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1. Introduction

Let ∆(R) = {z ∈ C : |z| < R} be a complex disc and r0 be a fixed positive number so
that 0 < r0 < R. Let ν be a divisor on ∆(R), which is regarded as a function on ∆(R)
with values in Z such that Supp ν := {z; ν(z) 6= 0} is a discrete subset of ∆(R). Let k be
a positive integer or +∞. The truncated counting function of ν is defined by:

n[k](t) =
∑
|z|≤t

min{k, ν(z)} (0 ≤ t ≤ R),

and N [k](r, ν) =

∫ r

r0

n[k](t)− n[k](0)

t
dt.

We will omit the character [k] if k = +∞.
Let ϕ : ∆(R) → C ∪ {∞} be a non-constant meromorphic function. We denote by

ν0ϕ (resp. ν∞ϕ ) the divisor of zeros (resp. divisor of poles) of ϕ and set νϕ = ν0ϕ − ν∞ϕ .

As usual, we will write N
[k]
ϕ (r) and N

[k]
1/ϕ(r) for N

[k](r, ν0ϕ) and N [k](r, ν∞ϕ ) respectively.
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2 S. Duc Quang

Let f : ∆(R) → PN (C) be a holomorphic map and Ω be the Fubini-Study form on
PN (C). The characteristic function of f is defined by

Tf (r) :=

∫ r

0

dt

t

∫
|z|<t

f∗Ω.

In [8], Ru and Sibony defined the growth index of f by

cf = inf

{
c > 0

∣∣∣∣∫ R

0

exp(cTf (r))dr = +∞

}
.

For the convenient, we will set cf = +∞ if

{
c > 0

∣∣∫ R

0

exp(cTf (r))dr = +∞

}
= ∅.

A meromorphic function a on ∆(R) (which is regarded as a holomorphic map into
P1(C)) is said to be small with respect to f if ‖Ta(r) = o(Tf (r)) as r → R. Here (and
throughout this paper), the notation ‘‖P ’ means the assertion P holds for all r ∈ (0, R)
outside a subset S of (0, R) with

∫
S
exp((cf + ε)Tf (r))dr < +∞ for some ε> 0.

Denote by H the ring of all holomorphic functions on ∆(R). Let Q be a homogeneous
polynomial in H[x0, . . . , xn] of degree d ≥ 1 given by

Q(z) =
∑
I∈Td

aI(z)ω
I ,

where Td = {(i0, . . . , iN ) ∈ NN+1
0 ; i0 + · · · + iN = d}, ωI = ω

i0
0 · · ·ωiN

n for I =
(i0, . . . , iN ) and all aI ∈ H has no common zero. The homogeneous polynomial Q is called
a moving hypersurface of PN (C). Throughout this paper, by changing the homogeneous
coordinates of PN (C) if necessary, we may assume that aI0 6≡ 0 each such given moving

hypersurface Q, where I0 = (d, 0, . . . , 0). We put Q̃ =
∑

I∈Td
aI
aI0

ωI .

The moving hypersurface Q is said to be slow with respect to f if all
aI
aI0

(I ∈ Td) are
small with respect to f. Let f = (f0, . . . , fN ) be a reduced representation of f. We define

Q(f)(z) =
∑

I=(i0,...,iN )∈Td

aI(z)f
i0
0 (z) · · · f iN

N (z).

Then the truncated divisor ν
[k]
Q(f) does not depend on the choice of the reduced represen-

tation f and hence is written by νQ(f). Its truncated counting function is denoted simply

by N
[k]
Q(f)(r). The proximity function of f with respect to Q is define by
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Defect relation for holomorphic maps 3

mf (r,Q) =

∫ 2π

0

log
‖f‖q · ‖Q‖
|Q(f)|

(reiθ)
dθ

2π
.

If Q is slow with respect to f, then the first main theorem states that

‖ dTf (r) = mf (r,Q) +NQ(f)(r) + o(Tf (r)).

The truncated defect of f with respect to Q is defined by

δ
[k]
f,Q = 1− limsup

r−→R

N
[k]
Q(f)(r)

dTf (r)
.

We omit the character [k] if k = +∞. If all coefficients of Q are constant then we call Q
a (fixed) hypersurface of PN (C) and set Q∗ = {(ω0 : · · · : ωN ) |

∑
I∈Td

aIω
I = 0}.

Let V be a smooth projective subvariety of PN (C) of dimension n. Let Q =
{Q1, . . . , Qq} be a family of moving hypersurfaces in PN (C), where Qi =

∑
I∈Tdi

aiIx
I .

