R 2

du” < C(R2 - |Z|2)2|¢7lz| .

Proof of Theorem 2.9  For brevity, we denote the function g o ¥ by g'in the sequel.
We assume that there exist g distinct values aj, . .., o such that g7'(a;) = §'(«;)
(1<j<q), ag = oo after a suitable Mobius transformation and m # 0. Moreover, we
assume that g > m + 4, either ds* or ds%, say ds?, is complete and g # g. Then the
map ¥ gives a biholomorphic isomorphism between ¥ and E. Thus, for each local
complex coordinate z defined on a simply connected open domain U, we can find a
nonzero holomorphic function A, such that

(3.9) ds® = |hP(1+ [g*)™2 (1 + [g]*)™/?|dz>.
We take some # with g — (m +4) > qn > 0 and set

(3.10) A= (<)
q-4-4qn
Now we define a new metric
-1

7, (g — ajllg = )" ))t/<1—A)|dZ|2
g - BPIgLlIg T4, (1 + |ay2) 0-mr2 ’

G1)  do®=|h, Y “‘”(

on the set X' = Z\E’, where
E'={z€X;¢.(2) =0, g,(z) =0, or g(z)(= g(z)) = ; for some j}.

On the other hand, setting ¢ := /2, we can define another pseudo-metric du* on £
given by (3.8), which has strictly negative curvature on '.

Take a point p € /. Since the metric do? is flat on X', by Lemma 3.2, there exists
an isometry O satisfying ©(0) = p from adisk Ap = {z € C; |z| <R} (0 < R < +00)
with the standard metric ds%,,. onto an open neighborhood of p in X’ with the metric
da?. We denote the functions go @ and go ®(= go ¥ o @) by g and g respectively, in
the sequel. Moreover the pseudo-metric ®* du® on A g has strictly negative curvature.
Since there exists no metric with strictly negative curvature on C (see [12, Corollary
4.2.4]), we get that R < +oo. Furthermore, by the same argument as in the proof of
Theorem 2.1, we can choose a point ay with |ag| = 1 such that, for the curve L,, =
{w := agps; 0 < s < R}, the ®-image [, tends to the boundary of 2’ as s tends to R.
Here, if we choose a suitable constant # in the definition (3.10) of A, then I';, tends to
the boundary of X.

Since ®*do? = |dz|*, we get by (3.11) that

- ( g - SPlglIg T (1 + Ivcjlz)(“"’/z)‘
z - .

-1

M7 (g - ajllg - a )
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By (3.9), we have that
ds? = |hoP(1+ [g) ™2 (1 + [gF)"/?|dzf?
_ ( |2~ GG (1 + | gP) ™2 (1 7)™ T (1 + ) 0/ ) A|dz|2
% (g - g - o)

A
2 4 — B bo by !¢ 2
= w T1(Ig - «jllg — &;])°( log log — |dz]",
( j=l ! g ( g ajf? |g’“j|2)

where y is the function with du? = y2|dz|?. Since the function x¢log'~*(bo/x?) (0 <
x <1) is bounded, we obtain that

=\
1ot < oo S BPIIEE Vo
S\ I+ [gP)a+EP)
for some constant C”’. By Lemma 3.5, we have that
R )
d 2
R-\ZP) 42|

for some constant C’”’. Thus we obtain that

R A2 RC-V/2
f ds < (c"')I/Z[ (—5) e s Cr—e < oo
Tag Lay R% - |Z‘2 -

ds® < C///(

because 0 < A < 1. However, it contradicts the assumption that the metric ds?* is
complete. Hence, we have necessarily g = g. ]

4 Applications

In this section, we give several applications of our main results.

Gauss Map of Minimal Surfaces in R’

We first recall some basic facts of minimal surfaces in Euclidean 3-space R®. Details
can be found, for example, in [12,30,39]. Let X = (x!,x% x%):Z — R? be an ori-
ented minimal surface in R®. By associating a local complex coordinate z = u +/~1v
with each positive isothermal coordinate system (u, v),  is considered as a Riemann
surface whose conformal metric is the induced metric ds* from R®. Then

(4.0) N2 X =0

holds; that is, each coordinate function x is harmonic. With respect to the local
complex coordinate z = u + \/—1v of the surface, (4.1) is given by

90X =0,
where 9 = (9/0u — /-13/0v) /2, @ = (3/du + \/-19/dv) /2. Hence each ¢, := x'dz
(i =1,2,3) is a holomorphic 1-form on X. If we set that

= 1_\/__ 2> :L)
w=¢ 12, ¢ /19
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then w is a holomorphic 1-form and g is a meromorphic function on X. Moreover the
function g coincides with the composition of the Gauss map and the stereographic
projection from S onto C U {co}, and the induced metric is given by

ds* = (1+g]*)|wl”.

Applying Theorem 2.1 to the metric ds, we can get the Fujimoto curvature bound
for a minimal surface in R’.

Theorem 4.1 ([11, Theorem C], [12, Theorem 1.6.1]) Let X:3 — R> be an oriented

minimal surface. Let €N, a1, ..., a5 € Cu{oo} bedistinct and vy, ..., vq e Nu{oo}.
Suppose that

9 1
(4.2) y:z(l——)>4(:2+2).

AN

If the Gauss map g:X — Cu {co} satisfies the property that all aj-points of g have
multiplicity at least v;, then there exists a positive constant C, depending on a, . . ., oy,
but not the surface, such that for all p € X inequality (2.3) holds.

As a corollary of Theorem 4.1, we have the following ramification theorem for the
Gauss map of a complete minimal surface in R®.