Denote by KQ the smallest field which contains C and all functions
aiI
aiI0

(I ∈ Tdi).
As usual, the family {Q1, . . . , Qq} is said to be in weakly `-subgeneral position if⋂`+1

s=1 Qjs(z)
∗ ∩ V = ∅ for every 1 ≤ j1 < · · · < j`+1 ≤ q and for generic points z ∈ ∆(R)

(i.e. for all z ∈ ∆(R) outside a discrete subset). Here, we note that dim ∅ = −∞. In [6],
we define the distributive constant of the family Q with respect to V by

∆V := max
∅6=Γ⊂{1,...,q}

]Γ

n− dim
(⋂

j∈Γ Qj(z)∗
) ,

for generic points z ∈ ∆(R). From [6, Remark 3.7], we know that if Q is in weakly
`-subgeneral position with respect to V then ∆V ≤ `− n+ 1.
For the case of holomorphic curves from C into V and families of fixed hypersurfaces

in general position (i.e. in n-subgeneral position), Ru [7] proved the following.

Theorem A. (see [7]) Let f be an algebraically non-degenerate holomorphic map of
C into a smooth subvariety V ⊂ PN (C) of dimension n. Let {Qi}qi=1 be a family of q
hypersurfaces in general position with respective to V. Then for any ε> 0, we have

‖ (q − n− 1− ε)Tf (r) ≤
q∑

i=1

1

degQi
NQi(f)

(r).

From the above theorem, the number n +1 is an above bound of the sum of defects (with-
out truncated multiplicity) for hypersufaces in this case. Later on, many mathematicians
generalized Theorem A to the case of slowly moving hypersurfaces in general position
with respect to V. Recently, in [4] Quang considered the case of holomorphic maps from
∆(R) into PN (C) and proved the following result.

Theorem B. (reformulation of [4, Theorem 1.3]) Let V ⊂ PN (C) be a smooth complex
projective variety of dimension n ≥ 1. Let {Q1, . . . , Qq} be a family of hypersurfaces in
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PN (C) with the distributive constant ∆ with respect to V, degQi = di (1 ≤ i ≤ q), and
let d be the least common multiple of d1, . . . , dq. Let f : ∆(R) → V be an algebraically
non-degenerate holomorphic curve with cf < +∞. Then, for every ε> 0,

∥∥ (q −∆(n+ 1)− ε)Tf (r)

≤
q∑

i=1

1

di
N

[L]
Qi(f)

(r) +
LcfTf (r)

2dn+1(2n+ 1)(n+ 1)(q!) deg V
.

where L =
[
dn

2+n deg(V )n+1en∆n(2n+ 4)n(n+ 1)n(q!)nε−n
]
.

Here, by [x] we denote the largest integer not exceeding the real number x. However, the
coefficient of Tf (r) in the right hand side of the above inequality has a factor cf (q!ε

−1)n−1.
Then if cf or q is large enough, this coefficient always exceeds q and the theorem is
meaningless. Hence, it may not imply the defect relation. Our purpose in this paper is
to improve Theorem B by reducing the truncation level L and that coefficients so that
they do not depend on q. In order to do so, we will apply the new below bound of Chow
weight in [5] (see Lemma 2.2) and also give some new technique to control the error
term occuring when the theorem on the estimate of Hilbert weights (Theorem 2.1) is
applied. We also consider the case of moving hypersurfaces. Our main result is stated as
follows.

Theorem 1.1. Let f be a non-constant holomorphic map of ∆(R) into an n-
dimensional smooth projective subvariety V ⊂ PN (C) with finite growth index cf. Let
{Qi}qi=1 be a family of slow (with respect to f) moving hypersurfaces with the distribu-
tive constant ∆V with respect to V. Assume that f is algebraically non-degenerate over
KQ.

a) For any ε′ > 0 and (n+ 1)∆V > ε > 0, we have

∥∥ (q −∆V (n+ 1)− ε)Tf (r)

≤
q∑

j=1

1

d
N

[L−1]
Qj(f)

(r) +
(∆V (n+ 1) + ε)(cf + ε′)(L− 1)

2du
Tf (r),

where

L = dn deg V (u+ 1)n

(1 + ε

2(n+ 1)∆V

) dn deg V (u+1)n+q

log2(1+ ε
2(n+1)∆V

)

+1


with u = d2∆V (2n+ 1)(n+ 1)dn deg V (∆V (n+ 1) + ε)ε−1e.
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b) Assume further that all Qi (1 ≤ i ≤ q) are assumed to be fixed hypersurfaces. For
any ε′ > 0 and ε> 0 we have∥∥ (q −∆V (n+ 1)− ε)Tf (r)

≤
q∑

j=1

1

d
N

[L′−1]
Qj(f)

(r) +
(∆V (n+ 1) + ε)(cf + ε′)(L′ − 1)

2du′ Tf (r),

where L′ =
[
dn

2+n(deg V )n+1en(2n+5)n(∆2
V (n+1)ε−1+∆V )

n
]
with u′ = d∆V (2n+

1)(n+ 1)dn deg V (∆V (n+ 1) + ε)ε−1e.

Here, dxe stands for the smallest integer bigger than or equal to the real number x. By
this theorem, we get the following truncated defect relation for fixed hypersurfaces.

Corollary 1.2. With the assumption and notation as in Theorem 1.1 and suppose
that all Qi are fixed hypersurfaces. Then for any ε> 0, we have

q∑
i=1

δ
[L−1]
f,Qi

≤ ∆V (n+ 1) + ε+
(∆V (n+ 1) + ε)cf (L− 1)

2du
,

where L = [dn
2+n(deg V )n+1en(2n + 5)n(∆2

V (n + 1)ε−1 + ∆V )
n] with u = d2∆V (2n +

1)(n+ 1)dn deg V (∆V (n+ 1) + ε)ε−1e.

2. Some auxiliary results

LetX ⊂ Pn(C) be a projective variety of dimension k and degree δ. For a = (a0, . . . , an) ∈
Zn+1
≥0 we write xa for the monomial x

a0
0 · · ·xan

n . Let IX be the prime ideal in C[x0, . . . , xn]
defining X. Let C[x0, . . . , xn]u be the vector space of homogeneous polynomials in
C[x0, . . . , xn] of degree u (including 0). For u = 1, 2, . . . , put (IX)u := C[x0, . . . , xn]u∩IX
and define the Hilbert function HX of X by

HX(u) := dimC[x0, . . . , xn]u/(IX)u.

Let c = (c0, . . . , cn) be a tuple in Rn+1
≥0 and let eX(c) be the Chow weight of X with

respect to c. The u-th Hilbert weight SX(u, c) of X with respect to c is defined by

SX(u, c) := max

HX (u)∑
i=1

ai · c,

where the maximum is taken over all sets of monomials xa1 , . . . ,x
aHX (u) whose residue

classes modulo IX form a basis of C[x0, . . . , xn]u/(IX)u.
The following theorem is due to Evertse and Ferretti [2].
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Theorem 2.1. (see [2, Theorem 4.1]) Let X ⊂ Pn(C) be an algebraic variety of
dimension k and degree δ. Let u > δ be an integer and let c = (c0, . . . , cn) ∈ Rn+1

>0 .
Then

1

uHX(u)
SX(u, c) ≥ 1

(k + 1)δ
eX(c)− (2k + 1)δ

u
·
(

max
i=0,...,n

ci

)
.

The following lemma is due to the Quang [5].

Lemma 2.2. (see [5, Lemma 3.2]) Let Y be a projective subvariety of PR(C) of dimen-
sion k ≥ 1 and degree δY. Let ` (` ≥ k + 1) be an integer and let c = (c0, . . . , cR) be
a tuple of non-negative reals. Let H = {H0, . . . , HR} be a set of hyperplanes in PR(C)
defined by Hi = {yi = 0} (0 ≤ i ≤ R). Let {i1, . . . , i`} be a subset of {0, . . . , R} such
that:

(1) ci` = min{ci1 , . . . , ci`},
(2) Y ∩

⋂`−1
j=1 Hij

6= ∅,
(3) and Y 6⊂ Hij

for all j = 1, . . . , `.

Let ∆H,Y be the distributive constant of the family H = {Hij
}`j=1 with respect to Y. Then

eY (c) ≥
δY

∆H,Y
(ci1 + · · ·+ ci`).

The following theorem is due to Ru and Sibony [8].

Theorem 2.3. (reformulation of [8, Theorem 4.8]) Let f be a linearly non-degenerate
holomorphic map from ∆(R) (0 < R ≤ +∞) into Pn(C). Let H1, . . . , Hq be q arbitrary
hyperplanes in Pn(C). Then, for every ε> 0, we have

∥∥∥∥ ∫ 2π

0

max
K

log
∑
j∈K

‖f‖
|Hj(f)|

dθ

2π
+NW (r)

≤ (n+ 1)Tf (r) +
n(n+ 1)

2
(cf + ε)Tf (r),

where W = det(f
(k)
i ; 0 ≤ i, k ≤ n) for a reduced representation f = (f0, . . . , fn) of f.

Note that, in the original theorem [8, Theorem 4.8], the last term of the right hand
side of the above inequality is more complex and the inequality holds for all r outside an
exceptional set S ⊂ (0, R) such that

∫
S
exp((cf+ε)Tf (r))dr < +∞. In this reformulation,

we just simplify that term but the exceptional set is a subset S′ ⊂ (0, R) such that∫
S′ exp((cf + ε′)Tf (r))dr < +∞ for some ε′ > 0.
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Let Q = {Q1, . . . , Qq} be a family moving hypersurfaces in PN (C) given by

Qi(z)(x) =
∑

I∈Tdi

aiI(z)x
I ,

where x = (x0, . . . , xN ), xI = x
i0
0 · · ·xiN

N for I = (i0, . . . , iN ). Denote by CQ the set of all
non-negative functions h : Cm \A −→ [0,+∞], which are of the form:

h =
|g1|+ · · ·+ |gl|

|gl+1|+ · · ·+ |gl+k|
,

where k, l ∈ N, g1, ...., gl+k ∈ KQ \ {0} and A is a discrete subset of ∆(R), which may
depend on g1, ...., gl+k. Then, for h ∈ CQ we have∫ 2π

0

log+(h)
dθ

2π
= O(maxTaiI/aiJ

(r)).