Corollary 4.2 ([40, Theorem 2], [10, Corollary 3.4]) Let X:¥ — R> be a complete
minimal surface. Let q € N, ay,..., a5 € CU {oo} be distinct and let v,,...,vq €
N u {oo}. Suppose that inequality (4.2) holds. If the Gauss map g:% — CuU {oo}
satisfies the property that all aj-points of g have multiplicity at least v;, then g must be
constant; that is, X(X) is a plane. In particular, the Gauss map of a nonflat complete
minimal surface in R> can omit at most 4 (= 2 + 2) values.

We remark that the author, Kobayashi, and Miyaoka [20] gave a similar result for
the Gauss map of a special class of complete minimal surfaces (this class is called the
pseudo-algebraic minimal surfaces).

As an application of Corollary 4.2, we obtain the following analogue to the Ahlfors
islands theorem. We remark that Klots and Sario [22] investigated the upper bound
for the number of islands for the Gauss map of a minimal surface in R?.

Theorem 4.3  Let X:X — R® be a complete minimal surface. Let g € N, ay, ..., 04 €
C U {oo} be distinct, let Dj(aj,€) = {z € CU {oo};|z,aj| < e} (1 < j < q) be
pairwise disjoint, and let vy, . .., vy € N. Suppose that inequality (4.2) holds. Then there
exists & > 0 such that, if the Gauss map g has no island of multiplicity less than v; over
Dj(aj,¢) forall je{l,...,q}, then g must be constant; that is, X(X) is a plane.

The important case of Theorem 4.3 is the one where g = 9(=2-2+5) and v; = 2
foreachj(j=1,...,9).

Corollary 4.4 Let X:% — R® be a complete minimal surface. Let oy, ..., a9 € CU
{oo} be distinct and let Dj(aj, €) := {z € Cu{oo};|z, aj| < &} (1< j<9). Then there
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exists € > 0 such that, if the Gauss map g has no simple island of over any of the small
disks Dj(aj, ) forall j € {1,...,9}, then g must be constant; that is, X(X) is a plane.

Finally, by applying Theorem 2.9, we provide the Fujimoto unicity theorem for the
Gauss maps of complete minimal surfaces in R>.

Theorem 4.5 ([13, TheoremI]) Let X:¥ — R*®and X: 3 — R® be two nonflat minimal
surfaces and assume that there exists a conformal diffeomorphism ¥: X - . Let g: 3 —
Cu{co} and §T - Cu {oo} be the Gauss maps of X(Z) and X (), respectively. If
g # goV¥ and either X(2) or X () is complete, then g and oV share at most 6 (= 2+4)
distinct values.

4.2 Hyperbolic Gauss Map of Constant Mean Curvature One Surfaces in H’

We denote by H* hyperbolic 3-space, that is, the simply connected Riemannian
3-manifold with constant sectional curvature —1, which is represented as

H’ = SL(2,C)/SU(2) = {aa*;a € SL(2,C)} (a*:="a).

Then there exists the following representation formula for constant mean curvature
one (CMC-1) surfaces in H as an analogy of the Enneper—Weierstrass representation
formula in minimal surface theory.

Theorem 4.6 ([3,44]) Let s be a simply connected Riemann surface with a base
point zy € X and (g, w) a pair consisting of a meromorphic function and a holomorphic
1-form on Z such that

(4.3) ds? = (1+|g*)?|w]?
gives a (positive definite) Riemannian metric on X. Take a holomorphic immersion F =

(Fij):f — SL(2,C) satisfying F(zo) = id and

2
-1yn_[8 —§
(4.4) FdF = (1 iy ) w.

Then f:3 — H? defined by
(4.5) f=FF*
is a CMC-1 surface and the induced metric of f is ds®. Moreover the second fundamental
form h and the Hopf differential Q of f are given by
h=-Q-Q+ds®, Q= wdg.

Conversely, for any CMC-1 surface f:3 — H>, there exist a meromorphic function g
and a holomorphic 1-form w on T such that the induced metric of f is given by (4.3)
and (4.5) holds, where the map F:3 - SL(2,C) is a holomorphic null (“null” means
det (F7'dF) = 0) immersion satisfying (4.4).

Following the terminology of [44], g is called a secondary Gauss map of f. The pair
(g, w) is called Weierstrass data of f. Let f:£ — H> be a CMC-1 surface on a (not

https://doi.org/10.4153/CJM-2015-008-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-008-5

Function-theoretic Properties for the Gauss Maps of Various Classes of Surfaces 1425

necessarily simply connected) Riemann surface £. Then the map F is defined only
on its universal covering surface X. Thus, the pair (w, g) is not single-valued on X.
However, the hyperbolic Gauss map of f defined by

dF, dF; Fu(z) Fi(z)
G= = s h F =
dF21 dF22 where (Z) (F21(Z) F22(Z)

is a single-valued meromorphic function on X. By identifying the ideal boundary S2,
of H? with the Riemann sphere C U {0}, the geometric meaning of G is given as
follows (cf. [3]). The hyperbolic Gauss map G sends each p € X to the point G(p) at
S2, reached by the oriented normal geodesics emanating from the surface. The inverse
matrix F~! is also a holomorphic null immersion and produce a new CMC-1 surface
fi:= FY(F)*: - H?, which is called the dual of f ([45]). Then the Weierstrass
data (g!, '), the Hopf differential Q¥, and the hyperbolic Gauss map G! of f* are
given by

4.6 f-G, H:_iQ, t=—Q, Gl=g.
(4.6) g w o @=-Q G'=g

By Theorem 4.6 and (4.6) , the induced metric ds?! of f! is given by
4t = (1+ |gP) ol = 1+ |GP)?| % |°
£ dG| -

We call the metric ds*! the dual metric of f. There exists the following relationship
between the metric ds? and the dual metric ds**.