Also, for every moving hypersurface Q in KQ[x0, . . . , xN ] of degree d, we have

Q(z)(x) ≤ c(z)‖x‖d,

for some c ∈ CQ.

Lemma 2.4. (see [6, Lemma 3.2]) Let V be a projective variety of PN (C). With the
above notation, let 1 ≤ j1 ≤ · · · ≤ jk ≤ q. Suppose that there exists z0 ∈ ∆(R) such that

V ∩
⋂k

s=1 Qjs(z0)
∗ = ∅. Then we have V ∩

⋂k
s=1 Qjs(z)

∗ = ∅ for every z ∈ ∆(R) outside
a discrete subset, and there exists a function c ∈ CK such that

‖f(z)‖ ≤ c(z) max
1≤s≤k

{Qjs(f)(z)}.

3. Proof of theorem 1.1

Replacing Qj by Q
d
dj if necessary, we may assume that Q1, . . . , Qq have the same degree

d and Qi =
∑

I∈Td
aiIx

I (i = 1, . . . , q). Take a point z 0 such that aiI0(z0) 6= 0 for all i,

and

∆V = max
∅6=Γ⊂{1,...,q}

]Γ

dimV − dimV ∩
⋂

j∈Γ Q̃i(z0)∗
.

It is suffice for us to consider the case where q > ∆V (n + 1). Denote by σ1, . . . , σn0
all

bijections from {0, . . . , q− 1} into {1, . . . , q}, where n0 = q!. For each σi, it is easy to see

that
⋂q−2

j=0 Q̃σi(j)
(z0)

∗ ∩ V = ∅. Then there exists a smallest index `i ≤ q − 2 such that⋂`i
j=0 Q̃σi(j)

(z0)
∗ ∩ V = ∅. Hence

⋂`i
j=0 Q̃σi(j)

(z)∗ ∩ V = ∅ for generic points z and for all
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i = 1, . . . , n0. Denote by S the set of all points z ∈ ∆(R) such that
⋂`i

j=0 Q̃σi(j)
(z)∗∩V 6= ∅

for some i. Then S is a discrete subset of ∆(R).
By Lemma 2.4, there is a function A ∈ CQ, chosen common for all σi, such that

‖f(z)‖d ≤ A(z) max
0≤j≤`i

|Q̃σi(j)
(f)(z)|

‖Q̃σi(j)
(z)‖

∀i = 1, . . . , n0.

Denote by S (i) the set of all z not in S such that Q̃j(f)(z) 6= 0 for all j = 1, . . . , q and

|Q̃σi(0)
(f)(z)|

‖Q̃σi(0)
(z)‖

≤
|Q̃σi(1)

(f)(z)|
‖Q̃σi(1)

(z)‖
≤ · · · ≤

|Q̃σi(q−1)(f)(z)|
‖Q̃σi(q−1)(z)‖

.

Therefore, for every generic point z ∈ S(i), we have

q∏
j=1

‖f(z)‖d‖Q̃j(z)‖
|Q̃j(f)(z)|

≤ C(z)

`j∏
j=0

‖f(z)‖d‖Q̃σi(j)
(z)‖

|Q̃σi(j)
(f)(z)|

,

where C(z) =
∑n0

i=1 A(z)q−`i−1 ∈ CQ.
For z 6∈ S, consider the mapping Φz from V into Pq−1(C) defined by

Φz(x) = (Q̃1(z)(x) : · · · : Q̃q(z)(x))

for every x = (x0 : · · · : xN ) ∈ V , where x = (x0, . . . , xN ). We set

Φ̃z(x) = (Q̃1(z)(x), . . . , Q̃q(z)(x)).

Let Yz = Φz(V ). Since V ∩
⋂q

j=1 Q̃j(z)
∗ = ∅, Φz is a finite morphism on V and Yz is a

projective subvariety of Pq−1(C) with dimYz = n and of degree

δz := deg Yz ≤ dn. deg V = δ.

For every a = (a1, . . . , aq) ∈ Zq
≥0 and y = (y1, . . . , yq) we denote ya = y

a1
1 . . . y

aq
q . Let u

be a positive integer. We set ξu :=
(
q+u
u

)
and define the C-vector space

Yz,u := C[y1, . . . , yq]u/(IYz )u.