Theorem 4.7 ([45,50]) The metric ds* is complete (resp. nondegenerate) if and only
if the dual metric ds*! is complete (resp. nondegenerate).

Applying Theorem 2.1 to the dual metric ds!, we get the following theorem.

Theorem 4.8 Let f:3 — H? be a CMC-1surface. Let g € N, a,...,a, € CU {o0}
be distinct and let vy, ...,vq € N U {oo}. Suppose that inequality (4.2) holds. If the
hyperbolic Gauss map G: X — Cu{co} satisfies the property that all aj-points of G have
multiplicity at least v;, then there exists a positive constant C, depending on ay, ..., ag,
but not the surface, such that for all p € X we have

, 1/2
|de$i(p)| < d(p)’

where Kgq2y(p) is the Gaussian curvature of the metric ds*¥ at p and d(p) is the geo-
desic distance from p to the boundary of X.

Combining Theorems 4.7 and 4.8, we get the following ramification theorem for
the hyperbolic Gauss map of CMC-1 surfaces in H>.

Corollary 4.9 ([17], [50]) Let f:X — H? be a complete CMC-1 surface. Let q € N,
&, ..., 0q € Cu{oo} be distinct and vy, ...,vq € N U {oo}. Suppose that inequality
(4.2) holds. If the hyperbolic Gauss map G:X — CuU {oo} satisfies the property that
all aj-points of G have multiplicity at least v;, then G must be constant; that is, f(X)
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is a horosphere. In particular, the hyperbolic Gauss map of a nonflat complete CMC-1
surface in H® can omit at most 4 (= 2 + 2) values.

Moreover, we obtain the following analogue to the Ahlfors islands theorem.

Theorem 4.10  Let f:¥ — H> be a complete CMC-1 surface. Let g € N, ay, ..., a4 €
Cu {0} bedistinct, let Dj(aj, e) = {z € Cu{oo};|z,aj| < e} (1< j < q) be pairwise
disjoint, and let vy, ...,v4 € N. Suppose that inequality (4.2) holds. Then there exists
€ > 0 such that, if the hyperbolic Gauss map G has no island of multiplicity less than
vj over Dj(aj,¢) forall j € {1,...,q}, then G must be constant; that is, f(X) is a
horosphere.

The important case of Theorem 4.10 is the case where g = 9 (=2-2+5) and v; = 2
foreachj(j=1,...,9).

Corollary 4.11  Let f: 3 — H? be a complete CMC-1surface. Let ay, . .., ag € Cu{oco}
be distinct and let Dj(aj, ¢) == {z € Cu{oo}; |z, a| < &} (1< j<9). Then there exists
€ > 0 such that, if the hyperbolic Gauss map G has no simple island of over any of the
small disks Dj(«j, ) forall j € {1,...,9}, then G must be constant; that is, f(X) is a
horosphere.

Finally, by applying Theorem 2.9, we provide the following unicity theorem for the
hyperbolic Gauss maps of complete CMC-1 surfaces in H>.

Theorem 4.12 Let f:X — H? and f:3 — H? be two nonflat CMC-1 surfaces and
assume that there exists a conformal diffeomorphism ¥:3 — . Let G:% - C U {oo}
and G:3 — C U {oo} be the hyperbolic Gauss maps of f(£) and f(X), respectively.
IfG # G o ¥ and either f(2) or f(2) is complete, then G and G o ¥ share at most
6 (= 2 + 4) distinct values.

4.3 Lorentzian Gauss Map of Maxfaces in R;

Maximal surfaces in the Lorentz—-Minkowski 3-space R? are closely related to minimal
surfaces in R?. We treat maximal surfaces with some admissible singularities, called
maxfaces, as introduced by Umehara and Yamada [46]. We remark that maxfaces,
non-branched generalized maximal surfaces in the sense of [9], and non-branched
generalized maximal maps in the sense of [15] are all the same class of maximal sur-
faces. The Lorentz-Minkowski 3-space R} is the affine 3-space R* with inner product

(-, ) = =(dx")* + (dx*)? + (dx°)?,
where (x!, x%, x) is the canonical coordinate system of R*>. We consider a fibration
pr:iC 3 (8,3, 8) » Re(—V-10,3,8) e R,

The projection of null holomorphic immersions into R} by p; gives maxfaces. Here, a
holomorphic map F = (F}, F,, F3): £ — C? is said to be null if { (F,).}* + {(F,).}* +
{(F5).}* vanishes identically, where ’ = d/dz denotes the derivative with respect
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to a local complex coordinate z of . For a maxface, an analogue of the Enneper-
Weierstrass representation formula is known (see also [23]).

Theorem 4.13 ([46, Theorem 2.6]) Let X be a Riemann surface and (g, w) a pair
consisting of a meromorphic function and a holomorphic 1-form on I such that

(4.7) do? = (1+|g*)?w]?

gives a (positive definite) Riemannian metric on %, and |g| is not identically 1. Assume

that
Re/(—Zg,l+g2,\/—_1(l—g2))w =0
Y
for all loops y in Z. Then

f=Re [Z:(—Zg,lqugz,\/—_l(l—gz))w

is well defined on ¥ and gives a maxface in R, where zo € ¥ is a base point. Moreover,
all maxfaces are obtained in this manner. The induced metric ds* == f*(-, -} is given
by

ds* = (1-|g)*|wl,
and the point p € ¥ is a singular point of f if and only if |g(p)| = L

We call g the Lorentzian Gauss map of f. If f has no singularities, then g coincides
with the composition of the Gauss map (i.e., (Lorentzian) unit normal vector) n: ¥ —
H? into the upper or lower connected component of the two-sheet hyperboloid H2 =
H? UH? in R}, where

H? := {n=(n',n*,n®) eR}; (n,n) = -1,n' > 0},
H? := {n=(n',n*,n®) eR}; (n,n) = -1,n' <0},

and the stereographic projection from the north pole (1, 0, 0) of the hyperboloid onto
the Riemann sphere C U {oo} (see [46, Section 1] for the details). A maxface is said
to be weakly complete if the metric do? as in (4.7) is complete. We note that (1/2)do?
coincides with the pull-back of the standard metric on C* by the null holomorphic
immersion of f (see [46, Section 2]). Applying Theorem 2.1 to the metric do?, we can
get the following curvature estimate.