Denote by (IY )u the subspace of the KQ-vector space KQ[y1, . . . , yq]u consisting of all
homogeneous polynomials P ∈ KQ[y1, . . . , yq]u (including the zero polynomial) such that

P (z)(Φz(f(z))) ≡ 0.

Let (R̃1, . . . , R̃p) be an KQ-basis of (IY )u. By enlarging S if necessary, we may assume

that all zeros and poles of all non-zero coefficients of R̃i (1 ≤ i ≤ p) are contained in
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S, also all above assertions for generic points z still hold for all z 6∈ S. Choose ξu − p
non-zero monic monomial v1, . . . , vξu−p of degree of u in variables y1, . . . , yq such that

{R̃1, . . . , R̃p, v1, . . . , vξu−p} is a KQ-basis of KQ[y1, . . . , yq]u.
Denote by T = {T1, . . . , Tξu} the set of all non-zero monic monomials of degree of u

in variables y1, . . . , yq. Then {T1, . . . , Tξu} is a KQ-basis of KQ[y1, . . . , yq]u, and also is
an C-basis of C[y1, . . . , yq]u.
From [6, Claim 4.3], we have the following claim.

Claim 3.1. There is a discrete subset S ′ of ∆(R) such that for all z 6∈ S ′, we have:

(i) the family of equivalent classes of v1, . . . , vξu−p is a basis of Yz,u and the family

{R̃1(z), . . . , R̃p(z)} is a C-basis of (IYz )u;

(ii) for a subset {v′1, . . . , v′ξu−p} of T , if {R̃1, . . . , R̃p, v
′
1, . . . , v

′
ξu−p} is a KQ-basis of

KQ[y1, . . . , yq]u then the set of equivalent classes of v′1, . . . , v
′
ξu−p modulo (IYz )u is

a C-basis of Yz,u for everey z 6∈ S;
(iii) otherwise if {R̃1, . . . , R̃p, v

′
1, . . . , v

′
ξu−p} is linearly dependent over KQ then the

set of equivalent classes of v′1, . . . , v
′
ξu−p modulo (IYz )u is not a C-basis of

Yz,u.

Then, we have ξu − p = HYz (u) for all z outside S ∪ S ′. Now, consider the holomorphic
map F from ∆(R) into Pξu−p−1(C) with the representation

F = (v1(Φ̃ ◦ f), . . . , vξu−p(Φ̃ ◦ f)).

Since f is algebraically non-degenerate over KQ, F is linearly non-degenerate over KQ.
Now, for z 6∈ S ∪ S ′, we set cz = (c1,z, . . . , cq,z) ∈ Zq, where

ci,z := log
‖f(z)‖d‖Q̃i(z)‖

|Q̃i(f)(z)|
≥ 0, for i = 1, . . . , q.

By the definition of the Hilbert weight, there are a1,z, . . . ,aξu−p,z ∈ Nq with

ai,z = (ai,1,z, . . . , ai,q,z),

where ai,j,z ∈ {1, . . . , ξu}, such that the residue classes modulo (IY )u of ya1,z , . . . ,
yaξu−p,z form a basic of C[y1, . . . , yq]u/(IYz )u and

SY (u, cz) =

ξu−p∑
i=1

ai,z · cz.

Note that yai,z ∈ T and the set {R̃1, . . . , R̃p,y
a1,z , . . . ,yaξu−p,z} is a basis of

KQ[y1, . . . , yq] (by Claim 3.1(iii)). Therefore, the set of equivalent classes of {ya1,z , . . . ,

yaξu−p,z} is a basis of
KQ[y1, . . . , yq]u

I(Y )u
. Then yai,z = Li,z

(
v1, . . . , vHY (u)

)
modulo
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I(Y )u, where Li,z (1 ≤ i ≤ ξu − p) are KQ-independent linear forms with coefficients in
KQ. We have

log

ξu−p∏
i=1

|Li,z(F(z))| = log

ξu−p∏
i=1

q∏
j=1

|Q̃j(f)(z)|ai,j,z

= −SY (u, cz) + du(ξu − p) log ‖f(z)‖+ logC1(z),

where C1 ∈ CQ. Note that the number of these linear forms Li,z is finite, at most ξu.
Denote by L the set of all Li,z occurring in the above inequalities. The above inequality
follows that

log

ξu−p∏
i=1

‖F(z)‖ · ‖Li,z‖
|Li,z(F(z))|

=SY (u, cz)− du(ξu − p) log ‖f(z)‖

+ (ξu − p) log ‖F(z)‖+ logC2,

where C2(z) ∈ CQ. Then, we have

SY (u, cz) ≤max
J⊂L

log
∏
L∈J

‖F(z)‖ · ‖L‖
|L(f(z))|

+ du(ξu − p) log ‖f(z)‖

− (ξu − p) log ‖F(z)‖+ logC2(z),

(3.2)

where the maximum is taken over all subsets J ⊂ L with ]J = ξu − p and {L|L ∈ J } is
linearly independent over K. From Theorem 2.1 we have

1

u(ξu − p)
SYz (u, cz) ≥

1

(n+ 1)δz
eYz (cz)−

(2n+ 1)δz
u

max
1≤i≤q

ci,z. (3.3)

Combining (3.2) and (3.3), we get

1

(n+ 1)δz
eYz (cz)

≤ 1

u(ξu − p)
max
J⊂L

log
∏
L∈J

‖F(z)‖ · ‖L‖
|L(F(z))|

+
(2n+ 1)δz

u
max
1≤i≤q

ci,z + log+ C3(z)

≤ 1

u(ξu − p)
max
J⊂L

∏
L∈J

‖F(z)‖ · ‖L‖
|L(F(z))|

+
(2n+ 1)δz

u

∑
1≤i≤q

log
‖f(z)‖d‖Q̃i(z)‖

|Q̃i(f)(z)|
+ log+ C3(z),

(3.4)

where C3(z) ∈ CQ, for every z ∈ ∆(R) outside a discrete subset.
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Fix a point z ∈ ∆(R) \ (S ∪ S ′). Choose i ∈ {1, . . . , n0} such that

eσi(0),z ≤ eσi(1),z ≤ · · · ≤ eσi(q−1),z.

Since
⋂`i−1

j=0 Q̃σi(j)
(z)∗ ∩ V 6= ∅, by Lemma 2.2, we have

∆V eYz (cz) ≥ (cσi(0),z + · · ·+ cσi(`i),z) · δz

= δz

( `i∑
j=0

log
‖f(z)‖d‖Q̃σi(j)

(z)‖
|Q̃σi(j)

(f)(z)|

)
.

(3.5)

Then, from (3.2), (3.4) and (3.5) we have

1

∆V
log

q∏
i=1

‖f(z)‖d‖Q̃i(z)‖
|Q̃i(f)(z)|

≤ n+ 1

u(ξu − p)
max
J⊂L

log
∏
L∈J

‖F(z)‖ · ‖L‖
|L(F(z))|

+
(2n+ 1)(n+ 1)δz

u

∑
1≤i≤q

log
‖f(z)‖d‖Q̃i(z)‖

|Q̃i(f)(z)|

+
1

∆V
logC(z) + (n+ 1) log+ C3(z),

(3.6)

for every z ∈ ∆(R) outside a discrete subset.
Denote by Ψ the set of all the coefficients of all linear forms Li,z and suppose that

Ψ = {a1, . . . , aq0}. Then, we see that ]L ≤ ξu, ]Ψ = q0 ≤ ξu(ξu − p). For each positive

integer m, denote by L(Ψ(m)) the C−vector space generated by the set {ai11 . . . a
iq0
q0 |ij ≥

0 and
∑q0

j=1 ij ≤ m}. By Remark 3.4 in [10], there exists the smallest integer p
′
such

that

dimL(Ψ(p′ + 1))

dimL(Ψ(p′))
≤ 1 +

ε

2∆V (n+ 1)
.

Put s = dimL(Ψ(p′)), t = dimL(Ψ(p′ + 1)). Again, by [10, Remark 3.4], we have

t ≤

(1 + ε

2(n+ 1)∆V

)[ ]Ψ

log2(1+ ε
2(n+1)∆V

)

]
+1


≤

(1 + ε

2(n+ 1)∆V

)[ dn deg V (u+1)n+q

log2(1+ ε
2(n+1)∆V

)

]
+1

 .
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Here, the last inequality comes from the fact that ξu ≤ (u+ 1)q and

ξu − p ≤ δ

(
n+ u

n

)
≤ dn deg V

(
n+ u

n

)
≤ dn deg V (u+ 1)n.

Choose {b1, . . . , bs} an C-basis of L(Ψ(p′)) and {b1, . . . , bt} an C-basis of L(Ψ(p′+1)).
Consider the holomorphic map F̃ : ∆(R) → Pt(ξu−p)−1(C) with a presentation

F̃ = (b1v1(Φ̃ ◦ f), . . . , b1vξu−p(Φ̃ ◦ f), . . . , btv1(Φ̃ ◦ f), . . . , btvξu−p(Φ̃ ◦ f)).