Theorem 4.14 Let f:X — R} be a maxface. Let q € N, ay,...,a, € CU {oo}
be distinct and let vy,...,vq € N U {oo}. Suppose that inequality (4.2) holds. If the
Lorentzian Gauss map g: % — Cu{ oo} satisfies the property that all aj-points of g have
multiplicity at least v;, then there exists a positive constant C, depending on ay, . .., ag,
but not the surface, such that for all p € X we have

C
K o2 1/2 < V)
|Kao2(p) d(p)

where K 4,2 (p) is the Gaussian curvature of the metric do? at p and d(p) is the geodesic
distance from p to the boundary of X.
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As a corollary of Theorem 4.14, we have the following ramification theorem for the
Lorentzian Gauss map of a weakly complete maxface in R;.

Corollary 4.15 Let f:= — R; be a weakly complete maxface. Let
geN, aj,...,a5 € Cu{oo}

be distinct and vy,...,vq € N U {oco}. Suppose that inequality (4.2) holds. If the
Lorentzian Gauss map g:X — C U {oo} satisfies the property that all aj-points of g
have multiplicity at least v;, then g must be constant; that is, f(X) is a plane. In partic-
ular, the Lorentzian Gauss map of a nonflat weakly complete maxface in R; can omit at
most 4 (= 2 + 2) values.

As an application of Corollary 4.15, we can give a simple proof of the Calabi-
Bernstein theorem ([5,7]) for a maximal space-like surface in Rf from the viewpoint
of function-theoretic properties of the Lorentzian Gauss map. For the details, see
[18, Section 4.2].

As another application of Corollary 4.15, we obtain the following analogue to the
Abhlfors islands theorem.

Theorem 4.16 Let f:% — R be a weakly complete maxface. Let
geN, aj,...,a5 € Cu{oo}

be distinct, let Dj(aj, €) := {z € Cu{oo};|z,aj| < e} (1< j < q) be pairwise disjoint,
and let vi,...,vq € N. Suppose that inequality (4.2) holds. Then there exists ¢ > 0
such that, if the Lorentzian Gauss map g has no island of multiplicity less than v; over
Dj(aj,¢) forall je{1,...,q}, then g must be constant; that is, f(X) is a plane.

The important case of Theorem 4.16 is the case where g = 9(=2-2+5) and v; = 2
foreachj(j=1,...,9).

Corollary 4.17 Let f:3 — R} be a weakly complete maxface. Let ay, ..., a9 € CU
{oo} be distinct and let Dj(aj, €) := {z € Cu{oo};|z, aj| < &} (1< j<9). Then there
exists € > 0 such that, if the Lorentzian Gauss map g has no simple island of over any of
the small disks Dj(«j, €) forall j € {1,...,9}, then g must be constant; that is, f(X) is
a plane.

Finally, by applying Theorem 2.9, we provide the following unicity theorem for the
Lorentzian Gauss maps of weakly complete maxfaces in R}.

Theorem 4.18 Let f:3 — R} and f:3 — R? be two nonflat maxfaces and assume
that there exists a conformal diffeomorphism ¥:3 — 3. Let g:X — CU {oo} and
TZ - Cu{oco} be the Lorentzian Gauss maps of f(X) and F(2), respectively. If
g #go VY and either f(Z) or f(Z) is weakly complete, then g and g o ¥ share at most
6 (= 2 + 4) distinct values.
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4.4 Lagrangian Gauss Map of Improper Affine Fronts in R

Improper affine spheres in the affine 3-space R? also have similar properties to mini-
mal surfaces in Euclidean 3-space. Recently, Martinez [31] discovered the correspon-
dence between improper affine spheres and smooth special Lagrangian immersions
in the complex 2-space C? and introduced the notion of improper affine fronts, that
is, a class of (locally strongly convex) improper affine spheres with some admissible
singularities in R®. We remark that this class is called “improper affine maps” in [31],
but we call this class “improper affine fronts”, because all of the improper affine maps
are wave fronts in R? ([32,47]). The differential geometry of wave fronts is discussed
in [42]. Moreover, Martinez gave the following holomorphic representation for this
class.

Theorem 4.19 ([31, Theorem 3]) Let X be a Riemann surface and let (F, G) be a pair
of holomorphic functions on % such that Re(FdG) is exact and |dF|* + |dG|? is positive
definite. Then the induced map y: % — R® = C x R given by

w;:(c+?,@+Re(GF—2[FdG))

is an improper affine front. Conversely, any improper affine front is given in this way.

Moreover, we set x := G + F and n := F — G. Then Ly, := x +\/-1n: £ — C? is a special
Lagrangian immersion whose induced metric dt* from C* is given by

dr* = 2(|dE* + |dG]*).

In addition, the affine metric h of v is expressed as h = |dG|* — |dF|?, and the singular
points of y correspond to the points where |dF| = |dG]|.

We remark that Nakajo [32] constructed a representation formula for indefinite
improper affine spheres with some admissible singularities.