Note that ‖ TF̃ (r) = duTf (r) + o(Tf (r)) and cF̃ = 1
ducf . By Theorem 2.3, we have∥∥∥∥ s

∫ 2π

0

max
J⊂L

log
∏
L∈J

‖F‖
|L(F)|

dθ

2π
−NW (F̃ )(r)

≤
∫ 2π

0

max
J⊂L

log
∏
L∈J

s∏
i=1

‖F̃‖
|biL(F)|

−NW (F̃ )(r) + o(Tf (r))

≤ t(ξu − p)udTf (r) +
(t(ξu − p)− 1)t(ξu − p)

2
(cF̃ +

ε′

2du
)TF̃ (r),

(3.7)

where maxJ⊂L is taken over all subsets J of the system L of linear forms such
that J is linearly independent over KQ, ε

′ is an arbitrary positive number. Then, by
integrating (3.6) and using the above inequality, we obtain∥∥∥∥ ( 1

∆V
− (2n+ 1)(n+ 1)δ

u

) q∑
i=1

mf (r,Qi)

≤ d(n+ 1)t

s
Tf (r)−

(n+ 1)

u(ξu − p)s
NW (F̃ )(r)

+
(t(ξu − p)− 1)t(n+ 1)

2su

(
cF̃ +

ε′

2du

)
TF̃ (r).

We now estimate the quantity NW (F̃ )(r). Let z ∈ ∆(R) which is neither zero nor pole

of any coefficients of Q̃i (1 ≤ i ≤ q) and bi (1 ≤ i ≤ t). We set

ci = max{0, ν0
Q̃i(f)

(z)− ξu + p+ 1} (1 ≤ i ≤ q) and c = (c1, . . . , cq) ∈ Zq
≥0.

Then there are

ai = (ai,1, . . . , ai,q), ai,s ∈ {1, ..., u}

such that ya1 , ...,y
aHY (u) is a basic of C[y1, . . . , yq]u/(IYz )u and

SYz (u, c) =

HY (u)∑
i=1

ai · c.
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Similarly as above, we write yai = Li(v1, ..., vξu−p), where L1, ..., Lξu−p are linearly
independent linear forms. We see that

ν0
W (F̃ )

(z) ≥ t

HY (u)∑
i=1

max{0, ν0Li(F)(z)− nu},

where nu = (ξu − p)t− 1. It is easy to see that

ν0Li(F)(z) =

q∑
j=1

ai,jν
0
Q̃j(f)

(z),

and hence

max{0, ν0Li(F)(z)− nu} ≥
q∑

j=1

ai,jcj = ai · c.

Thus, we have

ν0
W (F̃ )

(z) ≥ t

HY (u)∑
i=1

ai · c = tSY (u, c). (3.8)

Choose an index σi0
such that ν0

Q̃σi0
(0)(f)

(z) ≥ ν0
Q̃σi0

(1)(f)
(z) ≥ · · · ≥ ν0

Q̃σi0
(q−1)(f)

(z).

By Lemma 2.2 we have

∆V eYz (c) ≥ (cσi0(0),z
+ · · ·+ cσi0(`i0),z

) · δz

= δz ·
li0∑
j=1

max{0, ν0
Q̃σi0

(j)(f)
(z)− nu}

= δz ·
q∑

j=1

max{0, ν0
Q̃j(f)

(z)− nu}+O(ν
Ri0 (z)),

where Ri is the resultant of the family {Qσi(j)
}`ij=0 for i = 1, . . . , q.

On the other hand, by Theorem 2.1 we have that

SYz (u, c) ≥
u(ξu − p)

(n+ 1)δz
eY (c)− (2n+ 1)δz(ξu − p) max

1≤i≤q
ci +O(ν

Ri0 (z))

≥
(

u(ξu − p)

∆V (n+ 1)
− (2n+ 1)δz(ξu − p)

)
×

q∑
j=1

max{0, ν0
Q̃j(f)

(z)− nu}+O(ν
Ri0 (z)).
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Combining this inequality and (3.8), we have

(n+ 1)

u(ξu − p)s
ν0
W (F̃ )

(z) ≥ t

us

(
u

∆V
− (2n+ 1)(n+ 1)δz

)
×

q∑
j=1

max{0, ν0
Q̃j(f)

(z)− nu}+O(

n0∑
i=1

νRi(z)).

Integrating both sides of this inequality, we obtain∥∥∥∥ (n+ 1)

u(ξu − p)s
NW (F̃ )(r) ≥

t

s

(
1

∆V
− (2n+ 1)(n+ 1)δ

u

)
×

q∑
j=1

(
NQj(f)

(r)−N
[nu]
Qj(f)

(r)
)
+ o(Tf (r)).

Seting m0 = 1
∆V

− (2n+1)(n+1)δ
u and combining inequalities (3.7) with the above

inequality, we get

∥∥∥∥ q∑
i=1

mf (r,Qi) ≤
d(n+ 1)t

sm0
Tf (r)−

t

s

q∑
j=1

(
NQi(f)

(r)−N
[nu]
Qj(f)

(r)
)

+
(t(ξu − p)− 1)t(n+ 1)

2sm0u
(cF̃ +

ε′

2du
)TF̃ (r) + o(Tf (r)).