The nontrivial part of the Gauss map of Ly: X — C? ~ R* (see [6]) is the meromor-
phic function v: £ — Cu {oo} given by v := dF/dG, which is called the Lagrangian
Gauss map of y. An improper affine front is said to be weakly complete if the induced
metric d7* is complete. We remark that

d7? = 2(|dFP + [dG?) = 2(1+ |v*)|dG].

Applying Theorem 2.1 to the metric d72, we can get the following theorem. This is
a generalization of 18, Theorem 4.6].

Theorem 4.20 Let y:X — R’ be an improper affine front. Let g € N, a1, ..., o €
Cu {oo} bedistinct and let vy, ..., vy € NU {oo}. Suppose that

9 1
4.8 = 1-— ) >3(=1+2).
(48) y=2(1-7-)>3(=1+2)

Jj=1 J

If the Lagrangian Gauss map v:X — Cu {co} satisfies the property that all aj-points
of v have multiplicity at least v, then there exists a positive constant C, depending on
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&1, ..., &g, but not the surface, such that for all p € X we have

C
Ky 1/2 < ,
Kar (D)1 < 575

where Kg.2(p) is the Gaussian curvature of the metric dt* at p and d(p) is the geodesic
distance from p to the boundary of X.

As a corollary of Theorem 4.20, we have the following ramification theorem for the
Lagrangian Gauss map of a weakly complete improper affine front in R®.

Corollary 4.21 ([21, Theorem 3.2]) Let y:= — R® be a weakly complete improper
affine front. Let q €N, a1, ..., a9 € CU {oo} be distinct and let vy, ..., vy € NU {00},
Suppose that inequality (4.8) holds. If the Lagrangian Gauss map v:X — C U {oo}
satisfies the property that all o j-points of v have multiplicity at least v;, then v must be
constant; that is, y(X) is an elliptic paraboloid. In particular, if the Lagrangian Gauss
map of a weakly complete improper affine front in R® is nonconstant, then it can omit
at most 3 (= 1+ 2) values.

Since the singular points of y correspond to the points where |v| = 1, we can get
a simple proof of the parametric affine Bernstein theorem ([4, 16]) for an improper
affine sphere from the viewpoint of function-theoretic properties of the Lagrangian
Gauss map. For the details, see [18, Corollary 3.6].

As an application of Corollary 4.21, we obtain the following analogue to the Ahlfors
islands theorem.

Theorem 4.22  Let y: T — R® be a weakly complete improper affine front. Let q € N,
Ay, ..., 0q € Cu{oo} bedistinct, let Dj(aj, €) := {z € Cu{oo};|z,aj| < e} (1< j<q)
be pairwise disjoint, and let v\, ..., v4 € N. Suppose that inequality (4.8) holds. Then
there exists € > 0 such that, if the Lagrangian Gauss map v has no island of multiplicity
less than vj over Dj(aj, €) forall je {1,...,q}, then v must be constant; that is, y(X)
is an elliptic paraboloid.

The important case of Theorem 4.22 is the case where g =7 (=2-1+5) and v; = 2
foreachj(j=1,...,9).

Corollary 4.23 Let y:X — R® be a weakly complete improper affine front. Let
ap,...,a7 € Cu {oo} be distinct and let Dj(aj,¢) = {z € Cu {oo}; |z, a)| < €}
(1< j £ 7). Then there exists ¢ > 0 such that, if the Lagrangian Gauss map v has no
simple island of over any of the small disks Dj(aj, €) forall j € {1,...,7}, then v must
be constant; that is, w(X) is an elliptic paraboloid.

Finally, by applying Theorem 2.9, we provide the following unicity theorem for the
Lagrangian Gauss maps of weakly complete improper affine fronts in R>.

Theorem 4.24 Let y:% — R® and 7:T — R® be two improper affine fronts and
assume that there exists a conformal diffeomorphism ¥: % — X. Let v: X — Cu{oo} and
V¥ - Cu{oo} be the Lagrangian Gauss maps of y(X) and ¥/(X), respectively. Suppose
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that there exist q distinct points i, . ..., ag € Cu{oo} such thatv='(a;) = (vo¥) ! (a;)
(1<j<q). Ifg>6(=(1+4)+1) and either y(X) or Y(X) is weakly complete, then
either v = Vo ¥ or v and v are both constant; that is, () and () are both elliptic
paraboloids.

4.5 Ratio of Canonical Forms of Flat Fronts in H>

For a holomorphic Legendrian immersion £: % — SL(2,C) on a simply connected
Riemann surface X, the projection

f=LL%E > H

gives a flat front in H>. Here, flat fronts in H? are flat surfaces in H*> with some ad-
missible singularities (see [26,29] for the definition of flat fronts in H?). We call £
the holomorphic lift of f. Since £ is a holomorphic Legendrian map, £™'d £ is off-
diagonal (see [14,28,29]). If we set that

o [0 6
L da_(w 0),

then the pull-back of the canonical Hermitian metric of SL(2, C) by £ is represented
as

dsy, = |w|* + 6]

for holomorphic 1-forms w and 6 on Z. A flat front f is said to be weakly complete if
the metric dsi is complete ([27,47]). We define a meromorphic function on X by the
ratio of canonical forms p := 6/w. Then a point p € X is a singular point of f if and
only if |p(p)| = 1 ([25]). We remark that

dsg = |of* +10 = (1+ |p")|w].

Applying Theorem 2.1 to the metric ds?, we can get the following curvature esti-
mate. This is a generalization of [18, Theorem 4.8].