This inequality implies that

∥∥ (q − (n+ 1)t

sm0

)
Tf (r)

≤
q∑

j=1

1

d
N

[nu]
Qj(f)

(r) +
(t(ξu − p)− 1)t(n+ 1)

2sdm0u
(cf + ε′)Tf (r).

(3.9)

a) We choose u = d2∆V (2n+ 1)(n+ 1)dn deg V (∆V (n+ 1) + ε)ε−1e.

Then u ≥
⌈
∆V (2n+ 1)(n+ 1)δ(∆V (n+ 1) + ε)

∆V (n+ 1) + ε− ∆V (n+1)t

s

⌉
, and we have:

• q − (n+ 1)t

sm0
≥ q − ∆V (n+ 1)t

(1−∆V (2n+ 1)(n+ 1)δ/u)s
≥ q −∆V (n+ 1)− ε;

• nu + 1 = (ξu − p)t

≤ dn deg V (u+ 1)n

(1 + ε
2(n+1)∆V

)[ dn deg V (u+1)n+q

log2(1+ ε
2(n+1)∆V

)

]
+1

 = L;
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• (t(ξu − p)− 1)t(n+ 1)

2sdm0u
<

t(n+ 1)

sm0
· (L− 1)

2du

≤ (∆V (n+ 1) + ε)(L− 1)

2du
.

Then, from (3.9) we have∥∥ (q −∆V (n+ 1)− ε)Tf (r)

≤
q∑

j=1

1

d
N

[L−1]
Qj(f)

(r) +
(∆V (n+ 1) + ε)(cf + ε′)(L− 1)

2du
Tf (r).

The assertion a) is proved.
b) If all Qi are fixed hypersurfaces then t = s = 1. Choosing u′ = d∆V (2n + 1)

(n+ 1)dn deg V (∆V (n+ 1) + ε)ε−1e and replacing u in the above by u
′
, we have

• q − (n+ 1)

m0
≥ q −∆V (n+ 1)− ε,

• nu′ + 1 = ξu′ − p < δ

(
n+ u′

n

)
≤ dn deg V

(
n+ u′

n

)
≤
[
dn deg V en

(
1 +

u′

n

)n]
≤
[
dn

2+n(deg V )n+1en(2n+ 5)n(∆2
V (n+ 1)ε−1 +∆V )

n
]
= L′.

Similarly as above, from (3.9) we have the desired inequality of the assertion b).

Hence, the proof of the theorem is completed.�

Remark. For the case ∆(R) = C, we have cf = 0 if f is non-constant. In this case,
(3.7) can be re-written as follows:∥∥∥∥ s

∫ 2π

0

max
J⊂L

log
∏
L∈J

‖F‖
|L(F)|

dθ

2π
−NW (F̃ )(r)

≤
∫ 2π

0

max
J⊂L

log
∏
L∈J

s∏
i=1

‖F̃‖
|biL(F)|

−NW (F̃ )(r) + o(Tf (r))

≤ t(ξu − p)udTf (r) + o(Tf (r)).

(3.10)

Here, the notation “‖” means that the inequality hold for all r ∈ [1,+∞) outside a set
of finite measure.

Using (3.10) instead of (3.7), from the above proof, we obtain the following second
main theorem for holomorphic maps from C.

Theorem 3.11. Let V be a smooth subvriety of dimension n of PN (C). Let f : C → V
be a holomorphic mapping. Let Q = {Q1, . . . , Qq} be a set of slowly (with respect to f)
moving hypersurfaces with the distributive constant ∆V with respect to V. Assume that
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f is algebraically non-degenerate over KQ. Let d = lcm(degQ1, . . . , degQq). Then for
every (n+ 1)∆V > ε > 0,

∥∥ (q −∆V (n+ 1)− ε)Tf (r) ≤
q∑

j=1

1

degQj
N

[L]
f (r,Qj), (3.12)

where

L = dn deg V (u+ 1)n

(1 + ε

2(n+ 1)∆V

)[ dn deg V (u+1)n+q

log2(1+ ε
2(n+1)∆V

)

]
+1

 ,

with u = d2∆V (2n+ 1)(n+ 1)dn deg V (∆V (n+ 1) + ε)ε−1e.
Moreover, if all Qi (1 ≤ i ≤ q) are assumed to be fixed hypersurfaces, then for every

ε> 0 we have the inequality (3.12) with L =
[
dn

2+n(deg V )n+1en(2n+5)n(∆2
V (n+1)ε−1+

∆V )
n
]
.

We also note that our proof is valid for the case of holomorphic maps from higher
dimension complex spaces Cm into V. This theorem is an improvement of many previous
second main theorem for hypersurface targets, such as [1, 3, 4, 6, 7, 9].
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