Theorem 4.25 Let f:3 — H? be a flat front on a simply connected Riemann surface
. LetqeN, ay,..., a4 € Cu{oo} bedistinct and let vy, ..., vy € NU {oo}. Suppose
that inequality (4.8) holds. If the ratio of canonical forms p: X — C U {0} satisfies the
property that all aj-points of p have multiplicity at least v;, then there exists a positive
constant C, depending on ay, . . ., &g, but not the surface, such that for all p € ¥ we have

Ky, (D)2 < —<,
e d(p)

where K g2 (p) is the Gaussian curvature of the metric ds% at p and d(p) is the geodesic

distance from p to the boundary of X.

If ¥ is not simply connected, then we consider that p is a meromorphic function on
its universal covering surface X. As a corollary of Theorem 4.25, we have the following
ramification theorem for the ratio of canonical forms of a weakly complete improper
affine front in H°.

https://doi.org/10.4153/CJM-2015-008-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-008-5

1432 Y. Kawakami

Corollary 4.26 ([19, Theorem 3.2]) Let f:3 — H? be a weakly complete flat front.
Letq € N, ay,..., a9 € CU {oo} be distinct and let vy,...,vq4 € NU {oo}. Suppose
that inequality (4.8) holds. If the ratio of canonical forms p satisfies the property that
all aj-points of p have multiplicity at least v;, then p must be constant; that is, f(X)
is a horosphere or a hyperbolic cylinder. In particular, if the ratio of canonical forms of
a weakly complete flat front in H® is nonconstant, then it can omit at most 3 (= 1+ 2)
values.

As an application of Corollary 4.26, we can obtain a simple proof of the classi-
fication ([43, 48]) of complete nonsingular flat surfaces in H>. For the details, see
(19, Corollary 4.5].

As another application of Corollary 4.26, we get the following analogue to the
Abhlfors islands theorem.

Theorem 4.27 ([19, Corollary 4.2]) Let f:= — H? be a weakly complete flat front.
LetqeN, ay,..., 00 € Cu{oo} bedistinct, let Dj(aj, ¢) := {z € CU{oo};|z, &j| < e}
(1 < j < q) be pairwise disjoint, and let vy, ...,v4 € N. Suppose that inequality (4.8)
holds. Then there exists € > 0 such that, if the ratio of canonical forms p has no island of
multiplicity less than vj over Dj(aj,¢) for all j € {1,...,q}, then p must be constant;
that is, f(Z) is a horosphere or a hyperbolic cylinder.

The important case of Theorem 4.27 is the case where g =7 (= 2-1+5) and v; = 2
foreachj(j=1,...,9).

Corollary 4.28 ([19, Corollary 4.3]) Let f:3 — H? be a weakly complete flat front.
Let ay,..., a7 € CU {oo} be distinct and let Dj(aj, ¢) := {z € Cu{oo}; |z, )] < e}
(1< j 7). Then there exists € > 0 such that, if the ratio of canonical forms p has no
simple island of over any of the small disks Dj(«j, €) forall j € {1,...,7}, then v must
be constant, that is, f(2) is a horosphere or a hyperbolic cylinder.

Finally, by applying Theorem 2.9, we provide the following unicity theorem for the
ratios of canonical forms of weakly complete flat fronts in H.

Theorem 4.29 Let f:3 — H* and f:E — R® be two flat fronts on simply connected
Riemann surfaces and assume that there exists a conformal diffeomorphism ¥: 3 — 3.
Let p:X - CU {oo} and 53 — C U {0} be the ratio of canonical forms f(Z) and
f(f), respectively. Suppose that there exist q distinct points ay, ..., g € Cu {oo} such
that p™(a;) = (po¥) ™ (a;) 1< j<q). Ifq > 6(= (1+4) +1) and either f(Z) or
f(f) is weakly complete, then either p = p o ¥ or p and p are both constant.

Acknowledgments The author would like to thank Professors Junjiro Noguchi,
Wayne Rossman, Masaaki Umehara, and Kotaro Yamada for their useful advice. The
author also would like to express his thanks to Professors Ryoichi Kobayashi, Masa-
toshi Kokubu, Miyuki Koiso, and Reiko Miyaoka for their constant encouragement.

https://doi.org/10.4153/CJM-2015-008-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-008-5

Function-theoretic Properties for the Gauss Maps of Various Classes of Surfaces 1433

References

[1] L. V. Ahlfors, Zur Theorie der Uberlagerungsflichen. Acta Math 65(1935), no. 1, 157-194.
http://dx.doi.org/10.1007/BF02420945
[2] W. Bergweiler, The role of the Ahlfors five islands theorem in complex dynamics. Conform. Geom.
Dyn. 4(2000), 22-34.  http://dx.doi.org/10.1090/51088-4173-00-00057-6
[3] R.L.Bryant, Surfaces of mean curvature one in hyperbolic space. Théorie des variétés minimales et
applications. (Palaiseau, 1983-1984). Astérisque 154-155(1987), 12, 321-347, 353.
E. Calabi, Improper affine hypersurfaces of convex type and a generalization of a theorem by
K. Jorgens. Michigan Math. J. 5(1958), 105-126.  http://dx.doi.org/10.1307/mmj/1028998055
, Examples of Bernstein problems for some nonlinear equations. In: Global Analysis (Proc.
Sympos. Pure Math., 15, Berkeley, Calif., 1968), American Mathematical Society, Providence, RI,
1970, pp. 223-230.
[6] B.Y.Chen and J. M. Morvan, Géométrie des surfaces lagrangiennes de C2. J. Math. Pures Appl.
66(1987), no. 3, 321-335.
[7] S.Y. Cheng and S. T. Yau, Maximal space-like hypersurfaces in the Lorentz-Minkowski spaces.
Ann. of Math. 104(1976), no. 3, 407-419.  http://dx.doi.org/10.2307/1970963
[8] S.S. Chern, Complex analytic mappings of Riemann surfaces. I. Amer. ]. Math. 82(1960), 323-337.
http://dx.doi.org/10.2307/2372738
[9] EJ. M. Estudillo and A. Romero, Generalized maximal surfaces in Lorentz-Minkowski space L>.
Math. Proc. Cambridge Philos. Soc. 111(1992), no. 3, 515-524.
http://dx.doi.org/10.1017/50305004100075587
[10] H. Fujimoto, On the number of exceptional values of the Gauss map of minimal surfaces. J. Math.
Soc. Japan 40(1988), no. 2, 235-247.  http://dx.doi.org/10.2969/jmsj/04020235
[11] —, On the Gauss curvature of minimal surfaces. J. Math. Soc. Japan 44(1992), no. 3, 427-439.
http://dx.doi.org/10.2969/jmsj/04430427

[4

—_—

(5]

[12] , Value distribution theory of the Gauss map of minimal surfaces in R™. Aspects of
Mathematics, E21, Friedr. Vieweg & Sohn, Braunschweig, 1993.
[13] , Unicity theorems for the Gauss maps of complete minimal surfaces. ]. Math. Soc. Japan

45(1993), no. 3, 481-487.  http:/dx.doi.org/10.2969/jmsj/04530481

[14] J. A. Gélvez, A. Martinez, and F. Milan, Flat surfaces in hyperbolic 3-space. Math. Ann. 316(2000),
no. 3, 419-435.  http://dx.doi.org/10.1007/s002080050337

[15] T. Imaizumi and S. Kato, Flux of simple ends of maximal surfaces in R*!, Hokkaido Math. J.
37(2008), no. 3, 561-610.  http://dx.doi.org/10.14492/hokmj/1253539536

[16] K.]Jorgens, Uber die Losungen der differentialgleichung rt — s* = 1. Math. Ann. 127(1954), 130-134.
http://dx.doi.org/10.1007/BFO1361114

[17] Y. Kawakami, Ramification estimates for the hyperbolic Gauss map. Osaka J. Math. 46(2009),
1059-1076.

[18] —, On the maximal number of exceptional values of Gauss maps for various classes of
surfaces. Math. Z. 274(2013), no. 3-4, 1249-1260.  http://dx.doi.org/10.1007/s00209-012-1115-8

, A ramification theorem for the ratio of canonical forms of flat surfaces in hyperbolic
three-space. Geom. Dedicata 171(2014), 387-396.  http://dx.doi.org/10.1007/510711-013-9904-8

[20] Y. Kawakami, R. Kobayashi and R. Miyaoka, The Gauss map of pseudo-algebraic minimal
surfaces. Forum Math. 20(2008), no. 6, 1055-1069.  http://dx.doi.org/10.1515/FORUM.2008.047

[21] Y. Kawakami and D. Nakajo, Value distribution of the Gauss map of improper affine spheres. J.
Math. Soc. Japan 64(2012), 799-821.  http://dx.doi.org/10.2969/jmsj/06430799

[22] T.Klotz and L. Sario, Gaussian mappings of arbitrary minimal surfaces. J. Analyse Math.
17(1966), 209-217.  http://dx.doi.org/10.1007/BF02788657

[23] O. Kobayashi, Maximal surfaces in the 3-dimensional Minkowski space L. Tokyo J. Math.
6(1983), no. 2, 297-309.  http:/dx.doi.org/10.3836/tjm/1270213872

[24] R. Kobayashi, Toward Nevanlinna theory as a geometric model for Diophantine approximation.
Sugaku Expositions 16(2003), no. 1, 39-79.

[25] M. Kokubu, W. Rossman, K. Saji, M. Umehara, and K. Yamada, Singularities of flat fronts in
hyperbolic space. Pacific J. Math. 221(2005), no. 2, 303-351.
http://dx.doi.org/10.2140/pjm.2005.221.303

[26] M. Kokubu, W. Rossman, M. Umehara, and K. Yamada, Flat fronts in hyperbolic 3-space and their
caustics. J. Math. Soc. Japan 59(2007), no. 1, 265-299.  http://dx.doi.org/10.2969/jmsj/1180135510

, Asymptotic behavior of flat surfaces in hyperbolic 3-space. ]. Math. Soc. Japan 61(2009),

no. 3,799-852.  http:/dx.doi.org/10.2969/jmsj/06130799

(19]

(27]

https://doi.org/10.4153/CJM-2015-008-5 Published online by Cambridge University Press


http://dx.doi.org/10.1007/BF02420945
http://dx.doi.org/10.1090/S1088-4173-00-00057-6
http://dx.doi.org/10.1307/mmj/1028998055
http://dx.doi.org/10.2307/1970963
http://dx.doi.org/10.2307/2372738
http://dx.doi.org/10.1017/S0305004100075587
http://dx.doi.org/10.2969/jmsj/04020235
http://dx.doi.org/10.2969/jmsj/04430427
http://dx.doi.org/10.2969/jmsj/04530481
http://dx.doi.org/10.1007/s002080050337
http://dx.doi.org/10.14492/hokmj/1253539536
http://dx.doi.org/10.1007/BF01361114
http://dx.doi.org/10.1007/s00209-012-1115-8
http://dx.doi.org/10.1007/s10711-013-9904-8
http://dx.doi.org/10.1515/FORUM.2008.047
http://dx.doi.org/10.2969/jmsj/06430799
http://dx.doi.org/10.1007/BF02788657
http://dx.doi.org/10.3836/tjm/1270213872
http://dx.doi.org/10.2140/pjm.2005.221.303
http://dx.doi.org/10.2969/jmsj/1180135510
http://dx.doi.org/10.2969/jmsj/06130799
https://doi.org/10.4153/CJM-2015-008-5

1434 Y. Kawakami

[28] M. Kokubu, M. Umehara, and K. Yamada, An elementary proof of Small’s formula for null curves
in PSL(2,C) and an analogue for Legendrian curves in PSL(2, C). Osaka J. Math. 40(2003),
697-715.

, Flat fronts in hyperbolic 3-space. Pacific ]. Math. 216(2004), no. 1, 149-175.
http://dx.doi.org/10.2140/pjm.2004.216.149

[30] H.B. Lawson Jr., Lectures on minimal submanifolds. Vol. 1. Second ed., Mathematics Lecture
Series, 9, Publish or Perish, Inc., Wilington, Del., 1980.

[31] A. Martinez, Improper affine maps. Math. Z. 249(2005), no. 4, 755-766.
http://dx.doi.org/10.1007/500209-004-0728-y

[32] D. Nakajo, A representation formula for indefinite improper affine spheres. Results Math.
55(2009), no. 1-2,139-159.  http://dx.doi.org/10.1007/s00025-009-0399-4

[33] R. Nevanlinna, Einige Eindeutigkeitssitze in der Theorie der Meromorphen Funktionen. Acta
Math. 48(1926), no. 3-4, 367-391.  http://dx.doi.org/10.1007/BF02565342

, Analytic functions. Die Grundlehren der mathematischen Wissenschaften, 162,
Springer-Verlag, New York-Berlin, 1970.

[35] J. Noguchi and T. Ochiai, Geometric function theory in several complex variables. Translations of
Mathematical Monographs, 80, American Mathematical Society, Providence, RI, 1990.

[36] J. Noguchi and J. Winkelmann, Nevanlinna theory in several complex variables and Diophantine
approximation. Grundlehren der Mathematischen Wissenschaften, 350, Springer, Tokyo, 2014.

[37] R. Osserman, Proof of a conjecture of Nirenberg. Comm. Pure Appl. Math. 12(1959), 229-232.
http://dx.doi.org/10.1002/cpa.3160120203

[38] —, Global properties of minimal surfaces in E3 and E". Ann. of Math. 80(1964), 340-364.
http://dx.doi.org/10.2307/1970396

[39] —, A survey of minimal surfaces. Second ed., Dover Publications Inc., New York, 1986.

[40] M. Ru, Gauss map of minimal surface with ramification. Trans. Amer. Math. Soc. 339(1993), no. 2,
751-764.

, Nevanlinna theory and its relation to Diophantine approximation. World Scientific
Publishing Co, Inc., River Edge, NJ, 2001.

[42] K. Saji, M. Umehara and K. Yamada, The geometry of fronts. Ann. of Math. 169(2009), no. 2,
491-529.  http://dx.doi.org/10.4007/annals.2009.169.491

[43] S. Sasaki, On complete flat surfaces in hyperbolic 3-space. Kodai Math Sem. Rep. 25(1973),
449-457. http:/dx.doi.org/10.2996/kmj/1138846871

[44] M. Umehara and K. Yamada, Complete surfaces of constant mean curvature one in the hyperbolic
3-space. Ann. of Math. 137(1993), no. 3, 611-638.  http://dx.doi.org/10.2307/2946533

[45] —, A duality on CMC-1 surfaces in hyperbolic space, and a hyperbolic analogue of the
Osserman inequality. Tsukuba J. Math. 21(1997), no. 1, 229-237.

[29]

(34]

[41]

[46] , Maximal surfaces with singularities in Minkowski space. Hokkaido Math. J. 35(2006),
no. 1, 13-40.  http://dx.doi.org/10.14492/hokmj/1285766302
[47] , Applications of a completeness lemma in minimal surface theory to various classes of

surfaces. Bull. London Math. Soc. 43(2011), no. 1, 191-199; Corrigendum, Bull. London Math. Soc.
44(2012), no. 3, 617-618.  http://dx.doi.org/10.1112/blms/bdq094

[48] Ju. A. Volkov and S. M. Vladimirova, Isometric immersions of the Euclidean plane in Lobacevskii
space. (Russian). Mat. Zametki 10(1971), 327-332.

[49] F.Xavier, The Gauss map of a complete nonflat minimal surface cannot omit 7 points of the sphere.
Ann. of Math. 113(1981), no. 1, 211-214; Erratum, Ann. of Math. 115(1982), no. 3, 667.
http://dx.doi.org/10.2307/1971139

[50] Z.-H. Yu, The value distribution of the hyperbolic Gauss map. Proc. Amer. Math. Soc. 125(1997),
no. 10, 2997-3001.  http://dx.doi.org/10.1090/S0002-9939-97-03937-3

Graduate School of Natural Science and Technology, Kanazawa university, Kanazawa, 920-1192, Japan
e-mail: y-kwkami@se.kanazawa-u.ac.jp

https://doi.org/10.4153/CJM-2015-008-5 Published online by Cambridge University Press


http://dx.doi.org/10.2140/pjm.2004.216.149
http://dx.doi.org/10.1007/s00209-004-0728-y
http://dx.doi.org/10.1007/s00025-009-0399-4
http://dx.doi.org/10.1007/BF02565342
http://dx.doi.org/10.1002/cpa.3160120203
http://dx.doi.org/10.2307/1970396
http://dx.doi.org/10.4007/annals.2009.169.491
http://dx.doi.org/10.2996/kmj/1138846871
http://dx.doi.org/10.2307/2946533
http://dx.doi.org/10.14492/hokmj/1285766302
http://dx.doi.org/10.1112/blms/bdq094
http://dx.doi.org/10.2307/1971139
http://dx.doi.org/10.1090/S0002-9939-97-03937-3
mailto:y-kwkami@se.kanazawa-u.ac.jp
https://doi.org/10.4153/CJM-2015-008-5

